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Ultradiscretization of reaction-diffusion type partial differential equations
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Cellular automaton rules are derived from a set of reaction-diffusion partial differential equations by means of ultradiscretization method. The

rules reproduce dynamical properties of pulse: annihilation, soliton-like preservation and periodic generation with a pacemaker.
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1. Introduction: ultradiscretization

Now we carry out ultradiscretization of the following reaction-diffusion system [1, 2]:
τu
∂u

∂t
= Du

∂2u

∂x2
− (u− α)(u− β)(u− γ)− v, (1)

τv
∂v

∂t
= Dv

∂2v

∂x2
+ κu− λv + i, (2)

where τu, τv , Du, Dv , κ, λ, and i are positive constants. α, β, and γ are also positive and satisfy 0 < α < β < γ.
For Eq. (1), we first adopt the following tropical discretization [3, 4]:

un+1
j = wn

j

wn
j + F (wn

j )∆t

wn
j +G(wn

j , v
n
j )∆t

, (3)

where wn
j = µ(unj+1 + unj−1) + (1 − 2µ)unj and µ =

Du∆t

τu(∆x)2
. F and G are defined as

F (u) =
1

τu

[
(α+ β + γ)u2 + αβγ

]
and G(u, v) =

1

τu

[
u3 + (αγ + αβ + βγ)u+ v

]
, respectively. For Eq. (3),

the ultradiscrete limits [5–8]: lim
ε→+0

ε log(eA/ε + eB/ε + · · · ) = max(A,B, . . . ),

lim
ε→+0

ε log(eA/ε · eB/ε · · · ) = A+B + · · ·
(4)

are carried out after the following variable transformations are performed:
∆t/τu = eT/ε/(µn+1)2, unj = µneU

n
j /ε, vnj = (µn+1)3eV

n
j /ε,

α = µn+1eA/ε, β = µn+1eB/ε, γ = µn+1eΓ/ε,

(1− 2µ)/µ = eM/ε.

(5)

Then, the ultradiscrete equation is obtained by considering A < B < Γ as:

Un+1
j = Wn

j + max{Wn
j , T + max(Γ + 2Wn

j , A+B + Γ)}
−max{Wn

j , T + max(3Wn
j , B + Γ +Wn

j , V
n
j )}, (6)

where Wn
j = max(Un

j+1,M + Un
j , U

n
j−1).

Next, the discretized equation of Eq. (2):

τv
vn+1
j − vnj

∆t
= Dv

vnj+1 − 2vnj + vnj−1

(∆x)2
+ κunj − λvnj + i (7)
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can be rewritten as follows for ultradiscretization:

vn+1
j = θ(vnj+1 + vnj−1) +

(
1− 2θ − λ∆t

τv

)
vnj +

∆tκ

τv
unj +

∆ti

τv
, (8)

where θ = (Dv∆t)/((∆x)2τv). Applying the variable transformations

vnj = θneV
n
j /ε,

1

θ

(
1− 2θ − λ∆t

τv

)
= eN/ε,

∆tκ

τv
=
θn+1eS/ε

µn
,

∆ti

τv
= θn+1eI/ε, (9)

where (µn+1)3 = θn, we obtain the following ultradiscrete equation through Eq. (4):

V n+1
j = max(Ln

j , S + Un
j , I). (10)

Here, Ln
j = max(V n

j+1, N + V n
j , V

n
j−1). Then, we obtain the set of ultradiscrete equations (6) and (10) from

Eqs. (1) and (2).
The transition from Wn

j to Un+1
j using Eq. (6) is shown in Fig. 1 as a function of Wn

j and V n
j . Fig. 1 shows

that the convergence of Un
j to A or Γ depends on the value of V n

j . There is a time n at which the state Un
j becomes

A or Γ in regions I and IV. This fact reflects the ultradiscrete bistability in Eq. (6). Here, ultradiscrete bistability
means that for the initial value U0

j , which is different from the two stable points, there exists a finite time n such
that the state Un

j becomes one of the two stable points. Note also that Un+1
j = A when V n

j = 3Wn
j + Γ− A for

Wn
j > (A+B)/2 and Un+1

j = Γ when V n
j = 3Wn

j for Wn
j > (B + Γ)/2.

FIG. 1. Transition diagram of Un
j from n to n+ 1. The regions (I − VII) are separated by solid lines

2. Cellular automaton rules

In order to derive two-state cellular automaton (CA) rules from the above set of ultradiscrete equations (6)
and (10) , we assume the following additional relation:

If Wn
j = A, then Un+1

j ≡ A. (11)

Now we consider the conditions M = 0 or M ≤ A− Γ, T ≥ max{0,−(A+ B + Γ)}, N = 0, S = 3Γ− A, and
I < 3Γ. Under these conditions, Wn

j , U
n
j ∈ {A,Γ} is confirmed.

When V n
j±1, V

n
j ≤ 3Γ−A+ Un

j , we obtain from Eq. (10)

V n+1
j = 3Γ−A+ Un

j . (12)

From Wn
j ∈ {A,Γ} and T ≥ max{0,−(A+B + Γ)}, Eq. (6) can be rewritten as

Un+1
j = Wn

j + max(T + Γ + 2Wn
j , T +A+B + Γ)−max(T + 3Wn

j , T +B + Γ +Wn
j , T + V n

j )
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using the relation Γ < T + 3Γ. Considering Eq. (12), this equation is described as the following function of Un
j ,

Un
j±1, and Un−1

j :

Un+1
j = Wn

j + max(Γ + 2Wn
j , A+B + Γ)−max(3Wn

j , B + Γ +Wn
j , 3Γ−A+ Un−1

j ), (13)

where Wn
j = max(Un

j+1, U
n
j +M,Un

j−1). Taking Eq. (11) into account, we obtain the following CA rules.

If Wn
j =

{
A, Eq.(11)

Γ, Eq.(13)

}
is adopted. (14)

Note that Eq. (14) produces the following two CA rules depending on the conditions of M .
When M = 0, the rule shown in Table 1 is obtained from Eq. (14). The values of {U0

j } and {U1
j } have to

be given as the initial conditions. Fig. 2 shows the spatiotemporal patterns obtained from Table 1 for two different
initial conditions. Black and white cells correspond to Γ and A, respectively. The initial conditions are set as
follows. (a) For j and k (> j), U0

j = U1
j = Γ and U0

k = U1
k = Γ. Otherwise, U0 = U1 = A. (b) Using the same

j and k as in (a), U0
j = U1

j = Γ and U0
k+1 = U1

k+1 = Γ. Otherwise, U0 = U1 = A. It is found that the two
pulse-like cells with U = Γ are created periodically from the initial cell with U = Γ and that the two pulse-like
cells propagate in both directions. The difference between Figs. 2(a) and 2(b) is the initial relative positions
between the two pulse-like cells. Regardless of such a difference in the initial conditions, both Figs. 2(a) and 2(b)
show that the two pulses are annihilated when they collide with each other.

TABLE 1. CA rule given by Eq. (14) with M = 0. A value of Un+1
j in parentheses is calculated

using the value of Un−1
j in parentheses

Un−1
j Γ(A) Γ(A) Γ(A) Γ(A) Γ(A) Γ(A) Γ(A) Γ(A)

Un
j+1, U

n
j , U

n
j−1 Γ,Γ,Γ Γ,Γ, A Γ, A,Γ A,Γ,Γ Γ, A,A A,Γ, A A,A,Γ A,A,A

Wn
j Γ Γ Γ Γ Γ Γ Γ A

Un+1
j A(Γ) A(Γ) A(Γ) A(Γ) A(Γ) A(Γ) A(Γ) A(A)

FIG. 2. Spatiotemporal patterns obtained according to Table 1 from two cells with U = Γ
(50 cells and 30 time steps). The difference between (a) and (b) is the initial relative position
between the two cells with U = Γ. Time steps proceed from bottom to top. Black and white
cells correspond to Γ and A, respectively

Alternatively, when M ≤ A − Γ, Wn
j = max(Un

j+1, U
n
j−1), the rule shown in Table 2 is obtained from

Eq. (14). Fig. 3 shows spatiotemporal patterns obtained from Table 2 for two different initial conditions. Black
and white cells correspond to Γ and A, respectively. As the initial conditions, we set the followings: (a) For j
and k (> j + 2), U0

j = U1
j+1 = Γ and U0

k = U1
k−1 = Γ. Otherwise, U0 = U1 = A. (b) Using the same j and

k as in (a), U0
j = U1

j+1 = Γ and U0
k+1 = U1

k = Γ. Otherwise, U0 = U1 = A. Figs. 3(a) and 3(b) show that
there are two types of collision of propagating cells with U = Γ, namely, soliton-like preservation and annihilation,
respectively. The emergence of these two different types of collision depends on the relative positions between the
two pulse-like cells. If a pulse-like cell at Un

j encounters another one at Un
j+1, they pass through each other, and

the pulses are preserved. However, if the two pulses exist at the same position at the same time, they annihilate.
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TABLE 2. CA rule given by Eq. (14) with M ≤ A − Γ. A value of Un+1
j in parentheses is

calculated using the value of Un−1
j in parentheses

Un−1
j Γ(A) Γ(A) Γ(A) Γ(A) Γ(A) Γ(A) Γ(A) Γ(A)

Un
j+1, U

n
j , U

n
j−1 Γ,Γ,Γ Γ,Γ, A Γ, A,Γ A,Γ,Γ Γ, A,A A,Γ, A A,A,Γ A,A,A

Wn
j Γ Γ Γ Γ Γ A Γ A

Un+1
j A(Γ) A(Γ) A(Γ) A(Γ) A(Γ) A(A) A(Γ) A(A)

FIG. 3. Spatiotemporal patterns obtained from Table II. (a) soliton−like preservation and
(b) pulse annihilation (50 cells and 30 time steps). Time steps proceed from bottom to top. Black
and white cells correspond to Γ and A, respectively

3. Conclusion

We have derived the ultradiscretized equations [Eqs. (6) and (10)] from the reaction-diffusion system Eqs. (1)
and (2). By considering the V dependence on the state transition of U , we have obtained the CA rules from
the ultradiscretized equations. It was shown that some CA rules reproduce the spatiotemporal properties of pulse
dynamics: pulse annihilation, periodic pulse generation from a pacemaker and soliton-like preservation. (More
details are shown in ref. [9].)
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