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Let Q C R? be the exterior of a convex polygon whose side lengths are ¢1,...,¢y,. For a real constant «, let
HY} denote the Laplacian in €, u — —Au, with the Robin boundary conditions du/dv = au at 99, where
v is the outer unit normal. We show that, for any fixed m € N, the mth eigenvalue ES}(a) of H! behaves
as E9(a) = —a® + uP + O(a~'/?) as a — 400, where p2 stands for the mth eigenvalue of the operator
Dy®---@& Dy and D,, denotes the one-dimensional Laplacian f — —f” on (0, £,) with the Dirichlet boundary
conditions.
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1. Introduction
1.1. Laplacian with Robin boundary conditions

Let Q C RY, d > 2, be a connected domain with a compact Lipschitz boundary 09.
For a > 0, let HS! denote the Laplacian u — —Aw in Q with the Robin boundary conditions
Ou/Ov = au at 9N, where v stands for the outer unit normal. More precisely, H is the
self-adjoint operator in L?*(€2) generated by the sesquilinear form:

R (u, u) // |Vul? do — a/ lu|*do, DAY = WH(Q).

Here and below, o denotes the (d — 1)-dimensional Hausdorff measure.

One checks in the standard way that the operator H{! is semibounded from below.
[f Q is bounded (i.e. 2 is an interior domain), then it has a compact resolvent, and we denote
by EfL(8), m € N, its eigenvalues taken according to their multiplicities and enumerated
in the non-decreasing order. If 2 is unbounded (i.e. € is an exterior domain), then the
essential spectrum of HS coincides with [0,+00), and the discrete spectrum consists of
finitely many eigenvalues which will be denoted again by E%(a), m € {1,...,K,}, and
enumerated in the non-decreasing order taking into account the multiplicities.

We are interested in the behavior of the eigenvalues Ef!(«) for large . It seems
that the problem was introduced by Lacey, Ockedon, Sabina [11] when studying a reaction-
diffusion system. Giorgi and Smits [6] studied a link to the theory of enhanced surface su-
perconductivity. Recently, Freitas and Krej¢ifik [10] and then Pankrashkin and Popoff [15]
studied the eigenvalue asymptotics in the context of the spectral optimization.
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Let us list some available results. Under various assumptions one showed the
asymptotics of the form:

E?(a) = —Cqa® + o(a?) as « tends to +oo, (1)

where C > 1 is a constant depending on the geometric properties of 2. Lacey, Ockedon,
Sabina [11] showed (1) with m = 1 for C* compact domains, for which Cq = 1, and for
triangles, for which Cq = 2/(1 — cosf), where 0 is the smallest corner. Lu and Zhu [13]
showed (1) with m = 1 and Cq = 1 for compact C' smooth domains, and Daners and
Kennedy [2] extended the result to any fixed m € N. Levitin and Parnovski [12] showed
(1) with m = 1 for domains with piecewise smooth compact Lipschitz boundaries. They
proved, in particular, that if ) is a curvilinear polygon whose smallest corner is ¢, then for
6 < 7 there holds Cq = 2/(1 — cos @), otherwise Cq = 1. Pankrashkin [14] considered two-
dimensional domains with a piecewise C* smooth compact boundary and without convex

corners, and it was shown that E}(a) = —a® — ya + O(a?/?), where ~ is the maximum
of the signed curvature at the boundary. Exner, Minakov, Parnovski [4] showed that for
compact C* smooth domains the same asymptotics £ (a) = —a® — ya + O(a?/?) holds

for any fixed m € N. Similar results were obtained by Exner and Minakov [3] for a
class of two-dimensional domains with non-compact boundaries and by Pankrashkin and
Popoff [15] for C? compact domains in arbitrary dimensions. Cakoni, Chaulet, Haddar [1]
studied the asymptotic behavior of higher eigenvalues.

1.2. Problem setting and the main result

The computation of further terms in the eigenvalue asymptotics needs more pre-
cise geometric assumptions. To our knowledge, such results are available for the two-
dimensional case only. Helffer and Pankrashkin [9] studied the tunneling effect for the
eigenvalues of a specific domain with two equal corners, and Helffer and Kachmar [8]
considered the domains whose boundary curvature has a unique non-degenerate maximum.
The machinery of both papers is based on the asymptotic properties of the eigenfunctions:
it was shown that the eigenfunctions corresponding to the lowest eigenvalues concentrate
near the smallest convex corner at the boundary or, if no convex corners are present,
near the point of the maximum curvature, and this is used to obtain the corresponding
eigenvalue asymptotics.

The aim of the present note is to consider a new class of two-dimensional domains €2.
Namely, our assumption is as follows:

The domain R? \ Q is a convex polygon (with straight edges).

Such domains are not covered by the above cited works: all the corners are non-convex,
and the curvature is constant on the smooth part of the boundary, and it is not clear how
the eigenfunctions are concentrated along the boundary. We hope that our result will be of
use for the understanding of the role of non-convex corners.

In order to formulate the main result, we first need some notation. We denote the
vertices of the polygon R?\ Q by Ay,..., Ay € R?, M > 3, and assume that they are
enumerated is such a way that the boundary 02 is the union of the M line segments
L, = [A,, A1, n € {1,...,M}, where we denote Ay := Ay, Ay := Ay, It is
also assumed that there are no artificial vertices, i.e. that A, ¢ [A,-1,A,41] for any
ne{l,...,M}.

Furthermore, we denote by ¢, the length of the side L,, and by D, the Dirichlet
Laplacian f — —f” on (0,4,) viewed as a self-adjoint operator in L?(0,¢,). The main result
of the present note is as follows:
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Theorem 1. For any fixed m € N there holds:
1

Va

where uP is the mth eigenvalue of the operator Dy @ -+ @ Dyy.

E%(a) = —a® + ub + O( > as « tends to +oc,

The proof is based on the machinery proposed by Exner and Post [5] to study
the convergence on graph-like manifolds. In reality, our construction appears to be quite
similar to that of Post [16], which was used to study decoupled waveguides.

We remark that due to the presence of non-convex corners the domain of the oper-
ator H! contains singular functions and is not included in W22%(Q), see e.g. Grisvard [7].
This does not produce any difficulties, as our approach is purely variational and is entirely
based on analysis of the sesqulinear form.

2. Preliminaries
2.1. Auxiliary operators
For o > 0, we denote by T, the following self-adjoint operator in L*(R,):
Tov=—v", D(T,)={ve W>?Ry): v'(0) + aw(0) = 0}.

[t is well known that:
specT, = {—042} U0, 4+00), ker(T + a2) =Cpa, @als):= ¢ ) (2)

V2a

The sesqulinear form t, for the operator 7, looks as follows:

2
)

D(t,) = WH(R,).

to(v,v) = / {v/(s)‘zds — av(0)

Lemma 2. For any v € Wh?(R,), there holds:

7\@(8)\2@— '7wa(s)v(s)ds 2 < $<7W(3)|2ds—a‘v(0)|2+a27|v(s)}2ds).

Proof. We denote by P the orthogonal projector on ker(T, + a?) in L?(R,), then by the
spectral theorem, we have:

to(v,v) + ?||Pv||? = to(v — Pv,v — Pv) >0,
for any v € D(t,). As ¢, is normalized, there holds

\ 7 palw)o(x)ds| = | Pol),

and we arrive at the conclusion. O
Another important estimate is as follows, see Lemmas 2.6 and 2.8 in [12]:

Lemma 3. Let A C R? be an infinite sector of opening 6 € (0,2n), then for any € > 0
and any function v € WH2(A) there holds:
2
——, 0€(0
/sté6//!Vvl2d:c+@//|v|2dsc with Cyp={ 1 —cosf’ (0,7). (3)
kA A £ s 1 0 € [m,2m).

Y
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2.2. Decomposition of

Let us proceed with a decomposition of the domain €2 which will be used through the
proof. Let n € {1,..., M}. We denote by S} and S? the half-lines originating respectively
at A, and A, ., orthogonal to L, and contained in 2. By II,, we denote the half-strip
bounded by the half-lines S} and S? and the line segment L,, and by A, we denote the
infinite sector bounded by the lines S? | and S! and contained in 2. The constructions
are illustrated in Fig. 1. We note that the 2M sets A,, and II,, n € {1,..., M}, are

non-intersecting and that Q = (U, A, uUM, T,
We deduce from Lemma 3:

Lemma 4. There exists a constant C > 0 such that for any € > 0, any n € {1,..., M}
and any v € WY2(A,,) there holds

1
/ lv[?do < C€<//|Vv|2dx+ g//|v|2dx>
OAn An An

Furthermore, for each n € {1,..., M} we denote by ©,, the uniquely defined isome-
try R? — R? such that:

A, =0,(0,0) and II, =06,((0,4,) x R}) :

We remark that due to the spectral properties of the above operator T, see (2), we have,
for any u € WH3(1l,,),

by o0

//‘ )dsdt—a/) (Ou(t,5)) dt+a //‘ dsdt

i / ’u(@n(t, s)) ‘2d3) dt >0,

-/ 70 e,

which implies, in particular, the following:

//‘ ’ ds dt
B T
g//)au(e) dsdt+//‘% ‘dsdt
0 0

ln ln

a/’u 042//)u
0 00
—//]Vu|2dx—a/|u\2d0+a2//|u|2dx. (4)

2.3. Eigenvalues and identification maps

s — a‘u(@n(t,O)) i

We will use an eigenvalue estimate which is based on the max-min principle and is
just a suitable reformulation of Lemma 2.1 in [5] or of Lemma 2.2 in [16]:
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FiG. 1. Decomposition of the domain

Proposition 5. Let B and B’ be non-negative self-adjoint operators acting respectively in
Hilbert space H and H' and generated by sesqulinear form b and /. Choose m € N and
assume that the operator B has at least m eigenvalues \; < --- < \,, < inf spec., B and

€ss

that the operator B’ has a compact resolvent. If there exists a linear map J : D(b) — D(V')
(identification map) and two constants 61,0, > 0 such that 6; < (1 + \,,)~Y, and that for
any u € D(b) there holds:

el = (170l < 6 (bu, w) + Jull?),
b (Ju, Ju) = bl w) < 6 (b, w) + [ul).

then
IL—(14+Ap)or

where X, is the mth eigenvalue of the operator B'.

A< A+

3. Proof of Theorem 1
3.1. Dirichlet-Neumann bracketing

Consider the following sesqulinear form:

M M
R (u, u) = Z// |Vul*de + Z (// |Vul*dz — a/ |u|2da>7
n=1 A n=1 I,

Ly

M M
DHEP) = P Wi (A,) & D Wa*(1,),
n=1 n=1
Wo(IL) := {f € WH(IL,) - f = 0 at S,U S},

and denote by HP the associated self-adjoint operator in L2(Q2). Clearly, the form AP is
a restriction of the initial form A}, and due to the max-min principle we have:

Ep(a) < B (a),
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where EP(q) is the mth eigenvalue of H»" (as soon at it exists). On the other hand, we

have the decomposition:
B2 = @) (- a0) @@Gw
n=1
where (—AP) is the Dirichlet Laplacian in L*(A,,) and GP , is the seli-adjoint operator in
L*(11,,) generated by the sesquilinear form:

st = [[IVuPds—a [ufas, D) = T3,

Consider the following unitary maps:
U, : L*(IL,) = L*((0,4,) X Ry), Unf:=fo00,, ne{l,..., M}
then it is straightforward to check that U, G, Ur = D,®1+T,®1. As the operators (—Ap)

are non-negative, it follows that spec., H>” = [0, +00) and that E®P(a) = —a? + uP,
which gives the majoration:

En(a) < —a® + pp, )
for all m with u2 < o?. In particular, the inequality (5) holds for any fixed m as a tends
to +oo.

Similarly, we introduce the following sesquilinear form:

M M
RN (u, 1) = Z// |Vul*dr + Z (// |Vul*dr — a/ |u|2da>,
n=1 n=1 I, L,

M
hQN @W12 )@@W”(H )
n=1

and denote by H'»" the associated self-adjoint operator in L*(Q2). Clearly, the initial form
RS is a restriction of the form AY%}, and due to the max-min principle we have:

EnN (o) < By(a),

where B2V (a) is the mth eigenvalue of H:Y, and the inequality holds for those m for
which ES!(a) exists. On the other hand, we have the decomposition:

HYN = @ — AN @@GW
n=1

where (—AZY) denotes the Neumann Laplacian in L2( ) and GY is the sell-adjoint oper-
ator in L?(II,) generated by the sesquilinear form

9o (u, u) // |Vul*dr — a/ lul*do,  D(gy,) = WH(IL,,).
H'IL

There holds U, GnNaU;: =N,®1+T,®1, where N, is the operator f — —f” on (0,¢,)
with the Neumann boundary condition viewed as a seli-adjoint operator in the Hilbert
space L%*(0,/,), n € {1,...,M}. The operators (—A) are non-negative, and we have
speces HPY = [0, +00) and ESVN (o) = —a? + Y, where uYY is the mth eigenvalue of the

operator Ny @ --- @ Ny;. Thus, we obtain the minorations:
H? > —ao? and E9(a) > —a® + i, (6)
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which holds for any fixed m as « tends to +o00. By combining the inequalities (5) and (6)
we also obtain the rough estimate:

E?%(a) = —a? + O(1) for any fixed m and for o tending to +oo. (7)

3.2. Construction of an identification map

In order to conclude the proof of Theorem 1, we will apply Proposition 5 to the
operators:

B=H+o? B =D& ---®D,,
which will allow us to obtain another inequality between the quantities:

A= E2(a) + 0% N, = b

Note that for any fixed m € N, one has \,, = O(1) for large «, see (7). Therefore, it

is sufficient to construct an identification map J = J, as in Proposition 5 with d; + §; =
O(a~1/?). Recall that the respective forms b and b’ in our case are given by:

b(u, u) = hQ(u u) +a?[lul®, D) = D(hy) = WH*(Q),

b(f, ) = Z/\f JPdt, DO = {F = (Fro oo far) : fu € WE0,0)}.

nlO

Here and below, by ||u|| we mean the usual norm in L?*(€2). The positivity of b’ is obvious,
and the positivity of b follows from (6).
Consider the maps:

P WHIL,) — L2(0,4,),  (Poau)(t) = /(pa(s)u(@n(t,s))ds, ne{l,...,M}.

If w e WH2(Q), then u € W2(I1,,) for any n € {1,..., M}, and one can estimate, using
the Cauchy-Schwarz inequality:

| (Prou)(0 } + |(Pau)( /‘ O,s))‘st—l—7}u(@n(€n,s))|2ds
:/|uy2da+/|u|2do

As 52 US! = 9A,, we can use Lemma 4 with ¢ = a™!

5 (PO + [ (Praw) (€)[*) < 5 ( / fufdo + / uf?do)

n=1 n=1

_Z/|u|da<— (//\Vu|dx—|—oz //]u|dx> (8)

For each n € {1,..., M}, we introduce a map:

, which gives:

7o (0,0,) —{0,6,}, m(t)=0Tort < %”, ma(t) = ¢, otherwise,
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and choose a function: p, € C>([0, £,]) with p,(0) = p,(£,) =1 and p, (%") = 0.

Finally, we define:
Jo: WH(Q) — @LQ(O,EH), (Jaw)n(t) = (Ppau)(t) — (Poaw) (ma(t)) pu(t).

We remark that (J,u), € Wy*(0,4,) for any u € W3(Q) and n € {1,..., M}, i.e. J, maps
D(b) into D(b') and will be used as an identification map.
3.3. Estimates for the identification map

Take any 6 > 0. Using the following inequality:

1

(a1 + a2)® > (1= d)aj — 5

2
as, ap,ag >0,

we estimate:

Jul? ol = Z // \u|2dx+2 // ulPde / [(Prcat) (1) = (Puat) (v(0)) (1) )

<Z//|u|2dx+z<//|u|dx—1— /\ Poou)(t)[dt + < /y P att) |dt)
:2//@\%“; (//\uﬁdx—/|(Pn,au)(t)|2dt)

+52/\ Py o) (t)] dt+52/‘ P, o) (t)rdt

nlo

=: ]1+IQ+13+I4.
We have the trivial inequality:

M
1
I < —22 //]Vu]zdx+oz2/ |u|2dx>.
=1 A An

To estimate the term Iy, we use Lemma 2 and then (4):

I, = Z/ (7@(@”(72 s)) ‘2ds — ) ]nga(s)u(@n(t, s))dsF)dt

IA IA

2~ R~

(= I[]= <
o



54 K. Pankrashkin

which gives:
1
LD < — <h2<u, u) + a2||u||2>.

Furthermore, with the help of the Cauchy-Schwarz inequality, we have:

/‘u n(t,s) dsdt-éZ//!u\ dz < §||ul?,
0

To estimate the last term, I, we introduce the following constant:

In

siwj/

n=1

R::max{/n‘pn(t)fdt: nE{l,...,M}},

then, using first the estimate (8), and then the inequality (4),

=y
S

LS sup [(Poo) (ma0)[
0 n—1 t€(0,¢n)

> (IEc)OF + |Prc )

Jg_ij:(//wuﬁdxm //|u| dx)

M
};—S{Z //|Vu\ da:—i—oz/ \u|2dx

n=1

M
+Z //|Vu|2dx /|u|2da+a / |ul? d:r }
n=1

_RC’ Q :
—EEQ%WM%HIWD-

IN
> =

3

Choosing 6 = a~/? and summing up the four terms, we see that:

c c
full? = | aul® < <= (S (,0) + 2l + ul)?) = -2

Va

with a suitable constant ¢; > 0.

Now, we need to compare b'(J,u, Jou) and b(u,u). Take § € (0,1) and use the
inequality:

(b0, w) + [ul?).

Bl

(al + a2)2 < (1 + 5)&% + CL%, ap,az > 07

B
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Then:
Z"L

b (Jott, Jatt) — b(u, 1) = f: / ‘(Pmau)’ ! [(Paat) omy] |t — (hg(u, ) + a2y|u|\2)

n=1 0
M o M b )
S(l—l—(S)Z/‘ P ou) —i-gz p;[(Pn’au)omL] dt
n=1 0 n=1 0
M
—Z( /|Vu|2dx—|—oz2/ |u|2dx>
n=1 A A
M
—Z(/ \Vu|2dx—/|u\2da+a2/ \u|2dx> (9)
=t Ln I,
2
(1+9) Z/’ P, qu) P, .u o7rn} dt
M
—Z //\Vu| dr — /]u\ do + o? / \u|2dx
n=1

L"

Using first the Cauchy-Schwarz inequality and then inequality (4), we have:

/‘ Py )| dt<//’ a(t,s)) dsdt<//|Vu|2dm /|u|2da—|—oz2//|u|2dx.
I,

Substituting the last inequality into (9), we arrive at:

M
b (Jatt, Jouw) — blu,u) <55 (//|Vu|2dx—/\u|2do+a2/ |u|2d:1:)
n=1 T, Ln I,

671:10

dt.
Furthermore, using the constant:

(10)

o [(anau) o ﬂn}

R’ := max{/‘p;(t)fdti ne {1""’M}}’
0

and the inequality (8), we have:

Z/

“dat < R’ z sup (P o) (m())

t€ 0,0n)

Zl (//]Vu]2d$+a2 //\u]zdx).

Pn nau O7Tn




56 K. Pankrashkin

The substitution of this inequality into (10) and the choice § = a~'/2 then leads to:

b (Ju, Ju) — b(u, u) < %(hg(u,u) v a2|yuu2) < %(b(u,u) n HuH?),

with a suitable constant ¢, > 0. By Proposition 5, for any fixed m € N and for large «, we
have the estimate 2 < E%(a)+a?+ O(a~/?). The combination with (5) gives the result.
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