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1. Introduction

The theory of dynamical inverse problems is a wide area of modern mathematics, by now for all or almost
all linear nonstationary equations of mathematical physics there exist an inverse theory more or less developed.
Theories mostly covers the case of continuous problems, at the same time just a few attention is paid to discrete
ones. The primary goal of the paper is to improve this situation.

Let N be the set of positive natural numbers, Ny = N U {0}. We fix the infinite sequence of real num-
bers (b1, be,...), which we call the potential and consider the dynamical system with discrete time which is a
natural analog of dynamical systems governed by the wave equation with potential on a semi-axis:

Un,t41 + Unt—1 — Unt1,t — Un—1,t + bnlne =0, n,t € Ny,
Un,—1 = Un,0 = 0, ne N7 (11)
Uo,t = ft7 te NO.

By analogy with continuous problems [1], we treat the real sequence f = (fo, f1,...) as a boundary control. The
solution to (1.1) we denote by u,f;t.

Having fixed 7 € N, with (1.1) we associate the response operators, which maps the control f = (fo,... fr—1)

to uit:
(R f), ==uf,, t=1,...7 (1.2)
The inverse problem we will be dealing with is to recover from R” (part of the) potential (bq, bo, ..., b,) for some

n. This problems is a natural discrete analog of the inverse problem for the wave equation where the inverse data
is the dynamical Dirichlet-to-Neumann map, see [1].

We will be using the Boundary Control method [1] which was initially developed to treat multidimensional
dynamical inverse problems, but since then was applied to multi- and one- dimensional inverse dynamical, spectral
and scattering problems, problems of signal processing and identification problems [2,3].

In the second section, we study the forward problem: for (1.1) we prove the analog of d’Alembert integral
representation formula. Prescribing the Dirichlet condition at n = N + 1, we consider the second dynamical system
with boundary control at n = 0 (which will be an analog of the problem on the finite interval) and develop the
solution of this system in Fourier series. We analyze the dependence of two solutions on the potential, which lead
us to the natural set up of the inverse problem. In the third section, we introduce and prove the representation
formulae for the main operators of the BC method: response operator, control and connecting operators. In the
fourth section, we derive two types of equations for the inverse problem and give a characterization of the inverse
data. In the last section, we highlight the connections between the different types of inverse data.

The case of the Jacobi matrices of general type as well as the studying of the inverse spectral problem, i.e.
recovering the semi-infinite matrix from the spectral measure, will be the subject of forthcoming publications.
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2. Forward problems

We fix some positive integer 7. By F! we denote the space of controls: F! :=R”, f e FT', f = (foy---y fr—1).
First, we derive the representation formulas for the solution to (1.1) which could be considered as analogs of
known formulas for the wave equation [4].
Lemma 1. The solution to (1.1) admits the representation:

t—1

Un,t = ftfn + Z wn,sftfsflv nvt € NO~ (21)

S=n

where wy, s satisfies the Goursat problem:
Wn,t+1 + Wn,t—1 — Wn41,t — Wn—1t + bnwn,t = 07 n,s € NOv s>mn,
n
Wop=—Y bp, nEN, (2.2)
k=1
Wo,t = 0, te Np.

Proof. We assume that uﬁjt has a form (2.1) with unknown w, s and plug it to equation in (1.1):

t—1

t—1 t t—2 t—1
0= bnft—n + § bnwn,sft—s—l + § wn,sft—s + E wn,sft—s—Q - § wn,s.ft—s—l - § wn—l,sft—s—l-
s=n s=n s=n

s=n+1 s=n—1

Changing the order of summation, we get:

t—1
0= bnftfn + wnJrl,nftfnfl - wnfl,nflftfn + Z ftfsfl (bnwn,s — Wn41,5 — wnfl,s)
s=n
t—1 t—1
+ Z wn,s+1ft—s—1 + Z wn,s—lft—s—l = ft—n—l(wn—i-l,n - wn,n—l) + bnft—n
s=n—1 s=n+1
t—1
+ Z ftfsfl (wn,erl + Wn.s—1 — Wn+1,s — Wn—1,s + bnwn,s) + ftfn(wn,n - wn717n71)~
s=n
Counting that w, s = 0 when n > s and arbitrariness of f € FT we arrive at (2.1). g

We fix N € N. Along with (1.1) we consider the analog of the wave equation with the potential on the
interval: we assume that (b,,) is finite: n = 1,..., N and impose the Dirichlet condition at n = N + 1. Then for
a control f = (fo, f1,...) we consider:

Un,t+1 + Un,t—1 — Un41,t — Un—1t + bnvn,t = 07 te NOa n e 07 LERE) N +1
Up,—1=Un0=0, n=12...,N+1 2.3)
vot = ft, vn41,: =0, t€Np.

We denote the solution to (2.3) by v?.
Let ¢,,(\) be the solution to:

(2.4)

i1 + i1 — bpndi = Ay,
¢$0=0, o1 =1.

We introduce the Hamiltonian:

b 1 0 0
Hy e 1 —by 1 0
0 ... 0 1 -—by

Let {gpk, /\k}kN:l be eigenvectors chosen such that <pr = 1 and eigenvalues of H . Introduce the numbers pj by:

(", ") = Gripr, (2.5)

where (-, -)- is a scalar product in R,
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Definition 1. The set
{ M, i s (2.6)
is called the spectral data.

On introducing vectors ¢™ € R by the rule ¢7 := ¢;(\,), n,i =1,..., N, we have
Proposition 1. The solutions of ¢n11(A) =0are Ay, n=1,...,N,; and ¢} = o', n,i=1,...,N.

Proof. Take eigenvector " corresponding to eigenvalue \,, and compare it with ¢™. By the definition of ¢©" and
condition in (2.4): ¢} = ¢ = 1. On the other hand, comparing the first line in the equation on eigenvalues
Hy™ = A""™ and (2.4) for i = 1 we have:

—p101 + 5 = Anet,
¢y — b1y = Aoy,
which implies 5 = ¢35, for k < N comparing k—th line in Hye" = A"¢" and (2.4) for i = k, we arrive at
©Ori1 = Ppy1- And for k=N :

—ONON + ON_1 = AN,
PN+ ON_1 —ONOK = AndR,

which holds if and only if ¢}, ;(\,) = 0. O

We take y € RY, y = (y1,...,yn), for each n we multiply the equation in (2.3) by y,,, sum up and evaluate
the following expression, changing the order of summation:

N
0= Z (Un,t+1y7z + Unt—1Yn — Un+1,tYn — Un—1,tYn + bnvn,tyn) =
n=1

N
Z (Un,t—i-lyn + Un,t—1Yn — Un,t(yn—l + y'rH—l) + bnvn,tyn) — UN+1,tYN — Vo,tY1 + U1,tY0 + UN,tYN+1- (27)
n=1

Now, we choose y = ¢!, I = 1...,N. On counting that ¢}, = QO{NJrl =0, ¢, =1, v = fi, vnt1: = 0 we
evaluate (2.7) arriving at:

N
0= Z (U’n,t-‘rlwln + Un,t—l(pil — Unyt (9051_1 + 90514-1 - bn(pil)) - ft = 0. (28)
n=1
Definition 2. For a,b € I°°, we define the convolution ¢ = a b € [*° by the formula:

t
c = Zasbt,s, teN.

s=0

We assume that the solution to (2.3) has the form:

N
k, _k
: cGion, n=1,...,N
v, = ; ! (2.9)
ft; n = 0.
Proposition 2. The coefficients ¢* admits the representation:
1
=T (\) * f, (2.10)
Pk

where T'(2X) = (T1(2X), T2(2)), T5(2)), . . .) are Chebyshev polynomials of the second kind.

Proof. We plug (2.9) into (2.8) and evaluate, counting that <pfl_1 + cpf1 i1 bngoil = /\lcpiz:

N
Z (Vnt41 F Vnt—1 — NUnt) @Y = fr,
=

n
N N
E k. kK k. K\
Z Z (Ct+1‘Pn + ¢ 1Pm — g <Pn) On = [t-
n=1 k=1
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Changing the order of summation and using (2.5), we finally arrive at the following equation on ¢, k =1,..., N:
1
k k k
S W
Ciy1+ Gy kCt o fts Q.11
Clil = Cg =0.
We assume that the solution to (2.11) has the form: ¢* —T x f, or
Pk
ZTlft I 2.12)
Pk s
Plugging it into (2.11), we get:
t+1 1
<Z JiTip1—1 + Zfth 1-1 = Ak Zfth z) = ﬁfta
Z fi(Tpr+ T — M Tr) + fiTy — fraTo = fr
1=0
We see that (2.12) holds if T" solves:
Tip1+ 11— NIy =0,
Ty =0, Ty =1.
Thus T (2)) are Chebyshev polynomials of the second kind.
O

3. Operators of the the BC method

As inverse data for (1.1), we use the analog of the dynamical response operator (dynamical Dirichlet-to-
Neumann map) [1].

Definition 3. For (I.1), the response operator R” : FT s RT is defined by the rule
(RTf) —ult, t=1,...,T.

Introduce the notation: the response vector is the convolution kernel of the response operator, r = (g, r1,...,rr—1) =
(1,wq,1,w1,2,...w1,r—1). Then, in accordance with (2.1):
t—1
(RTf), =, = fir + > wisfiios, t=1,....T; 3.1)
s=1

(RTf) =rx*f_1, whererg=1.
For system (2.3), we introduce the response operator by:
Definition 4. For the system in (2.3) the response operator R? : FL s R is defined by the rule:
(RTf), =vf, t=1,...T (3.2)

The corresponding response vector we denote by (r%,r%,...). More information on this operator and on the
inverse spectral problem one can find in the last section.

We introduce the inner space of dynamical system (1.1) #7 := R, h € HT, h = (h1,...,hp). For (1.1)
The control operator W' : FT' — HT is defined by the rule:

wWTf.= uﬁ,T, n=1,...,T.
Directly from (2.1), we deduce that:

T-1
WTF), =ulp=fron+ > wnsfros1, n=1,..T. (33)

S=n

The following statement imply the controllability of the dynamical system (1.1).



846

A. S. Mikhaylov, V.S. Mikhaylov

Theorem 1. The operator W' is an isomorphism between F' and HT.

Proof. We fix some a € H' and look for a control f € F* such that W’ f = a. To this aim we write down the

operator as:

u1,T 1wy wip w1,T-1 fr—1
Uo, T 0 1 1w Wa,T-1 fr—2
wrhr=| | = ' (3.4)
U, T 0 1wk Wk, T—1 fr—r—1
up,T 0 0 0 0 1 fo
We introduce the notations:
Jr: Fr s F (Urf), = fr-1-n, n=0,....,T -1,
K e RTXT, kij = O, 7> j, kii = ]., kij = Wij-1, 1< j

Then, WT = (I + K) JT. Obviously, this operator is invertible, which proves the statement of the theorem.  [J
For the system (2.3) the control operator W} : FT — H is defined by the rule:
Wrf.= vfz_’T, n=1,...,N.

The representation for this operator immediately follows from (2.9), (2.10).
For the system (1.1) we introduce the connecting operator C* : F©' — FT by the quadratic form: for arbitrary
f,g € FI' we define

(CTF.9) pr = (ulgiuly) = (WL WTg) (3.5)
We observe that C7 = (WT)* W7, so CT is an isomorphism in FT. The fact that CT can be expressed in terms
of response R?T is crucial in BC-method.

Theorem 2. Connecting operator admits the representation in terms of inverse data:

T—max1,j

T T T
c* =0y, C;= Z Tli—jl+2k,  To = L. (3.6)
k=0
l+ro+...4+1r97—0 r1+7r3+...4+7r97_3 rr+rr—o TT_1
ri+r3+...+ror_3 l+ro+...4+197_4 rT_9
ct =
rr—3+7T7-1+ 741 IT+rot+ry 71473 To
T+ T2 1+ 73 1+ 71
rTT—1 rT—2 ce T1 1
Proof. For fixed f,g € FT, we introduce the Blagoveshchensky function by:
T
- g _ fo.9
wn,t = (ufna u‘,t)’}.[T - Zukmuk,t'
k=1
Then, we show that 1), ; satisfies some difference equation. Indeed, we can evaluate:
Y1 + Vnji—1 — Vng1,t — U1 =
T T
f g g f f g _
Z“k,n (“k,t+1 + uk,t—l) - Z (“k,n+1 + uk,n—l) Upp =
k=1 k=1
T T
f g g f f g _
Z Uk n (“k+1,t + ukfl,t> - Z (“k+1,n + Ukﬂ,n) Ut =
k=1 k=1
T T
g f f g f fo,9 g f f g g f f _
Z U ¢ (“k+1,n + uk—1,n) T UG ULy — U0, UT e T Uy (U — U n Uy — Zuk,t (“k+1,n + uk—l,n) =
k=1 k=1

gt(Rf)n - fn(Rg)t
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So, we arrive at the following boundary problem for 1, ;:

Vi1 + V=1 — Vg1t — Yn—1e = hny, 1t € No, 3.7)
wo,t = 07 wn,o = 07
hn,t = gt(Rf)n - fn(Rg)t
We introduce the set:
K(n,t) = {(n,t) U{n—1,t—1),(n+1,t — 1)} U{(n—2,t—2),(nt —2),(n+2,t —2)} U...
t T
U{(n—t,O),(n—t+2,O),...,(n+t—2,0),(n+t70)}} ~JUm—r+2kt-7).
7=0 k=0
The solution to (3.7) is given by:
Une= > (k7).
k,7eK(n,t—1)
We observe that 7.7 = (C7 f, g), so:
C"f9)= >, hlk7). (3.8)

k,r€K(T,T—1)

Notice that in the r.h.s. of (3.8) the argument & runs from 1 to 27— 1. We extend f € FL, f = (fo,..., fr—1) to
f e F*T by:
fr=0, frex=—fr—x, k=1,2,...,T -1
Due to this odd extension, Z f(RTg); =0, so (3.8) gives:
k,reK(T,T—1)

(CTha) = X g (BTF), =g [(BT4), + (R f), 4o+ (BT ),

k,7eK(T,T—1)
+ 5 {(RQTJI)Q + (Rsz)4 +..F (RQTf)szz} ot gra (RQTf)T :

Finally, we infer that:
CTf = ((R¥F), 4o (R )y (RET L)y o (B2 Sy (RET) )
from where the statement of the theorem follows. 0
One can observe that C’Z-:';- satisfies the difference boundary problem.
Corollary 1. The kernel of CT satisfy:

T T T T _
Ci,jJrl + Ci,jfl B Ci+1,j - Cifl,j =0,
T T
Ci,T =Tr—i, CT,j =Tr—j, To = 1.

For the system (2.3) the connecting operator CZ-T : FT'— FT is introduced in the similar way: for arbitrary
f,g € FT we define:

(CT£.9) pr = (v00%) = (W W g), 0 (3.9)

More information on C} one can find in the final section.

4. Inverse problem

The dependence of the solution (1.1) u’ on the potential (bq, ba, . ..) resembles one of the wave equation with
the potential: take some M &€ N. From the very equation, one can see that the term uf;t with smallest {n,t},
which depends on by, is u{w a41- Thus, u{t becomes dependent upon by, starting from ¢ = 2M. This is an
analog of the finite wave propagation speed effect in the wave equation. Consider (2.3) with NV = M. We see that
the solution to (2.3) v{)t does not ‘feel’ the boundary condition at n = M + 1: u{t = v{)t fort=1,...,2M. Or
in other words, that means that R*M = R?M . This leads to the following natural set up of the inverse problem:
By the given operator R?M to recover the (part) of the potential (by,...,bys). In what follows, we will be dealing
with the IP for the system (1.1), only in the last section we comment on the system (2.3).
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4.1. Krein equations

Let o, 8 € R and y be solution to:

Yk+1 + Ye—1 — bryr = 0, @.1)
Yo=a, y1 =P.
We set up the following control problem: to find a control f7 € FT such that:
W), =wk, k=1,...,T. 4.2)
Due to Theorem 1, this problem has unique solution. Let s’ be a solution to
M+ =0, t=0,...,T, 43
wh =0, b =1. '
We show that the control f7 satisfies the Krein equation:
Theorem 3. The control fT, defined by (4.2) satisfies the following equation in F*:
CTfT = Bx" —a (RT)" 5. (4.4)
Proof. Let us take f7 solving (4.2). We observe that for any fixed g € F':
T—1
W=D (tfas +ufs) 4.5)
t=1
Indeed, changing the order of summation in the r.h.s. of (4.5), we get:
T—1 T—1
Z (“i,tﬂ + “z,tfl) = (541 + 71) uj , + “i,o”lT - uz,T%%—l'
t=1 t=1
which gives (4.5) due to (4.3). Using this observation, we can evaluate:
T T-1
CTfT Zykuk - Z Z (ui,tﬂ + Ui,t_1> %tTyk
k=1 t=0
T-1 T
=> % (Z (UZH,tyk UGy Yk — bk”i,#/k))
t=0 k=1
T—1 T
= %tT (Z (Ui,t(ykﬂ + Yr-1— bkyk> + ug,tyl + ugT+1,tZ/T - Uf,tyo - ugT,tZ/TH)
t=0 k=1
T-1
=" (Bor—(RT9),) = (7.8 — a (RTg)) = (8" —a ((BT)" ") .g).
t=0
From where (4.4) follows. O

Having found f" for 7 = 1,...,7, we can recover the potential b,, n = 1,...,7 — 1. Indeed: by the
constructions of f” we have (W7 f7) = y,, on the other hand, from (3.3) we can infer that (W7 f7)_ = f{, thus
y (4.1) can be recovered by:

yr=fg, 7=1,...,T. (4.6)
And the potential can be found by:

Yn+1 + Yn—1
Yn ’

by = T —1. 4.7)
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4.2. Factorization method

We make use the fact that matrix C” has a special structure — it is a product of triangular matrix and its

. . =T
conjugate. We rewrite the operator W7 =W .J as:

1 w1 wi2 ... W1,T-1 0 0 0o ... 1 fo
0 1 wg’g N U)27T_1 O 0 0 e 0 f2
wTf = '
f 0 1 e WE,T-1 0o ... 1 0 0 fokfl
o 0 0 .. 1 1 0 0 0 0 fr_1

Using the definition (3.5) and the invertibility of W7 (cf. Theorem 1), we have:
CT = (W) W, or (WT)T) cT (W) =1

We can rewrite the latter equation as:

NN\ 1 _
((WT> ) c" (WT) -1, ¢ =Jcy. (4.8)
Here the matrix éT has the entries:
1 T1 T2 e T
— —T r 1+7r rL+r . .
Cij=Cry1—jrs1—i» C = ° 2o T , (4.9)

r3 r1+ryg 14141y

SN
and operator (WT) has the form:

1k E12 T
-1 1
(WT) _ |V ka2 (4.10)
- : kT 1,71
0
where Ea’a = —Wa,a, «=1,..., 7 — 1. So we can rewrite (4.8) as:
1 o . O ¢11 .. .. CT 1 k'll k‘21 0
k11 1 0 . e e 0 0
kT—l,l . . 1 CcT1 .. crT 0 1
In the above equation C” are given (see (4.9)), the entries k;; of T are unknown. We denote by

S —1
K; = ki, Kio, ..., ki, 1,0,...,0) the (i + 1)—th row (i = 0,...,T — 1) in ((WT) ) , then we have

7’1" «
KlO Kj = 5i,j-

We use this equality in the form:

=T . . .
K;C" K; =0, i<j. 4.11)
Notice that Ky = (1,0, ...,0). The second row K can be recovered from KOGTK T =0, which is equivalent to:
[
C11k11 +¢1 =0, or k1 = —Cﬂ = —Ca21. (4.12)
11

The third row K3 we recover from the pair of equations KoéTKg =0, K 16TK 5 = 0, which are equivalent to:

k
1 0\ (¢ €2 ©i3 ]:1 (0
kin 1) \Ca1 ©Co2 ©Co3 iz 0/
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1
Due to the invertibility of
kl,l 1

), we can rewrite the latter equation as:

c c k c
‘G ) __(Gs) (4.13)
€21 C22 k2o €23
. . . . . —=T
We introduce the notation, by ¢ we denote the i-th column in the matrix C" truncated by first & elements:
k *
c; = (Eli Coi ... agi) .

Since C7 is invertible, (4.13) has a unique solution, moreover, we can infer that:
c C
det (11 13)
C21 (23
2 2
———L = —det(¢7,).

€11 C12
det | _ B
C21  C22

Assume that we have already recovered Ky, K, ..., K, to recover K;;; we need to consider the equations
—T —T —T . .
KoC" Kf, =0, KiC" K{;, =0,..., K;C" K, =0, which are equivalent to:

koo = —

1 0 .. 0 C11 A Ci,142 kl+1,1 0
k11 1 0 .. . A .. :ZCH_LQ
ki ki .01 Ciy1,1 - - Clyli42 1 0

We can rewrite the latter equation as:

i1 - - Clitl ki1 C1,142
kiy1,2 n Cotv2 | 0 (4.14)
Ciy1,l - - Clgli4l k141 Cly1,i42

Due to the invertibility of C7 the latter equation has unique solution, moreover

kiprae1 = —det(ei™, @ gt e ty), 1=0,...,T—2. (4.15)
Having recovered ko, = —Wq,q, We recover the potential by (see (2.2)):
by, = Wn—-1,n—-1 — Wnn = kn,n *kn—l,n—la n= 17~--7T7 1. (416)

4.3. Gelfand-Levitan equations

If we introduce C7 by

c'=1+0", 4.17)
(see (3.6),(4.9)), then we can rewrite (4.14) for | =T — 2 as:
kr_1,1 leTT
~ ~ ke ~ T
(I + CT) Kr + Cr =0, where Ky = =12 Cp = Cor
kr—171-1 5%—1,1“
or as a system:
T-1 N
kr—1,6 + ZCl{jkT*Lj +Clp=0, B=1,....T—1 (4.18)
j=1

o\ —1
If we pass to (more standard) entries of (WT)

ko, = kg,as (4.19)
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then (4.18) can be rewritten as:
ksr1+» Chikjra+Che=0, B=1,....,T—1 (4.20)
j=1
The last equation is an analog of Gelfand-Levatan equation for continuous problem [4,5]. We conclude this section
with

__ 1 ~
Theorem 4. The kernel of the operator (WT) (see (4.10)) satisfies equation (4.20), where the entries C}:j are

defined in (4.17), (3.6).

The equation in (4.18) has a unique solution due to the invertibility of C'. The potential can be recovered by
(4.106).

Now, we make some remarks on the dependence of the connecting operator C” and the solution of the inverse
problem equations (i.e. the potential) on the inverse data. As a direct consequence of (3.6) we can formulate the
following:

Remark 1. The operator CT depends on R** =2, i.e. it depends on the potential (by,...,by_1), so the results

obtained from CT via Krein-type equations (4.4), (4.6),(4.7), factorization method (4.15), (4.16) and Gelfand-
Levitan type equations (4.20), (4.16) are the best possible.

In the subsection on the factorization method, we used the fact that det C™ =1, 7 = 2,...,T. More precisely,

we used it in the form det(¢],¢5,...¢.) = 1. That fact actually says that not all elements in the response vector

i
are independent. Indeed: the element ki; we recovered (see (4.12)) from ¢o1, i.e. from r;. The element koo
we recovered from €1, €13, C21, Co3, that is from 71, ro, r3. But since det(E?,Eg) = 1, we have that ro = rf,
so in fact koo was recovered from r; and r3. Arguing in the same fashion, we see that 79, depends on rg;41,
1=0,...,k—1. So we recovered (k11, ..., kr—1,7—1) from the response vector (g, 71,...,72—2), 7o = 1, whose
components with even numbers depend in explicit form on the components with odd numbers. That observation
plays an important role in the next subsection.

4.4. Characterization of the inverse data

In the second section, we considered the forward problem (1.1), for the potential (by,...,br_1) we constructed
the matrix W7 (2.1), (2.2), the response vector (1,71,...,797—2) (see (3.1)) and the connecting operator cT vy
formula (3.6). It will be more convenient for us to deal with the rotated matrix GT defined in (4.9). From the
representation o= (WT)*WT and triangularity of W' we know that

detC' =1 Wi=1,...,T.

Also, we have proven that if coefficients 71, ..., 79— correspond to some potential (by,...,br_1), then we can
recover the potential using (4.15)-(4.16).

Now, we set up a question: can one determine whether a vector (1,71, 72,...,727_2) is a response vector for
the dynamical system (1.1) with a potential (by,...,br_1) or not? The answer is the following theorem.

Theorem 5. The vector (1,71,72,...,197—_2) is a response vector for the dynamical system (1.1) if and only if
the matrix CT (3.6) is positively definite and detC' =1,1=1,...,T.

Proof. First we observe that in the conditions of the theorem we can substitute C* by c’ (4.9). The necessary
part of the theorem is proved in the preceding sections. We are left to prove the sufficiency of these conditions.
Let there be a vector (1,7r1,...,727_2) such that the matrix 6T constructed from it using (4.9) satisfies
conditions of the theorem. Then we can construct the potential (bq,...,br_1) using (4.15)—(4.16) and consider
the dynamical system (1.1) with this potential. For this system, we construct the connecting operator C,  and its

rotated 6:%) using (2.2), (3.1), (3.6) and (4.9). We will show that the matrices éT and 6:% coincide.

First, we note that we have two matrices constructed by (4.9), one comes from the vector (1,71,...,7r27_2)
and the other comes from (1,77, ..., r57",). Also they have a common property that det C' = det éﬁww =1
forall [ =1,...,T (one by theorem’s condition and the other by representation éz:ew = (W,Tww)*W:ew).

Secondly, we note that if we calculate the potential (by,...,br_1) using (4.15)-(4.16) from any of éT and

C

new Matrices, we obtain the same answer.
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Therefore we have two matrices of the type (4.9) with the unit principal minors and the property

det(e, ...t E1)) = det(Crew - - - Crcwy s Crewi ) VI=0,...,T —2. (4.21)

If we look at (4.21) for [ = 0, we see that r; = 77““. From the fact that for both matrices o’ Cnew the principal
minors of the second order are equal to one, we infer that o = r3°*. We continue this procedure and from (4.21)
with [ = n, we infer that ro,41 = 73,y and from equality to one of principal minor of the order n + 2 of c,
—T
C

new?

we can infer that 73, 1o = 75,5 for all n = 2,...,T — 2 by induction. This finishes the proof. O

5. Spectral representation of CT and r,

In this section, we consider the inverse spectral problem and show the connection of the spectral (2.5), (2.6)
and dynamical (3.1), (3.2) inverse data. If we introduce the special control § = (1,0,0,...), then the kernel of
response operator (3.2) is:

= (Ri6), = 01, (5.1)
on the other hand, we can use (2.9), (2.10) to obtain:
1
0, =Y =T ). (5.2)
i1 Pk
So on introducing the spectral function:
1
M= (53)
(k1 ey PP
from (5.1), (5.2) we deduce that:
o0
i — / T\ dp(\), teN.

Let us evaluate (C f, g) for f,g € FT, using the expansion (2.9):

N

N N N
1 1
() Z =3 —Tr(\) * ok > —Tr(\) * g,
n=1 n=1k=1 Pk =1 P
N 1 01 T—1
=Y —Tr(M) * [Tr(M) x g = / Z Tr (N fir Y Trom(N)gm dp™ (V).
k=1 Pk s m=0
From the equality above, it is evident that (cf. (3.6)):
{CT Y i1my1 = / Troi(N)Tr—m(N) dp™(N), I,m=0,...,T — 1. (5.4)
— 00

Let us consider the spectral problem:

{@H+m4m@mh7zoqu+L

¢0 =0, ¢n+1 =0. (5.5)

In the second section, we construct the spectral data for this problem — eigenvalues of the corresponding Hamilton-
ian and norming coefficients (2.5), (2.6). Now we answer the question how to recover the potential (by,...,bn)
from this data.

Our strategy will be to use the dynamical approach from the fourth section to treat this IP. First, we observe
that to know (2.6) is the same as to know the spectral function (5.3). Consider the system (1.1) with the same
potential b, for n = 1,...,N. We notice that as explained in the beginning of section four, R?" = REN and
correspondingly, r, = ri ,t=1,...,2N. Due to this, we deduce that CT = CiT for T'= N + 1. Thus, the inverse
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problem can be solved in the following way: from the spectral data (2.6), we construct the spectral function
by (5.3). Then, we construct:

Ty =1 = / T,(\)dp™()\), t=1,...,2N,
—o0
oo
Cho ={C higtmer = / Tr—i(N)Tr—m(N) dp™ (), 1,m=0,...,N—1.
After we have in hands the connecting operator, we can use the methods of section four to find (by,...,bn).
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