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1. Introduction

Rapid development of research in the field of nanostructures and complex molecules is not possible without
computer modeling and simulations. Over the last two decades, a few algorithms and codes have appeared for
computer modeling of such systems. These approaches allow researchers to predict properties of nanosystems and
to construct nanostructures and molecules with predetermined properties without expensive experimentation. Some
of the most popular programs of such type are HyperChem [1], Gamess [2], Gasussian and Molden.

In most cases, codes for nanostructure calculations do not use the direct solution to the Schrödinger equation
due to difficulties (or even impossibility) of obtaining explicit formulas and numerical approach complications. Even
the use of the Hartree-Fock-Roothaan method in many cases cannot give results in a timely fashion. The complexity
of calculations growths exponentially if the number of atoms in the basic cell increases. One faces this problem
when calculating the spectrum of periodic arrays of quantum dots or nanotubes, graphene, etc.

This paper is devoted to describing the algorithm and code for the spectrum calculations of periodic nanostructures
in an homogeneous magnetic field [3], based on the operator extensions theory [4, 5]. This approach leads to an
explicitly solvable model.

2. Model construction

Let us construct a model of spinless charged particle of mass m and charge e in a 2D-periodic nanostructure
with the Bravais lattice Λ in a homogeneous magnetic field B. Let K be a set of atoms in the basic cell of Λ. The
whole structure is described by the set:

Γ = Λ +K = {κ+ λ : κ ∈ K, λ ∈ Λ}.
Consider the free particle magnetic Hamiltonian (Landau operator),

H0 =
h̄

2m

(
p− e

c
A(r)

)2
, (1)

where p = ih̄∇ is the momentum operator in R3, A(r) = 1
2B × r is the vector potential of the field B in

symmetric gauge. The Hamiltonian of the particle in 2D-periodic lattice is constructed as a perturbation of operator
(1) by zero-range potentials posed at nodes of lattice Γ. This can formally be written as:

H = H0 +
∑
λ∈Λ

∑
k∈K

α̂kδ(r− λ− k), (2)

where α̂k related to the interaction of the particle with the atom posed at k ∈ K. If the structure is homogeneous,
then α̂k = α̂ for any k ∈ K. Examples of such structures include graphene and carbon nanotubes.
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We use “restriction-extension” procedure (see, e.g., [6–8]). Consider symmetric operator S, being a restriction
of H on the space of functions from D(H0) are vanishing at γ ∈ Γ. We seek the model Hamiltonian as a self-adjoint
extension of the operator S. Resolvents of such operators are described by Krein’s formula:

RA(ζ) = R0(ζ)− Γ(ζ)[Q(ζ)−A]−1Γ∗(ζ), (3)

where Γ(ζ) is Krein Γ-function, Q(ζ) is the Q-function, correspondingly. Self-adjoint operator A, defined in the
space of boundary values (the dimension of the space coincides with the deficiency index of S), parameterize self-
adjoint extension HA of S. We choose a diagonal A Relation [9] leads to an expression of the Green function GA
of HA:

GA(r, r′; ζ) = G0(r, r′; ζ)−
∑

γ,γ′∈Γ

[Q(ζ)−A]
−1
γ,γ ′ G0(r, γ; ζ)G0(γ ′, r′; ζ) . (4)

Here:

G0(r, r ′; ζ) = Φ(r, r ′)F1(r− r ′; ζ) = Φ(r, r ′)F2(r− r ′; ζ);

Φ(r, r ′) =
m

2h̄2

√
ξ

π
exp

[
−πiξ(r× r ′)− πξ(r⊥ − r⊥

′)2/2
]
, (5)

F1(r; ζ) =

∞∑
`=0

exp
[
−
√

4πξ(`+ 1/2)− ζ|r|||
]

√
`+ 1/2− ζ/4πξ

L`(πξr
2
⊥), (6)

F2(r; ζ) =
1√
π

∞∫
0

exp
[
−πξ

(
r 2
⊥/(e

t − 1) + r 2
||/t
)]

(1− e−t) exp [(1/2− ζ/4πξ)t]
dt√
t
. (7)

In (5–7), r⊥ is a projection of r on the plane of lattice Λ, r|| = r− r⊥, L`(x) is the Laguerre polynomial, ξ is the
density of the magnetic field B flux in units of flux quanta Φ0 = 2πh̄c/|e|. The Q-function in (4) has the form of
matrix Q(ζ) = (Q(γ, γ′))γ,γ′∈Γ with entries:

Q(γ, γ ′; ζ) =


G0(γ, γ ′; ζ), γ 6= γ ′;

m

2h̄2

√
ξ

π
Z

(
1

2
,

1

2
− ζ

4πξ

)
, γ = γ ′,

(8)

where Z(s, v) Hurvitz ζ [10].
The spectrum of HA consists of two parts: the spectrum of H0 (well-known) and points in which the operator

Q(ζ)−A is not invertible or its inverse operator is bounded.
It is known ( [11]) that for rational number of the magnetic flux η = N/M values that (N ∈ Z, M ∈ N) does

not change Λ when seeking of the spectrum for HA. The spectrum is determined by:

det
[
Q̃(p; ζ)− Ã(p)

]
= 0, (9)

for each p ∈ T2
η = [0, 1/M)× [0, 1). Matrices Q̃(p; ζ) is known and:

Q̃(p;m,κ;m′, κ ′; ζ) = exp[πi(m−m′)ξ(κ× a2)]×

∞∑
λ1,λ2=−∞

Q (λ1a1 + (λ2M +m−m′)a2 + κ, κ ′; ζ)× (10)

exp
{
πiξ [κ× (λ1a1 + λ2Ma2)]− 2πi

(
λp +

η

2
λ1(λ2M +m+m′)

)}
,

κ, κ′ ∈ K и m,m′ = 0, . . .M − 1.Matrix Ã(p) is block-diagonal with identical |K| × |K| blocks. The diagonal
block is in turn diagonal with constants characterizing the point-like interactions as the diagonal entries.

For each p ∈ T2
η , equation (9) has |K|M solutions. The continuous branches of equation (9) solutions zl(p)

(l = 1, . . . , |K|M ) give one the bands of the operator spectrum. The dispersion equation can be solved numerically.
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3. Code description

The most interesting problem in the field is construction of “flux-energy” diagrams, i.e. to find the spectrum for
each magnetic flux value η. The most remarkable diagram of such type is “Hofstadter butterfly” [12]. To construct
the diagram, it is necessary to solve equation (9) for different η values. For each η, we should find |K|M bands.
Calculations for different η and different bands are independent, and can be performed simultaneously, i.e., it is
natural to use parallel computation methods. Independence of computing with respect to the data allows one to use
interface MPI [13]. Testing showed that organization of the following parallelization using of OpenMP is not useful
and leads to decreased calculation performance due to increase processor cores cache-misses.

The initial data for the code are:

• basic vectors of the Bravais lattice Λ,
• coordinates of atoms from K, belonging to basic cell of the lattice Λ,
• “interaction constants” for each atom from K,
• vector B of the applied magnetic field.

The following instruments were used: compiler Free Pascal, libraries AlgLib and MPI Chamelion. Such a choice
allows one to use clusters of various architecture, controlled by operational systems such as Microsoft Windows HPC
Server, Linux, FreeBSD.

After initiation, the code, using MPI, creates one control and a few calculating processes. The control process
reads (from an input file) values of η = N/M and the bands numbers, distributes those among calculating processes
and then collects the results. The calculating processes receive tasks from the control and send results to the control.
For data exchange, the blocking functions MPI_Send and MPI_Recv are used. Due to the small amount of data
transfer, the speed of calculations is, really, independent on the interconnection and grows linearly with respect to
the number of cores used.

The code was used for for computing the spectrum of multi-layered graphene in a magnetic field [14] and
periodic arrays of nanotubes.The results are in agreement with other models [15]. In the case of nanotube array
calculations, the code works with |K| = 224 carbon atoms in a basic cell. Using of codes analogous to HyperChem,
leads to operation with hundreds of basic cells (correspondingly,tens of thousands atoms), and it gives one only
small part of the periodic array. Our approach gives an essential acceleration but, of course, cannot simulate edges
of the real nanostructure.
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