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We describe the analytic solution of the Cauchy problem for some fourth-order linear hyperbolic equations with constant coefficients in a half-
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1. Introduction

This work is devoted to considering the Cauchy problem on a half-plane for some fourth-order nonstrictly
hyperbolic linear equation with constant coefficients. The operator appearing in the equation involves a composition
of first-order differential operators. The Cauchy problem for such an equation was previously considered in [1, 2]
in the case of a strictly hyperbolic equation (a Petrovskii hyperbolic equation [3, 4]). The general solution for
both strictly and nonstrictly hyperbolic equations of arbitrary order was constructed there as well. The case of a
nonstrictly hyperbolic equation with the coincidence of all characteristics was considered in [5], and the solutions
of the Cauchy problem in all cases of a nonstrictly hyperbolic third-order equation of such a form were obtained
in [6].

Unique solvability of the problem and the construction of solution for the Cauchy problem is one of the
classical problems in the theory of differential equations. Differential equations arise in the modelling of several
natural phenomena, and the Cauchy problem is one of the first and most important.

The Cauchy problem for hyperbolic partial differential equations was studied by many mathematicians for a
long time, mostly by methods of functional analysis. In this paper, we suggest the following analytical methods for
solving the Cauchy problem. First, we find the general solutions using the characteristics of the equation. Next,
from the general solution, we determine the solution which satisfies the Cauchy conditions. The latter step is the
main difficulty for the determination of the required analytical solution. The general solution of the homogeneous
equation depends on a number of arbitrary functions. To determine them, we use Cauchy differential conditions.
This leads to the corresponding system of differential equations. In each particular case, solving this system
requires a different method and approach. In addition, the solutions depend on a number of arbitrary constants. In
order to prove the uniqueness of the solution for a given Cauchy problem, it is necessary to prove that all these
arbitrary constants are cross-eliminated after substitution into the general solution.

Partial differential equations of fourth order are encountered when studying mathematical models for certain
natural and physical processes. An example of such type of equations, is the fourth-order governing differential
equation for nanorod based on nonlocal second-order strain gradient model [see [7, 8]]:

EA(ε0a)2
∂4u(t, x)

∂x4
+ EA

∂2u(t, x)

∂x2
− ρA∂

2u(t, x)

∂t2
= 0, (1)

and the flexural wave equation for an Euler-Bernoulli beam has a fourth order derivative in space and is given as
[see [9, 10]]:

EI
∂4u(t, x)

∂x4
+ ηA

∂u(t, x)

∂t
+ ρA

∂2u(t, x)

∂t2
= 0. (2)

On the plane R2 of two independent variables t and x, we introduce the half-plane Q = [0,+∞) × R on
which we consider the following partial differential equation of fourth-order, for a function u : R2 3 Q ⊃ (t, x)→
u(t, x) ∈ R :

L(4)u (t, x) =

4∏
k=1

(
∂t − a(k)∂x + b(k)

)
u (t, x) = f(t, x), (t, x) ∈ Q, (3)
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together with the initial conditions:

u|t=0 = ϕ0 (x) ,
∂u

∂t

∣∣∣∣
t=0

= ϕ1 (x) ,
∂2u

∂t2

∣∣∣∣
t=0

= ϕ2 (x) ,
∂3u

∂t3

∣∣∣∣
t=0

= ϕ3 (x) , (4)

where ∂t =
∂

∂t
, ∂x =

∂

∂x
– are the first derivatives with respect to t, x and a(k), b(k) are given real numbers,

f : Q→ R with Q = [0,+∞)× R, the closure of Q.
Consider the fourth-order homogeneous equation:

L(4)u (t, x) = 0, (t, x) ∈ Q, (5)

with

L(4) =

p∏
k=1

(
∂t − a(k)∂x + b(k)

)r(k)
, (6)

where p and r(k) are positive integers such that p ≤ 4 and r(1) + r(2) + ...+ r(p) = 4. By [2], the general solution
of Eq. (5) has the form:

u (t, x) =

p∑
k=1

e−b
(k)t

r(k)∑
s=1

ts−1f (ks)
(
x+ a(k)t

)
. (7)

In this paper, we study five cases of fourth-order non-strictly hyperbolic equations, in particular:

Case 1: r(1) = 4 and r(j) = 0, j = 2, 4.
Case 2: r(1) = 3,r(2) = 1 and r(m) = 0 with m = 3, 4.
Case 3: r(1) = 2,r(2) = 2 and r(m) = 0 with m = 3, 4.
Case 4: r(1) = 2,r(2) = 1,r(3) = 1 and r(4) = 0.
Case 5: r(i) = 1 ∀i = 1, 4.

2. Main results

In this section, we consider the some cases for fourth-order non-strictly hyperbolic equations of the form (5).

Case 1: r(1) = 4 and r(j) = 0, j = 2, 4. Assume that the coefficients of (5) satisfy a(k) = a, b(k) = b, ∀k = 1, 4.
Then, according to (7), the general solution of (5) can be written in the following form:

u (t, x) = e−bt
(
f1(x+ at) + tf2(x+ at) + t2f3(x+ at) + t3f4(x+ at)

)
. (8)

By plugging (8) into (4), after simplifying, we obtain:

f1(x) = ϕ0(x);

−bf1(x) + f2(x) + af ′1(x) = ϕ1(x);

b2f1(x) + 2f3(x)− 2b(f2(x) + af ′1(x)) + 2af ′2(x) + a2f ′′1 (x) = ϕ2(x);

−b3f1(x) + 6f4(x) + 3b2(f2(x) + af ′1(x)) + 6af ′3(x)

−3b
(
2f3(x) + 2af ′2(x) + a2f ′′1 (x)

)
+ 3a2f ′′2 (x) + a3f ′′′1 (x) = ϕ3(x);

or equivalently:

f1(x) = ϕ0(x);

f2(x) = ϕ1(x) + bϕ0(x)− aϕ′0(x);

f3(x) =
1

2

(
ϕ2(x) + b2ϕ0(x) + 2bϕ1(x)− 2aϕ′1(x)− 2abϕ′0(x) + a2ϕ′′0(x)

)
;

f4(x) =
1

6

(
ϕ3(x) + b3ϕ0(x)− 3b2(ϕ1(x) + bϕ0(x))

− 3a
(
ϕ′2(x) + 2bϕ′1(x) + b2ϕ′0(x)− 2aϕ′′1(x)− 2abϕ′′0(x) + a2ϕ′′′0 (x)

)
+ 3b

(
ϕ2(x) + b2ϕ0(x) + 2bϕ1(x)

)
− 3a2

(
ϕ′′1(x) + bϕ′′0(x)− aϕ′′′0 (x)

)
− a3ϕ′′′0 (x)

)
.
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Substituting f1(x), f2(x), f3(x), f4(x) into (8), finally we have:

u(t, x) =
1

6
e−bt((6 + 6bt+ 3b2t2 + b3t3)ϕ0(x+ at) + t(3(2 + 2bt+ b2t2)ϕ1(x+ at)

+ 3t(1 + bt)ϕ2(x+ at) + t2ϕ3(x+ at)− 6aϕ′0(x+ at)− 6abtϕ′0(x+ at)− 3ab2t2ϕ′0(x+ at)

− 6atϕ′1(x+ at)− 6abt2ϕ′1(x+ at)− 3at2ϕ′2(x+ at) + 3a2tϕ′′0(x+ at)

+ 3a2bt2ϕ′′0(x+ at) + 3a2t2ϕ′′1(x+ at)− a3t2ϕ′′′0 (x+ at)).

Case 2: The coefficients of (5) satisfy a(k) = a, b(k) = b with k = 1, 2, 3 and a(4) 6= a, b(k) – arbitrary constants.
According to (7), the general solution of equation (5) has the form:

u (t, x) = e−bt
(
f1(x+ at) + tf2(x+ at) + t2f3(x+ at)

)
+ e−b

(4)tf4(x+ a(4)t). (9)

Similarly, due to (4), we get the following system of differential equations for the functions fk(x) with k = 1, 2, 3, 4:

f1(x) + f4(x) = ϕ0(x);

−bf1(x) + f2(x)− b(4)f4(x) + af ′1(x) + a(4)f ′4(x) = ϕ1(x);

b2f1(x) + 2f3(x) + (b(4))2f4(x)− 2b(f2(x) + af ′1(x)) + 2af ′2(x)− 2a(4)b(4)f ′4(x)

+a2f ′′1 (x) + (a(4))2f ′′4 (x) = ϕ2(x);

−b3f1(x)− (b(4))3f4(x) + 3b2(f2(x) + af ′1(x)) + 6af ′3(x) + 3a(4)(b(4))2f ′4(x) + 3a2f ′′2 (x)

−3b(2f3(x)) + 2af ′2(x) + a2f ′′1 (x))− 3b(4)(a(4))2f ′′4 (x) + a3f ′′′1 (x) + (a(4))3f ′′′4 (x) = ϕ3(x).

For the sake of convenience, we introduce the following notations of differential operators: d1 = ad/dx − b,

d4 = a(4)d/dx − b(4) and dj1 = (ad/dx− b)j , dj4 =
(
a(4)d/dx− b(4)

)j
. The system of differential equations for

the unknown function f1(x), f2(x), f3(x), f4(x) becomes:

f1(x) + f4(x) = ϕ0(x);

d1f1(x) + f2(x) + d4f4(x) = ϕ1(x);

d21f1(x) + 2d1f2(x) + 2f3(x) + d24f4(x) = ϕ2(x);

d31f1(x) + 3d21f2(x) + 6d1f3(x) + d34f4(x) = ϕ3(x).

Observe that the preceding system can be reduced to the one of differential equations with diagonal matrix.
To this end, we apply the operator d4 to the first three equations in the system and subtract every other equation
of the resulting system from the preceding one. As a result, we obtain:

f1(x) + f4(x) = ϕ0(x);

(d1 − d4)f1(x) + f2(x) = ϕ1(x)− d4ϕ0(x);

(d21 − d1d4)f1(x) + (2d1 − d4)f2(x) + 2f3(x) = ϕ2(x)− d4ϕ1(x);

(d31 − d21d4)f1(x) + (3d21 − 2d1d4)f2(x) + (6d1 − 2d4)f3(x) = ϕ3(x)− d4ϕ2(x).

By continuing transformations in a similar way, we receive:

f1(x) + f4(x) = ϕ0(x);

(d1 − d4)f1(x) + f2(x) = ϕ1(x)− d4ϕ0(x);

(d21 − d1d4)f1(x) + (2d1 − d4)f2(x) + 2f3(x) = ϕ2(x)− d4ϕ1(x);

(d31 − d21d4 − (d21 − d1d4)(3d1 − d4))f1(x) + (3d21 − 2d1d4 − (2d1 − d4)(3d1 − d4))f2(x) =

ϕ3(x)− d4ϕ2(x)− (3d1 − d4)(ϕ2(x)− d4ϕ1(x)),

instead of f2(x) by f1(x), we obtain third-order ODE for f1(x)(
3d21 − 2d1d4 − (2d1 − d4)(3d1 − d4)

)
(ϕ1(x)− d4ϕ0(x)− (d1 − d4)f1(x))

+
(
d31 − d21d4 − (d21 − d1d4)(3d1 − d4)

)
f1(x) = ϕ3(x)− d4ϕ2(x)− (3d1 − d4) (ϕ2(x)− d4ϕ1(x))

or
(d1 − d4)3f1(x) = Φ(x), (10)
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where

Φ(x) = ϕ3(x)− 3d1ϕ2(x) + 3d21ϕ1(x)− d4
(
3d21 − 3d1d4 + d24

)
ϕ0(x).

After solving (10), we have:

f1(x) = e

b− b(4)

a− a(4)
x

(C1 + xC2 + x2C3) + Ψ(x), (11)

with Ψ(x) =
1

2(a− a(4))3

x∫
0

Φ(z)e
b−b(4)

a−a(4)
(x−z)

(x− z)2dz,

where C1, C2 and C3 are arbitrary integration constants. Then, using (11) and the first three equations of
system of differential equations, it is easy to find three other functions for the solution of (9):

f4(x) = ϕ0(x)− e
b−b(4)

a−a(4)
x
(C1 + xC2 + x2C3)−Ψ(x),

f2(x) = ϕ1(x)− (d1 − d4)Ψ(x)− d4ϕ0(x)− (a− a(4))e
b−b(4)

a−a(4)
x
(C2 + 2xC3),

f3(x) =
1

2

(
ϕ2(x)− d21f1(x)− 2d1f2(x)− d24f4(x)

)
=

1

2
ϕ2(x)− 1

2
(d21 − d24)Ψ(x)− 1

2
d24ϕ0(x)− d1ϕ1(x) + d1(d1 − d4)Ψ(x) + d1d4ϕ0(x)

+ e
b−b(4)

a−a(4)
x
(

(a(4))2C3 − ba(4)C2 − 2ba(4)C3x− a2C3 + ab(4)C2 + 2ab(4)C3x
)

+ e
b−b(4)

a−a(4)
x
(
−2aa(4)C3 + ba(4)C2 + 2ba(4)C3x+ 2a2C3 − ab(4)C2 − 2ab(4)C3x

)
.

Now, substituting f1(x), f2(x), f3(x), f4(x) into 9, we get the solution:

u(t, x) = e−bt (Ψ(x+ at) + t(ϕ1(x+ at)− (d1 − d4)Ψ(x+ at)− d4ϕ0(x+ at)))

+ e−btt2
(

1

2
ϕ2(x+ at)− 1

2
(d21 − d24)Ψ(x+ at)− 1

2
d24ϕ0(x+ at)

)
+ e−btt2

(
− d1ϕ1(x+ at) + d1(d1 − d4)Ψ(x+ at) + d1d4ϕ0(x+ at)

)
+ e−b

(4)t
(
ϕ0(x+ a(4)t)−Ψ(x+ a(4)t)

)
.

Case 3: We have coefficients of equation (5) satisfy a(k) = a, b(k) = b with k = 1, 2, a(k) = c, b(k) = d with
k = 3, 4, c 6= a and b, d – arbitrary constants. According to equation (7), the general solution of equation (5) in
this case has the form:

u (t, x) = e−bt (f1(x+ at) + tf2(x+ at)) + e−dt (f3(x+ ct) + tf4(x+ ct)) , (12)

we compute partial derivatives of first,second and third order in t and substitute them into the initial conditions
(4), we get the following system of differential equations on the functions fk(x) with k = 1, 2, 3, 4:

f1(x) + f3(x) = ϕ0(x);

−bf1(x) + f2(x)− df3(x) + f4(x) + af ′1(x) + cf ′3(x) = ϕ1(x);

b2f1(x) + d2f3(x)− 2bf2(x)− 2abf ′1(x) + 2af ′2(x)− 2df4(x)− 2cdf ′3(x) + 2cf ′4(x)

+a2f ′′1 (x) + c2f ′′3 (x) = ϕ2(x);

−b3f1(x)− d3f3(x) + 3b2f2(x) + 3b2af ′1(x) + 3d2f4(x) + 3d2cf ′3(x)− 6abf ′2(x)

3ba2f ′′1 (x) + 3a2f ′′2 (x)− 6cdf ′4(x)− 3dc2f ′′3 (x) + 3c2f ′′4 (x) + a3f ′′′1 (x) + c3f ′′′3 (x) = ϕ3(x).

We introduce the following notation for differential operators: d1 = ad/dx − b, d2 = cd/dx − d and
dj1 = (ad/dx− b)j , dj2 = (cd/dx− d)

j . In this notation, we rewrite system of differential equations for the
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unknown function f1(x), f2(x), f3(x), f4(x) in the form:

f1(x) + f3(x) = ϕ0(x);

d1f1(x) + f2(x) + d2f3(x) + f4(x) = ϕ1(x);

d21f1(x) + 2d1f2(x) + d22f3(x) + 2d2f4(x) = ϕ2(x);

d31f1(x) + 3d21f2(x) + d32f3(x) + 3d22f4(x) = ϕ3(x),

instead of f2(x), f3(x), f4(x) by f1(x), we obtain third-order ODE for f1(x):(
−1

2
d31 +

3

2
d2d

2
1 +

1

2
d32 −

3

2
d1d

2
2

)
f1(x) =

ϕ3(x)− 3

2
d2ϕ2(x)− 3

2
d1ϕ2(x) + 3d1d2ϕ1(x) +

1

2
d32ϕ0(x)− 3

2
d1d

2
2ϕ0(x),

or (
d31 − 3d2d

2
1 + 3d1d

2
2 − d32

)
f1(x) = Φ(x), (13)

where Φ(x) = −2ϕ3(x) + 3d2ϕ2(x) + 3d1ϕ2(x)− 6d1d2ϕ1(x)− d32ϕ0(x) + 3d1d
2
2ϕ0(x).

Solving the third-order differential equation from (13), we get:

f1(x) = e
b−d
a−cx

(
C1 + xC2 + x2C3

)
+

1

2(a− c)3

x∫
0

Φ(z)e
b−d
a−c (x−z)(x− z)2dz,

with Ψ(x) =
1

2(a− c)3

x∫
0

Φ(z)e
b−d
a−c (x−z)(x− z)2dz, we obtain:

f1(x) = e
b−d
a−cx

(
C1 + xC2 + x2C3

)
+ Ψ(x), (14)

where C1, C2 and C3 are arbitrary integration constants. Then, using function 14 and the first three equations of
system of differential equations it is easy to find three other functions for the solution of (12):

f3(x) = ϕ0(x)− e
b−d
a−cx(C1 + xC2 + x2C3)−Ψ(x),

f2(x) = C4e
b−d
a−cx − (a− c)C3e

b−d
a−cxx

+

x∫
0

(
ϕ2(z)− 2d2ϕ1(z)− (d21 − 2d2d1)Ψ(z) + d22ϕ0(z)− d22Ψ(z)

)
e

b−d
a−c (x−z)

2(a− c)
dz,

f4(x) = ϕ1(x)− d1Ψ(x)− d2ϕ0(x) + d2Ψ(x)− C4e
b−d
a−cx + (a− c)C3e

b−d
a−cxx

−
x∫

0

(
ϕ2(z)− 2d2ϕ1(z)− (d21 − 2d2d1)Ψ(z) + d22ϕ0(z)− d22Ψ(z)

)
e

b−d
a−c (x−z)

2(a− c)
dz

− (a− c)e
b−d
a−cx (C2 + 2C3x) .

Now, substitute f1(x), f2(x), f3(x), f4(x) into (12), we get the solution:

u(t, x) = e−btΨ(x+ at) + te−btΩ(x+ at) + e−dtϕ0(x+ ct)− e−dtΨ(x+ ct)

+ te−dt (−Ω(x+ ct) + ϕ1(x+ ct)− d1Ψ(x+ ct)− d2ϕ0(x+ ct) + d2Ψ(x+ ct)) ,

where

Ω(x) =

x∫
0

(
ϕ2(z)− 2d2ϕ1(z)− (d21 − 2d2d1)Ψ(z) + d22ϕ0(z)− d22Ψ(z)

)
e

b−d
a−c (x−z)

2(a− c)
dz.
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Case 4: We have coefficients of equation (5) satisfy a(k) = a, b(k) = b with k = 1, 2, a(3) = c, b(3) = d, a(4) = e,
b(4) = f , c 6= a 6= e and (b − d)(a − e) 6= (b − f)(a − c). According to equation (7), the general solution of
equation (5) in this case has the form:

u (t, x) = e−bt (f1(x+ at) + tf2(x+ at)) + e−dtf3(x+ ct) + e−ftf4(x+ et), (15)

we compute partial derivatives of first,second and third order in t and substitute them into the initial conditions
(4), we get the following system of differential equations on the functions fk(x) with k = 1, 2, 3, 4:

f1(x) + f3(x) + f4(x) = ϕ0(x);

−bf1(x) + f2(x)− df3(x)− ff4(x) + af ′1(x) + cf ′3(x) + ef ′4(x) = ϕ1(x);

b2f1(x) + d2f3(x) + f2f4(x)− 2bf2(x)− 2abf ′1(x) + 2af ′2(x)

−2cdf ′3(x)− 2eff ′4(x) + a2f ′′1 (x) + c2f ′′3 (x) + e2f ′′4 (x) = ϕ2(x);

−b3f1(x)− d3f3(x)− f3f4(x) + 3b2f2(x) + 3b2af ′1(x) + 3cd2f ′3(x) + 3ef2f ′4(x)− 6abf ′2(x)

−3ba2f ′′1 (x) + 3a2f ′′2 (x)− 3c2df ′′3 (x)− 3e2ff ′′4 (x) + a3f ′′′1 (x) + c3f ′′′3 (x) + e3f ′′′4 (x) = ϕ3(x).

We introduce the following notation of differential operators: d1 = ad/dx− b, d3 = cd/dx− d, d4 = ed/dx− f
and dj1 = (ad/dx− b)j , dj3 = (cd/dx− d)

j , dj4 = (ed/dx− f)
j . In this notation, we rewrite system of differential

equations for the unknown function f1(x), f2(x), f3(x), f4(x) in the form:

f1(x) + f3(x) + f4(x) = ϕ0(x),

d1f1(x) + f2(x) + d3f3(x) + d4f4(x) = ϕ1(x),

d21f1(x) + 2d1f2(x) + d23f3(x) + d24f4(x) = ϕ2(x),

d31f1(x) + 3d21f2(x) + d33f3(x) + d34f4(x) = ϕ3(x),

or
f1(x) + f3(x) + f4(x) = ϕ0(x),

(d1 − d4)f1(x) + f2(x) + (d3 − d4)f3(x) = ϕ1(x)− d4ϕ0(x),

(d21 − d4d1)f1(x) + (2d1 − d4)f2(x) + (d23 − d3d4)f3(x) = ϕ2(x)− d4ϕ1(x),

(d31 − d4d21)f1(x) + (3d21 − 2d4d1)f2(x) + (d33 − d4d23)f3(x) = ϕ3(x)− d4ϕ2(x),

or
f1(x) + f3(x) + f4(x) = ϕ0(x),

(d1 − d4)f1(x) + f2(x) + (d3 − d4)f3(x) = ϕ1(x)− d4ϕ0(x),

(d21 − d4d1 − d3d1 + d3d4)f1(x) + (2d1 − d4 − d3)f2(x) = ϕ2(x)− d4ϕ1(x)− d3ϕ1(x) + d3d4ϕ0(x),

(d31 − d4d21 − d3d21 + d3d4d1)f1(x) + (3d21 − 2d4d1 − 2d3d1 + d3d4)f2(x) = ϕ3(x)− d4ϕ2(x)− d3ϕ2(x) + d3d4ϕ1(x),

instead of f1(x) by f2(x), we obtain second-order ODE for f2(x):

(d21 − d4d1 − d3d1 + d3d4)f2(x) =

ϕ3(x)− d4ϕ2(x)− d3ϕ2(x) + d3d4ϕ1(x)− d1ϕ2(x) + d1d4ϕ1(x) + d1d3ϕ1(x)− d1d3d4ϕ0(x),

or
(d21 − d4d1 − d3d1 + d3d4)f2(x) = Φ(x), (16)

where

Φ(x) = ϕ3(x)− d4ϕ2(x)− d3ϕ2(x) + d3d4ϕ1(x)− d1ϕ2(x) + d1d4ϕ1(x) + d1d3ϕ1(x)− d1d3d4ϕ0(x).

Solving the second-order differential equation from (16), we get:

f2(x) = C1e
b−d
a−cx + C2e

b−f
a−ex +

x∫
0

Φ(z)
(
e

b−d
a−c (x−z) − e

b−f
a−e (x−z)

)
b(c− e) + d(e− a) + f(a− c)

dz,

with Ω(x) =

x∫
0

Φ(z)
(
e

b−d
a−c (x−z) − e

b−f
a−e (x−z)

)
b(c− e) + d(e− a) + f(a− c)

dz, we obtain:

f2(x) = C1e
b−d
a−cx + C2e

b−f
a−ex + Ω(x), (17)
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Then, using function (17), we find three other functions for the solution of (15):

f1(x) = C3e
b−d
a−cx + C4e

b−f
a−ex −

x∫
0

(2d1 − d4 − d3)Ω(z)
(
e

b−d
a−c (x−z) − e

b−f
a−e (x−z)

)
b(c− e) + d(e− a) + f(a− c)

dz

+

x∫
0

(ϕ2(z)− d4ϕ1(z)− d3ϕ1(z) + d3d4ϕ0(z))
(
e

b−d
a−c (x−z) − e

b−f
a−e (x−z)

)
b(c− e) + d(e− a) + f(a− c)

dz

−
x∫

0

(
(a− e)C1e

b−d
a−c z − (a− c)C2e

b−f
a−e z

)(
e

b−d
a−c (x−z) − e

b−f
a−e (x−z)

)
(a− c)(a− e)

dz

= Θ(x) + C3e
b−d
a−cx + C4e

b−f
a−ex −

x∫
0

(
(a− e)C1e

b−d
a−c z − (a− c)C2e

b−f
a−e z

)(
e

b−d
a−c (x−z) − e

b−f
a−e (x−z)

)
(a− c)(a− e)

dz

with

Θ(x) = −
x∫

0

(2d1 − d4 − d3)Ω(z)
(
e

b−d
a−c (x−z) − e

b−f
a−e (x−z)

)
b(c− e) + d(e− a) + f(a− c)

dz

+

x∫
0

(ϕ2(z)− d4ϕ1(z)− d3ϕ1(z) + d3d4ϕ0(z))
(
e

b−d
a−c (x−z) − e

b−f
a−e (x−z)

)
b(c− e) + d(e− a) + f(a− c)

dz,

and

f3(x) = C5e
d−f
c−e x +

x∫
0

(ϕ1(z)− d4ϕ0(z)− (d1 − d4)f1(z)− f2(z)) e
d−f
c−e (x−z)

(c− e)
dz

= C5e
d−f
c−e x +

x∫
0

(ϕ1(z)− d4ϕ0(z)− (d1 − d4)Θ(z)− Ω(z)) e
d−f
c−e (x−z)

(c− e)
dz

−
x∫

0

(
C1e

b−d
a−c z + C2e

b−f
a−e z − (b− f)(C3e

b−d
a−c z + C4e

b−f
a−e z

)
e

d−f
c−e (x−z)

(c− e)
dz

−
x∫

0

z∫
0

(b− f)
(

(a− e)C1e
b−d
a−c t − (a− c)C2e

b−f
a−e t

)(
e

b−d
a−c (z−t) − e

b−f
a−e (z−t)

)
e

d−f
c−e (x−z)

(a− c)(a− e)(c− e)
dtdz

−
x∫

0

(
(a− e)

(
b−d
a−cC3e

b−d
a−c z + b−f

a−eC4e
b−f
a−e z

))
e

d−f
c−e (x−z)

(c− e)
dz

+

x∫
0

z∫
0

(
(a− e)C1e

b−d
a−c t − (a− c)C2e

b−f
a−e t

)(
b−d
a−ce

b−d
a−c (z−t) − b−f

a−ee
b−f
a−e (z−t)

)
e

d−f
c−e (x−z)

(a− c)(c− e)
dtdz,
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f4(x) = ϕ0(x)−Θ(x)−
x∫

0

(ϕ1(z)− d4ϕ0(z)− (d1 − d4)Θ(z)− Ω(z)) e
d−f
c−e (x−z)

(c− e)
dz

+

x∫
0

(
(a− e)C1e

b−d
a−c z − (a− c)C2e

b−f
a−e z

)(
e

b−d
a−c (x−z) − e

b−f
a−e (x−z)

)
(a− c)(a− e)

dz

+

x∫
0

(
C1e

b−d
a−c z + C2e

b−f
a−e z − (b− f)(C3e

b−d
a−c z + C4e

b−f
a−e z

)
e

d−f
c−e (x−z)

(c− e)
dz

+

x∫
0

z∫
0

(b− f)
(

(a− e)C1e
b−d
a−c t − (a− c)C2e

b−f
a−e t

)(
e

b−d
a−c (z−t) − e

b−f
a−e (z−t)

)
e

d−f
c−e (x−z)

(a− c)(a− e)(c− e)
dtdz

+

x∫
0

(
(a− e)

(
b−d
a−cC3e

b−d
a−c z + b−f

a−eC4e
b−f
a−e z

))
e

d−f
c−e (x−z)

(c− e)
dz

−
x∫

0

z∫
0

(
(a− e)C1e

b−d
a−c t − (a− c)C2e

b−f
a−e t

)(
b−d
a−ce

b−d
a−c (z−t) − b−f

a−ee
b−f
a−e (z−t)

)
e

d−f
c−e (x−z)

(a− c)(c− e)
dtdz

− C3e
b−d
a−cx − C4e

b−f
a−ex − C5e

d−f
c−e x.

After substitution of f1(x), f2(x), f3(x), f4(x) into equation (15), we get a solution of the Cauchy problem in
this case :

u(t, x) = e−btΘ(x+ at) + te−btΩ(x+ at) + e−ftϕ0(x+ et)− e−ftΘ(x+ et)

+ e−dt
x+ct∫
0

(ϕ1(z)− d4ϕ0(z)− (d1 − d4)Θ(z)− Ω(z)) e
d−f
c−e (x+ct−z)

(c− e)
dz

− e−ft
x+et∫
0

(ϕ1(z)− d4ϕ0(z)− (d1 − d4)Θ(z)− Ω(z)) e
d−f
c−e (x+et−z)

(c− e)
dz.

Case 5: We have coefficients of equation (5) satisfy a(i) 6= a(j) with ∀i, j = 1, 4 and (b(1) − b(2))(a(1) − a(3)) 6=
(b(1) − b(3))(a(1) − a(2)), (b(1) − b(2))(a(1) − a(4)) 6= (b(1) − b(4))(a(1) − a(2)). According to equation (7), the
general solution of equation (5) in this case has the form:

u (t, x) = e−b
(1)tf1(x+ a(1)t) + e−b

(2)tf2(x+ a(2)t) + e−b
(3)tf3(x+ a(3)t) + e−b

(4)tf4(x+ a(4)t), (18)

we compute partial derivatives of first,second and third order in t and substitute them into the initial conditions (4),
we get the following system of differential equations on the functions fk(x) with k = 1, 2, 3, 4 and we introduce

the following notation for differential operators: di = a(i)d/dx − b(i), and dji =
(
a(i)d/dx− b(i)

)
with i = 1, 4

and j = 1, 3. In this notation, we rewrite the system of differential equations for the unknown function f1(x),
f2(x), f3(x), f4(x) in the form:

f1(x) + f2(x) + f3(x) + f4(x) = ϕ0(x);

d1f1(x) + d2f2(x) + d3f3(x) + d4f4(x) = ϕ1(x);

d21f1(x) + d22f2(x) + d23f3(x) + d24f4(x) = ϕ2(x);

d31f1(x) + d32f2(x) + d33f3(x) + d34f4(x) = ϕ3(x);

or

f1(x) + f2(x) + f3(x) + f4(x) = ϕ0(x);

(d1 − d4)f1(x) + (d2 − d4)f2(x) + (d3 − d4)f3(x) = ϕ1(x)− d4ϕ0(x);

(d21 − d1d4 − d3d1 + d3d4)f1(x) + (d22 − d2d4 − d3d2 + d3d4)f2(x) = ϕ2(x)− d4ϕ1(x)− d3ϕ1(x) + d3d4ϕ0(x),
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instead of f2(x) by f1(x), we obtain third-order ODE for f1(x)

(d31 − d4d21 − d3d21 + d3d1d4)f1(x) + (d32 − d4d32 − d3d22 + d3d2d4)f2(x) =

ϕ3(x)− d4ϕ2(x)− d3ϕ2(x) + d3d4ϕ1(x);

(d31 − d4d21 − d3d21 + d3d1d4 − d2d21 + d2d1d4 + d2d3d1 − d2d3d4)f1(x) =

ϕ3(x)− d4ϕ2(x)− d3ϕ2(x) + d3d4ϕ1(x)− d2ϕ2(x) + d2d4ϕ1(x) + d2d3ϕ1(x)− d2d3d4ϕ0(x);

where

Φ(x) = ϕ3(x)− d4ϕ2(x)− d3ϕ2(x) + d3d4ϕ1(x)− d2ϕ2(x) + d2d4ϕ1(x) + d2d3ϕ1(x)− d2d3d4ϕ0(x).

After solving this equation, we receive

f1(x) = C1e
b(1)−b(2)

a(1)−a(2)
x

+ C2e
b(1)−b(3)

a(1)−a(3)
x

+ C3e
b(1)−b(4)

a(1)−a(4)
x

+

4∑
k=2

x∫
0

Φ(z)e
b(1)−b(k)

a(1)−a(k)
(x−z)

P ′
(
b(1)−b(k)

a(1)−a(k)

)
(a(1) − a(2))(a(1) − a(3))(a(1) − a(4))

dz

= C1e
b(1)−b(2)

a(1)−a(2)
x

+ C2e
b(1)−b(3)

a(1)−a(3)
x

+ C3e
b(1)−b(4)

a(1)−a(4)
x

+ Ω(x),

where P (λ) =

(
λ− b(1) − b(2)

a(1) − a(2)

)(
λ− b(1) − b(3)

a(1) − a(3)

)(
λ− b(1) − b(4)

a(1) − a(4)

)
and

Ω(x) =

4∑
k=2

x∫
0

Φ(z)e
b(1)−b(k)

a(1)−a(k)
(x−z)

P ′
(
b(1)−b(k)

a(1)−a(k)

)
(a(1) − a(2))(a(1) − a(3))(a(1) − a(4))

dz.

Then, using function f1(x), we find three other functions for the solution of (18):

f2(x) = Ψ(x) + C4e
b(2)−b(3)

a(2)−a(3)
x

+ C5e
b(2)−b(4)

a(2)−a(4)
x

−
4∑
k=2

x∫
0

(a(1) − a(3))(a(1) − a(4))Ck−1(b(1) − b(k))2Π(x, z)

(a(1) − a(k))2(a(4)(b(2) − b(3)) + a(2)(b(3) − b(4)) + a(3)(b(4) − b(2)))
dz

+

4∑
k=2

x∫
0

(b(1) − b(3))(a(1) − a(4))Ck−1(b(1) − b(k))Π(x, z)

(a(1) − a(k))(a(4)(b(2) − b(3)) + a(2)(b(3) − b(4)) + a(3)(b(4) − b(2)))
dz

+

4∑
k=2

x∫
0

(b(1) − b(4))(a(1) − a(3))Ck−1(b(1) − b(k))Π(x, z)

(a(1) − a(k))(a(4)(b(2) − b(3)) + a(2)(b(3) − b(4)) + a(3)(b(4) − b(2)))
dz

−
4∑
k=2

x∫
0

(b(1) − b(4))(b(1) − b(3))Ck−1Π(x, z)

(a(4)(b(2) − b(3)) + a(2)(b(3) − b(4)) + a(3)(b(4) − b(2)))
dz,

f3(x) =

x∫
0

(ϕ1(z)− d4ϕ0(z)− (d1 − d4)f1(z)− (d2 − d4)f2(z))e
b(3)−b(4)

a(3)−a(4)
(x−z)

a(3) − a(4)
dz + C6e

b(3)−b(4)

a(3)−a(4)
x
,

f4(x) = ϕ0(x)− f0(x)− f1(x)− f2(x)− f3(x),

where

Ψ(x) = −
x∫

0

((d21 − d1d4 − d3d1 + d3d4)Ω(z))

(
e

b(2)−b(4)

a(2)−a(4)
(x−z) − e

b(2)−b(3)

a(2)−a(3)
(x−z)

)
a(4)(b(2) − b(3)) + a(2)(b(3) − b(4)) + a(3)(b(4) − b(2))

dz

+

x∫
0

(ϕ2(z)− d4ϕ1(z)− d3ϕ1(z) + d3d4ϕ0(z))

(
e

b(2)−b(4)

a(2)−a(4)
(x−z) − e

b(2)−b(3)

a(2)−a(3)
(x−z)

)
a(4)(b(2) − b(3)) + a(2)(b(3) − b(4)) + a(3)(b(4) − b(2))

dz,
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Π(x, z) = e
b(1)−b(k)

a(1)−a(k)
z
(
e

b(2)−b(4)

a(2)−a(4)
(x−z) − e

b(2)−b(3)

a(2)−a(3)
(x−z)

)
.

After substitution of f1(x), f2(x), f3(x), f4(x) into equation (18), we get a solution of the Cauchy problem
in this case:

u(t, x) = e−b
(1)tΩ(x+ a(1)t) + e−b

(2)tΨ(x+ a(2)t)

+ e−b
(3)t

x+a(3)t∫
0

(ϕ1(z)− d4ϕ0(z))e
b(3)−b(4)

a(3)−a(4)
(x+a(3)t−z)

a(3) − a(4)
dz

− e−b
(3)t

x+a(3)t∫
0

((d1 − d4)Ω(z) + (d2 − d4)Ψ(z))e
b(3)−b(4)

a(3)−a(4)
(x+a(3)t−z)

a(3) − a(4)
dz

+ e−b
(4)t
(
ϕ0(x+ a(4)t)− Ω(x+ a(4)t)−Ψ(x+ a(4)t)

)
− e−b

(4)t

x+a(4)t∫
0

(ϕ1(z)− d4ϕ0(z))e
b(3)−b(4)

a(3)−a(4)
(x+a(4)t−z)

a(3) − a(4)
dz

+ e−b
(4)t

x+a(4)t∫
0

((d1 − d4)Ω(z) + (d2 − d4)Ψ(z))e
b(3)−b(4)

a(3)−a(4)
(x+a(4)t−z)

a(3) − a(4)
dz.

We obtain the following theorem:

Theorem 2.1. The Cauchy problem (4) – (5) has a unique classical solution in C4(Q) for arbitrary functions
ϕj(j = 0, 3) in the class C3−j(R), j = 0, 3.

Now, consider the Cauchy problem for the inhomogeneous equation. Since the considered problem is linear,
it follows that its solution u can be represented as the sum of two functions u = u + v, where u is a solution of
problem (4) – (5), and v is a solution of following equations:

L(4)v (t, x) = f(t, x), (t, x) ∈ Q, (19)

with the homogeneous Cauchy conditions:

v|t=0 = 0,
∂v

∂t

∣∣∣∣
t=0

= 0,
∂2v

∂t2

∣∣∣∣
t=0

= 0,
∂3v

∂t3

∣∣∣∣
t=0

= 0. (20)

We define the function v(t, x) via the function w(t, τ, x) with a parameter τ ∈ [0,∞) by the relation:

v (t, x) =

t∫
0

ω (t− τ, τ, x)dτ.

The function w treated as a function of the independent variables t and x is a solution of the homogeneous
equation (5) with the Cauchy conditions:

ω|t=τ = 0,
∂ω

∂t

∣∣∣∣
t=τ

= 0,
∂2ω

∂t2

∣∣∣∣
t=τ

= 0,
∂3ω

∂t3

∣∣∣∣
t=τ

= f (τ, x) .

Indeed, we have:

v|t=0 =

0∫
0

ω (−τ, τ, x)dτ = 0,

∂v

∂t

∣∣∣∣
t=0

= ω(0, 0, x) +

0∫
0

∂ω (t− τ, τ, x)

∂t
dτ = 0,

∂2v

∂t2

∣∣∣∣
t=0

=
∂ω(0, 0, x)

∂t
+

0∫
0

∂2ω (t− τ, τ, x)

∂t2
dτ = 0,
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∂3v

∂t3

∣∣∣∣
t=0

=
∂2ω(0, 0, x)

∂t2
+

0∫
0

∂3ω (t− τ, τ, x)

∂t3
dτ = 0,

L(4)v (t, x) =

4∏
k=1

(
∂t − a(k)∂x + b(k)

)
v (t, x) = f(t, x) +

t∫
0

(
L(4)ω (t− τ, τ, x)

)
dτ = f(t, x).

Theorem 2.2. If the right-hand side of Eq. (3) belongs to the set C0,4(Q) and the functions ϕj(j = 0, 3)

occurring in condition (4) belong to the class C3−j(R), then for such arbitrary functions, there exists a unique
classical solution u = u+ v of problem (3), (4) in the class C4(Q), where u is the classical solution for problem
(4), (5) and v is the solution for problem (19), (20).
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