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An explicitly solvable model for periodic chain of coupled disks in orthogonal magnetic field is considered. The

spectrum for the Hamiltonian is compared with the spectrum for the corresponding chain of circles. These models

are used for the comparison of the bulk and edge states. It is found that for some range of the magnetic field

values the lowest band for the circles system lies below the spectrum for the corresponding disks system, i.e. the

edge band is below and is separated from the lowest bulk band.
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1. Introduction

The difference between surface and bulk conductivities for materials and nanostructures
is a subject of numerous experimental and theoretical investigations due to intriguing prospects
(high-temperature superconductivity, topological insulator, etc.). In many cases, low-dimensional
nanostructures have unusual electronic properties, see, e.g., results of recent experiments with
highly ordered organometallic nanoribbons, whose intrinsic (defect-free) conductivity is found
to be three orders of magnitude higher than that of macroscopic crystals [1]. It should be
mentioned that in many cases there is no adequate mathematical model of the corresponding
nanosystem, and the theoretical description is complex. Our goal is to construct a mathematical
model for chain type periodic nanostructure and to describe its spectrum. Ideally, we would
like to have a band (preferably, the lowest band) for the surface (edge) states be in the gap (or
below the first band) for the bulk states. The corresponding system is described in the present
paper. This case is, in some sense, similar to a topological insulator (TI). TIs are electronic
materials that have a bulk band gap like an ordinary insulator, but have protected conducting
states on their edge or surface [2–5]. We have similar phenomenon for surface state protection
as in TI, although the physical nature is different.

We consider a periodic system of coupled disks as a basic geometry. As for the problem
of edge states, our consideration is in the framework of a model of quantum graphs (periodic
system of coupled circles). This model was used intensively in previous publications (starting
from works [6, 7]) due to its advantages: in one way, it is quasi-one-dimensional and rather
simple, however, despite this apparent simplicity, it preserves the properties of the corresponding
physical system, particularly, its spectral properties [8–13]. As for the problem of bulk states,
we deal with the model of quantum resonators coupled through point-like window. This model
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is based on the theory of self-adjoint extensions of symmetric operators (see, e.g., [21]). We
compare the spectra of the Landau operators for these two models and observe that for some
values of the magnetic field, one has an edge state band below the first bulk band. The structure
of the paper is rather natural. We describe, consequently, the models for chain of circles and
for chain of disks, and then compare the corresponding spectra.

2. Chain of circles

Consider an infinite chain of circles Cn, n = 1, 2, . . . of radii a. The state space is

H =
+∞⊕
n=1

L2(Cn). To construct the Hamiltonian of the charge particle for the chain of coupled

circles, we start from self-adjoint operator Hcc, Hcc =
+∞⊕
n=1

Hn
c . Here Hn

c is the Landau operator

for the circle Cn. Using the standard polar coordinates (r, ϕ) on the circle, one can represent
the Hamiltonian in the following form:

Hn
c =

h̄2

2ma2

(
−ı ∂
∂ϕ

+
Φ

Φ0

)2

.

Here, m is an electron mass, Φ = πa2B is a magnetic flux, Φ0 =
h̄

2c
is the quantum of

the magnetic flux. We use the unit system such that the factor
h̄2

2ma2
is equal to 1 (i.e.

h̄ = 1 ,m = 1/2, a = 1).
A rigorous mathematical model of our system of coupled circles is constructed by a

conventional way by use of the operator extensions theory (see, e.g., [14–19]). We assume that
the contacts are located at the opposite points (a, ϕ1) and (a, ϕ2), where ϕ1 = 0, ϕ2 = π (see

Fig. 1). We restrict the initial operator Hcc on the set D0 =
+∞⋃
n=1

{f ∈ D(Hcc) : f(qn) = 0},

where qn is the contact point. The model Hamiltonian is given by a self-adjoint extension of
this symmetric operator. We choose the extension corresponding to the following boundary
conditions:

ψn+1(ϕn+1
2 ) = eıqlψn(ϕn2 ),

ψ′n+1(ϕn+1
2 + 0)− ψ′n+1(ϕn+1

2 − 0) = eıql[ψ′n(ϕn2 + 0)− ψ′n(ϕn2 − 0)],
ψn+1(ϕn+1

2 ) = ψn(ϕn1 ) =
β[ψ′n+1(ϕn+1

2 + 0)− ψ′n+1(ϕn+1
2 − 0) + ψ′n(ϕn1 + 0)− ψ′n(ϕn1 − 0)],

(1)

where l = 2a = 2, q is the quasi-momentum, β is the coupling parameter for the contact points.
Taking into account the expression for the electron wave function ψ(ϕ):

ψ(ϕ) = α1G(ϕ, ϕ1, E) + α2G(ϕ, ϕ2, E),

and (1), we obtain the following dispersion equation:

4Q21 cos(ql) + β−1 detQ− 2 TrQ = 0, (2)
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FIG. 1. Chain of circles (disks)

where Q is the Krein Q-matrix:

Q11(E) = Q22(E) =
1

kr

[
sin πkr cosπkr

sin2 πη − sin2 πkr

]
,

Q12(E) = Q21(E) =
1

kr

[
sin πkr cosπη

sin2 πη − sin2 πkr

]
.

Solutions of (1) for various quasi-momenta give us the spectral bands.

3. Chain of disks

In this section, we consider a system with similar geometrical structure but circles in
the chain are replaced by disks of the same radius Dn = {(r, ϕ) : r ≤ a}. Here, r, ϕ are the

standard polar coordinates. The initial Hamiltonian for our procedure is Hcd =
+∞⊕
n=1

Hn
d , where

Hn
d is the Landau operator for the disk Dn with the Dirichlet boundary conditions:

Hd = − 1

2m

(
ıh̄∇− e

2c
B × r

)2
.

We introduce the following notations:

ω =
|eB|
cm

, µ =

(
h̄c

|eB|

)1/2

, x0 =
a

2µ2
.

An eigenfunction of the operator Hcd with the Dirichlet boundary condition is as follows:

ψ(r, ϕ) =

(
mω

2πh̄cln

)1/2
r|l|

(2µ2)|l|/2
exp

(
ılϕ− r2

4πµ2

)
Φ

(
εln, |l|+ 1,

r2

2µ2

)
.

We denote by Eln, l = 0,±1,±2, . . . the corresponding eigenvalue:

Eln = h̄ω

(
l + |l|+ 1

2
− εln

)
,

where εln is the n−th root of the equation Φ(ε, |l| + 1, x0) = 0, Φ is the Kummer function.
Here, cln is the normalization constant:

cln =

x0∫
0

exp(−x)x|l|Φ2(εln, |l|+ 1, x)dx.
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The Green function for a single disk has the following form [20]:

G(r, ϕ, r′, ϕ′;E) =
mω

2πh̄
exp

(
−r

2 + r′2

4µ2

) +∞∑
l=−∞

(rr′)|l|

(2µ2)|l|
exp(ıl(ϕ− ϕ′))×

+∞∑
n=1

Φ(εln, |l|+ 1, r2

2µ2
)Φ(εln, |l|+ 1, r

′2

2µ2
)

cln(Eln − E)
. (3)

To construct the model for coupled disks, we use the operator extensions theory model,
more precisely, the model of zero-width slit [21]. This model faces difficulties for the Dirichlet
boundary condition. In this case, one has to extend the initial Hilbert space to the Pontryagin
space with indefinite metrics. The mathematical structure of this model has been described
previously, e.g., in [22]. Here, we present the resulting formulas for our case.

The wave function for the j-th disk has the form:

ψj(r, ϕ) = αj1
∂G(r, ϕ; r′, ϕ′;E)

∂r′

∣∣∣∣
r′=1,ϕ′=0

+ αj2
∂G(r, ϕ; r′, ϕ′;E)

∂r′

∣∣∣∣
r′=1,ϕ′=π

.

The asymptotics of this function near the chosen (contact) points (r, ϕ) = (1, 0),
(r, ϕ) = (1, π) contain a singular term. To construct a self-adjoint extension in the Pontrya-
gin space (i.e. the model Hamiltonian), one should introduce a linear relation between the main
singular and regular terms of the asymptotics from the both sides of the contact points (i.e. in
neighbor disks).

We assume the existence of the δ-potentials at the contact points. This gives us a rule
for selection of the self-adjoint extension from the family of extensions.

As for the chain, we should take into account the periodicity. This can be made using
the Bloch’s theory (similarly to the case of circles) or by the transfer-matrix technique (see,
e.g. [14]). The transfer-matrix M is determined as follows:(

aj+1

bj+1

)
= M

(
aj
bj

)
, (4)

where: 
aj = αj2,

aj+1 = αj+1
2 ,

bj = q12α
j
2 + q11α

j
1,

bj+1 = q12α
j+1
2 + αj+1

1 q11.

(5)

In this formula, the following notation is used:

q11 =
∂

∂r

(
∂G(r, ϕ; r′, ϕ′;E)

∂r′

∣∣∣∣
r′=1,ϕ′=0

− ∂G(r, ϕ; r′, ϕ′;E0)

∂r′

∣∣∣∣
r′=1,ϕ′=0

)∣∣∣∣∣
r=1,ϕ=0

,

q12 =
∂

∂r

(
∂G(r, ϕ; r′, ϕ′;E)

∂r′

∣∣∣∣
r′=1,ϕ′=0

)∣∣∣∣∣
r=1,ϕ=π

.

The above mentioned selection rule for the extension leads to the following relations:{
αj+1
2 + αj1 = α(αj2q12 + αj1q11),

αj2q12 + αj1q11 = αj+1
1 q21 + αj+1

2 q22.
(6)

Here, α is the parameter describing the strength of the δ−potential at the contact point.
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Taking into account (5) and (6), we express aj+1, bj+1 in terms of aj, bj:

aj+1 =
q12
q11

aj −
1− αq11
q11

bj, (7)

bj+1 = aj

(
q11 +

αq11 − 1

1− αq11
− q211 − q222

q11

)
+ bj

(
1

q12
+

(1− αq11)(q211 − q222)
q11q12

)
. (8)

Using (4), one obtains from (7), (8) the formula for the transfer-matrix M :

M =


q12
q11

−1− αq11
q11

q11 − 1− detQ

q11

1

q12
+

(1− αq11) detQ

q11q12

 , (9)

where detQ = q211 − q212. One can check that detM = 1. In order for E to belong to
the continuous spectrum of the Hamiltonian, the modula of the eigenvalues of the matrix
M = M(E) must be equal to 1 (see, e.g. [14]). In our case, it reduces to the following
inequality:

|TrM(E)| ≤ 2.

4. Results and discussion

The spectral bands of the Hamiltonian for the periodic chain of circles are obtained by
solving equation (2) for various quasi-momenta q. The dependence of the dispersion equation
solution upon the quasi-momentum is shown in Fig. 2. The picture depends on the value of the

magnetic flux
Φ

Φ0

. For the semi-integer flux (Fig. 2a), one has only levels (so-called, flat bands,

i.e. infinitely degenerate eigenvalues). Fig. 2b shows the band structure for
Φ

Φ0

= 0.2.

FIG. 2. The band structure for the circles chain for different values of the mag-

netic flux: a – for
Φ

Φ0

= 0.5; b – for
Φ

Φ0

= 0.2.

The dependence of the bands on the magnetic field for the disks system for different α
parameter values is shown in Fig. 3.

The dependence of the magnetic field bands for both systems is shown in Fig. 4. Bands
correspond to the dark areas. One can see that for chosen range of the magnetic field, the
lowest band for the chain of circles lies below the lowest band for the chain of disks. Hence,
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FIG. 3. The dependence of the bands on the magnetic field for the disks system
for different α parameter values: a – for α = 0.5; b – for α = 1; for α = 2.

for these magnetic field values, one has something similar to the topological insulator effect;
the edge state lies below all bulk states.

FIG. 4. The dependence of the energy bands on the magnetic field B: a – for
the chain of disks; b – for the chain of circles.
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