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The motion of a charged particle in the field
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In this article, the exact solutions of equations of motion for a charged particle in a frequency-modulated wave are
presented. We performed an analysis of the results for the motion of a charged particle in the field of frequency-
modulated electromagnetic waves. A point of interest was a solution for the equations of the motion for a charged
particle in the field of a plane electromagnetic wave. We investigated the interaction of high intensity laser pulses
with solid targets in relation to the practical development of multi-frequency lasers and laser modulation technology.
This study was undertaken because of the wide practical application of high-temperature plasma formed on the
surface of the target and the search for new modes of laser plasma interaction
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1. Introduction

The creation of petawatt level laser systems in recent years, has allowed the study of
a new unique physical object — relativistic laser plasma, produced when gas, clusters or solid
targets are exposed to intense laser radiation [1]. Developments in different fields of physics and
engineering; e.g. plasma physics, astrophysics, powerful relativistic high-frequency electronics
and appliances. have increased the interest in studying the interaction between charged particles
and electromagnetic waves. A special role in such interactions is assigned to relativistic charged
particles in strong electromagnetic waves. The energy characteristics of a charged particle in the
field of a frequency-modulated electromagnetic wave are of interest as a result of the practical
development of multifrequency lasers and laser modulation techniques [2-4]. In this paper,
we consider the dynamics of an electron in an intense frequency-modulated electromagnetic
field of linear and circular polarization. The interaction of charged particles with ultrashort
femtosecond laser pulses with radiation intensities of up to 1022 W/cm? is one of the main areas
of laser physics at the moment. Previous literature [5] discussed the consistent derivation of a
particle’s average kinetic energy in an intense electromagnetic field by a frequency-modulated
electromagnetic wave, but was not found by averaging coordinate, momentum, and energy
values for the particle over the period of the particle’s oscillation in the field plane of a
monochromatic frequency-modulated electromagnetic wave.

The problem of the motion of a charged particle in the field of a plane monochromatic
frequency-modulated electromagnetic wave was formulated and solved for linear and circular
polarization of the wave [6], but the interest in this topic has appeared presently in connection
with the development of high-power lasers. The peculiarity of this work lies in the fact that
there are considered highly-fields for review before the end of the simple modes of interaction
of charged particles with a frequency-modulated electromagnetic wave.
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The aim of this work is to analyze the motion of a particle in the external field of
frequency-modulated electromagnetic wave of high intensity and to derive the average kinetic
energy of a particle over the oscillation period of the field.

2. Problem Statement

The equation of motion of a particle of mass m and charge ¢ placed in an external field
of a plane monochromatic wave has a known form (see, for example [7], paragraph 17). The
equation of motion for a charged particle being acted upon by a high-Lorentz force is given by:

d

2 =qB+1[V x H], (1)
where p — momentum of charged particle; £ and H — electric and magnetic intensity of the
laser field; ¢ > 0 the absolute value of the electron charge. Equation (1) is supplemented by the
initial conditions for the velocity and position of the electron:

V(0)=Vy r(0)=r.
The particle momentum p and velocity V' are related by equality ( [7], paragraph 9):

mV

P=—F— )
V2
T2
The change in the particle energy:
m02
£ = ——— = /m2c + p??, 3)
V2
-7
is determined by the equation:
de
— =qFEV. 4
priak “

It follows from (2) and (3) that the energy e, momentum p, and velocity V' of the
particle are related by equations:

2% p

p-v, v-°P )
C €

In this paper, it is assumed that the frequency of the electromagnetic wave is modulated
harmonically ¢ = psin (w'€ + 1)), where p = Aw,,/w’ — modulation index equal to the ratio
of frequency deviation to the frequency of the modulating wave; w’ — frequency modulation;
¢ =t— z/c; ¢ — constant phase. We assign the plane wave as propagating along the axisz, then
the vector components of electric and magnetic fields of plane monochromatic wave are given
by:

E,=Hy=byexp(—i(wé+a+ psin(Weé+)));

B, = —H, = fbyexp ( —i (wé + a + psin (W€ +1))); (6)

E.=H,=0,
where w is carrier frequency of the wave; o — constant phase; the = and y axes coincide with
the b, and b, axes of the polarization ellipse of the wave and b, > b, > 0; f = £l is a
polarization parameter (the upper and lower signs in the expression for F, correspond to right
and left polarization [5]).
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We take the real part form (6) and apply the Jacobi-Anger expansion then obtain:

+o00
E,=H,=b, Z I (1) cos @,

n=—oo

o0 7
E,=—H, = fb, Y  Ju(n)cos®,, 7

n=—oo

\ Ez:Hz:Oa

where J,, (11) is the n-th Bessel function; ®,, = (w + nw') £ + o + nap.

As can be seen from (7), the frequency spectrum of the modulated wave is symmetrical
and is not theoretically limited, but when n > p Bessel function becomes negligible and the
width of the spectrum can be limited. Practical spectral width is determined by the expression
Aw =2(p+1)w'. In (7), index n can vary from —N to N, where the number N ~ p + 1.
Thus, if 4 < 1 and N = 1, then spectrum width Aw = 2w’ coincides with the width of the
spectrum of a harmonic amplitude-modulated wave [5]. When p > 1 and N = pu, spectral
width is equal to twice the frequency deviation Aw = 2Aw,,.

3. Solution of the equation of the charge motion

The solution of equations (1) and (4) with E and H from (7) has the form:

N
. q_ Z SIH(I)
w = 1—|—n77 v
N
) sin @,
(3
Z 1_|_nn +Xy’
P ="79;
e=cy(l+g),

where x,, X, and 7 are constants (7 > 0 because ¢ > mec?):

N

q Jn () sin @,
=h+ — (byxs b 0
g=ht 5 Coxa+ f yxy)n;N T
@ (12 + 1) i Jo (1) Jx () sin @, sin & ¢ (12 +12) i J2 () cos (20,) O
2722 Bt (1+nn) (14 kn) P? o (T4
n#k
1 2 2+ 2_|_ 2 2 b2+b2 N 2
h I m-c >2<x Xy _ 1 + q ( l’2 5 Z/) Z Jn (M) > . (10)
2 i vt =y (L)

O = (w+ kw') € + o+ k1), k is index of the Bessel function.

From (8) and (5), we obtain the parametric representation (the parameter &) of the
particle velocity:
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N
dr ¢ V., qb. Jn (1) sin @,
Voi=—=—-(1—— — .| =
dat v ( > w ZN (1 —i— nn) X )
N
C bx Jn (I)n
B LA OLL T
Q+gy \w == (@+nn)
N )
dy C V. fqby In (,u) sin @, (l 1)
Vy=—=—-11—— =
oot ’7( C>< w nZ—:N (1 +nn) R
N
c fab Jn () sin @,
I ACLLLINE
(I+gy \ w <= (1+nn)
_%_ o
At 14g
Through the constants Y, X, and v, determined by the initial phase of the wave:
@noz—(w—l—nw’)é—l—ajtnw, (12)
and the initial velocity of the particle V{; from (3), (8) and (11) we find:
N
B mVyo _ q_bx Z Jy () sin q)nO
e V 1- %2/02 w n=—N 1 + TLT} |
N
Y, = mViyo - faby Z In (1) sin Prp (13)
TVISWgE e Sy (L)
- me (1 —wv,/c)
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From (11), we obtain the following solutions for coordinates of the particles as functions
of the parameter &:

N
T =T9+ Z _ ) ab Z In (1) 5 (cos @, — cos @) ,
i wkr 1 + nn) 'ywk (1+ 7’“7)
— ) fab, EN
= q)n - q)n )
y=tt :Z_N yk l—l—nn vwk: Z 1—|—m7 (cos 0s 2uo)
N
2q Jn () (cos @,, — cos @,,p)
= baXa b —
=2 Z k 1+m7 72kw( X +fyXy)n:2:N (14 nn)®
@2 (B2 +02) <~ J2 () (sin (2,,) — sin (2®,,0))
2 Z 3 T
272 kw Rt (1+nn)

COH0) o~ () i (w)
Z (14 nn) (1 + kn)

3
3 &
S

sin @(n,k) sin (I)(n,k)o sin (I)(n+k) X sin (I)(n+k)0
n—k n—k n+k n+k ’
(14)
where @iy = @, — P, Pyr) = P + Pis Pr—iyo = Pro — Pros Prnsryo = Pro + Pro-
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From (11) and (14), we determine that the motion of a particle in the external field of
the plane monochromatic electromagnetic wave is the imposition of movement with the constant
velocity V' and vibrational motion with the frequency @ = 27/ T different from the frequency
of the field w and the frequency modulation w':

w(t) =+ Vit +£(t), yt) =g+ Vyt+n(t), 2(t)=2+Vit+((t), (15)

where z, y, Z are constants and

§(t+T)=cw, n(t+T)=n@), ¢(t+T)=Cw) (16)

are periodic function with same period.
We seek the solution of the equation for the coordinate z in (14) from (15). By
substituting z(t) from (15) into (14) and selecting constants Z and V, in the form:

N 2 (12 2y N .

B 2q Jn (1) cos <I>n0 q* (b2 +b2) J2 () sin (29,,0)
Z=z20+ | —— (buxo + fb — Y - —
° " 2kw (bae + J0x0) :ZN (14 nn)* 292 kw n:Z_N (14 nn)®
¢ (07 + b)) i T () T (1) (sin®poio  sin P | 1

2wk =~ (14nn)(1+kn) n—k n+k 1+h
’n;k
(17)
~ ch
= 18
= (13)
we obtain the equation for { (¢):
(1+h)C(t) =
N 2 2 N 9 .
q |2 J, () cos®, q(by+0b J2 (1) sin (2@,
—— = (baXa + fbyXy) Z (1) - ( y) Z (p) sin ( . )
Ve | we—n  (L+nn) L N S L)
g (b2 +10)) f: T (1) Ji (1) (Sin Plnt) Sinq’(n+k>> (2)
2k =~ (1+nn)(1+kn) n—k n+k '
7n;ztélf

It follows from (19) that ((¢) is a periodic function defined by the period T. Let
us find its period. The period 7' of particle oscillation in the field of a frequency-modulated

electromagnetic wave is determined from the formulae ® <t + T) = ®(t) 4 27, from which,
taking into account (7), (15) and (16), it follows that:

5 27r (14+n)  (1+4+h)
" w (l4ng) C (14nn)
One can see that the oscillation period of the particle differs from that of the field of the
frequency-modulated electromagnetic wave.
We will seek the solution of the first equation in (14) in the form z(¢) from (14). By
representing constants # and V, in the form:

(20)
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S Xe(20—2) | abe = Ju (W)
~ T 0 — T n
- q)na
* x0+n:2 7k(1+nn)+7wkn:ZN(1+ 2 €08 Tno

AV U B R
T T A c ) v (@1+4h)
we find that:
N N
Xa qbs I (1)
t) = — ——— Y cos D, 22
£(t) n:Z_NV(ler?)C() W,CEN(HW)Q (22)

Similarly, we obtain for y(t) in (15):

Xy (20 — 2) fqb i

y = 1o+ cos @0,
YT L k(T ) wk 1+m72 °
c V., X c
V=y,—(1-2|=24_— 23
y va( c) (1+h)’ (23)
:—E —_ E —————cos D,.
K Tk (1+ nn %uk: 1 + nn)?

4. The motion of a particle averaged over an oscillation period

In this section, we will perform the averaging of the coordinate r(t), velocity V (),
momentum p(t), and energy ¢(t) of the particles over its oscillation period (20) with (8), (11)
and (14) in the field of a frequency-modulated electromagnetic wave.

Consider a new variable of the integration £ = & (t'), then:

(I>;1 =, (t/) )
dd’, 1 14+g¢ , (24)
o).
w(l—i—nn)l—Vz/C w(1+nn)
Since the motion of particle is a superposition of two kinds of periodic motion with
frequencies w and ', averaging will be carried out according to the formula:

l+g ,
/ ft T m])dcb (25)

dt' =

<I>(t
where f (¢') is an arbitrary function taking into account (7), (15) and (20).
For the coordinate = in (14), we have:

t N

1 Xz Pno
Tt)== [z{)dt = | xy— cos D, | +
0=z [+ ( Pk WZ Tl )

t ; - (26)

X ZN 1 [ 2, () qb ZN (1)
s - - dt/ - e - / n— COS (bn t/ dt/,
vk =T t/ (14 nn) ywk =T J (14—1177)2 ®)

where
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t=t+1T, (27)
see (7), (15) and (28).

@Jﬂ:41+nmLM—k(§+ﬁ¢+§@D}+a+n¢:

(28)
(14 nn) [0t — kzZ — kC (H)] + a + ni.
By using (27) and (28), we obtain the expression:
/(I)n (") dt' = (o +ntp + (14 nn) [0t — k2]) T — (1 +nn) k/g‘(t) dt’ (29)

for the first integral in the right-hand side of (26). The integral in the right-hand side of (29) is
independent of ¢, because ( (t) is periodic function with a period T,.. This integral is zero. The
Fourier component of the function ¢ () multiplied by 7.

Expression (29) can then be transformed to:

/@n (t)dt' = (a+n— (L+nn)k (24 ) T + 2t (30)

where ( is the average value of the function ¢ (¢) in the time interval equal the period T,.
By substituting into (26) the values of integrals from (30) with ¢ = 0, we finally obtain:

2(t) =3+, (t+T0/2). 31)

where # and V, are defined by expressions (21).
In the same way, we find:

g(t) =5 +V, (t + T/Q) : (32)

from (32) y and f/y are defined by expressions in (23).
Finally, taking into account that ¢ = 0, the expression for:

) =34V, (t + T/2> , (33)

where % and V, are defined by expressions (17) and (18).
Averaging the components (11) of the particle velocity, we obtain:

Vo=Ve, V=V, V.=V. (34)

As might be expected, the speed of the particle V' in (26) corresponds V' with (18), (21)
and (23).

From the average value of the longitudinal component of the particle momentum, we
obtain the expression:
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Dz = Xz +

q%ﬂ%m+f%m)§:(ﬁW).
Y2w? (14 h) Sy (1 nn)Q’

N
. +q2by(bew+fbey) 3 J2 ()

b= X Vw(L+h) = (L4 mn)?
2 N 2 (35)
_ q 2 Jn (,LL)
T+ h{ Ty ”yng%u+nm2
N 2 N
(52 + bQ) Z 2 13( ) n g (02 +b;) Z Jo (1) '

n

The average energy ¢ of the particles is determined by formula:

cy 2 ¢’ 2 a Ja (1)

2 N
q* (03 +12) Z J2 () J}
2
1694wt wi N (I1+nn)"(1
n#k

R ) } a6

()
+ kn)? 3274w ng%0+%m4

S. The case of an arbitrary polarization for a particle being initially at rest

Consider the case when the particle is initially at rest (1, = 0) and the Bessel functions
indices are equal to each other (K = n). Formula (13) expresses X, Xy, 7 and taking into
account that:

P, (0) = o = (w+nw') & +a+nY; & = —2/c,
we obtain:

__q_ f: sm@no
w < 1+m7 ’

B fqby N Jn (1) sin @y (37)
=Ty :ZN (1+nn)
v = mec.
For a wave with an arbitrary polarization [8]:
b + b = p*b?, (38)
where p is the ellipticity parameter (p = =41 corresponds to the linear polarization and

p = £1/+/2 does to the circular one).
In other cases, the value p corresponds to an elliptical polarization (0 < p <1), in
which:

¢ p*V? N2 () sin? @,

n

w? S (1—|—m7)2

Xo+ X, = (39)
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N .
(o + fp)? = TEY 52 Jalt o o
T Xx YA\Y w2 et (1+n7]>2

From (10), we obtain the value of A at the initial time:

1 ; N2 () (1 + 2sin® @)
h_4{ (Z (14 nn)° )}7 (0

n=—N

(40)

and according to (41):
_ 2 pPb? _ 242
m2c?w?  wm2cd
where I = cp?b*/4n is the intensity of the elliptically polarized electromagnetic wave, and

A = 27c/w is the wavelength.
The oscillation period of a particle is:

- 1 o (o J2 () (14 2sin @)
Tn_T((1+n77)+4 (Z (1+nn)® >> (“43)

IN?, (42)

n=—N
By substituting (37) — (41) in (36), we obtain the average energy of a particle at rest in
the initial wave of arbitrary polarization:

_ , mco l J2 () (1 + 2sin? CIDnO)
4{2; Arm)?
ZN: J4(n) o (2sin? @, + 1/8) }
= (L)t (L (02 () (14 28in% D)) / (4 (1 +1m)%)) |

The maximum average energy is obtained for the phase ®, = 7/2 or 37/2, when the
field at the point where a particle in located initially zero. In this case, we have:

PR () S/ (0 B N/ (1) 170
c 4 { 2. (1+my)2+ 2 (1+nn)* (24 + 180J2 (1) / ((1 +nn)?)) }

n=—N n=—N
(45)
The minimum average energy corresponds to the phase ®,o = 0 or 7 and is determined
by the expression:

(44)

amPo [N B S~ ) g
c 4 {Z A+ 2 (1+nn) (8+20J3(u)/(1+m7)2)}‘ o

n:—N TL:—N

The energy (£) of the charged particle, being further averaged over the initial phase ®,,,
in the plane monochromatic arbitrarily polarized wave is given by:

(&) — me® = mza{ 3 6n ()

Sy (T+ nn)2
7oy (1) + 32J7 (1) (1 + nn)”
WS 2 (1 ) \ /3T (1) 02 + 16072 (1) (1 + nm)® + 16 (1 + )

N (47)
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For the private case of wave circular polarization when the difference between FE, and
E, corresponds to 7/2 or 37/2 (see (6) and (7)). This means that waves are located in opposite
phases and cancel each other out. We obtain the average energy ¢ of the particle:

”

) N

N
£ met = I Z(ﬁ%ﬂz L (1) . @)
nn .
(14 nn)* <4+202 1—|—n77 )

The resulting formulas (44), (45), (46) (47) and (48) for the average kinetic energy
of the particles comprise an explicit dependence on the initial particle velocity, amplitude
of the electromagnetic wave, a frequency modulation index, the frequency of the carrier wave,
frequency modulation, intensity and polarization, which allow one to make practical calculations.
When ;4 < 1, N = 1, the formulas (44), (45), (46) (47) and (48) become the special case of
linear and circular polarization form [6].

n=

6. Conclusions

This article offers the exact solution for the equations of a charged particle’s motion in
the external field of a frequency-modulated electromagnetic wave. This solution indicates the
dependence of the electron velocity on the intensity of the monochromatic frequency-modulated
electromagnetic wave for the cases of elliptical polarization which are, therefore, the cases of
different initial conditions of the charged particle motion and wave polarization. In the electro-
magnetic wave (7) of the field E and H is periodic with average electric and magnetic field
values of zero. One would assume that such fields will have an alternating effect on charged par-
ticles and the average deviation caused by this influence is also zero. However, this assumption
is incorrect. In particular, in the field of a plane frequency-modulated electromagnetic wave, the
particle performs a systematic drift in the direction of the electromagnetic field, as well as the
drift direction of wave propagation. The values of the momentum and energy of the particle,
averaged over the period of vibration, were calculated. The oscillation period of the particle
differs from that of the field. As the field intensity is increased, the frequency of the oscillatory
motion of the particle tends to zero according to (20). The motion of the particle was shown to
be the superposition of motion at a constant velocity and vibrational motion with the frequency
of the electromagnetic field and the frequency modulation different from the field frequency.
In the absence of the frequency modulation, all the formulae go to the appropriate formulae
given in [6]. The solutions obtained are presented in the explicit dependence on the initial data,
the amplitude of the electromagnetic wave, the wave intensity and its polarization parameter
that allows practical application of the solutions. We have obtained the exact criterion for the
applicability of relativistic equations of motion for a charged particle in a frequency-modulated
electromagnetic field, depending on the intensity and duration of the pulse. This implies that
the accuracy of the analytical calculation increases with its time duration and decreases with
the intensity of the electromagnetic pulse. The practical significance of the research is that the
results can be used to develop relativistic electronic devices. In addition, the results may be
of interest for astrophysical research or studies involving plasma in an external electromagnetic
field.
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