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ABSTRACT In the paper, a one-dimensional two-particle quantum system interacted by two identical point

interactions is considered. The corresponding Schrödinger operator (energy operator) hε depending on ε is

constructed as a self-adjoint extension of the symmetric Laplace operator. The main results of the work are

based on the study of the operator hε. First, the essential spectrum is described. The existence of unique

negative eigenvalue of the Schrödinger operator is proved. Further, this eigenvalue and the corresponding

eigenfunction are found.
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1. Introduction

The problems of the point interaction of two and three identical quantum particles interacted by point potentials (also

called contact potentials and also, occasionally, singular potentials) have been studied in various physical works. In was

the works of F. A. Berezin and L. D. Faddeev [1] and R. A. Minlos and L. D. Faddeev [2,3], where a rigorous mathematical

description of the point interaction of two and three particles was proposed.

In [2, 3], the Hamiltonian of the system under consideration was investigated using the theory of self-adjoint ex-

tensions of symmetric operators. It was introduced as a self-adjoint extension of the symmetric Laplace operator de-

fined on the domain of functions of three variables x1, x2, x3; xj ∈ R, j = 1, 2, 3 vanishing if any two arguments

xj = xk, j 6= k, k = 1, 2, 3 coincide.

The proposed extension is called the Skornyakov-Ter-Martirosyan extension. In [4], on the background of the results

of [1, 2], the Hamiltonian of three particles (two fermions and one particle of a different nature) with the same masses

interacting as point potentials was studied and it was shown that the Skornyakov-Ter-Martirosyan extensions are self-

adjoint and semi-bounded.

In [5], the results of [1–4] were generalized to the case of three arbitrary particles and it was shown that the corre-

sponding Hamiltonian has the discrete spectrum unbounded below. Note that the advantage of one-dimensional models

with point perturbations is clear because they are useful for the study of a variety of qualitative properties. For instance,

you can see [6–11] for one body problems with delta potentials.

In the discrete case, there were also found conditions for the existence of the eigenvalues as well as their numbers

for the Hamiltonian of the system of two particles depending on parameters. For example, in [12–15], the Hamiltonian

h of the system of two quantum particles moving on a one and three-dimensional lattices interacting via some attractive

potential was considered. Conditions for the existence of eigenvalues of the two-particle Schrödinger operator hµ(k),
k ∈ T, d = 1, 3; µ, associated with the Hamiltonian h, were studied depending on the energy of the particle interaction µ
and total quasi-momentum k ∈ T d.

In [2, 3], Faddeev and Minlos studied the energy operator of three identical three-dimensional quantum particles

(bosons) interacting in a “pointed way”. This operator was defined as a certain self-adjoint extension of the symmetric

operator H0 = ∆x1
−∆x2

−∆x3
on the domain of functions of three variables x1, x2, x3 ∈ R

3 that vanish whenever any

two arguments coincide xi = xj , i 6= j; i, j = 1, 2, 3. Minlos and Faddeev found that all nontrivial self-adjoint exten-

sions describing the energy operator have the discrete spectrum unbounded from below and therefore the corresponding

quantum system with δ-like pair interactions collapses, i.e. we have a phenomenon of “fall to the center”. In recent

work [5], Minlos and Melnikov extended these results to the general case of three different particles of different masses.

In [2, 5], one can find the mathematical “explanation” for the Thomas effect (unsemiboundedness of the energy operator

© Kuljanov U.N., 2023
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from below) and also the interpretation of Danilov’s “experimental” parameter as the one describing the one-parameter

family of self-adjoint extensions of the initial symmetric operator (“three-Hamiltonian”).

In this article, following the basic scheme used in [2–5], we study the problem of the point interaction of two arbitrary

particles in one-dimensional space. The Laplace operator with domain on variables x1, x2 ∈ R, vanishing as x1 = x2
is considered. In the momentum representation of the Hamiltonian, after the reduction of the variables, we establish

the Skornyakov-Ter-Martirosyan extension hε as a self-adjoint operator on its domain. The essential spectrum of hε
coincides with the interval [0;∞). It is proved that the operator hε has no any eigenvalue as ε ≤ 0 and if the parameter of

the extension is positive, i.e. ε > 0, then hε has unique negative eigenvalue.

2. Preliminaries and selection of the extension

The Hamiltonian (energy operator) of the two-particle system under consideration is defined as an extension H̃ of the

symmetric operator H̃0 acting in the Hilbert space L2(R
2) ≡ L2 of the form

(

H̃0φ
)

(x1, x2) =

(

− 1

2m1
∆x1

− 1

2m2
∆x2

)

φ(x1, x2),

where the domain D(H̃0) of H̃ is a manifold of functions φ ∈ L2 satisfying condition

(∆x1
+∆x2

)φ ∈ L2 (1)

with

φ(x, x) = 0. (2)

Here ∆xi
is the Laplace operator in the xi variable xi ∈ R, mi is the mass of the i-th particle, i = 1, 2.

After the action of the corresponding Fourier transform, the operator H̃0 transfers to the operator

(H0f) (p1, p2) =

(

1

2m1
p21 +

1

2m2
p22

)

f(p1, p2),

defined on the set D(H0) ⊂ L2 of functions f(p1, p2), satisfying the following conditions:
∫

R2

(p41 + p42)|f(p1, p2)|
2
dp1dp2 <∞, (3)

with
∫

Γp

f (p1, p2) dνp = 0, (4)

where conditions (1) and (2) are equivalent to conditions (3) and (4), respectively. Here Γp =
{

(p1, p2) ∈ R
2 : p1 + p2 = p

}

, p ∈
R is a family of lines with the natural Lebesgue measure dνp.

Making the following change of variables

P = p1 + p2, p =
m2

M
p1 −

m1

M
p2, M = m1 +m2

we establish the natural isomorphism between the spaces L2 (R)⊗ L2 (Γp) and L2

(

R
2
)

.

The last space can be identified with the space L2 (R) ⊗ L2 (R), while the operator H0 is written as the tensor sum

of the following operators

H0 =

(

1

2M
P 2 +

1

2m
h0

)

⊗ I,

where I is the identity operator, m = m1m2/(m1 + m2), (1/2M)P 2 is the operator of multiplication by the number

P 2/(2M) in the space L2(R), and h0 is a closed non-negative symmetric operator acting in L2(R) as

h0f(p) = p2f(p).

Its domain D(h0) consists of functions satisfying the conditions:

∫

p4|f(p)|2dp <∞;

∫

f(p)dp = 0. (5)

Further, the integral without indicating limits is understood as integration over R.

The symbol ℜz denotes the deficiency subspace for the operator h0, i.e.

ℜz = {g ∈ L2(R) : ((h0 − zI)f, g) = 0, f ∈ D(h0)} .

Lemma 2.1. For any z ∈ Π0 = C
1\[0,∞), the deficiency subspace ℜz ⊂ L2(R) of h0 consists of functions of the form

g(p) =
c

p2 − z̄
, c ∈ C

1.
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Proof. Let g ∈ ℜz. Then for any f ∈ D(h0), the relation

((h0 − zI)f, g) =

∫

(p2 − z)f(p)g(p)dp =

∫

f(p)(p2 − z)g(p)dp = 0

holds.

From the last relation and conditions (5), it follows that

(p2 − z̄)g(p) = c

or

g(p) =
c

p2 − z̄
.

The lemma is proved. �

It follows from the lemma that for any z ∈ Π0 the deficiency subspace ℜz of the operator h0 is determined by the

formula

ℜz = {g ∈ L2(R) : ((h0 − zI)f, g) = 0, f ∈ D(h0)} .
Therefore, h0 is a symmetric operator with deficiency indices (1, 1). Using the general extension theory [4], we find that

the operator h0 has one-parameter family of self-adjoint extensions.

Since the operator h0 is non-negative, as in [2–5], we use the theory of extensions of semibounded operators. The

deficiency subspace ℜ−1 of the operator h0 consists of functions of the form

u−1(p) =
c

p2 + 1
, c ∈ C

1.

Using the positivity of H0 and applying methods of the theory of extensions of semi-bounded operators, as in [2], we

prove the following lemma, which allows one to define the adjoint operator h∗0.

Lemma 2.2. The domain D(h∗0) of h∗0 consists of functions of the form

g(p) = f(p) +
c1

p2 + 1
+

c2

(p2 + 1)
2 . (6)

where f ∈ D(h0), c1, c2 ∈ C
1. The operator h∗0 acts on function g of the form (6) by the following formula

(h∗0g) (p) = p2g(p)− c1,

where the constant c1 is taken from the decomposition (6) of the function g.

Further, we select the extensions of the operator h0. We define the set

D(hε), D(h0) ⊂ D(hε) ⊂ D(h∗0)

as follows:

D(hε) =

{

g ∈ D(h∗0) : g(p) = f(p) +
c

p2 + 1
+

(ε− 2)c

(p2 + 1)
2 , f ∈ D(h0)

}

(7)

The restriction of the operator h0 to the domain D(hε) is denoted by hε and it has the form

hεg(p) = p2g(p)− c.

By definition of hε , it is an extension of the operator h0.

Theorem 2.1. For any ε ∈ R, the extension hε is a self-adjoint operator.

Proof. It is easy to verify that for any g1, g2 ∈ D(hε), the relation (hεg1, g2) = (g1, hεg2) holds, i.e. hε is a symmetric

operator. Now, we show that the deficiency indices of the operator hε are equal to (0, 0).
Let ψ ∈ ℜ−1(hε). Then the function ψ(p) has the form

ψ(p) =
b

p2 + 1
, b ∈ C

1.

For any g ∈ D(hε), the equality ((hε + I)g, ψ) = 0 holds. Correspondingly, the last equality can be written as

((hε + I)g, ψ) =

∫

(
(

p2 + 1
)

(f(p) +
c

p2 + 1
+

(ε− 2)c

(p2 + 1)2
)− c)ψ(p)dp =

=

∫

(
(

p2 + 1
)

f(p)ψ(p)dp+ (ε− 2)c

∫

b

(p2 + 1)2
dp = 0. (8)

Since
∫

(
(

p2 + 1
)

f(p)ψ(p)dp = 0

and (ε− 2)c 6= 0, we have b = 0. Hence ψ(p) = 0. This proves that the deficiency indices of the operator hε are equal to

(0, 0). �
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3. Spectral properties of the operator hε

The main results of the paper are the following theorems.

Theorem 3.1. For any ε ∈ R, the essential spectrum of hε coincides with interval [0,∞). If ε ≥ 0 then hε has no any

negative eigenvalue, and for any ε < 0, the operator hε has unique simple eigenvalue z = − 4

ε2
and the corresponding

eigenfunction has the form gε(p) =
1

p2 + 4
ε2

.

Proof. First, we show that the essential spectrum of hε equals to [0;∞). For each z ≥ 0, let us consider the sequence of

cut-off layers:

Gn(z) =

{

p ∈ R :
√
z +

1

n+ 1
< |p| <

√
z +

1

n

}

, n = 1, 2, 3, ...

We split each layer Gn(z) into two half-layers as

G+
n (z) = {p ∈ Gn(z) : p ≥ 0}

and

G−
n (z) = {p ∈ Gn(z) : p < 0} .

By construction, the volumes of these parts are equal and

µ(G+
n (z)) = µ(G−

n (z)) =
1

2
µ(Gn(z))

. One can see that

Vn = µ (Gn(z)) =
2

n (n+ 1)
.

Let f (z)n , n = 1, 2, 3, ... be a sequence of the test functions

f (z)n (p) =



























1
√

Vn(z)
, p ∈ G+

n (z);

− 1
√

Vn(z)
, p ∈ G−

n (z);

0, p ∈ R \Gn(z).

Then, it is easy to verify that f (z)n ∈ L2(R),
∥

∥

∥
f (z)n

∥

∥

∥
= 1 and (f (z)n , f (z)m ) = 0 as n 6= m.

One can see that
∫

f (z)n (p)dp = 0, n = 1, 2, 3, ...

i.e. f (z)n ∈ D(h0). Note that

‖(hε − zI)f (z)n ‖2 =

∫

Gn(z)

1

Vn(z)
|(p2 − z)|2dp = 2

Vn

√
z+ 1

n
∫

√
z+ 1

n+1

(

p2 − z
)2
dp

or

‖(hε − zI)f (z)n ‖2 =
2

Vn

√
z+ 1

n
∫

√
z+ 1

n+1

(

p2 − z
)2
dp. (9)

Since

|p| <
√
z +

1

n
, p2 − z <

1

n

(

2
√
z +

1

n

)

.

This gives

(p2 − z)2 <

(

2
√
z +

1

n

)2
1

n2
.

Hence, by (9), we have

‖(hε − zI)f (z)n ‖2 <
(

2
√
z +

1

n

)2
1

n2
.

This shows that

lim
n→∞

∥

∥

∥
(hε − zI)f (z)n

∥

∥

∥
= 0.

This means that if z ≥ 0, then z ∈ σess(hε), therefore [0;∞) ⊂ σess(hε). In order to show the reverse inclusion

σess(hε) ⊂ [0;∞), we construct the resolvent operator of hε.
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Let

(hε − zI)g = ψ.

Then

(p2 − z)g(p)− c = ψ(p).

If z < 0 then p2 − z 6= 0. Hence,

g(p) =
ψ(p)

p2 − z
+

c

p2 − z
. (10)

Since g ∈ D(hε), it represents as

g(p) = f(p) +
c

p2 + 1
+

(ε− 2)c

(p2 + 1)2
(11)

for some f ∈ D(hε). Comparing (10) and (11), we obtain the equation for c:

f(p) +

(

1

p2 + 1
− 1

p2 − z

)

c+
(ε− 2)c

(p2 + 1)2
=

ψ(p)

p2 − z
(12)

where f ∈ D(h0). Integrating both sides of (12), taking into account (5) and the identities
∫

dp

p2 − z
dp =

π√
−z , z < 0 (13)

and
∫

dp

(p2 + 1)2
=
π

2
, (14)

we have

(ε
√
−z − 2)πc = 2

√
−z

∫

ψ(p)

p2 − z
dp

or

c =
2
√
−z

π(ε
√
−z − 2)

∫

ψ(p)

p2 − z
dp.

This gives one

g(p) =
ψ(p)

p2 − z
+

2
√
−z

π(ε
√
−z − 2)

· 1

p2 − z

∫

ψ(q)

q2 − z
dq.

This, if z ∈ Π0 and ε
√
−z − 2 6= 0 then the resolvent of the operator hε acts in L2(R) as

(Rz(hε)g)(p) =
g(p)

p2 − z
+

2
√
−z

π(ε
√
−z − 2)

· 1

p2 − z

∫

g(q)

q2 − z
dq.

This shows that the resolvent of the operator hε is a bounded operator for ε
√
−z − 2 6= 0 and z < 0. It means that

σess(hε) ⊂ [0;∞). It follows directly from here that σess(hε) = [0;∞). Now, we consider an eigenvalue problem for

hε. From equation (hε − zI)g(p) = 0, we obtain that if ε ≤ 0 and z ∈ Π0, then ε
√
−z − 2 6= 0. By (12) the resolvent of

the operator hε is defined on D(hε). Hence, hε has no any negative eigenvalue.

Let ε > 0. Then from the equality ε
√
−z − 2 = 0, we have z = − 4

ε2
. The equation

(hε − zI)g(p) = 0

gives one

g(p) =
c

p2 − z
. (15)

We show that g ∈ D(hε). To obtain this, g should be represented in the form (11) for some f ∈ D(h0). Assume that g is

represented as (11). Comparing (11) with (15), we obtain

f(p) +
c

p2 + 1
+

(ε− 2)c

(p2 + 1)2
=

c

p2 − z
,

i.e.

f(p) =
c(1− 4

ε2
)

(p2 + 4
ε2
)(p2 + 1)

− c(ε− 2)

(p2 + 1)2
.

Taking into account the identities (13) and (14), one can see that

∫

f(p)dp = 0. This gives one that f ∈ D(h0).

Theorem 3.1 is proved. �
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ABSTRACT In the article, the uniqueness and solvability of one boundary value problem for a high-order equa-

tion with two lines of degeneracy with a fractional Riemann–Liouville derivative in a rectangular domain is

studied by the Fourier method. Sufficient conditions for the well-posedness of the problem posed are ob-

tained.
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1. Introduction and problem statement

Fractional partial differential equations underlie the mathematical modeling of various physical processes and envi-

ronmental phenomena that demonstrate a fractal nature [1, 2]. Model equations with fractional derivatives with constant

coefficients are well studied. Recently, specialists have intensively studied equations with variable coefficients. Degen-

erate equations are among such equations. The number of works on degenerate equations with fractional derivatives is

relatively small. Many of these papers deal with ordinary differential equations. In work [2] the following equation was

considered:

Dα
0xt

βu (t) = λu (x) , 0 < x < b,

where 0 < α < 1, λ is the spectral parameter, β = const ≥ 0. In the same work, it was noted that the equation

Dα
0xt

βu (t) +

n
∑

j=1

aj (x)D
αj

0xu (t) + b (x)u = c (x) , 0 6= αj < α,

plays an important role in the theory of inverse problems for degenerate equations of hyperbolic type. In article [3], the

following problem was investigated for solvability






∂ν
0 (k (t) y (t)) + c (y (t)) = f (t) ,

k (0) y (0) = 0.

Here ∂ν
0− is the fractional differentiation operator in the Caputo sense, 0 < ν < 1, k (t) ∈ C1 [0, T ], k (t) ≥ 0, for

t ∈ [0;T ], c (η) ∈ C (R), c (0) = 0. In paper [4], solutions in the closed form to the fractional order equations were found
(

Dα
0+y

)

(x) = axβy (x) + f (x) (0 < x < d ≤ ∞, α > 0, β ∈ R, a 6= 0) ,
(

Dα
−y

)

(x) = axβy (x) + f (x) (0 ≤ d < x < ∞, α > 0, β ∈ R, a 6= 0) ,

with the fractional Riemann–Liouville derivatives on the semiaxis (0,∞) [5]:

(

Dα
0+y

)

(x) =

(

d

dx

)[α]+1
1

Γ (1− {α})

x
∫

0

y (t) dt

(x− t)
{α}

, (x > 0; α > 0) ,

(

Dα
−y

)

(x) =

(

−
d

dx

)[α]+1
1

Γ (1− {α})

∞
∫

x

y (t) dt

(t− x)
{α}

, (x > 0; α > 0) ,

([α] and {α} mean the integer and fractional parts of the real number α, respectively). Applied problems lead to such

equations [6]. One can find an example of such equation in the theory of polarography [7]:
(

D
1/2
0+ y

)

(x) = axβy (x) + x−1/2, (0 < x, −1/2 < β ≤0) ,

© Irgashev B.Yu., 2023
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which arises for a = −1 from diffusion problems [7]. As for the degenerate partial differential equations involving

fractional derivatives, it should be noted that the researches in this area are quite new. We mention here papers [8–15], in

which various boundary value problems for degenerate equations involving fractional derivatives were studied.

It should also be noted that fractional-order integro-differential operators have been recently actively used in nanosys-

tem studies. We note in this field, for example, works [16–18].

In this paper, we study a boundary value problem in a rectangular domain for an equation of high even order involving

a fractional derivative, which has degeneracy in both variables.

In the region Ω = Ωx × Ωy , Ωx = {x : 0 < x < 1}, Ωy = {y : 0 < y < 1}, let us consider the equation

Dα
0xu (x, y) + xβK (y) l (u (x, y)) = 0, (1)

where

l (u (x, y)) = (−1)
s ∂

2su (x, y)

∂y2s
+

∂s−1

∂ys−1

(

(−1)
s−1

ps−1 (y)
∂s−1u (x, y)

∂ys−1

)

+ ...

+
∂

∂y

(

−p1 (y)
∂u (x, y)

∂y

)

+ p0 (y)u (x, y) ,

pj (y) ∈ Cj
(

Ωy

)

, j = 0, 1, ..., s− 1, s ∈ N,

K(y) ∈ C[0; 1]; K (y) ∈ C(2s) for y ∈ (0, 1] ;

K (y) > 0, y ∈ (0, 1] , K(0) = 0, K(i) (y) = O
(

ym−i
)

, y → +0, 0 ≤ m < s, i = 0, 1, ...2s,

0 < α < 1,−α < β ∈ R, Dα
0x is the Riemann–Liouville fractional differentiation operator of order α

Dα
0xu (x, y) =

1

Γ (1− α)

∂

∂x

x
∫

0

u (τ, y) dτ

(x− τ)
α .

Let us consider the following problem for equation (1).

Problem A. Find a solution to equation (1) belonging to the class

Dα
0xu (x, y) ∈ C (Ω) , x1−αu (x, y) ∈ C

(

Ω
)

,

∂2s−1u (x, y)

∂y2s−1
∈ C

(

Ωx × Ω̄y

)

,
∂2su (x, y)

∂y2k
∈ C (Ωx × Ωy) ,

satisfying the conditions

∂ju (x, 0)

∂yj
=

∂ju (x, 1)

∂yj
= 0, 0 < x ≤ 1, j = 0, 1, ..., s− 1, (2)

lim
x→0

x1−αu (x, y) =
ϕ (y)

Γ (α)
, (3)

where ϕ (y) ∈ C(2s), y ∈ [0, 1].

2. Searching a solution

We are looking for a solution in the form

u (x, y) = X (x)Y (y) .

Then, with respect to the variable y, taking into account condition (2), we obtain the following spectral problem:










l (Y (y)) = λ
Y (y)

K (y)
,

Y (j)(0) = Y (j) (1) = 0, j = 0, 1, ..., s− 1.

(4)

We reduce problem (4) to an integral equation using Green’s function and obtain the necessary estimates for the eigen-

functions. Further, we will assume that λ > 0, this condition is valid, for example, in the case when 0 ≤ pj (y) , j =
0, 1, ..., s − 1. This implies the existence of continuous symmetric Green’s function, which will be denoted by G (y, ξ).
Taking into account the boundary conditions at the point y = 0 and applying the Lagrange theorem on finite increments

(the mean-value theorem (for derivatives)), we have

Y (y) = O (ys) , y → +0.

This relation is also valid for Green’s function. It remains to show the existence of eigenvalues and eigenfunctions of

problem (4). The integral equation equivalent to the problem (4) has the following form

Y (y) = λ

1
∫

0

G (y, ξ)Y (ξ) dξ

K (ξ)
, (5)
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we rewrite (5) in the form

Y (y)
√

K (y)
= λ

1
∫

0

G (y, ξ)
√

K (ξ)
√

K (y)

Y (ξ)
√

K (ξ)
dξ.

Let us introduce the notation

Y (y) =
Y (y)

√

K (y)
, G (y, ξ) =

G (y, ξ)
√

K (ξ)
√

K (y)
.

From this, we have

Ȳ (y) = λ

1
∫

0

Ḡ (y, ξ) Ȳ (ξ) dξ. (6)

Relation (6) is an integral equation with symmetric and continuous, in both variables, kernel. According to the theory

of equations with symmetric kernels, equation (6) has at most a countable number of eigenvalues and eigenfunctions.

Thus, problem (4) has eigenvalues λn > 0, n = 1, 2, ..., and the corresponding eigenfunctions are Yn (y). Let’s order the

eigenvalues increasingly: 0 < λ1 ≤ λ2 ≤ .... Further, we assume that

‖Yn(y)‖
2
=

1
∫

0

Y 2
n (y)dy

K (y)
= 1.

From here, using (5), we come to the Bessel inequality

∞
∑

n=1

(

Yn (y)

λn

)2

≤

1
∫

0

G2 (y, ξ) dξ

K (ξ)
< ∞. (7)

Let us find the conditions ensuring that given function is expanded into a Fourier series in terms of the system of eigen-

functions of problem (4). The following theorem holds.

Theorem 1. If the function ϕ (y) satisfies the following conditions:

1). ϕ(j) (0) = ϕ(j) (1) = 0, j = 0, s− 1;

2). ϕ(2s) (y) is continuous on [0, 1],
then it can be expanded in terms of the eigenfunctions of the problem (4), which converges uniformly and absolutely.

Proof. Let l (ϕ (y)) = g (y) , then

ϕ (y) =

1
∫

0

G (y, ξ) g (ξ)dξ.

Correspondingly,

ϕ (y)
√

K (y)
=

1
∫

0

G (y, ξ)
√

K (y)K (ξ)

√

K (ξ)g (ξ) dξ,

or

ϕ (y)
√

K (y)
=

1
∫

0

G (y, ξ)
√

K (ξ)g (ξ) dξ.

Let us use the Hilbert-Schmidt theorem, then one has

ϕ (y)
√

K (y)
=

∞
∑

n=1

cn
Yn (y)
√

K (y)
,

where

cn =

1
∫

0

ϕ (y)Yn (y)

K (y)
dy.

Further, after reduction by
1

√

K (y)
, we obtain

ϕ (y) =

∞
∑

n=1

cnYn (y).

Theorem 1 is proved.
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Let us fix n and start solving the problem of searching the function Xn(x). We assume that the initial function ϕ (y)
satisfies the conditions of Theorem 1. Taking into account condition (3), we obtain the following initial problem:







Dα
0xXn (x) = −λnx

βXn (x) ,

lim
x→0

x1−αXn (x) =
ϕn

Γ (α)
,

(8)

where

ϕn =

1
∫

0

ϕ (y)Yn (y) dy

K (y)
, n = 1, 2, ....

Using the results of [14], the solution to problem (8) is written as

Xn (x) =
xα−1

Γ (α)
ϕnEα,1+ β

α
,1+ β−1

α

(

−λnx
α+β

)

,

where

Eα,m,l (z) =

∞
∑

i=0

ciz
i, c0 = 1, ci =

i−1
∏

j=0

Γ (α (jm+ l) + 1)

Γ (α (jm+ l + 1) + 1)
, i ≥ 1

is the Kilbas–Saigo function [14].

It follows from the results of [16] that the following estimate holds:

|Xn (x)| ≤ Mxα−1 |ϕn| , 0 < M = const. (9)

Now, we will seek the solution of the problem in the form

u (x, y) =

∞
∑

n=1

Xn (x)Yn (y). (10)

Let us find the conditions under which (10) is a regular solution to Problem A. The following theorem is true.

Theorem 2. Let the function ϕ (y) , satisfy the following conditions:

1).ϕ (y) ∈ C2s [0, 1] , ϕ(j) (0) = ϕ(j) (1) = 0, j = 0, 1, ..., s− 1,

2).(K (y) l (ϕ (y)))
(j)

(0) = (K (y) l (ϕ (y)))
(j)

(1) = 0,K (y) l (ϕ (y)) ∈ C2s [0, 1] , j = 0, 1, ..., s− 1,
then a solution to problem A exists.

Proof. Series (10) formally satisfies equation (1). Let us show that one can differentiate the series. Considering (9),

we have
∣

∣x1−αu (x, y)
∣

∣ ≤ M

∞
∑

n=1

|ϕn| |Yn (y)|.

Using the Cauchy–Bunyakovsky inequality, one obtains

∞
∑

n=1

|ϕn| |Yn (y)| ≤

√

√

√

√

∞
∑

n=1

(

Yn (y)

λn

)2
√

√

√

√

∞
∑

n=1

(λnϕn)
2
.

The convergence of the first factor in the last inequality follows from (7). Consider the second multiplier. We have

ϕn =

1
∫

0

ϕ (y)Yn(y)dy

K (y)
=

1

λn

1
∫

0

ϕ (y) l (Yn (y)) dy.

Integrating by parts, we obtain

ϕn =
1

λn

1
∫

0

l (ϕ (y))Yn (y) dy. (11)

Hence,

λnϕn =

1
∫

0

K (y) l (ϕ)
Yn (y)

K (y)
dy.

Consequently, λn ϕn are the Fourier coefficients of the function K (y) l (ϕ) . Then, from the Bessel inequality, one obtains

∞
∑

n=1

λ2
n|ϕn|

2
≤

1
∫

0

K (y) {l (ϕ)}
2
dy < ∞. (12)
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From (7) and (12), the convergence of the series (10) and the fulfillment of condition (3) follows. Let us pass to the

derivatives. In view of equation (8), we formally have

|Dα
0xu (x, y)| ≤

∞
∑

n=1

|Dα
0xXn (x)| |Yn (y)| ≤ Mxα+β−1

∞
∑

n=1

|λnϕn| |Yn (y)| ≤

≤ Mxα+β−1

√

√

√

√

∞
∑

n=1

(λ2
nϕn)

2

√

√

√

√

∞
∑

n=1

(

Yn (y)

λn

)2

, x > 0. (13)

Further, keeping in mind (11), one has

ϕn =

(

1

λn

)2
1

∫

0

K (y) l (ϕ (y)) l (Yn (y)) dy =

(

1

λn

)2
1

∫

0

l (K (y) l (ϕ (y)))Yn (y) dy.

Now, we apply the Bessel inequality

∞
∑

n=1

(

λ2
nϕn

)2
≤

1
∫

0

K (y) {l (K (y) l (ϕ))}
2
dy < ∞. (14)

The convergence (13) follows from (7) and (14). So the following functional series

Dα
0xu (x, y) =

∞
∑

n=1

Dα
0xXn (x)Yn (y),

converges evenly. Uniform convergence of the next series,

l (u (x, y)) =
∞
∑

n=1

Xn (x) l (Yn (y)) =
1

K (y)

∞
∑

n=1

λnXn (x)Yn (y),

is shown by the same way.

Theorem 2 is proved.

3. Uniqueness of the solution

Let us proceed to the proof of the uniqueness of the solution. The following theorem holds.

Theorem 3. If there is a solution to Problem A, then it is unique.

Proof. Let the function u (x, y) be a solution to Problem A with zero initial and boundary conditions. Consider its

Fourier coefficients in terms of the system of eigenfunctions of problem (4):

un (x) =

1
∫

0

u (x, y)Yn(y)dy

K (y)
, n = 1, 2, ....

It is rather simple to show that un (x) is a solution to the problem






Dα
0xun (x) = −λnx

βun (x) ,

lim
x→0

x1−αun (x) = 0.

This problem has a trivial solution only [14], i.e.,

1
∫

0

u (x, y)Yn(y)dy

K (y)
= 0, n = 1, 2, ....

Because Ḡ (y, ξ) is symmetric continuous function and the following integrals converge:

1
∫

0

Ḡ2 (y, ξ) dξ < ∞,

1
∫

0

Ḡ2 (y, ξ) dy < ∞,

1
∫

0

1
∫

0

Ḡ2 (y, ξ) dydξ < ∞, λn > 0, ∀n,

it follows from Mercer’s theorem that

Ḡ (y, ξ) =

∞
∑

n=1

Yn (y)Yn (ξ)

λn
.

Then, we have

u (x, y)
√

K (y)
=

1
∫

0

Ḡ (y, ξ)
(

√

K (ξ)l (u (x, ξ))
)

dξ =
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1
∫

0

∞
∑

n=1

Yn (y)Yn (ξ)

λn

(

√

K (ξ)l (u (x, ξ))
)

dξ =

∞
∑

n=1

Yn (y)

λn

√

K (y)

1
∫

0

Yn (ξ)
√

K (ξ)
√

K (ξ)
l (u (x, ξ)) dξ.

Since the series converges uniformly, the integrating and the summation can be rearranged. Correspondingly, the last

expression transforms to the following one

∞
∑

n=1

Yn (y)

λn

√

K (y)

1
∫

0

Yn (ξ) l (u (x, ξ)) dξ =

∞
∑

n=1

Yn (y)

λn

√

K (y)

1
∫

0

l (Yn (ξ))u (x, ξ) dξ =

∞
∑

n=1

Yn (y)
√

K (y)

1
∫

0

Yn (ξ)u (x, ξ)

K (ξ)
dξ = 0.

Hence,

u (x, y) ≡ 0.

Theorem 3 is proved.

4. Conclusion

In this paper, we study the initial boundary value problem for a high-order equation involving fractional derivative in

the sense of Riemann–Liouville. The equation has two lines of degeneration x = 0 and y = 0. The solution is constructed

as a series in terms of eigenfunctions of the one-dimensional spectral problem. Sufficient conditions for the expansion

of this function in terms of the system of eigenfunctions of the spectral problem were found. The convergence theorems

for the series and the uniqueness of the constructed solution of the problem were proved. In this case, various theorems

from the theory of differential and integral equations were used. In the future, one can study boundary value problems

for inhomogeneous equations, inverse problems with unknown right hand side, problems with nonlocal conditions that

have various applications in nanosystems (see [18]). Note that the studied problem has not only theoretical but also

applied importance since fractional integro-differential operators are widely used in mathematical models of nanosystem

dynamics. In particular, among the mathematical models of transport-diffusion transfer, fractional differential calculus is

singled out as a tool for describing transfer processes in complex-structured media [20].

It was noted in [21], that fractional differential equations are convenient for the analysis of frequency characteristics

of semiconductor devices in which dispersive transport occurs, because their Fourier transforms give rise to algebraic

equations that are much simpler to solve than integral equations derived from equations with variable diffusion coefficient

and mobility.

A number of experimental facts testify to the anomalous diffusion of impurities and defects in various materials (see

the literature review on this topic in [22]). Equations containing fractional derivatives form the mathematical basis of

anomalous self-similarity diffusion [23].
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ABSTRACT We consider the three-particle discrete Schrödinger operator Hµ,γ(K), K ∈ T
3, associated with

the three-particle Hamiltonian (two of them are fermions with mass 1 and one of them is arbitrary with mass

m = 1/γ < 1), interacting via pair of repulsive contact potentials µ > 0 on a three-dimensional lattice Z
3. It is

proved that there are critical values of mass ratios γ = γ1 and γ = γ2 such that if γ ∈ (0, γ1), then the operator

Hµ,γ(0) has no eigenvalues. If γ ∈ (γ1, γ2), then the operator Hµ,γ(0) has a unique eigenvalue; if γ > γ2, then

the operator Hµ,γ(0) has three eigenvalues lying to the right of the essential spectrum for all sufficiently large

values of the interaction energy µ.

KEYWORDS Schrödinger operator, Hamiltonian, contact potential, fermion, eigenvalue, quasi-momentum, in-

variant subspace, Faddeev operator.
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1. Introduction

The study of few-body systems with contact interaction has a long history and a wide literature throughout the last

eight decades, a concise retrospective may be found in [1]. The 2+1 fermionic system is an actual building block for the

heteronuclear mixtures with inter-species contact interaction, see [2] for an outlook. For the 2+1 fermionic model, the

rigorous construction of the Hamiltonian Hα for m > m∗, together with the precise determination of m∗ and the proof of

the self-adjointness and the semi-boundedness from below of Hα, was done in the work [3] by Correggi, Dell’Antonio,

Finco, Michelangeli, and Teta, by means of quadratic form techniques for contact interactions [4]. In [5] the authors

had qualified the main features of the spectrum of the Hamiltonian of point interaction for a three-dimensional quantum

system consisting of three point-like particles, two identical fermions, plus a third particle of different species, with two-

body interaction of zero range. For arbitrary magnitude of the interaction and arbitrary value of the mass parameter (the

ratio between the mass of the third particle and that of each fermion) above the stability threshold, the essential spectrum

is identified, the discrete spectrum is localized and its finiteness is proved. The existence or absence of bound states is

proved in physically relevant regimes of masses.

Throughout physics, stable composite objects are usually formed by way of attractive forces, which allow the con-

stituents to lower their energy by binding together. Repulsive forces separate particles in free space. However, in structured

environment such as a periodic potential and in the absence of dissipation, stable composite objects can exist even for re-

pulsive interactions that arise from the lattice band structure [6]. The Bose–Hubbard model which is used to describe

the repulsive pairs is the theoretical basis for applications. The work [6] exemplifies the important correspondence be-

tween the Bose–Hubbard model [7], [8] and atoms in optical lattices, and helps pave the way for many more interesting

developments and applications [9]. Stable repulsively bound objects should be viewed as a general phenomenon and

their existence will be ubiquitous in cold atoms lattice physics. They give rise also to new potential composites with

fermions [10] or Bose–Fermi mixtures [11], and can be formed in an analogous manner with more than two particles [12].

Systems of particles, with zero-range interactions between the pairs of particles, are investigated not only theoretically

but also experimentally. Delta-like character of the interaction turns out to be realistic. This is a special case of the unitary

regime, i.e. the case of negligible interaction range and huge, virtually infinite, scattering length. In this case, unitary gases

posses a property of superfluidity [13], and they were intensively studied both experimentally and theoretically [14].

In this paper, we consider the Hamiltonian Hµ,γ for systems of three quantum particles (two of them are fermions

with mass 1 and one of them is arbitrary with mass m = 1/γ < 1) with paired contact repulsive potentials µ > 0 on a

© Khalkhuzhaev A.M.,Khujamiyorov I.A., 2023
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three-dimensional lattice Z
3. In the momentum representation, the total three-particle Hamiltonian expands into a direct

operator integral (see. [15])

Hµ,γ =

∫

T3

⊕Hµ,γ(K)dK.

The fiber operator Hµ,γ(K) = H0,γ(K) + µ(V1 + V2) parametrically depends on the total quasimomentum K ∈ T
3 ≡

R
3/(2πZ3). It is shown that the essential spectrum of the self-adjoint operator Hµ,γ(K) consists of one or two segments,

depending on the three-particle quasimomentum K ∈ T
3 and the interaction energy µ > 0. Unlike the continuous case,

the Schrödinger operator on a lattice can have eigenvalues at the right part of the essential spectrum as well.

The principal results of this paper are given for sufficiently big values of interaction energy µ > 0, i.e., when the

two-particle subsystems have bound states with positive energies: there are threshold values of the particle mass ratio γ1,

γ2 such that if γ ∈ (0, γ1), then the operator Hµ,γ(0) has no eigenvalues; if γ ∈ (γ1, γ2), then the operator Hµ,γ(0)
has a unique eigenvalue; if γ > γ2, then the operator Hµ,γ(0) has three eigenvalues lying to the right of the essential

spectrum. Existence of at least one eigenvalue of the three-particle discrete Schrödinger operatorHµ(K) = H0(K)−µV
(µ ∈ R) for dimensions d = 1, 2 was shown in [15] and [12], whose proofs are based on the unboundedness of the norm

of the Faddeev operator T(K, z) at the lower bound of the essential spectrum z = inf(σess(Hµ(K))). If d ≥ 3, then

the operator T(K, z) is also bounded at the edges of the essential spectrum, i.e. in this case, methods for d = 1, 2 is not

applicable.

In [16], the model operator Has
γ (see (2.6) paper in [16]), associated with three-particle discrete Schrödinger oper-

ator on a three-dimensional cubic lattice with pairwise zero-range attractive potentials, is studied, where the family of

Friedrichs models with parameters hα(k), α = 1, 2,k ∈ T
3 is used. The existence of the critical value γ∗ of the pa-

rameter γ is proved so that if two-particle subsystems have a resonance with zero energy and do not have bound states

with negative energy, then Has
γ has an infinite number of eigenvalues, lying to the left of the essential spectrum for

γ > γ∗ ≈ 13.607, and there is no Efimov’s effect for γ < γ∗. The similar result holds for the operator we are considering

Hµ,γ(π), i.e., at γ > γ∗ and fixed µ = µ0(γ), the operator Hµ,γ(π) has an infinite number of eigenvalues to the right of

the essential spectrum. “The two-particle branch” of the essential operator spectrum of Hµ,γ(K) is shifted to +∞ with

the order µ if µ → +∞, as a result of which an infinite number of eigenvalues of the operator are “absorbed” by the

essential spectrum. Therefore, a natural question arises: whether there are eigenvalues of the operator Hµ,γ(0), lying to

the right of the essential spectrum for sufficiently large µ, and if so, how many?

In this paper, we prove that the operator Hµ,γ(0),0 = (0, 0, 0), for γ ∈ (0, γ1) (γ1 ≈ 2, 937) has no eigenvalues, but

for γ1 < γ < γ2 (γ2 ≈ 5, 396) has a unique eigenvalue, and for γ > γ2 has exactly three eigenvalues to the right of the

essential spectrum for sufficiently large µ. Physically, this shows the conditions for the system of two fermions (of mass

1), and an arbitrary particle (of mass m,m < 1) with pairwise repulsive interaction µ, which is sufficiently large, to have

no bound states, one bound state and three bound states, respectively.

Applying the perturbation theory, one can show that the results obtained are preserved for small values K. Note that

the problem of finding the number of eigenvalues of the operatorHµ,γ(K), which are more z (z > τmax,γ(µ,K)) reduces

to the problem of finding the number of eigenvalues of the Faddeev-type operator Aµ,γ(K, z), which are more 1 (see.

(4.2)). Sensitivity of the kernel of the integral operator Aµ,γ(K, z) regarding change K leads to a change in the number

of eigenvalues of the operator Hµ,γ(K). Therefore, set the number of eigenvalues for all K ∈ T3 is very difficult.

2. Statement of the problem and formulation of the main result

Let Z3 is a three-dimensional lattice, ℓ2[(Z3)d], d = 2, 3 is a Hilbert space of square integrable functions given on

(Z3)d and ℓ2,as[(Z3)d] ⊂ ℓ2[(Z3)d] is a subspace of antisymmetric functions with respect to permutation of the first two

coordinates.

We consider a Hamiltonian of a system of three quantum particles (two of them are fermions with mass 1 and one of

them is arbitrary with mass m = 1/γ < 1) that interact through pairwise zero-range repulsive potentials on Z
3. Without a

loss of generality, we assume that the first two particles are fermions while the third one is a particle of a different nature.

The Hamiltonian of the system of two arbitrary free particles (a fermion and another particle) on Z
3 in the coordinate

representation is associated with the bounded self-adjoint operator ĥ0,γ in ℓ2[(Z3)2]:

ĥ0,γ = −
1

2
∆⊗ I −

γ

2
I ⊗∆,

where ∆ is the lattice Laplacian, I is the unity operator in ℓ2(Z3), and γ =
1

m
.

The total Hamiltonian ĥµ,γ of the system of two arbitrary particles with the zero-range repulsive potential acts in

ℓ2[(Z3)2] and is a bounded perturbation of the free Hamiltonian ĥ0,γ :

ĥµ,γ = ĥ0,γ + µv̂,
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where µ, µ > 0, is the interaction energy of two repelling particles (a fermion and another particle), operator v̂ describes

the zero-range interaction of these particles

(v̂ψ̂)(x2,x3) = δx2x3
ψ̂(x2,x3)

and δx2x3
is the Kronecker symbol. In the space ℓ2,as[(Z3)2], there is no two-particle zero-range interaction of fermions

(see [15], [17]).

Similarly, the free Hamiltonian Ĥ0,γ of the system of three particles (two fermions and another particle) on lattice Z3

is specified in ℓ2,as[(Z3)3] by the formula

Ĥ0,γ = −
1

2
∆⊗ I ⊗ I −

1

2
I ⊗∆⊗ I −

γ

2
I ⊗ I ⊗∆.

The total Hamiltonian Ĥµ,γ of the system of three particles with pairwise zero-range interactions is a bounded per-

turbation of the free Hamiltonian Ĥ0,γ :

Ĥµ,γ = Ĥ0,γ + µ(V̂1 + V̂2),

where

(V̂1ψ̂)(x1,x2,x3) = δx2x3
ψ̂(x1,x2,x3)

and

(V̂2ψ̂)(x1,x2,x3) = δx3x1
ψ̂(x1,x2,x3).

Let T3 is a three-dimensional torus and Las
2 [(T3)2] ⊂ L2[(T

3)3] be the Hilbert space of square integrable functions,

defined on (T3)3 and antisymmetric with respect to permutation of the first two coordinates. Assume that dp is a unit

measure in the torus T3, that is ∫

T3

dp = 1.

The study of spectra of the Hamiltonians hµ,γ and Hµ,γ is reduced to studying the spectra of the family of operators

hµ,γ(k),k ∈ T
3 and Hµ,γ(K),K ∈ T

3, respectively (see [15], [18]).

The two-particle discrete Schrödinger operator hµ,γ(k),k ∈ T
3 acts in L2(T

3) by the formula

hµ,γ(k) = h0,γ(k) + µv,

where

(h0,γ(k)f)(p) = Ek,γ(p)f(p), Ek,γ(p) = ε
(
p
)
+ γε

(
k− p

)
,

ε(p) = 3− ξ(p), ξ(p) =
3∑

i=1

cos pi, p = (p1, p2, p3) ∈ T
3, (2.1)

(vf)(p) =

∫

T3

f(s)ds.

The respective three-particle discrete Schrödinger operator Hµ,γ(K) acts in Las
2 [(T3)2] by the formula

Hµ,γ(K) = H0,γ(K) + µ(V1 + V2),

where

(H0,γ(K)f)(p,q) = EK,γ(p,q)f(p,q), EK,γ(p,q) = ε(p) + ε(q) + γε(K− p− q).

(V1f)(p,q) =

∫

T3

f(p, s)ds, (V2f)(p,q) =

∫

T3

f(s,q)ds.

Let us first introduce the following notation:

W =

∫

T3

ds

ε(s)
, W1 =

∫

T3

cos s1ds

ε(s)
, W11 =

∫

T3

cos2 s1ds

ε(s)
, W12 =

∫

T3

cos s1 cos s2ds

ε(s)
.

The integral W is called the Watson integral and the other integrals W1, W11 and W12− Watson-type integrals (see, for

example [20]).

The main result of the paper is the following theorem:

Theorem 2.1. Let

γ1 =
W

W11W + 2WW12 − 3W 2
1

≈ 2, 9368, γ2 =
1

W11 −W12
≈ 5, 3985. (2.2)

(i) Assume that γ ∈ (0, γ1). Then, there exists µγ > 0 such that for any µ > µγ the operator Hµ,γ(0) has no

eigenvalues lying to the above of the essential spectrum.
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(ii) Assume that γ ∈ (γ1, γ2). Then, there exists µγ > 0 such that for any µ > µγ the operator Hµ,γ(0) has a unique

eigenvalue lying to the above of the essential spectrum.

(iii) Assume that γ ∈ (γ2,+∞). Then, there exists µγ > 0 such that for any µ > µγ the operator Hµ,γ(0) have three

eigenvalues to the above of the essential spectrum.

Remark 2.2. The number µγ takes on different values in the three cases of the Theorem 2.1.

3. On the spectrum of the two-particle operator hµ,γ(k)

In this section, we study some facts related to the spectrum of the operator hµ,γ(k).

Since v is compact, by Weyl’s Theorem [19] for any k ∈ T
3, the essential spectrum σess(hµ,γ(k)) of hµ,γ(k)

coincides with the spectrum of h0,γ(k), i.e.,

σess(hµ,γ(k)) = [Emin,γ(k), Emax,γ(k)],

where

Emin,γ(k) = min
q∈T3

Ek,γ(q) = 3(1 + γ)−
3∑

i=1

√
1 + 2γ cos ki + γ2,

Emax,γ(k) = max
q∈T3

Ek,γ(q) = 3(1 + γ) +

3∑

i=1

√
1 + 2γ cos ki + γ2.

The following Lemma provides an implicit equation for eigenvalues of hµ,γ(k) which is a simple application of the

Fredholm determinants theory.

Lemma 3.1. The number z ∈ C \ [Emin,γ(k), Emax,γ(k)] is an eigenvalue of hµ,γ(k) with multiplicity m if and only if z
is a zero of the function

∆µ,γ(k, z) = 1− µ

∫

T3

dq

z − Ek,γ(q)
(3.1)

with the multiplicity m.

The function ∆µ,γ(k, z) is called the Fredholm determinant associated to hµ,γ(k).

Note that, the function ∆µ,γ(k, z) is the Fredholm determinant of the operator I − µvr0,γ(k, z), where r0,γ(k, z) is

the resolvent of the operator h0,γ(k) and v is the integral operator with the kernel v(q,q′) = 1.

Let us introduce first the following real number:

µ0(γ) = (1 + γ)
1

W
.

Note that this number means harmonic values of the kinetic energies of a fermion and another particle.

Lemma 3.2. Assume that µ > µ0(γ). Then for each k ∈ T
3 the operator hµ,γ(k) has a unique simple eigenvalue zµ,γ(k)

above the essential spectrum.

Lemma 3.3. The eigenvalue zµ,γ(k) = zµ,γ(k1, k2, k3) is symmetric function with respect to permutation of the variables

ki, kj , even with respect to ki ∈ [−π, π], and decreasing with respect to ki ∈ [0, π], i = 1, 2, 3.

Proof. The proof of the lemma follows directly from the properties of the function ∆µ,γ(k, z) and assertions of Lemma

3.1. �

Lemma 3.4. For any γ > 0 and µ > 3(1 + γ), we have the following relations

µ+ 3(1 + γ) < zµ,γ(π) ≤ zµ,γ(k) ≤ zµ,γ(0) < µ+ 3(1 + γ) +
9(1 + γ)2

µ
.

Proof. The proof of the Lemma follows from Lemma (3.3) and properties of the function ∆µ,γ(k, z). �

Corollary 3.5. For any γ > 0, the function zµ,γ(k) has the following asymptotic expansions:

zµ,γ(k) = µ+ 3(1 + γ) + O

(
1

µ

)
(3.2)

as µ→ ∞, uniformly k ∈ T
3.
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4. Essential spectrum of a three-particle operator Hµ,γ(K).

For any K ∈ T
3, recalling that

Emin,γ(K) = min
p,q∈T3

EK,γ(p,q), Emax,γ(K) = max
p,q∈T3

EK,γ(p,q),

τmin,γ(µ,K) = min
p∈T3

{zµ,γ(K− p) + ε(p)}, τmax,γ(µ,K) = max
p∈T3

{zµ,γ(K− p) + ε(p)},

where zµ,γ(p) is an eigenvalue of the operator hµ,γ(p) and the essential spectrum of Hµ,γ(K) coincides with the union

of two segment:

σess(Hµ,γ(K)) = [Emin,γ(K), Emax,γ(K)] ∪ [τmin,γ(µ,K), τmax,γ(µ,K)]. (4.1)

The proof of a similar assertion is given in the paper [18]. Note that [τmin,γ(µ,K), τmax,γ(µ,K)] and [Emin,γ(K), Emax,γ(K)]
are called the “two-particle branch” and the “three-particle branch” of the essential spectrum of Hµ,γ(K), respectively.

For fixed γ, γ > 0, we study the discrete spectrum of the operator Hµ,γ(0), 0 = (0, 0, 0) for sufficiently large

µ > 0. It follows from Lemma 2.4 and the structure of the essential spectrum that (see (4.1)), that the two-particle branch

[τmin,γ(µ,0), τmax,γ(µ,0)] of the essential spectrum shifts +∞ with order µ at µ→ +∞.
In what follows we always assume z ≥ inf σess(Hµ,γ(0)) = τmax,γ(µ,0).

Discrete spectrum of a three-particle operator Hµ,γ(0).

First, we show that the operator Hµ,γ(K) has no eigenvalues below the essential spectrum.

Lemma 4.1. Assume that K ∈ T
3. Then for any µ > 0 and γ > 0 the operator Hµ,γ(K) has no eigenvalues below the

essential spectrum.

Proof. Since the operator V = V1 + V2 is positive by the minimax principle we can conclude that

inf
‖f‖=1

(Hµ,γ(K)f, f) = inf
‖f‖=1

[(H0,γ(K)f, f) + µ(V f, f)] ≥ inf
‖f‖=1

(H0,γ(K)f, f) = Emin,γ(K),

leading to σ(Hµ,γ(K)) ∩ (−∞, Emin,γ(K)) = ∅. �

For any z > τmax,γ(µ,0), we define the self-adjoint compact operator of the form

(Aµ,γ(z)ψ)(p) =
−µ√

Λµ,γ(p, z)

∫

T3

ψ(s)ds

(z − E0,γ(p, s))
√
Λµ,γ(s, z)

(4.2)

defined in

D(Aµ,γ(z)) =



ψ ∈ L2(T

3) :

∫

T3

ψ(s)ds√
Λµ,γ(s, z)

= 0



 ,

where

Λµ,γ(p, z) := ∆µ,γ(−p, z − ε(p)), (4.3)

and the function ∆µ,γ(., .) is given by formula (3.1).

The operator Aµ,γ(z) is called the Faddeev-type operator corresponding to the operator Hµ,γ(0) (see Remark 4.3

and [21], [22]).

Hence, we found the equivalent equation for the eigenfunctions of the three-particle operator Hµ,γ(0).

Lemma 4.2. The number z > τmax,γ(µ,0) is an eigenvalue of the operator Hµ,γ(0) if and only if the number 1 is an

eigenvalue of the operator Aµ,γ(z).

Proof. Let z > τmax,γ(µ,0) is the eigenvalue of the operator Hµ,γ(0) and f is the respective eigenfunction, i.e., the

equation

E0,γ(p,q)f(p,q) + µ

∫

T3

f(p, s)ds+ µ

∫

T3

f(s,q)ds = zf(p,q) (4.4)

has a nonzero solution f ∈ Las
2 [(T3)2]. Introducing the notation

ϕ(p) = (V1f)(p,q) =

∫

T3

f(p, s)ds, (4.5)

from (4.4) for z > τmax,γ(µ,0), we have

f(p,q) = µ
ϕ(p)− ϕ(q)

z − E0,γ(p,q)
. (4.6)
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Since the function f is antisymmetric, the function ϕ given by formula (4.5), belongs to the spaceL2(T
3) and satisfies

the condition ∫

T3

ϕ(p) dp = 0.

Substituting the expression (4.6) into (4.5), we obtain that the equation

ϕ(p)

(
1− µ

∫

T3

ds

z − E0,γ(p, s)

)
= −µ

∫

T3

ϕ(s)ds

z − E0,γ(p, s)

has a nonzero solution ϕ ∈ L2(T
3). Hence, using notation (3.1) and (4.3), we make sure that ϕ ∈ L2(T

3) is the solution

of the equation

ϕ(p) =
−µ

Λµ,γ(p, z)

∫

T3

ϕ(s)ds

z − E0,γ(p, s)
. (4.7)

If we set ψ(p) =
√
Λµ,γ(p, z)ϕ(p), from (4.7) we have

ψ(p) =
−µ√

Λµ,γ(p, z)

∫

T3

ψ(s)ds

(z − E0,γ(p, s))
√

Λµ,γ(s, z)
,

i.e., λ = 1 is the eigenvalue of the operator Aµ,γ(z) and
∫

T3

ψ(s)ds√
Λµ,γ(s, z)

= 0.

Suppose that, for some z > τmax,γ(µ,0) the number 1 is the eigenvalue of the operatorAµ,γ(z), andψ ∈ D(Aµ,γ(z))

is the corresponding eigenfunction. Then, the function f is given by formula (4.6), where ϕ(p) = ψ(p)
√

Λµ,γ(p, z),

belongs to the space Las
2 [(T3)2] and satisfies the equality (4.4). �

Remark 4.3. a) Note that the relation between eigenfunctions f and ψ, respectively, of Hµ,γ(0) and Aµ,γ(z) corre-

sponding to the eigenvalues z and 1 is

f(p,q) = µ
(Λµ,γ(p, z))

−1/2 ψ(p)− (Λµ,γ(q, z))
−1/2 ψ(q)

z − E0,γ(p,q)
.

Therefore, we can say that the operator Aµ,γ(z) is the Faddeev-type operator.

b) A limit operator

lim
z→τmax,γ(µ,0)

Aµ,γ(z) = Aµ,γ(τmax,γ(µ,0))

is a compact self-adjoint operator in L2(T
3).

For the bounded self-adjoint operator B, acting in the Hilbert space H and for some λ ∈ R define a number n[λ,B]
by

n[λ,B] := max{dimHB(λ) : HB(λ) ⊂ H; (Bϕ,ϕ) > λ, ϕ ∈ HB(λ), ||ϕ|| = 1}.

If some point of the essential spectrum of the operator B is greater than λ then n[λ,B] equals infinity, if n[λ,B] is

finite, it equals to the number of eigenvalues of the operator B, that are greater than λ (see. example Lemma Glazman

[23]).

The known Birman–Schwinger principle (see. [15]) leads to the following lemma.

Lemma 4.4. Let µ > µ0(γ). Then, for any z ≥ τmax,γ(µ,0) the equality holds

n[z,Hµ,γ(0)] = n[1,Aµ,γ(z)].

5. On the spectrum of the operator Aµ,γ(z).

It is well-known that the three-particle branch [Emin,γ(0), Emax,γ(0)] of the essential spectrum of the operator

Hµ,γ(0) is independent of the parameter µ > 0, and the two-particle branch [τmin,γ(µ,0), τmax,γ(µ,0)] of the essential

spectrum shifts to +∞, when µ → +∞. Therefore, in what follows, we assume that µ is large enough and z ≥
τmax,γ(µ,0).

Using the equality
1

1 + x
= 1− x+

x2

1 + x
, (x 6= −1), and given notation (2.1), we have

1

z − E0,γ(p, s)
=

1

a(γ, z)

(
1−

(ξ(p) + ξ(s) + γξ(p+ s))

a(γ, z)
+
ζ(γ;p, s)

a(γ, z)

)
, (5.1)
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where

a(γ, z) = z − 6− 3γ and ζ(γ;p, s) =

(
ξ(p) + ξ(s) + γξ(p+ s)

)2

z − E0,γ(p, s)
.

Taking into account the equality (5.1), we represent the operator Aµ,γ(z) as a sum

Aµ,γ(z) = A(1)
µ,γ(z) +A(2)

µ,γ(z), (5.2)

where

(A(1)
µ,γ(z)ψ)(p) =

µ

a2(γ, z)

∫

T3

(
ξ(p) + ξ(s) + γξ(p+ s)− a(γ, z)

)
ψ(s)ds√

Λµ,γ(p, z)
√
Λµ,γ(s, z)

,

(A(2)
µ,γ(z)ψ)(p) = −

µ

a2(γ, z)

∫

T3

ζ(γ;p, s)ψ(s)ds√
Λµ,γ(p, z)

√
Λµ,γ(s, z)

.

In what follows, it is shown that the norm of the operator A(2)
µ,γ(z) tends to zero as µ→ +∞ (see Lemma 5.5). Therefore,

let us establish the existence of eigenvalues of the operator A(1)
µ,γ(z) which are greater 1 for large enough µ > 0.

Let us find the invariant subspaces with respect to A(1)
µ,γ(z).

The Hilbert space L2(T
3) can be represented as a direct sum

L2(T
3) = Lo

2(T
3)⊕ Le

2(T
3),

where

Lo
2(T

3) = {ψ ∈ L2(T
3) : ψ(−p) = −ψ(p)}, Le

2(T
3) = {ψ ∈ L2(T

3) : ψ(−p) = ψ(p)}.

Lemma 5.1. The subspaces Le
2(T

3) and Lo
2(T

3) are invariant under the operators Aµ,γ(z), A
(1)
µ,γ(z) and A(2)

µ,γ(z).

Proof. From the definitions Λµ,γ(p, z) and ε(p) it follows that

Λµ,γ(−p, z) = ∆µ,γ(p, z − ε(−p)) = ∆µ,γ(−p, z − ε(p)) = Λµ,γ(p, z). (5.3)

If ψ ∈ Le
2(T

3), then making the change of variable s = −q, given equalities E0,γ(−p,−q) = E0,γ(p,q) and (5.3), we

get

ψ̃(−p) =
(
Aµ,γ(z)ψ

)
(−p) = −

µ√
Λµ,γ(−p, z)

∫

T3

ψ(s)ds

(z − E0,γ(−p, s))
√

Λµ,γ(s, z)
=

= −
µ√

Λµ,γ(p, z)

∫

T3

ψ(q)dq

(z − E0,γ(−p,−q))
√
Λµ,γ(q, z)

= ψ̃(p).

Therefore, the subspace Le
2(T

3) is invariant under Aµ,γ(z). Since the operator Aµ,γ(z) is self-adjoint, orthogonal com-

plement Lo
2(T

3) of subspaces Le
2(T

3) is also invariant under the operator Aµ,γ(z). The other statements are proved

similarly. �

Denote by P o and P e the space projection operators in L2(T
3) into subspaces Lo

2(T
3) and Le

2(T
3), respectively. For

ψ ∈ L2(T
3), the following equalities are true

(P oψ)(p) =
1

2
[ψ(p)− ψ(−p)], (P eψ)(p) =

1

2
[ψ(p) + ψ(−p)].

From the invariance of subspaces Lo
2(T

3) and Le
2(T

3) with respect to the operator A(1)
µ,γ(z), it follows that the projec-

tors P o and P e are permutable with operator A(1)
µ,γ(z), i.e.,

P oA(1)
µ,γ(z) = A(1)

µ,γ(z)P
o, P eA(1)

µ,γ(z) = A(1)
µ,γ(z)P

e.

Denote byA(1,o)
µ,γ (z) the operator restrictionA(1)

µ,γ(z) to subspaceLo
2(T

3). Then by definition of the operatorA(1,o)
µ,γ (z) =

P oA(1)
µ,γ(z)P

o = A(1)
µ,γ(z)P

o it follows that for any ψ ∈ L2(T
3), it occurs that

(A(1,o)
µ,γ (z)ψ)(p) = −

µγ

a2(γ, z)
√

Λµ,γ(p, z)

3∑

i=1

∫

T3

sin pi sin si ψ(s)ds√
Λµ,γ(s, z)

.

By analogous reasoning, one can verify that the restriction A(1,e)
µ,γ (z) = Aµ,γ(z)−A(1,o)

µ,γ (z) of the operator Aµ,γ(z)

to the subspace Le
2(T

3) has the form:

(A(1,e)
µ,γ (z)ψ)(p) =

µ

a2(γ, z)
√
Λµ,γ(p, z)

∫

T3

( 3∑

i=1

(cos pi + cos si+



On the discrete spectrum of the Schrödinger operator ... 525

+γ cos pi cos si − a(γ, z))

)
ψ(s)ds√
Λµ,γ(s, z)

.

Lemma 5.2. For any z > τmax,γ(µ,0), the operator A(1,o)
µ,γ (z) is negative, that is

(
A(1,o)

µ,γ (z)ψ,ψ
)
≤ 0 for all ψ ∈ Lo

2(T
3).

Proof. Indeed, for any ψ ∈ Lo
2(T

3), we have

(
A(1,o)

µ,γ (z)ψ, ψ
)
= −

µγ

a2(γ, z)

∫

(T3)2

(
3∑

i=1

sin pi sin si

)
ψ(s)ψ(p)dsdp

√
Λµ,γ(p, z)

√
Λµ,γ(s, z)

=

= −
µγ

a2(γ, z)

3∑

i=1

∫

T3

sin siψ(s)ds√
Λµ,γ(s, z)

∫

T3

sin piψ(p)dp√
Λµ,γ(p, z)

=

= −
µγ

a2(γ, z)

3∑

i=1

∣∣∣∣∣∣

∫

T3

sin piψ(p)dp√
Λµ,γ(p, z)

∣∣∣∣∣∣

2

≤ 0.

�

Let Φ be the one-dimensional subspace spanned by a function

ϕ0(p) =
c(z)√

Λµ,γ(p, z)
,

where c(z) is the normalizing factor, that is

1

c2(z)
=

∫

T3

ds

Λµ,γ(s, z)
.

Denote by Q the subspace projection operator Le
2(T

3)⊖ Φ.

Let Bµ,γ(z) be the operator restriction A(1,e)
µ,γ (z) to the subspace Le

2(T
3)⊖ Φ, that is

(Qϕ)(p) = ϕ(p)− (ϕ,ϕ0)ϕ0(p), ϕ ∈ Le
2(T

3).

Now, using some calculations, we have

(Bµ,γ(z)ψ)(p) = (QA(1,e)
µ,γ Qψ)(p) =

µγ

a2(γ, z)
√

Λµ,γ(p, z)

3∑

i=1

∫

T3

ϕi(p)ϕi(s)
ψ(s)ds√
Λµ,γ(s, z)

,

where

ϕi(p) = c2(z)bi(z)− cos pi (5.4)

and

bi(z) := bi(µ, γ, z) =

∫

T3

cos sids

Λµ,γ(s, z)
, i = 1, 2, 3.

Let

bij(z) := bij(µ, γ, z) =

∫

T3

ϕi(s)ϕj(s)ds

Λµ,γ(s, z)
, i, j = 1, 2, 3, (5.5)

where by functional invariance of Λµ,γ(p, z) regarding the permutation of variables pi and pj it follows that

b11(z) = b22(z) = b33(z), b12(z) = b21(z) = b23(z) = b32(z) = b13(z) = b31(z).

Lemma 5.3. Let

d(z) := d(µ, γ, z) =
µγ

a2(γ, z)
.

Then for sufficiently large and positive µ the number

λ1 (z) = d(z)
(
b11(z) + 2b12(z)

)
(5.6)

is simple and

λ2,3 (z) = d(z)
(
b11(z)− b12(z)

)
(5.7)

is an eigenvalue with the multiplicity two of the operator Bµ,γ(z).
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Proof. Suppose the equation

(Bµ,γ(z)ψ) (p) = λψ(p)

has a nonzero solutionψ ∈ Le
2

(
T
3
)
. From here,

ψ(p) =
d(z)

λ
√
Λµ,γ(p, z)

3∑

i=1

Ciϕi(p), (5.8)

where

Ci =

∫

T3

ϕi(s)ψ(s)ds√
Λµ,γ(s, z)

, i = 1, 2, 3. (5.9)

Substituting the right hand side of the equality (5.8) in (5.9), we obtain a system of equations for C1, C2 and C3:




(d(z)b11(z)− λ)C1 + d(z)b12(z)C2 + d(z)b12(z)C3 = 0

d(z)b12(z)C1 + (d(z)b11(z)− λ)C2 + d(z)b12(z)C3 = 0

d(z)b12(z)C1 + d(z)b12(z)C2 + (d(z)b11(z)− λ)C3 = 0

Determinant D(λ) of this system is a third degree polynomial with respect to λ.

Solving the equation D(λ) = 0, it makes sure that λ1(z) and λ2(z), defined by formulas (5.6) and (5.7), are simple

and double zeros, respectively. After elementary calculations, we verify that

ψ1(p) =

(
ϕ1(p) + ϕ2(p) + ϕ3(p)

)
C√

Λµ,γ(p, z)
,

is an eigenfunction corresponding to the eigenvalue λ1(z). General view of an element from the subspace of its own

functions, corresponding to the double eigenvalue λ2,3(z), looks like

ψ2(p) =
(ϕ1(p)− ϕ3(p))√

Λµ,γ(p, z)
C1 +

(ϕ2(p)− ϕ3(p))√
Λµ,γ(p, z)

C2.

�

Lemma 5.4. Assume that µ > 6(1 + γ) and z ≥ τmax,γ(µ,0). Then the inequalities

(zµ,γ(p)− 6− 6γ)(z − 12− 6γ)

µ(z − zµ,γ(p)− ε(p))
≤

1

Λµ,γ(p, z)
≤

z · zµ,γ(p)

µ(z − zµ,γ(p)− ε(p))
(5.10)

hold, where zµ,γ(p) is an eigenvalue of the two-particle operator hµ,γ(p).
Moreover, we obtain the following asymptotics

1

Λµ,γ(p, τmax,γ(µ,0))
=

µ

ε(p)

(
1 + O

(
1

µ

))
(5.11)

as µ→ +∞.

Proof. For all p ∈ T
3, by Lemma (3.1), we establish

µ

∫

T3

ds

zµ,γ(p)− ε(s)− γε(p− s)
= µ

∫

T3

ds

zµ,γ(p)− ε(s)− γε(p+ s)
≡ 1.

Observe that

Λµ,γ(p, z) = 1− µ

∫

T3

ds

z − E0,γ(p, s)
=

= µ

∫

T3

ds

zµ,γ(p)− ε(s)− γε(p+ s)
− µ

∫

T3

ds

z − ε(p)− ε(s)− γε(p+ s)
=

= µ(z − zµ,γ(p)− ε(p))

∫

T3

ds

[zµ,γ(p)− ε(s)− γε(p+ s)] [z − E0,γ(p, s)]
. (5.12)

Then, using the assertion 0 ≤ ε(s) ≤ 6, we get

1

zµ,γ(p)
≤

1

zµ,γ(p)− ε(s)− γε(p+ s)
≤

1

zµ,γ(p)− 6− 6γ
, (5.13)
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1

z
≤

1

z − E0,γ(p, s)
≤

1

z − 12− 6γ
. (5.14)

(5.10) follows directly from relations (5.13), (5.14) and (5.12).

Now, (5.11) can be obtained as in

1

zµ,γ(p)− ε(s)− γε(p+ s)
=

1

zµ,γ(p)− 3− 3γ

(
1−

ξ(s) + γξ(p+ s)

zµ,γ(p)− ε(s)− γε(p+ s)

)
.

1

z − ε(s)− γε(p+ s)− ε(p)
=

1

z − 6− 3γ

(
1−

ξ(s) + γξ(p+ s) + ξ(p)

z − ε(s)− γε(p+ s)− ε(p)

)
.

If we take into account the inequalities

µ+ 3(1 + γ) < zµ,γ(π) ≤ zµ,γ(k) ≤ zµ,γ(0) < µ+ 3(1 + γ) +
9(1 + γ)2

µ
≤ z (5.15)

for sufficiently large µ > 0, from (5.12), we have

Λµ,γ(p, τmax,γ(µ,0)) =
µ (z − zµ,γ(p)− ε(p))

[zµ,γ(p)− 3− 3γ] [z − 6− 3γ]

[
1 +O

(
1

µ

)]
, µ→ ∞.

Hence, again using the relations (5.15), one can make sure it’s true (5.11). �

Lemma 5.5. Assume that γ > 0. Then there exists µγ > 0 such that for any µ > µγ satisfying

∥∥∥A(2)
µ,γ(z)

∥∥∥ ≤
C

µ
,

which is carried out uniformly z ≥ τmax,γ(µ,0), C is positive real number depending only on γ.

Proof. Let ψ ∈ L2(T
3) and ‖ψ‖ = 1. Using the inequalities ξ(p) ≤ 3 and E0,γ(p, s) ≥ 0, we get

∣∣∣
(
A(2)

µ,γ(z)ψ, ψ
)∣∣∣ ≤

µ

(z − 6− 3γ)2

∫

T3

∫

T3

(ξ(p) + ξ(s) + γξ(p+ s))
2 |ψ(s)||ψ(p)|dsdp

(z − E0,γ(p, s))
√
Λµ,γ(s, z)

√
Λµ,γ(p, z)

≤

≤
µ(6 + 3γ)2

(z − 6− 3γ)3

∫

T3

∫

T3

|ψ(s)||ψ(p)|dsdp√
Λµ,γ(s, z)

√
Λµ,γ(p, z)

=

=
µ(6 + 3γ)2

(z − 6− 3γ)3



∫

T3

|ψ(s)|ds√
Λµ,γ(s, z)




2

. (5.16)

Since z > zµ,γ(p) + 6 ≥ τmax,γ(µ,0), considering (5.10), if µ > 6(1 + γ), we get



∫

T3

|ψ(s)|ds√
Λµ,γ(s, z)




2

≤



∫

T3

√
zµ,γ(s)z

µ(z − zµ,γ(s)− ε(s))
|ψ(s)|ds




2

≤

≤
z2

µ

∫

T3

|ψ(s)|2ds

∫

T3

ds

ε(s)
. (5.17)

Since
z

z − 6− 3γ
≤ 2, z ≥ µ+ 3(1 + γ),

from (5.16) and (5.17) at µ > 6(1 + γ), we have

∣∣∣
(
A(2)

µ,γ(z)ψ,ψ
)∣∣∣ ≤

4 (6 + 3γ)
2
W

µ

(
1−

3

µ

) ≤
Cγ

µ
,

where Cγ = 8 (6 + 3γ)
2
W.

�
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6. Proofs of the main results

The following Lemma plays an important role in the proof of the main results.

Lemma 6.1. Assume that γ > 0. Then we obtain the following asymptotics:

λ1(τmax,γ(µ,0)) =
γ

γ1
+O

(
1

µ

)
, (6.1)

λ2,3(τmax,γ(µ,0)) =
γ

γ2
+O

(
1

µ

)
, (6.2)

where γ1 and γ2 are defined by formula (2.2).

Proof. Let us prove equality (6.2). Taking into account equalities (5.4), (5.5), (5.11) and (5.15), we have

λ2,3(τmax,γ(µ,0)) = γ

(
µ

(zµ,γ(0)− 6− 3γ)2

∫

T3

(cos2 s1 − cos s1 cos s2)ds

Λµ,γ(s, zµ,γ(0))

)
+O

(
1

µ

)
=

= γ

∫

T3

(cos2 s1 − cos s1 cos s2)ds

zµ,γ(0)− ε(s)− zµ,γ(s)

(
1 +O

(
1

µ

))
+O

(
1

µ

)
=

= γ

∫

T3

(cos2 s1 − cos s1 cos s2)ds

ε(s)
+O

(
1

µ

)
=

γ

γ2
+O

(
1

µ

)
.

�

Proof of Theorem 2.1 1. i) Assume that γ ∈ (0, γ1). Then applying Lemma 5.5 and using (5.2), we obtain that there

exists µγ > 0 such that for any µ > µγ , the operators Aµ,γ(z) and A(0)
µ,γ(z) have the same number of eigenvalues greater

than 1. From Lemma 5.1 and Lemma 5.2, we obtain

n
[
1, A(1)

µ,γ(z)
]
= n

[
1, A(1,o)

µ,γ (z)
]
+ n

[
1, A(1,e)

µ,γ (z)
]
= n

[
1, A(0,e)

µ,γ (z)
]
.

From the statement of Lemma 5.3, one can conclude that the operator A(1,e)
µ,γ (τmax,γ(µ,0)) have three eigenval-

ues λ1(z), λ2,3(z) taking into account the multiplicity. Since 0 < γ < γ1, the inequalities λ1(τmax,γ(µ,0)) < 1,
λ2,3(τmax,γ(µ,0)) < 1 are valid for sufficiently large µ > 0. By the Birman–Schwinger principle (see Lemma 4.3) the

operator Hµ,γ(0) has no eigenvalues z > τmax,γ(µ,0).
The statements ii) and iii) can be proven similarly.
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ABSTRACT Optical properties of a ceramic biocomposite material based on hydroxyapatite (HA) with the

additives up to 0.5 wt.% of multi-walled carbon nanotubes (MWCNTs) have been studied by terahertz time-

domain spectroscopy in the frequency range 0.25 – 1.1 THz. It was found that the refractive index of the

composite varies between 2.6 and 2.8 depending on the porosity of the material. The absorption coefficient

decreases with increasing of MWCNTs concentration in the ceramic biocomposite. The values of the refractive

index and the absorption coefficient of our ceramics close to those for cortical bone, dentine and enamel.

The absorption curves show frequency peaks whose positions correspond to the macrocrystallite sizes. The

size of macrocrystallites decreases with increasing concentration of MWCNTs, which leads to an increase in

microhardness according to the Hall–Petch equation. The time delay of the terahertz signal through the sample

increases for higher concentration of MWCNTs. This indicates that nanotubes embedded into the HA matrix

fill the pores and decrease the area of the pore space, which increases the density of the ceramic composite

and decreases its porosity.

KEYWORDS ceramic composite, hydroxyapatite, multi-walled carbon nanotubes, terahertz spectroscopy,

porosity
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1. Introduction

Calcium phosphate biomaterials, such as hydroxyapatite (HA), have excellent biocompatibility, bioactivity, osteo-

conductivity, and long degradation time. It makes them applicable in producing bone implants for orthopedic and dental

medicine [1, 2]. Porosity is one of the important properties of biomedical materials, which is defined as the ratio of the

void volume to the total volume of a porous material. The influence of porosity on the mechanical properties from one

side and degradation, biocompatibility, and osteogenesis of the bioceramic scaffold, from the other side, should be taken

into account in the design of such implants [3]. Porosity plays a significant role in bone tissue regeneration [4], crack

propagation and fracture toughness of HA ceramics [5]. The porosity of HA ceramics depends on the amount of the

multi-walled carbon nanotubes (MWCNTs) additives [5, 6]. MWCNTs additives increase the density of HA-MWCNTs

composites by activating the sintering process in ceramics [2, 6].

The porosity of ceramic materials, the total porosity of open and closed pores can be measured by destructive and non-

destructive methods [7–11]. Destructive methods include liquid pycnometry [7] and mercury porosimetry [8] that based

on invasive analysis. These methods have several disadvantages including the destruction of a sample, losing mechanical

and other properties.

The most common nondestructive methods are small-angle neutron scattering [9], transmission electron mi-

croscopy [10], the nuclear magnetic resonance method [11], etc. These methods allow one to carry out a noncontact,
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noninvasive and fast analysis of the material porosity. The method of terahertz time-domain spectroscopy (THz-TDS) can

be also used for this purpose. It holds certain advantages. The THz method [12] consists in recording the temporal shape

of a terahertz electric field pulse after passing through the material matrix and analyzing it using the fast Fourier trans-

form. Terahertz electromagnetic waves can penetrate through various materials, such as biomaterials, including polymers

and ceramic materials, thereby providing their spectroscopic data [13]. The photon energy of THz waves is several orders

of magnitude lower than the quantum energy of the X-ray wave. That is why the THz wave is a more efficient tool for

nondestructive noncontact investigation [14, 15].

The analysis of the behavior of a THz pulse propagating through a sample makes it possible to determine such optical

properties as absorption coefficient, refractive index, and THz pulse propagation time delay, which are used to estimate the

material porosity [13]. The nonionizing radiation between 0.5 and 1.5 THz enables safe investigation of optical properties

of human tissues and tissue replacement materials [16]. THz-TDS was used for in vitro studies of refractive indices and

absorption coefficients of the jawbone [12], tooth enamel [17], dentin [17], cortical bone [18] and femoral bone [19]. The

refractive index of enamel is bigger than that of dentin, while absorption has a similar frequency dependence [17]. In [20]

the possibility of using THz spectroscopy for diagnosing dental caries is observed. It was shown, that the attenuation of

the THz signal during caries is significantly higher than the one for healthy teeth.

The aim of this work is to study the optical properties of a porous ceramic biocomposite material by noninvasive THz

time-domain spectroscopy in the frequency range 0.25 – 1.1 THz. The studies were performed on HA-based ceramic

samples with different concentrations of MWCNTs (up to 0.5 wt.%). Refractive index, absorption coefficient and time

delay of the terahertz pulse propagation through the HA-MWCNTs ceramic composite material were determined.

2. Materials and methods

2.1. HA-MWCNTs composites

The object of terahertz (THz) studies is a ceramic composite material with the hydroxyapatite (HA) matrix. The

additives of multi-walled carbon nanotubes (MWCNTs) are used for reinforcement and control of porosity of the HA

material structure. The studies were carried out on three sample sets: the HA and HA with 0.1 and 0.5 wt.% MWCNTs

additives.

Hydroxyapatite was synthesized from calcium carbonate and orthophosphoric acid:

5CaCO3+3H3PO4+Ca5(PO4)3OH+4H2O+5CO2. The HA powder was calcinated at the temperature 850 ◦C for 1 h

in wet atmosphere and then mixed with the MWCNTs powder [6,21,22]. MWCNTs with the mean diameter 18 nm were

prepared using the chemical vapor deposition (CVD) method [23, 24] and characterized by the calorimetric, scanning

electron microscopy (SEM), Energy Dispersive X-ray microanalysis (EDX), X-ray photoelectron spectroscopy (XPS),

transmission electron microscope (TEM) and near edge X-ray absorption fine structure (NEXAFS) spectroscopy [25–27].

The MWCNTs powder contains a small amount of the Co/Fe catalyst (less than 0.3 wt.%) and has a high-quality surface

with a small number of defects and other impurities.

Cylindrical samples were prepared under the pressure 120 MPa and subsequent annealing at the temperature 1100 ◦C

in argon atmosphere for 1 hour [2,5]. The thickness and diameter of the ceramic samples are 3±0.1 mm and 8±0.05 mm,

respectively. The porosity was calculated using the theoretical density 3.167 g/cm3 of stoichiometric HA [5]. The density

of samples is varied from 8 to 27.5 % by changing the concentration of nanotubes.

This is consistent with a decrease in porosity near 3 times for HA+0.5 wt.% MWCNTs in comparison to HA without

MWCNTs additives, that was found by the Brunauer–Emmett–Teller (BET)-method [28]. MWCNTs in the composite fill

the pores between the HA grains, according for SEM characterization [2, 28].

2.2. Sample characterization

NEXAFS spectra of HA and HA with the additives of the MWCNTs were measured at the RGL-PES station of the

3rd generation synchrotron radiation source BESSY II (Berlin, Germany) in high-vacuum conditions (∼ 10−10 Torr).

The samples were degassed in dynamic high-vacuum conditions for more than 12 hours. Leakage current mode of the

Keithley picoammeter was used for obtaining the NEXAFS spectra. The depth of the NEXAFS analysis was 15 – 20 nm.

The spectra were used to analyze the chemical state and the local atomic structure of carbon in the MWCNTs. The

NEXAFS spectra were normalized to the recorded contemporaneously of primary flux from a gold covered grid. The

energy resolution of the monochromator in the ranges of the carbon K-edge (hν ∼ 285 eV) was equal to ∼ 70 meV.

The SEM images of the samples were obtained and characterized by using Zeiss EVO-50 field emission SEM (Carl

Zeiss SMT Ltd.) at the accelerating voltage of 15.0 kV.

Optical characteristics of HA-MWCNTs were analyzed using a T-SPEC spectrometer (EKSPLA, Estonia). It operates

in the frequency range 0.25 – 1.3 THz in the transmission mode. Sketch of T-SPEC spectrometer [29] is shown in Fig. 1(a).

It has 4 main components:

— femtosecond pulse laser in the near-infrared range;

— terahertz emitter (photoconductive antenna, i.e. an optically activated fast switch built into the antenna structure);

— delay mechanism between the pumping and probing beams;
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— THz detector with time synchronization.

(a) (b)

FIG. 1. (a) T-SPEC Real-Time Terahertz Spectrometer: M1, M2, M3, M4, M5 – mirrors, L1, L2 –

lenses, PR1, PR2, PR3, PR4 – prisms, HLR1 – fast delay line, HLR2 – slow delay line; (b) sketch of

the terahertz pulse propagations through air and a sample

The femtosecond fiber laser is used at the pulse duration 10 – 150 fs, central wavelength 1050±40 nm, pulse repetition

rate 30 – 100 MHz, and power 100 mW. The laser output radiation is divided into two optical paths – the pumping and

probing beams – by using the polarizing beam splitter (BS1). After the HLR1 delay line, the pumping beam is focused

on the source of subpicosecond pulses of THz radiation (photoconductive antenna). The terahertz beam is focused on a

sample spot using parabolic mirrors. The photoconductive output of the THz detector is proportional to the strength of the

instantaneous electric field of the THz pulse generated during the ultrashort pumping pulse. Scanning with a fast delay

line at the frequency 10 Hz forms the wave front of the electric field of THz radiation.

Sample response and a reference measurement are used to calculate the refractive index and absorption coefficient.

The collected data then processed using the Fourier transform [30, 31]. In the transmission mode, the temporal response

of the detector (time domain) is converted into the frequency characteristic of detector (frequency domain). If electric

field strengths of the reference (in air medium without sample) and sample signals are denoted by Ea(ω) and Es(ω),
respectively, the ratio between the sample and reference pulses can be written as (1):

Ea (ω)

Es (ω)
= Aei∆ϕ, (1)

where A is the magnitude of the ratio and ∆ϕ is the phase difference. It can also be written as (2):

Es (ω)

Ea (ω)
= T (ω) ei

ω

c
(n̂s−1)d, (2)

where ω is the angular frequency, c is the speed of light, T (ω) is the Fresnel transmission coefficient, d is the sample

thickness, and n̂s is the frequency-dependent complex refractive index of the sample. The value of n̂s is the sum of the

two components: the refractive index ns(ω) and the absorption (extinction) coefficient ks(ω) (3):

n̂s (ω) = ns (ω) + ks (ω) . (3)

A sketch of the terahertz pulse propagations through the air and the ceramic sample during measurements is shown

in Fig. 1(b).

The signal Ea(ω) propagates for time ta during the measurements of a reference pulse in the absence of a sam-

ple. In the second measurement during the THz pulse propagates through the sample, the signal intensity decreases

Es(ω) < Ea(ω) and the signal propagation time increases ts < ta, that lead to the time delay ∆t = ta − ts of the THz

pulse propagation through a denser medium.

The refractive index ns of the sample is obtained using the phase delay, according to Eq. (4):

ns = 1 +
c

ωd
∆ϕ. (4)

The Fresnel transmission coefficient T (ω) is evaluated by using the calculated refractive index ns. The absorption

coefficient as is calculated by Eq. (5):

as =
2ωks
c

= −
2

d
ln

(
A

T (ω)

)
. (5)
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The sample is placed in the path of propagation of THz radiation in a special metal cell-holder. First, rough 2D

scanning is performed over the entire surface of the sample (the scan area 3.6 × 3.6 mm and the vertical and horizontal

scan step 0.25 mm). Then, the THz signal propagating through the center of the cell (the scan area 1.5 × 1.5 mm and

the vertical and horizontal scan step 0.5 mm) is recorded, which makes it possible to avoid artifacts due to the metal

cell-holder. Nine measurements were performed on each sample. The spectrum was averaged over 256-ps intervals to

obtain a better signal-to-noise ratio.

Data are visualized using the TeraVil program for the T-SPEC spectrometer. Statistical analysis and data processing

are carried out in Python 3.6 using libraries (numpy, scipy, matplotlib) and GNU Octave 6.4.0. free software.

3. Results and discussion

The density of the unoccupied states of carbon and the local atomic structure of HA-MWCNTs were investigated by

the XANES method (see Fig. 2). The atomic and electronic structures of HA-MWCNTs depend on the concentration of

MWCNTs. NEXAFS absorption spectra for the initial MWCNTs that used as the additives in the composite ceramics

is shown in Fig. 2 for comparison [25]. For MWCNTs the structure of the π∗(C=C) resonance at the photon energy

∼ 285 eV, σ (C=C) resonance at ∼ 291 eV is observed [25]. For composites HA with MWCNTs observed the presence

of the π∗ (C=O) and σ∗ (C–O) states that can indicate the possible oxidation of the MWCNTs from water produced

during the dehydroxylation of HA. It is seen that with the increasing of the concentration of MWCNTs additives the

intensity of π∗ (C=C) and σ∗(C=C) chemical bonds decreases and at the same time the intensity with energy near 284 eV

increase, that apparently related to the decomposition of MWCNTs and increasing the amount of amorphous carbon.

Therefore, it is possible to assume that the presence of the MWCNTs leads to the activation of sintering processes of HA

ceramics and increase of density. The partial carbonization of HA ceramics with the MWCNTs additives was indicated

by the results of FT-IR studies [2]. With increasing of the amount of nanotubes in composite ceramics, the intensity of

the carbonate stretching band of FT-IR spectra increases due to partial oxidation of the nanotubes and as a result more

intensive carbonization of the A-type HA [2].

FIG. 2. XANES spectra of initial MWCNTs (green curve), HA (red curve), HA with 0.1 wt.%

MWCNTs (blue curve) and HA with 0.5 wt.% MWCNTs (black curve)

The temporal wave forms of the field of the THz pulses transmitted through the air (reference) and composite HA

ceramics and HA with the MWCNTs concentrations 0.1 and 0.5 wt.% were obtained by measurements of electric field

strengths. The total number of such wave forms was 54. The dependencies for the electric field strength on the time

of THz pulse propagation through the air and ceramics HA, HA+0.1 wt.% MWCNTs and HA+0.5 wt.% MWCNTs are

shown in Fig. 3(a).

As it is seen in Fig. 3(a), the time delay appears between the THz pulse through the air (reference) and ceramic

sample. The THz signal propagation time for the reference and the sample were measured by the THz detector with time

synchronization, and the time delay of the pulse was determined as the difference between the main time peaks of the

reference and the sample.

Figure 3(b) shows the linear dependence of the THz pulse time delay vs. the MWCNTs concentration and the porosity

of the ceramic biocomposite. The time delay increases with a decreasing of the porosity [32,33]. It is seen in the Fig. 3(b)

that the time delay increases with increasing of the amount of MWCNTs in the HA bioceramic composite. This indicates

that the additives of MWCNTs lead to denser HA ceramics, decreasing its porosity [2, 6]. It is shown that the porosity of

HA ceramic composite linearly depends on the time delay.
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(a) (b)

FIG. 3. (a) Dependencies of the electric field strength on the time of THz pulse propagation through

the air (green curve), HA ceramics (red curve), HA+0.1 wt.% MWCNTs ceramics (blue curve),

HA+0.5 wt.% MWCNTs ceramics (black curve); (b) the THz pulse propagation time delay depen-

dence on the MWCNTs concentration (open circles) and the porosity of the composite (open square).

The line is mean values of the time delay.

In addition, the frequency dependencies of the refractive index (Fig. 4(a)) and absorption coefficient (Fig. 4(b)) for

the studied samples are obtained. Error bars are presented standard deviation obtained from 6 measurements for each

sample. The refractive index ns and the absorption coefficient as in the frequency range 0.25 – 1.1 THz are obtained by

using Eqs. (4) and (5), respectively. It is seen that, the absorption coefficient as decreases with increasing of the MWCNTs

concentration up to 0.5 wt.% (Fig. 4(b)). The HA sample without nanotubes has the highest absorption coefficient, which

indicates the largest porosity of the sample.

(a) (b)

FIG. 4. (a) Frequency dependence of the refractive index n: HA (solid red curve – 1), HA+0.1 wt.%

MWCNTs (solid blue curve – 2), HA+0.5 wt.% MWCNTs (solid black curve – 3). Refractive indices

of enamel (pink dash curve – 4), dentin [20] (green dash curve – 5), cortical human bone [14, 19] (dash

brown curve – 6, dash orange curve – 7) are added for comparison; (b) Frequency dependence of the

absorption coefficient a: HA (solid red curve – 1), HA+0.1 wt.% MWCNTs (solid blue curve – 2),

HA+0.5 wt.% MWCNTs (solid black curve – 3). Absorption coefficients of enamel [17] (dash purple

curve – 4), dentin [17] (dash green curve – 5), cortical human bone [14,19] (dash brown curve – 6, dash

orange curve – 7) were added for comparison.
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The opposite effect was observed for rubber with MWCNTs additives. The absorption coefficient of rubber was

increased with increasing concentration of MWCNTs, since MWCNTs are electrically conductive materials, while density

and porosity of rubber were slightly changed [34, 35]. For HA composites the MWCNTs additives lead to the sintering

activation and as the result, for the increase of the density and decrease of the porosity [6]. The HA ceramic sample

without nanotubes additives has the highest absorption coefficient, which indicates the largest porosity of the sample. The

HA sample without nanotubes has porosity ∼ 27.5 %, which is ∼ 3 times higher than that of the HA sample with 0.5 wt.%

MWCNTs [5]. It is seen from these comparisons that the influence of MWCNTs additives to the absorption coefficient of

HA and rubber are different due to the larger structural inhomogeneity of the HA composite in comparison to the rubber.

It is seen in Fig. 4(a) that the refractive indices of our ceramic samples (curves 1 – 3) indicate the same dependence in

the frequency range 0.25 – 1.1 THz. It was shown that average refractive index increases from 2.6 to 2.8 with increasing

of concentration of nanotubes in the HA ceramics. In different literature data of THz refractive indices for human cortical

bones are as follows: ns ∼ 1.9 (curve 6) and 2.5 (curves 7) [14, 19]. In addition, the refractive values for enamel tissue

are ∼ 3.1 [17, 20, 36] and for dentin ∼ 2.3 (curves 4, 5) [17, 20, 37]. The obtained results allow us to conclude that the

HA with the additives of MWCNTs have the proximity of the physical properties of the ceramic material to the enamel

and dentin.

In Fig. 4(b), the absorption coefficients of ceramic samples HA (curve 1) and HA-MWCNTs (curve 2 and 3) are

shown. The absorption coefficients, a, obtained in our experiment (curves 1 – 3) are lower than that for cortical human

bones [14, 19] (curves 6 and 7), but are close to values of absorption for enamel and dentin (curves 4 and 5) [17, 36, 37].

As for the frequency dependence of a for the HA without additives (curve 1), it shows a maximum peak at frequency ∼

1 THz. For the HA with 0.1 wt.% MWCNTs (curve 2) and 0.5 wt.% MWCNTs additives (curve 3), the values of the

maximum peaks are slightly shifted to higher frequency. A possible reason for this phenomenon may be an increase of

noise intensity with increasing in frequency or other reasons. Plazanet et al. [38] found that the maximum peaks for pure

non-stoichiometric HA is not observed in the frequency range from 0 to 2.25 THz. However, the absorption coefficient

peak for the same HA heated to 1000 ◦C was found at frequency of 2 THz. α-TCP, β-TCP and stoichiometric (s-HA)

were also observed at frequency 2.1 THz. The vibrational band is intense and narrow for s-HA [38].

It can be assumed that the position of the frequency maximum corresponds to the grain size (macrocrystallites), which

increase due to recrystallization of HA ceramics during heating [38]. The diameters of macrocrystallites (D ∼ 100 µm)

were estimated by Eq. (6):

D =
c

fn
, (6)

where c is the speed of light, f is the frequency, n is the refractive index.

The addition of MWCNTs leads to a small (about 10 µm) decreasing of D. In Fig. 5, the dependence of the Vickers

hardness as a function of D−0.5 was plotted by using the previous experimental the Vickers hardness values [5] and the

estimated macrocrystallite sizes.

FIG. 5. Dependence the macrocrystallites sizes on the Vickers microhardness

It is seen in Fig. 5 that the hardness linearly increases with increasing concentration of nanotubes. It may be due to a

decreasing in the size of macrocrystallites according to the Hall–Petch [39, 40], Eq. (7):

H = H0 + khD
−0.5, (7)
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where H is the hardness, a H0 and kh are the material-specific constants related to hardness measurements.

We also estimate dimensionless size-parameter [41] x ∼ π by Eq. (8):

x =
πD

λ
=

πDnf

c
, (8)

where D is the diameter of the macrocrystallites.

Previously, it was found that the X-ray diffraction peaks are slightly shifted for our samples in comparison with HA

standard (JCPDS-09-0432/1996). This shift indicates the homogeneous internal macrostresses in the HA ceramics [6].

Such macrostresses can arise from the result of the low thermal diffusivity due to heterogeneous heating/cooling of the

ceramics during sintering. Fig. 6 shows SEM image of agglomerates of HA powder with sizes distribution histogram. It

is seen, that the average size of such macrocrystallites takes the value D ∼ 113.2 µm. The experimental study of particles

sizes corresponds to analytical calculation of the macrocrystallites sizes of HA ceramics with MWCNTs additives by

using Eq. (6). A decrease in the diameters of microcrystallites in Fig. 5 is arising from the activation of the sintering

process as a result of adding MWCNTs. It leads to the decrease of macrostresses between the crystallites and an increase

of microhardness of the composite materials [2, 6].

FIG. 6. SEM image of HA macrocrystallites

4. Conclusions

In this work, we used terahertz time-domain spectroscopy and optical parameters in the frequency range 0.25 –

1.1 THz to study the porous structure of a hydroxyapatite (HA) ceramics and HA ceramics reinforced with 0.1 and

0.5 wt.% multi-walled carbon nanotubes (MWCNTs). This method, based on the detection of the terahertz pulse time

delay, provides information about porosity of the composites.

With an increasing in the MWCNTs concentration in the material, the time delay of the terahertz pulse propagation

through the sample matrix increases. This indicates that nanotubes embedded into the HA matrix fill the pores and

decrease the area of the pore space, which increases the density of the ceramic composite and decreases its porosity.

Frequency dependencies of the absorption coefficient and refractive index of HA and HA-MWCNTs ceramics were

obtained for the studied samples. The obtained values show that the optical properties of the composite can be controlled

by the addition of nanotubes to HA ceramics. It is shown, that with increasing concentration of nanotubes (up to 0.5 wt.%),

the absorption coefficient decreases. The HA sample without MWCNTs has the highest absorption coefficient. With

increasing of the MWCNTs concentration, the refractive index increases from 2.6 to 2.8, which correlates with a decrease

in porosity. The values of the refractive index and the absorption coefficient of our ceramics are close to those for cortical

bone, dentine and enamel. The obtained results allow us to conclude that the HA composites with additives of MWCNTs

up to 0.5 wt.% have the proximity of the optical properties to the natural bone matrix.

In addition, the absorption curves show frequency peaks whose positions correspond to the grain (macrocrystallite)

sizes. The size of macrocrystallites D decreases with increasing concentration of MWCNTs. This leads to an increase in

the microhardness according to the Hall–Petch equation.
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Thus, it was found that addition of nanotubes to ceramics makes it possible to control porosity, which affects the

optical properties of the ceramic materials. This bears witness to the relation between the optical properties and porosity

of the HA-MWCNTs ceramic biocomposite.
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ABSTRACT The continuous medium approximation to the description of a carbon material previously used

to model the properties of spherical carbon shells of nanometer diameter. This approach is based on the

transition from lattice operators to field operators. The present study verifies the given model evaluating the

energy spectrum of electrons in a perfect flat carbon monolayer. An implementation of the Dirac cones within

the continuous medium framework is demonstrated. Its are close to the positions of the vertices of the Brillouin

zone for graphene. Increase of the Taylor series expansion order of field operators makes the result precise,

and the approximate positions of the Dirac cones match the exact data for graphene.
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1. Introduction

It is necessary to know the key features of the energy spectrum of conduction electrons in the carbon layer to build a

complete picture of the observed characteristics of carbon materials and the possibility of reliable prediction the properties

of composites of various structures synthesized on their basis [1–3]. However, the known variety of carbon structures

restricts the calculations effectiveness, since it requires an individual approach to each specific geometry. For example, it

is implemented for carbon nanotubes and spherical shells [4–6].

A number of papers, e.g., [7–9], present a detailed analysis for carbon clusters, namely, fullerenes of a fixed dimension

C24, C60, C70. Such structures include relatively small number of atoms. Therefore, one can formulate a complete system

of lattice equations based on the Hubbard model and analyze it. On the other hand, when synthesizing of larger size carbon

structures like spherical shells, one can only control its characteristic average size. The specific diameter of a particular

shell remains random. In addition, the amount of lattice sites reaches tens of thousands [10,11]. Thus, it remains relevant

to develop an efficient simplified model for description the energy spectrum of carbon structures of arbitrary dimensions.

Paper [12] presents the transformation from the lattice operators for electrons to the field operators and continuous

medium limit. It potentially allows one to model the systems of complex geometry, including those with an irregular

arrangement of atoms. The model was built in relation with high-dimensional spherical carbon shells, the synthesis

technology, analysis of the growth kinetics and geometric parameters of which are described in papers [10, 11]. The

optical and magnetic characteristics of a composite based on such shells are calculated, and theoretical results have a

good agreement with the experimental data.

However, there is a question about the Dirac point implementation within the averaged framework. The present paper

shows that it occurs at first when the terms of the third order are taken into account in the expansion of the electron field

operators. The even terms in the Taylor series expansion determine the modulus of the wave number corresponding to the

Dirac points, and the odd terms determine the structure and asymmetry of the Dirac cones, which, in contrast to the exact

solution, turn out to be somewhat deformed within the approximations.

2. Continuum-based model of carbon lattice

The basic Hamiltonian for the considered model is the graphene monolayer in the tight-binding approximation [2,3]:

H = −θ
∑

j,δ,σ

(

a†jσbj+δ,σ + b†jσaj−δ,σ

)

, (1)

where a, b are the creation–annihilation fermionic operators of an electron with given spin σ at lattice site with number j.

It is related to the carbon sublattice A and B, respectively. δ are radius-vectors from the node j to the nearest neighbours.

In a flat lattice, these vectors are well-known (Fig. 1):

δ1 = (−1; 0)a0, δ2,3 =

(

1

2
;±

√
3

2

)

a0,
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where a0 is the interatomic bond length. The parameter θ is the hopping integral of transition between two lattice sites.

The Coulomb repulsion of the electrons and impurities are not considered in the present study.

A

B

B

B

δ
1

δ
2

δ
3

x

y

FIG. 1. The carbon–carbon bond vectors in a flat layer

The time-dependent Heisenberg equation

i
dX

dt
= [X,H]

allows one to build the evolution equations for the amplitudes of the electron wave functions at the lattice sites:

i
dajσ
dt

= −θ
∑

δ

bj+δ,σ,

i
dbjσ
dt

= −θ
∑

δ

aj−δ,σ. (2)

In this system of equations, the geometry of a particular lattice is determined only by the δ vectors.

To pass to the continuous medium limit, lattice operators are considered as field operators which are the continuous

functions of coordinates [13–16]:

ajσ → aσ(rj), . . .

This makes possible the application of the Taylor series expansion of the right-hand side operators:

bj+δ,σ → bσ(rj + δ) ≈

≈ bσ(rj) + δ · ∇bσ(rj) +
1

2

∂2bσ(rj)

∂xµ∂xν
δµδν +

1

3!

∂3bσ(rj)

∂xµ∂xν∂xλ
δµδνδλ + . . . , (3)

The indices µ, ν and λ denote the spatial components of the two-dimensional vectors δ. There are sums over these

indices. The lattice operators are considered as the finite-difference approximation of the field operators in that approach.

The expansion is used to transform the sums of operators at the right hand sides of the equations (2). Finally, one rewrites

the model as a system of linear partial differential equations.

When considering a flat layer or averaging over the electron momenta, the gradient terms in the expansion disappear.

The final evolution equations include at least the second-order derivatives. E.g., the right-hand side of the first equation in

(2) transforms as follows:

∑

δ

bj+δ,σ → b(rj + δ1) + b(rj + δ2) + b(rj + δ2) =

= 3b + (δ1;x + δ2;x + δ3;x)
∂b

∂x
+ (δ1;y + δ2;y + δ3;y)

∂b

∂y
+

+
1

2

(

(

δ21;x + δ22;x + δ23;x
) ∂2b

∂x2
+
(

δ21;y + δ22;y + δ23;y
) ∂2b

∂y2
+

+ 2 (δ1;xδ1;y + δ2;xδ2;y + δ3;xδ3;y)
∂2b

∂x∂y

)

+ . . .

The first-order terms vanish exactly:

δ1;x + δ2;x + δ3;x = −1 +
1

2
+

1

2
= 0, δ1;y + δ2;y + δ3;y =

√
3

2
−

√
3

2
= 0,
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while in the second-order term only xy-derivative vanishes:

δ21;x + δ22;x + δ23;x = 1 +
1

4
+

1

4
=

3

2
, δ21;y + δ22;y + δ23;y =

3

4
+

3

4
=

3

2
,

δ1;xδ1;y + δ2;xδ2;y + δ3;xδ3;y = 1 · 0 + 1

2
·
√
3

2
− 1

2
·
√
3

2
= 0.

The xx- and yy-terms produce the two-dimensional Laplace operator. The high-order terms are transformed by the same

way.

As a result, in the first non-zero approximation, the model is approximated by the following system:

i
daσ
dt

= −θ

(

3 +
3a20
4

∇2

)

bσ, i
dbσ
dt

= −θ

(

3 +
3a20
4

∇2

)

aσ. (4)

The description of specific geometric structures requires setting a suitable spatial basis for the wave functions. In partic-

ular, the basis of spherical harmonics is used for the shells described in [10–12]. The substitution of the basis reduces

the problem to a system of linear ODEs, the eigenfrequencies of the solutions of which determine the energy spectrum of

electron in the system.

As expected, substitution of the plane wave solution exp(iq · r) into (4) results in the isotropic energy spectrum:

ω

θ
= ±

(

3− 3

4
q2
)

. (5)

The particle energy vanishes on the entire circle qa0 = 2, which is close to the inner-radius for the Brillouin zone of

graphene. The dispersion relation becomes linear near this circle only under the condition qx = qy . Thus, the spectrum

obtained in this approximation does not contain the Dirac points, and the applicability of the model to describe flat lattice

is limited. However, with a high degree of irregularity due to defects and deviation of the lattice shape from the plane

with a change in the angles between the bonds, one should expect better agreement between the proposed model and the

characteristics of the material. If one takes into account the highest terms in expansion (3) it is possible to overcome this

limitation with using the next order term only.

3. Approximate implementation of the Dirac points

If one takes into account the third derivatives in the Taylor series the dispersion relation has the following form

ω

θ
= ±

(

3− 3

4
q2 − iqx

8

(

q2x − 2q2y
)

)

. (6)

That function has six zeros in the points, distributed uniformly over the circle with radius 2/a0 (Fig. 2):

Q1,2 =
1

a0
(0;±2) , Q3,4,5,6 =

1

a0

(

± 2√
3
;±2

√
2√
3

)

.

The expansion of the dispersion relation near the points Qj confirms the approximate implementation of the deformed

Dirac cones. For example, in the neighborhood of Q1, the energy spectrum takes the form of the elliptic cone:

ω1

θ
≈ 3

√

k2x
4

+ k2y, (7)

where k is the deviation of the electron momentum vector from Q: q = Q + k. An increase in the expansion order

leads to the consistent refinement of the location of the Dirac points, for which the even derivatives are responsible, and

the shape of the cones, determined by the odd terms of the series. It can be seen from Fig. 2 that, within the accuracy of

plotting of the graph, their positions in the model and in the exact calculation coincide, and the structure of the energy

isolines around the valleys approaches locally isotropic when terms of 6–7th orders and higher are taken into account.

It is expected that when averaging over the directions of wave vectors in a deformed lattice, for example, in a spher-

ical shell, which includes not only hexagonal cells, but also structural elements from a different number of atoms, the

contribution of odd orders will decrease down to negligible values.

Of course, there exist a more standard and simple way to introduce the field operators within the flat carbon sheet.

It uses the plane electron waves representing the two leading terms of the Fourier series near the Dirac points. It is

well-described in literature [2]. That approach is applicable, at first, for flat regular structure.

In the present paper, the main goal of the described method is modeling of the complex shape of the carbon lattice

with irregularity which should be strong enough to apply the averaging procedure. Here, the Fourier expansion by plane

waves is inapplicable because of possibility of the large lattice curvature. Therefore, the proposed approach allows one to

implement a more flexible approximation despite it has lower precision in the case of the flat layer (see [12]). To evaluate

the Dirac points here, one should keep the relatively large number of expansion terms. The corresponding high-order

equations can be difficult for analysis, but it is possible to use the perturbation theory.
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FIG. 2. Contour maps of the energy spectrum calculated within the framework of the continuum model

using the expansion to terms of the following orders: (a) – 3rd, (b) – 5th, (c) – 7th, (d) – 9th order.

The following energy levels are shown: 0, 0.1θ, 0.2θ, 0.5θ, 1.0θ, 2.0θ and 5.0θ. The dots indicate the

positions of the Dirac cones of ideal graphene

4. Conclusion

The previously developed approach based on the continuum model produces the approximate energy spectrum of the

plane electron waves in the carbon sheet with the approximate implementation of the Dirac cones. This result confirms

the applicability of the developed model to the description of various carbon structures and ensures the reliability of the

calculations performed for description of the properties of a spherical carbon shell.

It is expected that taking into account higher orders of decomposition makes it possible to refine the quantitative char-

acteristics of the carbon composite based on nanospheres, however, even the first non-vanishing approximation provides

reliable information about the features of the observed optical and magnetic properties of the material. In addition, the

model, which is actually formulated as a pair of coupled Schrödinger equations for the wave functions of electron related

to different carbon sublattices, can be easily adapted to structures of other geometries.
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ABSTRACT In this article, the structures formed by the action of the magnetic field to magnetite nanoparticles,

embedded into transparent matrices from ferrofluids, were analyzed. As the matrices polyvinyl alcohol and

epoxy resin were used, however, the results obtained may be applicable to other media, for example, biological.

The data of this work can be useful both for physical investigations of magnetic nanomaterials and for more

practical studies, for instance, aimed at solving some environmental problems.

KEYWORDS magnetic fluids, ferrofluids, magnetic nanoparticles, transparent matrices, magnetic nanocompos-

ites
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1. Introduction

Magnetic nanoparticles, in particular, those that are component of the so-called ferrofluids or magnetic fluids (MF),

are used in a variety of scientific and technological fields [1, 2]. Among the recently proposed areas of applications,

biomedicine [3,4] and optoelectronics [5–7] can be named. Of particular importance and interest are also ideas related to

ecology, for example, in [8], an MF-based technique for eliminating oil spills was considered.

MF, further used as starting substances for obtaining samples, are colloidal solutions, the solid phase of which is a

magnetic material, and the diverse fluids can act as a carrier liquid, kerosene or water for instance. These materials are

stabilized by applying certain surfactants to the surface of nanoparticles or creating electrical charge on it [2].

For most of MF-related utilizations, the important question is how they interact with the external magnetic field H . It

is known that the field forces the colloid nanoparticles to form the extended structures (agglomerates) oriented along the

H direction [9]. The characteristics of these objects vary depending on the type of solvent, particle material, surfactant,

as well as the conditions of the experiment. One of the convenient ways to study such clusters is their “freezing” in

a congealing environment, which was implemented, for example, in [10]. The purpose of the presented study is further

development of this approach and demonstration of the peculiarities of the field induced aggregation process in the viscous

media.

2. Materials and methods

The samples under consideration were composite materials obtained by infiltration of magnetite (Fe3O4) nanoparti-

cles from MF into a transparent medium which are the polyvinyl alcohol (PVA) or epoxy resin. MF was the same as in a

number of previous works [10, 11], being an aqueous colloid of magnetite stabilized by a two-layer surfactant with oleic

acid molecules or by a charged layer formed on the surface of particles. The particle size was approximately 10 nm.

In the case of PVA matrix, an initial mixture of two aqueous solutions was prepared, one of them was 5 wt. % solution

of PVA powder, and another was MF with oleic stabilization, taken at such a concentration as to provide approximately

0.5 vol. % of the magnetic phase in a solid sample. The mixture was stirred at 90 ◦C, and then treated with ultrasound for

one hour. The resulting liquid was applied to a glass substrate and dried.

Since water cannot be used when working with epoxy resin, when fabricating samples with such matrices, ion-

stabilized MF was first dried on glass, and then the obtained paste-like precipitate was diluted in a hardener and sonified

© Pleshakov I.V., Alekseev A.A., Bibik E.E., Dudkin V.I., Kudryashova T.Yu., Karseeva E.K.,
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for one hour. After mixing the hardener with the resin, a short-term sonification of the mixture was also carried out

and then it was dried on a glass substrate. The magnetite content was such as to be for the solid matrix approximately

0.25 mg per 1 ml.

In all cases, the liquid mixture was applied to the substrate in such quantities as to finally obtain a sample in the form

of a film of 40–70 µm thick. Drying was carried out in magnetic fields oriented in the film plane, or without application

of the field. The films have always turned out to be quite transparent; if the field was nonzero, a structure of thin extended

objects was visually observed in them.

All samples, both based on PVA and epoxy resin, were fabricated in the fields up to 6 kOe, but special attention was

paid to the range from 0 to 1000 Oe, since the saturation field Hs of MF reaches approximately of 1 kOe [9], and the

main processes associated with the formation of structures should occur in this interval. This assumption was confirmed

experimentally: it was found that the parameters of nanoparticle agglomerates at H > 1 kOe change only slightly.

Using a MICRO 200T-01 PLANAR microscope, micrographs were obtained for films, processed further as follows:

for each structural element (spherical at H = 0 and extended at H > 0) in the field of the microscope, its dimensions

(diameter d or, respectively, the thickness D and length L) were determined, and then for a given value H , statistics were

being accumulated. The number of analyzed objects, N , was of an order hundreds, which made it possible to construct

histograms of the distribution of the above values.

In addition, a technique for determining D based on laser probing of the material was used. To do this, a laser

beam with a wavelength of λ = 650 nm was focused on the film (illuminated from the side of the glass substrate),

and by finely moving the latter, such a position was chosen where the light diffracted on a separate aggregate. On a

screen at some distance away from the sample, a pattern typical of this was observed, containing maxima and minima of

diffracted radiation I . Assuming that this case is analogous to the slit diffraction and using the well-known expression

λm = D sin θ, where θ is the angle at the I minimum with the number m, it was possible to determine the transverse size

of the selected object. (A similar approach was used to study agglomerates in a liquid medium [12]). Since this method is

more time-consuming than the analysis of micrographs, the dimensions of a smaller number of aggregates were evaluated

by it.

3. Experimental results

Figure 1 shows micrographs of PVA-based samples fabricated in fields of less or almost the same magnitude as Hs.

It is clearly seen that at H = 0 inclusions in the polymer matrix are microdroplets whose diameters d noticeably exceed

the characteristic size of the individual nanoparticles (Fig. 1a). A relatively small nonzero field leads to the formation of

elongated agglomerates, the length of which, L, however, can be easily determined (Fig. 2b). With approaching Hs, the

latter, starting from some point, is no longer possible, since the value L for most of agglomerates becomes comparable

with in-plane dimension of the sample (Fig. 1c). It should be noted that for weak fields the diameters of the agglomerates

turned out to be approximately the same (D ≈ 15–20 µm), and, moreover, for H > Hs they also changed insignificantly.

FIG. 1. Micrographs of a sample based on PVA at: a) H = 0; b) H = 40 Oe; c) H = 1000 Oe (the

scale is the same for all images)

The same regularities are preserved for composites based on epoxy resin matrices; for example, Fig. 2 shows mi-

crographs of these materials for H = 0 and H ≫ Hs. Here we can note the same presence of microdrops in zero field

(Fig. 2a), and “infinitely long” agglomerates at fields of a high strength (Figs. 2b and 2c). It should be emphasized that

the D values for different cases may still differ slightly (see Fig. 2c, where the agglomerate with D ≈ 80 µm is isolated),

however, the characteristic size of the order of several tens of microns is typical for almost all extended structural elements.

As an exception, we should mention the existence of a certain number of thin objects at H = 4 kOe and H = 6 kOe

(Figs. 2b and 2c).

The statistical properties of the aggregates are illustrated in Fig. 3, which shows examples of histograms of the

distribution of d (H = 0, Fig. 3a) and L (H = 40 Oe, Fig. 3a) in PVA-based composites. These data were obtained

by analyzing a number of micrographs with, as already was mentioned, a lot of objects N (in Fig. 3, normalization was

performed by the maximum magnitude in the distribution N0). At H < Hs, there were no qualitative differences in the
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FIG. 2. Micrographs of a sample based on epoxy resin: a) H = 0; b) H = 4 kOe; c) H = 6 kOe (the

scale is the same for all images)

FIG. 3. Histograms of the distribution of the size of agglomerates in a sample with PVA: a) without

field; b) in the field H = 40 Oe

behavior of histograms for materials with PVA and epoxy resin: with an increase of the field (where the measurement of

length was still possible), their shift towards large values of L was recorded.

The laser probing method made it possible to obtain verified data on the thickness of the aggregates. Fig. 4 demon-

strates the results of one of the diffraction experiments carried out on an epoxy film fabricated at H = 4 kOe. The

diffraction pattern, while not ideal, nevertheless allowed us to estimate D. After digitizing the images of the type pre-

sented in Fig. 4a, graphs of the dependence of the normalized light intensity on the distance from the beam center along

the X direction were obtained. Fig. 4b exhibits the distribution of the relative intensity of diffracted light I/I0 for one

of such a section of the pattern. According to these data, and taking into account geometric parameters of the setup, the

values of D were determined. They, slightly differing for different measurements, in order of magnitude amounted to tens

of microns in all cases. This gives a useful confirmation of what was obtained earlier, because due to the edge blurring of

images, the processing of micrographs is less informative.

4. Discussion

One of the main features of the structures we have considered is that they are formed in a similar way in different

environments and under markedly different conditions. Indeed, analyzing the data on the behavior of the magnetic fraction

embedded in PVA (Fig. 1) or epoxy resin (Fig. 2), it can be seen that even at very different fields, the thicknesses of

agglomerates tend to approximately the same value, and it is observable starting from the smallest H (Fig. 1b). At

H ≪ Hs, large-volume associations of nanoparticles cannot yet occur, and the parameter L, characterizing the extent

of the aggregates, remains small. An increase in the field leads to its significant growth and the appearance of long

structural elements, although in the interval roughly limited by Hs from above, the presence of a certain number of
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FIG. 4. Diffraction of laser radiation on selected agglomerate (sample based on epoxy resin, H =

4 kOe): a) diffraction pattern at different scales; b) distribution of the relative intensity of diffracted

light

”short” aggregates can be noted (Fig. 1c), which reflects the statistical nature of the processes taking place. At H > Hs

most of the particles enter into extended column-like systems (Figs. 2a,b), which, by moving the microscope field, can be

traced over a long distance, sometimes comparable to the size of the sample.

The suggested mechanism of formation of the structures in our samples may be as follows. The initial state in the

preparing of our samples are emulsions (Fig. 1a, Fig. 2a), which is usual when MF is diluted in viscous media [13]. In

our case, the size d of most of the microdrops can be estimated as 0.5 µm (Fig. 3a), that is, the number of nanoparticles in

each of them should be ∼104–105. Thus, when the field inducing the magnetic moment appears, not individual particles,

as simple models suggest [9], but large objects begin to interact. Already in very small fields, the drops acquire an

ellipsoidal shape [13] and start to attract each other, merging into agglomerates of increasing volume and extent. At

higher H , maintaining approximately the same thickness D as at the initial stage of growth turns out to be energetically

favorable (apparently, from the point of view of minimizing magnetic energy and surface tension energy at the medium-

ferrofluid interface). The rate of such a process is determined by the viscosity of the medium and the average size d, i.

e., it is obviously much smaller than for conventional MF. In our case, however, the formation of a system of aggregates

accomplished long before the transformation of the liquid into a solid matrix, since their appearance (visually observed)

has a characteristic time of the order of minutes, whereas the carrier solidifies for about an hour. Therefore, the structures

of magnetic nanoparticles related to a specified field are fixed in the matrix as completed.

The presence of defects in the medium may impose certain features on the formation of aggregates. So, in Fig. 1

imperfections that are not related to magnetite are visible and represent a partially crystallized matrix substance (which is

typical for PVA [14]). Of course, there are other possible situations - in Figs. 2b,c can be noticed an aggregates with an

included “dot-like” objects. During laser probing of samples, they are recorded as irregularities in the diffraction pattern

(Fig. 4a).

The results obtained can be extended, with a degree of conditionality, to other media with similar properties, primarily

viscous ones. They include biomaterials containing, for example, some proteins, as well as gel-forming or other similar

substances. For ecology, petroleum products are very important, in which the behavior of magnetic nanoparticles may

turn out to be similar to what was considered in this paper. Understanding of how the structures are arise in them under

the action of a magnetic field and what they are, being necessary for the development of theory, may also have practical

significance.

5. Conclusion

In this work, a technique for studying agglomerates consisting of magnetic nanoparticles that are fixed in a transparent

solidifying medium was considered. It was shown that it allows one to get information about the parameters of these

objects, as well as to identify some general patterns of the formation of such structures in a viscous liquid. Statistical

properties of agglomerates were obtained, their characteristic sizes were measured, including by laser probing. The

possible application of the results was discussed.
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ABSTRACT Nanoparticles in titanite CaTiSiO5 were found using transmission electron microscopy. Chemical
and XPS analyzes of the nanoparticles were performed. The study showed the content of the elements Si, Ti
and Ca to be about 19, 14 and 12 % in the ore, respectively, belonging to the titanite phase. Based on TEM
images, it was established that titanite exhibits a disordered lamellar structure with a diameter of 3 to 5 nm and
an interplanar distance of about 6.3 Å.
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1. Introduction

As for the reserves of titanium raw materials, Russia currently is at the second place in the world. Despite this,

its extraction and processing is practically not carried out. Among the most promising and products in demand on the

market, we should note weather-resistant and decorative pigments, composite fillers, non-toxic titanium tanning agents,

highly effective sorbents for purifying liquid and solid waste from radionuclides and toxic substances [1–3]. The content

of the mineral sphene (calcium titanosilicate (CaTiSiO5)) in the ore mass varies widely. Using traditional technology,

sphene concentrate is obtained from the foam product of apatite-nepheline ore flotation. This is a fairly complex process

in terms of technological flows, so the extraction of sphene does not exceed 10 %. Meanwhile, there are areas, so-called

“sphenite lens nests”, in which the concentration of sphene reaches 80 %. An increased content of sphene negatively

affects the process of flotation separation of apatite due to the similarity of the properties of calcium-containing minerals.

On the other hand, such accumulations of sphene can be quite easily separated from the total mass of ore, and the

extraction of sphene can reach 60 – 70 % of the original ore [4]. Up to 1930, it was not known how to process titanite

(sphene) in industry. This question arose after the discovery of its industrial reserves in the Khibiny Mountains. Various

methods have been proposed for the decomposition of sphene: treatment with bleach; fusion with table salt and exposure

of the solution to superheated steam, production of carbides followed by chlorination, decomposition with hydrochloric

acid, etc., however, these methods have not found their application in industry due to their complexity [5]. Despite the

well developed study of processing sphene concentrate into titanium pigments, which began in 1968, and their subsequent

successful testing on a pilot scale, implementation work has been suspended since 2016 due to the optimization of the main

production at JSC Apatit, which led to the actual closure of the workshop for the production and processing of sphene

concentrate, and therefore the minerals are sent to tailings dumps [6]. A significant part of nepheline, titanomagnetite

(16 – 18 % TiO2), sphene (37 % TiO2), aegirine annually in the amount of 15 – 20 million tons replenish the dumps of

processing factories. More than 500 million tons of waste have already been generated [7]. In this regard, the aim of this

work is to study the structure and chemical composition of titanite to develop methods for its subsequent use as highly

effective sorbents for purifying liquid media from toxic substances.

2. Samples and experiment

The study object is titanite – calcium titanosilicate (CaTiSiO5). The place of origin of the mineral is the Koashva

deposit (Koashva quarry, Murmansk region, personal mineral collection of V. N. Yakovenchuk) [5]. At the first stage,

titanite (sphene) wedge-shaped crystals with its matrix (includes apatite Ca5[PO4]3(Cl/F/OH) , nepheline KNa3[AlSiO4]4
and rock-forming pyroxene group) was crushed using a laboratory jaw crusher, after which a study of the structure,

chemical and phase composition, was carried out (Fig. 1).

© Dorosheva I.B., Rempel A.A., Kalashnikova G.O., Yakovenchuk V.N., 2023
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FIG. 1. Picture of the sphene (original and after grinding)

The quantitative chemical composition was determined by inductively coupled plasma atomic emission spectrometry

on a SpectroBlue device (Spectro Analytical Instruments) for all elements except S. The quantitative content of S was

determined by the infrared absorption method on a CS-230 automatic analyzer.

The study of the samples surface chemical composition was carried out using a photoelectron spectrometer from

SPECS Surface Nano Analysis GmbH (Germany). The spectrometer is equipped with a PHOIBOS-150-MCD-9 hemi-

spherical analyzer, an XR-50 characteristic X-ray source with a double Al/Mg anode. Non-monochromatic Al Kα ra-

diation (hν = 1486.6 eV) was used to record the spectra. To consider the effect of charging the samples, we used the

spectrum of Ti2p3/2 (Eb = 459.0 eV), corresponding to the TiO2 carrier. The relative concentrations of elements in the

analysis zone are determined based on the integrated intensities of the XPS peaks, considering the photoionization cross

section of the corresponding terms. For a detailed analysis, the spectra were decomposed into individual components.

Accordingly, after subtracting the background using the Shirley method, the experimental curve was decomposed into

several lines corresponding to the photoemission of electrons from atoms in different chemical environments. Data pro-

cessing was carried out using the CasaXPS software package. The shape of the peaks is approximated by a symmetric

function obtained by multiplying the Gaussian and Lorentzian functions.

The structure of the mineral was studied using high-resolution TEM on a JEM-2010 electron microscope (JEOL,

Japan) at an accelerating voltage of 200 kV and a resolution of 140 pm. Images were recorded using a CCD Soft Imaging

System camera (Germany).

3. Results and discussion

Atomic emission spectroscopy with inductively coupled plasma made it possible to determine the quantitative content

of chemical elements in the sample (Table 1). The content is more than 10 Wt % of such elements as Si, Ti and Ca, which

probably belongs to the Titanite phase; the content is less than 5 Wt % – Al, K2O, Na2O, which belongs to the Nepheline

and Microcline minerals, and less than 1 Wt % of elements such as Fe, P, Sr, Ba, Zr, Ce, Nb, Mg, Li and S.

TABLE 1. Quantitative chemical analysis

Element Si Ti Ca Al K2O Na2O Fe P

Wt, % 18.8 13.6 12.1 4.8 4.3 3.1 0.9 0.8

Element Sr Ba Zr Ce Nb Mg Li S

Wt, % 0.6 0.1 0.1 0.1 0.1 0.1 0.02 0.04

The Ti2p spectra of the studied samples are shown in Fig. 2. It is known that the Ti2p spectrum due to the spin-orbit

interaction is a doublet Ti2p3/2 – Ti2p1/2 with a spin-orbit splitting value of 5.7 eV. In the spectrum of the Ti2p samples,

one doublet is observed with a Ti2p3/2 binding energy of 459.0 eV, which corresponds to titanium in the Ti4+ state. No

traces of titanium are observed in any other chemical states. In the literature for TiO2, the Ti2p3/2 binding energy values

are given in the range of 458.7 – 459.2 eV [8–13]. Fig. 2 also shows the O1s spectra of the studied samples. The spectra

are described by several peaks corresponding to oxygen in different environments, so the O1s peak in the region of 530.3 –

530.6 eV is undoubtedly referred to oxygen in the TiO2 structure [8–12], the peak in the region of 532.0 – 532.3 eV can
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be attributed to surface OH− groups [8–12], the peak in the region of 533.2 – 533.3 – to the adsorbed water and oxygen

in the structure of silicon oxide [8–12, 14]. Fig. 3 shows the Si2p spectra of the studied samples. The Si2p peak in the

region of 100.8 eV can be attributed to silicon carbide, the peaks in the region of 101.6 and 102.8 eV are attributed to

silicon oxide in different chemical environments [14, 15]. Relative atomic concentrations of elements in the near-surface

layer of the studied samples are presented in Table 2.

(a) (b)

FIG. 2. Ti2p and O1s spectra of the studied samples. The spectra are normalized to the integrated

intensity of the peaks corresponding to the C1s spectra

FIG. 3. Si2p spectra of the studied samples. The spectra are normalized to the integrated intensity of

the peaks corresponding to the C1s spectra
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TABLE 2. Relative atomic concentrations of elements in the near-surface layer of the studied samples

(atomic ratios are normalized to [C])

[O] [Ti] [Ca] [Si] [K] [Na] [Al] [P]

1.55 0.08 0.14 0.40 0.06 0.10 0.11 0.06

TEM-images (Fig. 4) show the morphology of titanite as a disordered lamellar structure with a diameter size ranging

from 3 to 5 nm. Similar picture were obtained for another titanite from Cardiff [16]. A more detailed examination on the

left image on Fig. 4 shows an ordered structure with an interplanar distance between atoms of about 6.3 Å, corresponding

to titanite (PDF 04-010-2760).

(a) (b)

FIG. 4. TEM image of Titanite from the Koashva quarry, Murmansk region

4. Conclusions

In this work, the titanite from the Koashva quarry was studied. Content detected is more than 10 Wt % of such

elements as Si, Ti and Ca, which belongs to the Titanite phase; the content is less than 5 Wt % – Al, K2O, Na2O, which

belongs to the Nepheline and Microcline minerals, and less than 1 Wt % of elements such as Fe, P, Sr, Ba, Zr, Ce, Nb,

Mg, Li and S. According to XPS spectra of the Ti2p samples, one doublet is observed with a Ti2p3/2 binding energy of

459.0 eV, which corresponds to titanium in the Ti4+ state. Spectra of the O1s are described by several peaks corresponding

to oxygen in different environments: in the region of 530.3 – 530.6 eV it is referred to oxygen in the TiO2 structure, in

532.0 – 532.3 eV it is attributed to surface OH- groups and in 533.2 – 533.3 it belongs to adsorbed water and oxygen in

the structure of silicon oxide. Spectra of the Si2p with peak in the region of 100.8 eV is attributed to silicon carbide, peaks

101.6 and 102.8 eV are attributed to silicon oxide in different chemical environments. This confirms the idea of the phase

composition of the studied mineral, which is a promising material for further research targeted on using it as an effective

photosorbent for purifying liquid media from toxic substances.
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ABSTRACT In present work the porous nanocoating of manganese oxide were obtained via successive ionic

layer deposition from aqueous solutions of potassium permanganate and DMSO. The morphology, phase and

chemical composition of the synthesized nanocoatings were characterized by XRD, SEM, EDX and Raman

spectroscopy. The possibility of controlled changes in the morphology of the resulting compounds was demon-

strated by changing the concentration of reagents and the number of processing cycles in order to obtain

optimal electrochemical characteristics. Electrodes based on nickel foam and coated with films of porous man-

ganese oxide showed high specific capacity (1324 and 297 F/g at a current density of 1 A/g in 1 M NaOH and

1 M Na2SO4, respectively), both in neutral and in aqueous alkaline electrolytes.
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1. Introduction

The increasing demand for more energy every year and the growing environmental problems caused by the burning of

limited reserves of fossil fuels encourage the search and use of new, highly efficient and environmentally friendly energy

sources [1, 2].

Supercapacitors (SCs) are promising energy storage devices that are characterized by large capacity relative to size,

extremely low level of series resistance and high charging speed, which makes them very promising for use in power grids,

electric vehicles and portable equipment [3, 4]. Of particular interest are the so-called pseudocapacitors (PSCs), in which

energy is stored at the cathode in a double electric layer, and at the anode due to the flow of Faraday processes. Thus,

they combine the advantages of electrochemical double-layer (ECDL) supercapacitors (charge rate and cyclic stability)

and metal-ion batteries (high energy density), which makes their further application promising [5].

Among the electrode materials for cathodes and anodes of ECDL SCs, carbon materials are most often used, but they

have low specific capacity and energy values. The most effective cathode material for PSCs turned out to be ruthenium

oxide, since it has high values of theoretical specific capacitance due to the manifestation of the pseudocapacitance, but at

the same time such a material is quite expensive, which limits commercial use [6].

Manganese oxides, in particular MnO2, are effective electrode materials for chemical current sources because they

have a high theoretical specific capacity (1370 F/g) and cycling stability, as well as good stability in various environ-

ments [7–9]. However, the obtained specific capacitances of pure MnO2 are much lower than the theoretical capacity,

which is likely due to the low active surface area, poor conductivity, as well as low ion diffusion. Among many ways to

increase the capacitive characteristics of the MnO2 electrode material, increasing its specific surface area by adjusting the

pore size and size distribution is considered promising, which can provide better interfacial contact between the electrode

and the electrolyte [10]. Thus, the development of methods for the selective synthesis of manganese oxide is a key task

for obtaining highly efficient electrode materials.

Currently, several routes are used for the synthesis of manganese oxide nanocoating, namely, hydrothermal route [11],

sol-gel route [12], redox reaction [13], thermal decomposition [14], refluxing route [15], co-precipitation [16], etc. How-

ever, the presented methods for the synthesis of manganese oxide have a number of limitations related to the duration of

the process, the use of devices with high temperature and pressure, higher synthesis temperatures, as well as limiting of

the number of possible substrates.

© Lobinsky A.A., Kaneva M.V., Bachina A.K., Tenevich M.I., 2023
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In this research, we propose a novel controllable reduction route synthesis of nanocoatings of manganese oxide on

nickel foam via successive ionic layer deposition (SILD) [17,18] technique from aqueous solutions of manganese perman-

ganate and dimethyl sulfoxide (DMSO) and investigation its application as effective electrode materials for pseudocapac-

itor in neutral and alkaline electrolytes. The proposed synthesis route is based on the reduction of KMnO4 in an aqueous

solution of DMSO with different concentrations. The reduction of potassium permanganate by organic compounds is a

common method for obtaining manganese oxides [19], however, as far as we know, this route has not been previously

used in the SILD method. The production of nanocoats in this way has the advantages of being able to obtain ultrathin

oxide films on the surface of various substrates under conditions of “soft chemistry”. Previously, the SILD method has al-

ready been successfully used by us to obtain nanocoatings of transition metal oxides and hydroxides [20–22], in particular

manganese oxide [23–25].

2. Experimental

2.1. Fabrication of MnO2/nickel foam electrode

Nickel foam (NF) plates (110 PPI, surface area 1 cm2) were used as substrates. The synthesis of manganese oxide

nanocoating was carried out using the SILD method with the occurrence of a reduction reaction on the surface of the

nickel foam substrate. As the first reagent for synthesis aqueous solutions of KMnO4 (0.01 M) salt were used, and as a

second reagent aqueous solution of DMSO (99, 75, 50 and 25 %) is used. The substrates were processed by successive

immersion in reagent solutions according to a certain scheme forming one SILD cycle. First, the substrate was immersed

in the solution of the first reagent for 30 seconds, then it was washed off the excess reagent in distilled water for 15 seconds.

Then the substrate was immersed in a solution of the second reagent and washed again with distilled water for the same

time, respectively. As a result of the reduction reaction of MnO+7
4 to Mn+4 in DMSO, a layer of sparingly soluble

manganese oxide nanocoating on nickel foam surface was formed. After synthesis, the electrodes were dried in air for

24 hours.

The number of SILD cycles was chosen in such a way that it allows on to ensure optimal layer thickness and, at the

same time, sufficient mass (1 – 2 mg) required for electrochemical measurements. Concentrations of the DMSO were

selected on the basis of preliminary experiments, during which their electrochemical characteristics were analyzed. The

30 SILD cycles and a DMSO concentration of 25 % were chosen as optimal.

2.2. Materials characterization

The morphology and chemical composition of synthesized nanocoating were examined by scanning electron mi-

croscopy (SEM) (Tescan Vega 3 SBH microscope) and energy-dispersive X-ray spectroscopy (EDX) (Oxford INCA x-act

X-ray) technique. Powder X-ray diffraction (PXRD) patterns were acquired using a Rigaku SmartLab 3 X-ray diffrac-

tometer, equipped with a Dtex silicon 1-D detector. The X-ray source employed Cu Kα radiation with a wavelength (λ)

of 1.540593 Å, operating at a voltage of 50 kV and a current of 40 mA. These measurements were carried out utilizing

a zero-background silicon holder. The phase identification was accomplished through the utilization of the powder stan-

dard database ICSD. Raman spectroscopy measurement was performed with a SENTERRA (Bruker) spectrometer with

633 nm wavelength laser excitation.

2.3. Electrochemical measurement

The electrochemical characteristics of synthesized nanolayers as electrode material for pseudocapacitors were stud-

ied used cyclic voltammetry (CVA) and galvanostatic charge-discharge (GCD) techniques using Elins P45-X potentio-

stat/galvanostat. The fabricated working electrodes were measured in a three-electrode electrochemical cell. The Ag/AgCl

electrode (neutral media) or Hg/HgO electrode (alkaline media) was used as an reference electrode and the graphite rod

was used as an counter electrode. All measurements were carried out at room temperature and atmospheric pressure in

aqueous solutions of 1 M Na2SO4 or 1 M NaOH, which were used as an electrolyte.

3. Result and discussion

The PXRD pattern obtained for the synthesized sample exhibits diffuse features with broad, low-intensity peaks, as

depicted in Fig. 1(a). Phase analysis revealed that the structure of the sample corresponds to the turbostatic birnessite-

type. However, differentiating between monoclinic (Space Group: C12/m1) and hexagonal (Space Group: P63/mmc)

symmetry is challenging due to the pure crystallinity of the sample. The prominent characteristic reflexes associated

with the birnessite structure are highlighted in Fig. 1(b). The shape of the XRD pattern suggests a small crystallite size,

imperfections, and the turbostatic nature of the sample. The extinction of some reflexes in the pattern provides evidence

for morphological anisotropy observed in such morphological objects like plate-like, lamellar, sheet-like ones.

Birnessite phases are characterized by a layered structure composed of single sheets of [MnO6] octahedrons [26].

In natural birnessite, water molecules and alkaline metal ions are known to occupy the interlayer spaces between the

octahedral layers of [MnO6], typically resulting in a distance between layers of approximately 7 Å [26, 27]. However,

in synthetic birnessite, interlayer spaces are predominantly occupied by H2O molecules, leading to an increased distance
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FIG. 1. PXRD pattern of the MnO2 nanocoatings obtained by SILD method (a) and patterns of the

references from ICSD (b)

between successive layers of manganese octahedrons. In turbostatic structures, order within the planes in the a and b

directions is maintained, but there can be a misalignment or complete disorientation within the plane in the c direction [28].

The most intense peak at around 2θ = 12
◦ in the PXRD pattern (Fig. 1(a)) is the indicator of the order in the c direction.

However, this peak is weak, suggesting a severe misalignment between manganese octahedron layers. The location of

this peak corresponds to a d-spacing of 7.38 [±10] Å.

The analysis of SEM data confirms the porous morphology of the synthesized sample. As shown in Fig. 2(a)

nanocoating is formed by spherical-like micron-size aggregates of randomly shaped structures. SEM image with higher

magnification (Fig. 2(b)), shows that the structure of MnO2 is porous and built up of set nanosheets with flower-like

morphology. EDX results indicate the presence of Mn and O atoms with a small impurity of C, K and S atoms in the

nanocoating (no more than 1 %).

The Raman spectrum, presented in Fig. 3, supports the hexagonal birnessite-type structure of the synthesized sample.

The relationship between the two highest frequency modes (at around 570 and 680 cm−1) is characteristic of the hexagonal

birnessite-type structure 4. Moreover, the shift of the high frequency mode at 680 cm−1 aroused from [MnO6] octahedral

layer’s motions parallel to layer stacking direction is dependent on the interlayer spacing in birnessite-type structures [29,

30]. In work [30], a plot was constructed, depicting the relationship between the Raman shift of the high-frequency mode

and the d-spacing, which was subsequently linearly approximated. The determined d-spacing value of 7.38 [±10] Å and

the observed shift of the high-frequency mode to 680 cm−1, as determined in the present study, closely align with the

FIG. 2. SEM images of manganese oxide nanocoatings obtained after 30 treatment SILD cycles at

lower (a) and at a higher magnification (b)
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FIG. 3. Raman spectrum of the MnO2 nanocoatings obtained by SILD method

results of this approximation. The observed consistency, coupled with an analysis of the intensity distribution of high-

frequency modes, serves as additional confirmation of the presence of a hexagonal birnessite-type structure within the

obtained sample, characterized by the exclusive intercalation of water molecules between the octahedral layers.

Further, the electrochemical characteristics of the obtained nanocoatings as pseudocapacitor electrodes were eval-

uated. In an alkaline electrolyte (1 M NaOH) in the electroactive layer of MnO2, the Mn(IV)/Mn(III) redox reaction

occurred, which was observed through wide cathode and anode peaks on the CVA curve Fig. 4(a). In a neutral electrolyte

(1 M Na2SO4), MnO2 electrodes demonstrated pseudocapacitance behavior. The shape of the CVA was close to rectan-

gular with small peaks on the cathode and anode curves Fig. 4(c). The anodic peak is observed at 0.70 V, and the cathodic

peak at 0.55 V. This redox process may reflect the redox transitions of the manganese Mn(IV)/Mn(III) or can be related

to the cation intercalatioin/deintercalation.

The specific capacitance was determined from the galvanostatic charge-discharge curves shown in Fig. 4(b,d) for an

alkaline and neutral medium, respectively. The measurement was performed at a current density of 1 A/g. The shape of

the charge-discharge curves, as well as the CVA, was typical for pseudocapacitors.

Specific capacities for alkaline and neutral media were 1324 and 297 F/g at current density 1 A/g, respectively. The

obtained high specific capacitances can be explained by the unique porous thin-film structure of MnO2-based electrodes.

The developed morphology and turbostatic structure provides a large number of active sites and a high specific surface

area, which ultimately provides excellent capacitive characteristics.

4. Conclusion

For the first time, manganese oxide of the hexagonal turbostatic birnessite-type was successfully synthesized by a

direct and simple route based on the reduction of KMnO4 by DMSO via SILD method. The characterization of the

nanocoating showed that MnO2 synthesized in this way has a layered structure with an interlayer space of 7.38 Å and

nanoscale crystallites. The morphology obtained by the SEM method, which showed that the nanocoating has a porous

structure formed by a set of nanosheets. At the final stage of the study, the electrochemical characteristics of electrodes

based on nickel foam with manganese oxide nanocoating were studied. The electrodes demonstrated pseudo-capacitive

behaviour and high specific capacitance in both alkaline and neutral electrolytes. Thus, it was shown that the proposed

route for the synthesis of MnO2 makes it possible to obtain a highly efficient capacitive material in conditions of “soft

chemistry” without the use of complex and expensive equipment.
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FIG. 4. CVA curves of MnO2/NF at scan rate 10 mV/s in 1 M NaOH (a) and 1 M Na2SO4 (c). Gal-

vanostatic charge–discharge curves of MnO2/NF at current density 1 A/g in 1 M NaOH (b) and 1 M

Na2SO4 (d)
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ABSTRACT Cerium oxide nanoparticles (CeNPs) are among the most promising materials with pH-sensitive

redox-activity for biomedical nanotechnologies. CeNPs are known to reduce the toxicity of the chemotherapeu-

tic drug doxorubicin (DOX) for normal cells. Here we have proposed and analyzed a new hybrid cerium/silica

containing SiNPs@DOX@CeNPs nanocomposite. We showed that the average size of the nanocomposite is

190 nm and it has a spherical shape. The SiNPs@DOX@CeNPs nanocomposite provides effective synergistic

anticancer activity of CeNPs with doxorubicin (DOX), as well as selective toxicity against human osteosarcoma

(MNNG/HOS) cells in vitro. The SiNPs@DOX@CeNPs nanocomposite may be a good candidate to increase

the effectiveness of cancer doxorubicin chemotherapy.
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terization, drug delivery
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1. Introduction

Currently, nanomaterials are being widely studied as potential means of increasing the bioavailability of drugs and

the effectiveness of therapy for socially significant diseases [1–4]. Cerium oxide nanoparticles (CeNPs) hold a special

place among engineered nanomaterials due to the wide range of their enzyme-like activities and bioavailability. They

possess superoxide dismutase-, catalase- and peroxidase-like properties, as well as recently discovered phosphatase-,

photolyase-, phospholipase-, nuclease-, lipo- and phospholipoperoxidase-like properties [5]. This makes CeNPs a unique

multifunctional nanozyme and expands the scope of its future biomedical applications [6–8]. Moreover, it is known that

CeNPs increases the bioavailability of a number of biologically active compounds, for example, curcumin [9], and also

provides selective redox activity of widely used therapeutic agents for example, doxorubicin (DOX) [10, 11].

DOX has been widely acknowledged as the most commonly used anticancer drug for several decades [12]. How-

ever, DOX administration is related to some side effects including the toxicity to multiple organs as well as resistance

development towards DOX of cancer cells [13–15]. The use of nanoscale carriers, silica nanoparticles (SiNPs) belong to,

is considered as potential solution to increase the performance on tumor cells and reduce the adverse effects on normal

cells of DOX due to their ability to access efficaciously into tumor cells [16]. Interestingly, CeNPs with their concomitant

administration with DOX managed to mitigate doxorubicin-induced hepatic insult on both histological and biochemical

aspects in rats. Recently, an inspiring in vitro study [17] has reported that the co-administration of CeNPs with DOX

could boost its anti-neoplastic activity in melanoma cells without hampering the viability of normal stromal cells [10].

Moreover, cerium-based nanomaterials were found to enhance the chemosensitization of cancer cells rather than normal

cells [11].

Moreover, it has been revealed that the biomimetic enzyme activity of the CeNPs was positively correlated with its

surface area-to-volume ratio [18]. It is nanocrystalline cerium oxide of 2 – 10 nm size that most clearly manifests its

biological activity, which was shown in vitro and in vivo [19, 20]. However, due to the ultrasmall size of CeO2 particles,
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short circulation half-time and interparticle agglomeration are anticipated, which compromises the bioavailability and

enzyme-like activity of the CeNPs in the targeted site.

SiNPs can be used to accommodate ultrasmall CeNPs to solve this problem. SiNPs have been widely studied as

effective systems for the delivery of therapeutic and diagnostic agents to combat various types of diseases, including dia-

betes, oncological diseases, and diseases accompanied by inflammatory processes [21–25]. It has been shown that, when

ingested, SiNPs are rapidly degraded in the excretory organs to orthosilicic acid and excreted in the urine [26–28]. In ad-

dition, this approach will also make it possible to combine a model therapeutic agent (DOX) in one nanocomposite. There

are several studies showing the possibility of using SiNPs to deliver DOX and CeNPs separately [18, 29]. We found only

one paper where the responsive system was designed based on CeNPs coated DOX and photosensitizer hematoporphyrin

dual-loaded mesoporous SiNPs for synergetic chemotherapy and photodynamic therapy [30].

Thus, the aim of the present study is to combine CeNPs and DOX in a single nanocomposite using simple SiNPs

synthesis technique as a basis in order to analyze their properties and selective toxicity in vitro. The results obtained are of

special importance for advancing the pharmacotherapeutic applications of CeNPs for the treatment of socially significant

diseases and development of synergetic chemotherapy.

2. Materials and methods

2.1. Materials

Tetraethoxysilane (TEOS) (purity ≥ 99.0 %) was obtained from Sigma-Aldrich (USA), aqueous ammonia (25 %)

was purchased from Dia-M (Russia), ethanol (purity 94 – 96 %, ACS) was obtained from Alfa Aesar (USA), anhydrous

copper (II) sulfate (purity ≥ 99.0 %) was purchased from Acros Organics (Belgium). CeNPs were obtained from Kur-

nakov Institute of General and Inorganic Chemistry of the Russian Academy of Sciences. DOX was obtained from Teva

Pharmaceutical Industries (Israel).

2.2. SiNPs synthesis

The synthesis procedure was carried out using the Stöber method [31]. Ethanol was preliminarily dried to reduce

the amount of H2O entering the system. To do this, anhydrous copper (II) sulfate was added to 94 – 96 % ethanol, kept

for 24 h, and then the resulting ethanol was filtered off. The process of ethyl alcohol drying was carried out for 14 days.

Then, 0.2 M ammonia was added to 50 ml of anhydrous ethanol, then the beaker was placed on a magnetic stirrer and

the solution was stirred (500 rpm) at room temperature for 10 minutes. Then 0.1 M TEOS was added dropwise, the

resulting solution was stirred for 1 hour. Mixture solutions were centrifuged at 6000 rpm for 20 minutes, then washed

with anhydrous ethanol and deionized water. The washing cycle was repeated until the required pH was reached. After

each step of the synthesis, the pH of the solutions was measured to control the rate of reactions under alkaline conditions

(pH > 10). The resulting SiNPs sol in water after completion of all stages was stored at a temperature of 4 ◦C. Then,

other types of SiNPs were synthesized with a change in one of the synthesis parameters in the established range (Table 1),

while the remaining characteristics corresponded to the standard protocol presented above.

2.3. CeNPs synthesis

The aqueous sol of CeNPs stabilized by citrate ions was prepared according to the procedure below: 0.24 g of citric

acid was dissolved in 25 ml of 0.05 M aqueous solution of cerium (III) nitrate. This solution was rapidly added to 100 ml

of 3 M ammonia solution under stirring and kept for 2 h. A stable sol of CeNPs is thus obtained [32].

TABLE 1. SiNPs samples obtained by variations in synthesis characteristics (ammonia, ethanol, TEOS)

using the Stöber method

Sample

name

Ammonia concentration,

M

Ethanol volume,

ml

TEOS concentration,

M

A 0.2 50 0.1

B 0.5 50 0.1

C 0.6 50 0.1

D 1.2 50 0.1

E 0.2 25 0.1

F 0.2 75 0.1

G 0.2 50 0.04

H 0.2 50 0.2
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2.4. SiNPs@DOX@CeNPs synthesis

The following was done for the modification of nanoparticles with DOX: 900 µl of water was added to 100 µl of

SiNPs particles. Then DOX was added to SiNPs at concentrations of 0.5, 1, 2.5, 5 mg/ml. The resulting solutions were

mixed on a rotary mixer for 24 h in the dark. Then the pH of the solutions was adjusted to 7.8 with 0.1 M Na2HPO4.

The resulting nanoparticles were collected by centrifugation (9000 rpm, 10 min) and washed with deionized water three

times. The amount of loaded DOX was analyzed by spectrophotometry as detailed below in 2.5. Then the ratio of SiNPs

and CeNPs was 1:1.43 to modify the nanoparticles. CeNPs were added in concentration 200 mg/ml to SiNPs solution,

then the solution was placed in the ultrasonic bath for 1 minute, after which the nanoparticles were left to mix on a rotary

mixer for 15 h [33]. The nanoparticles were collected by centrifugation (9000 rpm, 20 min) and washed 3 times with

deionized water.

2.5. DOX loading

The amount of loaded DOX was measured by spectrophotometry using a microplate spectrophotometer Multiscan

FC (Thermo Fisher, USA) with a detection wavelength of 480 nm. The encapsulation efficiency (EE) was calculated as

amount of DOX loaded in SiNPs/amount of drug added × 100 %; loading capacity (LC) was calculated as amount of

DOX in SiNPs/amount of SiNPs × 100 % [29].

EE (%) =

[(

Amount of DOX loaded into SiNP

Initial amount of DOX

)]

× 100,

LC (%) =

[(

Initial amount of DOX – amount of DOX supernatant

Amount of MSN + amount of DOX

)]

× 100.

2.6. Nanoparticles size, shape, ζ-potential and EDX analysis

Size of nanoparticles was measured by scanning electron microscopy (SEM) using an NVision 40 microscope (Carl

Zeiss, Germany) at an accelerating voltage of 3 kV. The shape of the nanoparticles was analyzed by transmission electron

microscopy (TEM) using a JEM-1011 electron microscope (JEOL, Japan). The chemical composition analysis (energy

dispersive X-ray analysis, EDX) of the samples was performed using a Carl Zeiss NVision 40 field emission scanning

electron microscope equipped with an Oxford Instruments Oxford Instruments INCA (80 mm2) detector, at an accelerating

voltage of 20 kV. The hydrodynamic diameter and ζ-potential of the resulting nanoparticles were measured using dynamic

light scattering (DLS) and electrophoretic light scattering (ELS) with a Zetasizer Nano ZS nanoparticle characterization

system (Malvern Panalytical, UK). The measurements were carried out at 25 ◦C. Each measurement represented an

average of 15 runs (the number of runs was determined automatically by the instrument). The signals were analyzed using

a single-plate multichannel correlator coupled to computer equipped with the Zetasizer Software package for estimating

the diameters by the distribution analysis model. All the samples were measured at least 5 times; the average measurement

error was about 5 %.

2.7. BET surface area analysis

SiNPs specific surface area (SBET) was determined using a low-temperature nitrogen adsorption device

Sorbtometer-M (Katakon, Russia) using the Brunauer–Emmett–Teller (BET) model based on experimental data in P/P0

range of 0.05 – 0.25. Before the measurements, the samples were outgassed for 1 h at 200 ◦C under a nitrogen flow.

2.8. FTIR-spectroscopy

The Fourier-transform infrared (FTIR) spectra of the samples were obtained using a Spectrum 65 FT-IR spectrometer

(Perkin Elmer, USA) with a Quest ATR attenuated total reflection (ATR) accessory (Specac, UK) in the wavenumber

range of 400 – 4000 cm−1.

2.9. Raman spectroscopy

Raman spectra were obtained using a Confotec NR500 Raman microscope (Sol Instruments, Belarus) at 633 nm

excitation laser wavelength operating at ∼3 mW power using ×40 magnification lens (NA = 0.75).

2.10. Cell culture

Human Mesenchymal Stem cells (hMSc) were isolated from the tooth pulp of a healthy donor, according to or-

thodontic prescription and with the informed consent of the patient. All procedures were carried out in accordance with

the approved clinical rules for biomaterial sampling. Human Bone Osteosarcoma (MNNG/HOS) cell culture was ob-

tained from the Cryobank of the Institute of Cell Biophysics of the Russian Academy of Science (Russia). hMSc and

MNNG/HOS were cultured in Dulbecco’s Modified Eagle’s Medium (DMEM)/F12 (1:1) with the addition of 10 % fetal

bovine serum and 100 U/ml penicillin/streptomycin under 5 % CO2 at 37 ◦C.
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2.11. MTT assay

The determination of mitochondrial and cytoplasmic dehydrogenases activity in living cells was carried out using a

MTT assay based on the reduction of the colorless tetrazolium salt (3-[4.5-dimethylthiazol-2-yl]-2.5-diphenyltetrazolium

bromide, MTT, Sigma-Aldrich, USA). Briefly, SiNPs, SiNPs@CeNPs, SiNPs@DOX@CeNPs, DOX and CeNP were

added to cells growing in 96-well plates (for 24, 48 and 72 h at 37 ◦C in humid air (98 %) containing 5 % CO2). 3 h

prior to the end of the exposure period, the supernatant was removed, and MTT solution in phosphate-buffered saline

(0.5 mg/mL, 100 µL/well) was added to the cells for 10 min. Upon the completion of the exposure period, the supernatant

was removed, and a lysis solution containing 0.1 % sodium dodecyl sulfate (Sigma-Aldrich, USA) solution in dimethyl

sulfoxide was added. Plates were shaken for 10 min, placed on a microplate spectrophotometer Multiskan FC (Thermo

Fisher, USA), and the absorbance was read colorimetrically at 570 nm. Each experiment was repeated three times, with

five replications.

2.12. Live/dead assay

Cell viability after exposure to nanoparticles was assessed using a Carl Zeiss Axiovert 200 microscope. Cells were

seeded into 96-well plates and stained with Hoechst 33342 fluorescent dye (absorption – 350 nm, emission – 461 nm)

and a propidium iodide dye (absorption – 493 nm, emission – 636 nm). The dyes were added to the DMEM/F12 without

serum (1 µg/ml) and the plate was placed in a CO2 incubator for 15 min. Microphotographs were taken after washing the

cells with a phosphate-buffered saline. For each cell group, four fields in each well were examined. The number of cells

(total cells/dead cells) was calculated using the ImageJ software.

3. Results and discussion

3.1. Synthesis, properties and characterization of nanoparticles

3.1.1. Synthesis, properties and morphology of SiNPs. To obtain SiNPs, the Stöber method is widely used [31], being

one of the most widespread and easy-to-control methods for obtaining nanoparticles of controlled size, shape, and mor-

phology [34]. For the biomedical applications the preferred nanoparticles size is to be in the range of 10 – 150 nm. This

is due to the fact that nanoparticles smaller than 10 nm are rapidly excreted by the renal system. On the other hand, too

large nanoparticles (more than 200 nm) do not pass through endothelial pores. Optimizations of the synthesis conditions

are required to achieve the optimal SiNPs size. The influence of the concentrations of TEOS/ethanol/ammonia on the size

and morphology of the synthesized SiNPs was studied (Table 1). The particle size and other structural characteristics the

concentrations of the precursors of each sample are shown in Table 2.

TABLE 2. Main characteristics of SiNPs

Sample

name

Particle diameter

(SEM), nm

Hydrodynamic diameter

in deionized water, nm

ζ-potential

in deionized water, mV
PDI

A 70± 6 140± 12 −53.6± 1.8 0.14± 0.02

B 77± 13 285± 23 −54.5± 2.5 0.19± 0.01

C 110± 17 253± 21 −30.1± 1.4 0.15± 0.01

D 682± 28 755± 17 −10.2± 1.5 0.73± 0.02

E 77± 9 126± 16 −53.5± 0.9 0.16± 0.01

F 282± 10 403± 26 −45.8± 1.7 0.51± 0.02

G 94± 11 104± 15 −46.2± 1.4 0.28± 0.01

H 342± 15 363± 19 −59.4± 2.3 0.24± 0.01

The size of the nanoparticles was investigated using DLS and SEM (Table 2, Fig. 1) methods. TEOS acts as a silica

precursor for the synthesis of SiNPs, and its concentration affects the rate of seed growth and nucleation [32]. An increase

in TEOS concentration raises the number of hydrolyzed silicic acid monomers and ultimately the size of SiNPs. For the

0.1 M TEOS, the nanoparticles have optimal size for biological applications (hydrodynamic diameter is 140 ± 12 nm

(ζ-potential of −53.6 ± 1.8 mV) with low PDI values of 0.14 ± 0.02). The PDI values confirm high homogeneity of

the samples. Ammonia used during Stöber synthesis acts as a catalyst for the hydrolysis of TEOS (silica precursor), i.e.,

partially to fully hydrolyzed silanol monomers are produced with increasing ammonia concentration. It enhances the

degree of polymerization/condensation and hence leads to the larger SiNPs. Less hydrolyzed monomers are produced at

lower ammonia concentration resulting in the small-sized SiNPs. With an increase of ammonia concentration from 0.2

to 1.2 M, the particle size increased from 70 to 680 nm. It is known that there is a correlation between the ammonia
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concentration and the size of silica spheres, which is associated with the processes of increasing polymerization [31, 35].

Smaller size of spherical SiNPs was obtained using a lower concentration of ethanol. This may indicate that the solvent

interacts with silanol groups (Si–O–H) in the formation of SiNPs. The particle size increases with the length of the alcohol

chain [36].

FIG. 1. SEM images of SiNPs obtained by varying concentrations of ammonia: 0.2 M (A); 0.5 M (B);

0.6 M (C) and 1.2 M (D); by varying the volume of ethanol: 25 ml (E) and 75 ml (F); by varying the

concentration of TEOS 0.04 M (G), 0.2 M (H)

The morphology of SiNPs was observed using SEM images (Fig. 1). SiNPs showed uniform particle distribution

with a diameter of 70 to 670 nm. All synthesized SiNPs have spherical shape. Spherical nanoparticles with hydrodynamic

diameter of 140± 12 nm were chosen for the further modification in this study.

SiNPs specific surface area was measured to be SBET = 19 m2/g (Sample A, Tables 1, 2). That value corresponds to

smooth spherical SiNPs (ρ = 2.1 g/cm3) of about 150 nm in diameter d [nm] =
6 · 103

p · SBET

, which is significantly higher

than the particle size estimated from SEM (70± 6 nm). Thus, the obtained surface area value is probably underestimated

due to BET method experimental error [37] and SiNPs aggregation during the sample degassing stage.

3.1.2. SiNPs@DOX, SiNPs@CeNPs, SiNPs@DOX and SiNPs@DOX@CeNPs synthesis and properties. SiNPs were

synthesized by the method described above. At the next stage, DOX was conjugated to the SiNPs surface. In order to

confirm the adsorption of DOX on SiNPs surface and the absence of the chemical interaction between them, an FTIR and

Raman spectroscopy study was carried out (Fig. 2).

FIG. 2. (a) FTIR and (b) Raman spectra of SiNPs loaded with DOX

FTIR spectrum of SiNPs is typical for sol-gel silica nanoparticles with, all major silica bands vibrations present:

bending O–Si–O (434 cm−1), breathing (Si–O)3 cycle vibrations (548 cm−1) and Si–O–Si stretching vibrations (796,

1054 and 1200 (shoulder) cm−1) [38]. The peak at 946 cm−1 is attributed to Si–OH stretching vibrations at nanoparticles

surface; the presence of OH-groups is also confirmed by the negative δ-potential of SiNPs (Table 2). The bands of

bending (1630 cm−1) and stretching (∼ 3300 cm−1) vibrations of residual water in SiNPs are also present [39]. The
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FTIR spectrum of the nanoparticles barely changed after the DOX loading. The only new vibration bands appeared at

1420 and 1560 cm−1 which can be attributed to C=C bond vibrations in the aromatic structure of DOX [38–40].

To reliably confirm DOX loading at SiNPs, Raman spectroscopy was used due to its better sensitivity to nonpolar,

but polarizable moieties [41], such as aromatic system of DOX molecule. Spectrum of bare SiNPs was also typical for

SiNPs: bonds at 354 (O–Si–O deformation), 469 (HO–SiO3 breathing mode), 801 (Si–O–Si stretching) and 972 cm−1

(Si–OH asymmetric stretching) were observed [38, 42]. After DOX incorporation in SiNPs many new vibration bands

were registered in Raman spectrum indicating the successful DOX adsorption, with the main characteristic DOX bands

at 454 and 1082 cm−1 (deformation C–O vibrations), 996 cm−1 (C–C ring breathing vibration), 1201 and 1265 cm−1

(combinational modes of ring breathing vibrations and OH band deformation), and 1571 cm−1 (non-aromatic ring stretch-

ing) [38,42–44]. No noticeable band wavelength shift was registered for SiNPs@DOX composite compared to pure DOX

indicating the lack of chemical interaction between silica and DOX.

DOX loading was studied using different concentrations of DOX, the evaluation of the SiNPs modification efficiency

was carried out by calculating the EE and LC parameters. EE and LC values of DOX in SiNPs are shown in Table 3. With

an increase in the concentration of loaded DOX from 0.5 to 5 mg/ml, the EE of the drug increased from 90.69 to 98.99 %.

Also, the drug loading capacity increased from 75.57 to 97.04 %. Thus, in the further study, the DOX concentration

of 5 mg/ml was selected for the fabrication of SiNPs@DOX. SiNPs are effectively loaded with DOX mainly due to the

physical adsorption.

TABLE 3. Encapsulation efficiency (EE) and loading capacity (LC) of DOX in SiNPs

Amount of loaded DOX, mg/ml EE, % LC, %

0.5 90.69 75.57

1 95.34 86.68

2.5 98.13 94.36

5 98.99 97.04

At the second stage, SiNPs@DOX were conjugated with CeNPs. In this study, we used a simple procedure for the

synthesis of stable aqueous cerium oxide sols and studied the effect of the concentration and molar ratio of the initial

reagents on the size of CeNPs [32]. The average size of CeNPs was about 5 nm by TEM (Fig. 3A), while an average

hydrodynamic diameter of CeNPs was 16± 4 nm (Table 4). The average hydrodynamic diameter of SiNPs without DOX

and CeNPs was 140 ± 12 nm. The size of the SiNPs modified with CeNPs was 123 ± 3 nm. Adsorption of DOX to

the SiNPs led to increasing nanoparticles’ hydrodynamic diameter to 150 ± 17 nm (ζ-potential of −23.7 ± 2.0 mV).

Adsorption of CeNPs on the SiNPs@DOX led to increasing the nanocomposite hydrodynamic size to 198± 13 nm. This

increase indicates that CeNPs were adsorbed on the surface. Measurements of the SiNPs@DOX@CeNPs diameter were

also carried out using the SEM method (Fig. 4), which confirmed an average size of about 190 nm. SiNPs@DOX@CeNPs

nanocomposite has a spherical shape which was confirmed by TEM (Fig. 3B).

FIG. 3. Size distribution of CeNPs (A), TEM high magnification image of SiNPs modified by DOX

and CeNPs (SiNPs@DOX@CeNPs) (B)

The chemical composition of SiNPs@DOX@CeNPs nanoparticles was confirmed with EDX analysis (Fig. 5). As

expected, only Si, Ce, O and C elements were found. The Si:Ce (SiO2:CeO2) ratio in the sample was 9:1, and the

difference in SiO2:CeO2 ratios measured in ten different locations did not exceed 1 %.
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FIG. 4. SEM image of SiNPs modified by DOX and CeNPs (SiNPs@DOX@CeNPs) (A); size distri-

bution of SiNPs@DOX@CeNPs (B)

TABLE 4. Physical characteristics of the core-shell nanocomposite and its individual components

Samples Hydrodynamic diameter, nm ζ-potential, mV

SiNPs 140± 12 −53.6± 1.8

CeNPs 16± 4 −41.7± 1.2

SiNPs@CeNPs 123± 3 −31.2± 2.1

SiNPs@DOX 150± 17 −19.4± 2.4

SiNPs@DOX@CeNPs 198± 13 −23.7± 2.0

FIG. 5. EDX spectrum of SINPs@DOX@CeNPs
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3.2. Cytotoxicity study of SiNPs@DOX@CeNPs

The cytotoxicity of the SiNPs, free DOX, CeNPs, SiNPs@CeNPs, SiNPs@DOX@CeNPs was assessed using MTT

method and Live/Dead assay (cell viability analysis by fluorescent dye staining). Human mesenchymal stem cells

(hMSc) and human bone osteosarcoma cells (MNNG/HOS) were separately incubated with SiNPs, free DOX, CeNPs,

SiNPs@CeNPs, SiNPs@DOX@CeNPs (70 µM) for 24, 48 and 72 h. The concentration of 70 µM was chosen as the op-

timal for detecting biological effects, while being non-toxic. The cell cultures were chosen because DOX [45–47] is often

used for osteosarcoma chemotherapy, and so it is of primary importance to establish how new nanocomposite could affect

cancer cells. Mesenchymal stem cells were used to study the effect of the nanocomposite on normal cells. As it is shown

in Fig. 6 the dehydrogenase activity of hMSc was not decreased upon incubation with all tested the types of nanoparticles

for three days. On the contrary, DOX provided a decrease in activity up to 50 % by 72 h of incubation. The results of

cell viability analysis by fluorescent staining showed that the nanoparticles upon incubation during 24, 48 and 72 h with

hMSc did not have a cytotoxic effect in the concentration (Fig. 7). IC20 and IC50 for SiNPs, CeNPs, SiNPs@CeNPs,

SiNPs@DOX@CeNPs were not detected. The ratio of dead cells to total cells increased by 30 – 50 % compared to the

intact control in experiments with hMSc incubation with DOX.

FIG. 6. MTT assay results obtained on human mesenchymal stem cells (hMSc) in vitro. The test was

carried out after 24 (A), 48 (B), and 72 (C) h. Results are represented as a mean ± SD. The values

of the metabolic activity of cells are shown as a percentage of the control. Statistical significance was

assumed for P -values < 0.05: (*P < 0.05, **P < 0.01)

FIG. 7. Live/dead test results obtained on human mesenchymal stem cells (hMSc) in vitro. The test was

carried out after 24 (A), 48 (B), and 72 (C) h of cell incubation with tested samples at a concentration

of 70 µM. The values are indicated as a percentage of the number of dead cells to their total number

24 h after incubation of MNNG/HOS with free DOX, the dehydrogenase activity of cells (Fig. 8) was comparable to

control values, and no decrease in dehydrogenase activity was observed in the case of incubation with SiNPs@DOX@CeNPs.

Therefore, during incubation for 48 h with free DOX, no significant differences were observed with the control. During

the incubation of MNNG/HOS with SiNPs@DOX@CeNPs, dehydrogenase activity decreased by 45 % compared to the

intact control. When the MNNG/HOS is incubated for 72 h with free DOX, 25 % decrease in the dehydrogenase activity

of the cells is observed compared to the control. In the case of MNNG/HOS incubation with SiNPs@DOX@CeNPs, the

dehydrogenase activity of cells decreased by 65 % compared to the control. Thus, the MNNG/HOS cell culture, despite

the initial decrease in dehydrogenase activity, showed resistance to free doxorubicin over time. On the contrary, DOX

incorporated SiNPs@CeNPs had an inhibitory effect on the viability of MNNG/HOS after three days of incubation with

SiNPs@DOX@CeNPs. Live/dead test results show (Fig. 9) an increase in the number of dead cells up to almost 80 %
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with SiNPs@DOX@CeNPs incubation. The effect shown on cell cultures may be due to the fact that CeNPs possess

self-regenerative, redox-responsive dual-catalytic activities, thus attracting interest as an innovative means to treating can-

cer [48–50]. Depending on surface characteristics and environment, CeNPs exerts either anti- or pro-oxidative effects

which regulate reactive oxygen species (ROS) levels in biological systems. CeNPs mimics ROS-related enzymes that

protect normal cells at physiological pH range from oxidative stress and induce ROS production in the slightly acidic

tumor microenvironment to trigger cancer cell death [51, 52].

FIG. 8. MTT assay results obtained on human bone osteosarcoma cells (MNNG/HOS) in vitro. The

test was carried out after 24 (A), 48 (B), and 72 (C) h of cell incubation with tested samples at a

concentration of 70 µM. Results are shown as a mean ± SD. The values of the metabolic activity of

cells are indicated as a percentage of the control. Statistical significance was assumed for P -values

< 0.05: (*P < 0.05, **P < 0.01

FIG. 9. Live/dead test results obtained on human bone osteosarcoma cells (MNNG/HOS) in vitro. The

test was carried out after 24 (A), 48 (B), and 72 (C) h of cell incubation with tested samples at a

concentration of 70 µM. The values are shown as a percentage of the number of dead cells to their total

number

The results obtained, indicated that SiNPs@DOX@CeNPs provided high cytotoxicity to cancer cells while having

protective effect on normal cells.

4. Conclusions

Herein, a new hybrid nanocomposite SiNPs@DOX@CeNPs based on silica nanoparticles (SiNPs), doxorubicin

(DOX) and cerium oxide nanoparticles (CeNPs) were proposed as multimodal platform having selective cytotoxicity

to cancer cells. The synthesized nanocomposite was characterized by SEM, TEM, FTIR, DLS and Raman spectroscopy.

The average size of the nanoparticles is 190 nm. The proposed drug loading method provides a high doxorubicin ca-

pacity (over 90 %). SiNPs@DOX@CeNPs demonstrated low toxicity to the human mesenchymal stem cell line, while

exhibited high toxicity to osteosarcoma cells reducing their viability by up to 30 % compared to untreated control. CeNPs

enhance the cytotoxic effect of doxorubicin when introduced in the nanocomposite. The SiNPs@DOX@CeNPs has a

great potential for effective drug delivery aimed at increasing the efficiency of cancer treatment.
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ABSTRACT The mutual influence of the process of electric charge generation in nitrate organic precursors

and a constant external magnetic field on the magnetic properties formation was considered for lanthanum

strontium manganite La0.7Sr0.3MnO3±y powders obtained via combustion reactions. The investigated proper-

ties of the obtained samples include hysteresis, magnetocaloric and magnetoresistive effects. The correlation

between formation process of extended ensembles of nanoparticles and the functional properties of complex

oxide materials was also discussed. The manifestation of a strong magneto-gas-selective effect has been ob-

served during the combustion of precursors in a constant magnetic field, which affects the charge generation

process.
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1. Introduction

Complex oxides based on lanthanum manganite with a perovskite-like structure are widely used as multifunctional

materials, for example, in various sensor devices, energy converters and other due to their unique properties. They in-

clude magneto-optical properties [1], the presence of colossal magnetoresistance effects [2–5] and magnetocaloric prop-

erties [6–12] that are acceptable for practical, including biomedical, applications. In particular, the colossal magnetore-

sistance is due to the presence of manganese ions with oxidation states of +3 and +4 in the perovskite structure, leading

to the emergence of kinetic ferromagnetic electron exchange and ferromagnetic ordering in doped manganites containing

ions with mixed valences, which is achieved, for example, by introducing heterovalent substituents into the lanthanum

sublattice. One of the most important aspects of the use of lanthanum manganite materials is their high catalytic proper-

ties [13–16]. Due to these properties, the aforementioned perovskites are used in solid oxide fuel cells and thermocatalytic

devices for environmental protection. The functional properties of these materials are influenced by synthesis character-

istics, particle size and morphology. In some cases, complex oxide materials consisting of nanoscale particles and their

ensembles exhibit the most favorable properties. Methods based on the use of appropriate salts (often nitrates) as starting

forms have significant advantages in the synthesis of such materials. Among the above-mentioned methods, Solution

Combustion Synthesis (SCS) occupies one of the most important positions due to its simplicity of implementation, the

possibility of varying the conditions for obtaining the materials, which makes it possible to control their properties. In

particular, Solution Combustion Synthesis allows one to obtain highly efficient nanostructured complex oxide catalysts,

including deposited ones [14, 17–19]. In addition, it is advisable to pay attention to the formation of magnetic properties

of the materials during synthesis.

In addition to the target electromagnetic properties of lanthanum manganite-based perovskites, it is also important to

consider the potential influence of the magnetic properties of catalytic materials on heterogeneous catalytic reactions [20–

24], such as the combustion of toxic substances. The phenomenon of the so-called magnetogas-selective effect, which is

based on the determinative flow of paramagnetic oxygen molecules from the air onto the catalyst surface and the expulsion

of diamagnetic molecules of catalytic oxidation products and nitrogen, helps to increase the efficiency of thermocatalytic

devices. At the same time, simultaneous reduction of nitrogen oxides occurs. Similar effects have been observed in liquid

© Ostroushko A.A., Gagarin I.D., Kudyukov E.V., Zhulanova T.Yu., Permyakova A.E., Russkikh O.V., 2023
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reaction media. The magnetogas-selective effect could be used in various reactions to control their kinetics. On the surface

of lanthanum manganite-based catalysts, heterogeneous redox reactions occur even at temperatures below 100 ◦C [14],

where the catalytic material is able to exhibit ferromagnetic properties. Therefore, the possibility of the above effect

should be considered.

The properties of complex oxide materials obtained via combustion reactions are influenced by such conditions as

process temperature, composition and concentration of the gases formed. One of the important phenomena accompanying

the synthesis processes of complex oxides by combustion of nitrate-organic precursors [5,16,19,25–56] is the generation

of high-density electric charges in the precursors and nanoparticles [45, 56–63]. The possibility of charge formation is

associated with the release of ionized molecular groups into the gaseous environment and also with the lability of the

oxidation state of transition metal ions which are the part of the precursors and the resulting material. The density of

such charges correlates with the potential difference between the precursor and the earth, which can be conveniently

measured [45], and its value reaches hundreds of volts. The potential differences detected on different sides of the

combustion front during the implementation of the self-propagating high-temperature synthesis method do not exceed

tenths or units of volts [64–71], and ionization of the gaseous environment is also possible when using this method.

In many cases, the presence of charges during SCS determines the morphology of the synthesized complex oxides and

has a significant impact on powder sintering processes. The temperature interval of intense sintering can be reduced by

hundreds of degrees in the presence of high charges [57, 59]. The presence of high charges leads to mutual repulsion of

nanoparticles, formation of small contact area between them, which significantly increases the reserve of excess surface

energy of particles.

It should be noted that there is information in the literature on the influence of external magnetic fields on the forma-

tion of electromagnetic properties of complex oxides [72]. It seems interesting and useful to study how the combination

of two factors – the presence of charges in the precursors and the influence of an external field – affects such properties.

Previously [57], on the example of the lanthanum-strontium manganite La0.7Sr0.3MnO3±y , it was found that the appli-

cation of an external alternating electromagnetic field leads to a decrease in saturation magnetization and coercive force

of the obtained materials, due to the disordering effect of the aforementioned field. The presence of medium intensity

charge generation generally has a favorable effect on the hysteresis properties. The investigations in the above work [57]

were carried out on samples with identical crystallographic structures and oxygen non-stoichiometry, which allows one to

compare the results correctly. In this work we have investigated the influence of a constant magnetic field applied during

synthesis on the magnetic properties of lanthanum-strontium manganites.

2. Experimental part

The synthesis of lanthanum manganite powders LaMnO3±δ , including doped La0.7Sr0.3MnO3±δ , was carried out by

combustion of nitrate-organic precursors obtained by mixing two separately prepared solutions. The first one contained

the respective metal nitrates dissolved in distilled water, the second one contained the organic component. Mixing the

solutions resulted in the formation of precursors. The ratio of the organic part to the nitrates was stoichiometric (ϕ = 1)

according to the combustion reaction [59] with the formation of water, carbon dioxide and nitrogen as the main gaseous

products, or exceeded it (ϕ > 1). The following starting reagents (analytical grade) were used: lanthanum (III) nitrate

hexahydrate La(NO3)3 ·6H2O, strontium nitrate Sr(NO3)2, manganese (II) nitrate tetrahydrate Mn(NO3)2 ·4H2O, glycine

(Gly) NH2CH2COOH, polyvinyl alcohol (PVA) (C2H4O)n (viscosity of 4 % aqueous solution at room temperature 11 cP,

content of residual acetate groups not exceeding 2 %) and polyvinyl pyrrolidone (PVP) (C6H9NO)n (molecular weight

40000, Sigma-Aldrich, PVP40).

For the preparation of precursors, two solutions were prepared separately in distilled water containing nitrates of the

corresponding metals and an organic component. Solutions of polymer components (concentration of PVA or PVP – 5

or 10 wt.%, respectively) were prepared by heating in a water bath. When mixing the two solutions, the quantitative

proportions were set in accordance with the stoichiometry of the nitrate combustion reaction with the formation of nitro-

gen, carbon dioxide and water as gaseous products [56]. The resulting solution was poured onto inert substrates, further

evaporation of water (drying) took place at room temperature, this process took up to 7 days, as a result of which pre-

cursors in the form of films containing a stoichiometric amount of an organic component (ϕ = 1) or its double excess

(ϕ = 2) were obtained. Combustion of precursors was carried out in porcelain cups using an alcohol lamp to initiate the

combustion process. The combustion was carried out in the absence or under the influence of a constant magnetic field.

The composition of gaseous combustion products (in particular, the concentration of nitrogen oxide NO, carbon monoxide

CO) was determined using a Testo 350 XL gas analyzer (Testo, Germany). The final heat treatment was carried out at a

temperature of 650 ◦C in the absence or under the influence of a constant magnetic field.

The synthesis was carried out after drying the precursor in air by placing it in a quartz tube reactor with an air

flow of 2 l/min and heating it with an alcohol burner. The level of charge generation was determined as the potential

difference between the precursor and the ground using an IPEP-1 electrostatic field meter (MNIPI, Republic of Belarus)

with a special metal screen made of an inert material as the measuring lead. The device was calibrated by applying a

potential of a given value to the screen using a B5-46 DC source (Priborelectro, Russian Federation). Similarly, to the

method described above, synthesis was carried out by placing the reactor in a constant magnetic field created in the gap
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between the electromagnet poles. Phase composition was determined by diffractometer D8 Advance (Bruker, Germany)

in CuKa radiation (λ = 1.5418 Å). X-ray images were taken in the range of 20 ◦
≤ 2θ ≤ 80

◦ with a step of 0.04 and

a shutter speed of 1 second at the point. Phase identification was carried out using the Fpeak and MATCH! software

packages. Alternatively, the pre-synthesized samples were annealed in a magnetic field. SEM was carried out by means

of AURIGA CrossBeam scanning electron microscope (Carl Zeiss NTS, Germany); the data were controlled, monitored

and analyzed using the Analysis Station software package, AURIGA series, version 3.7. The granulometric composition

of the obtained powders was determined by laser diffraction on a SALD-7101 dispersion analyzer (Shimadzu, Japan).

The hysteresis characteristics and magnetoresistance effect of the samples were measured using a LakeShore VSM 7407

(Lake Shore Cryotronics, USA) vibrating-sample magnetometer with the option of measuring magnetoresistance using

compacted pressed samples. The magnetocaloric effect was measured by the direct method – the adiabatic temperature

change was recorded when the magnetic field was switched on. The magnetic field was applied using a Halbach magnetic

system; the field strength was up to 17 kOe. The system used allowed the field strength to change abruptly from 0 to

maximum.

3. Results and discussion

Complex oxide samples LaMnO3±δ and La0.7Sr0.3MnO3±δ were synthesized by combustion of nitrate-organic pre-

cursors differing in organic component and its quantity. The combustion was carried out in the absence or under the

influence of a constant magnetic field. Phase composition was controlled after the heat treatment at 650 ◦C. The XRD

analysis showed that samples were single phase independently from the precursors’ content and the conditions of both

combustion and annealing. Lanthanum manganite LaMnO3±δ and solid solutions on its base with R-3c spatial group

were formed. The example of XRD patterns is shown in Fig. 1.

FIG. 1. XRD of La0.7Sr0.3MnO3±δ samples synthesized from different precursors without impact of

external magnetic field: 1 – PVP, ϕ = 1; 2 – PVP, ϕ = 2; 3 – PVA, ϕ = 1; 4 – PVA, ϕ = 2; 5 – Gly,

ϕ = 1; 6 – Gly, ϕ = 2

Magnetic (hysteresis) characteristics of lanthanum strontium manganite samples synthesized under the influence of a

constant magnetic field in the absence of a significant external electric field have been obtained (Fig. 2). An example of the

experimental curves used to calculate the magnetic parameters is shown in Fig. 3. Experimental data (after two hours of

annealing at 650 ◦C) revealed certain regularities in the formation of the magnetic properties of the samples, which can be

roughly divided into three groups according to the intensity of the charge generation during the synthesis. The first group

consists of samples whose synthesis was accompanied by high charge generation (potential difference ground – precursor

was up to and above 100 V), the second one – samples with low intensity of charge generation (potential difference close

to zero) and the last – samples in the average range for this parameter. The first group included materials synthesized from

precursors containing PVA, the second – PVP and the third one – Gly. The first group of samples was characterized by

the tendency to an increase of magnetic properties when a constant magnetic field was applied during the combustion of

precursors. While for the samples from the second and third group the measured parameters decreased (coercive force,

Curie temperature) or had a maximum at the average field strength (saturation magnetization) as the field strength applied

during combustion increased.
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FIG. 2. Characteristics of the obtained samples. Hs is the strength of the magnetic field, which was

applied during the synthesis

Analysis of the trends obtained from the experimental data shows that the saturation magnetization value also showed

a maximum as a function of field strength (at 2 kOe) for the samples that had intermediate charges during synthesis. In

contrast, the coercivity of the samples and the Curie temperature showed a minimum. Samples with low charges showed an

increase in coercivity and Curie temperature with increasing field and the dependence with a maximum for magnetization.

It should be noted that in this case the values of the magnetic parameters (saturation magnetization, Curie temperature)

were higher for the samples obtained in the absence of an external field.

The maximum influence of the value of the external magnetic field strength applied during the synthesis on satura-

tion magnetization value was observed for the samples with high generated charges, while the coercive force was more

dependent on the change of the magnetic field for the samples with low values of generated charges. The maximum satu-

ration magnetization values achieved in the described series of experiments had samples from the range of high generated

charges, the coercive force values were higher for samples with medium and low charges. Correspondingly, the Curie
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FIG. 3. Example of experimental magnetization dependence on (a) field strength for LSM sample (syn-

thesized from PVA-containing precursor (ϕ = 2), combustion under the impact of external magnetic

field 2Oe, annealed at 650 ◦C during 2 hours without impact of external magnetic field during thermal

treatment): (1) black curve at 77 K; (2) red curve at 300 K; (b) temperature for LSM, obtained from

PVA-containing precursor (ϕ = 2) annealed at 650 ◦C during 2 hours without impact of external mag-

netic field during combustion of precursor and thermal treatment

temperature was higher for samples with low charges. Based on the results obtained, it can be assumed that the pres-

ence of a magnetic field generally positively influences the formation of the magnetic structure of individual perovskite

particles, which is most pronounced in the case of high charge generation in precursors during synthesis. However, the

presence of high charges, as mentioned above, leads to strong mutual repulsion of nanoparticles and apparently prevents

their specific aggregation into extended ensembles, which provides the increase of the coercive force, the Curie temper-

ature. The dependence of the properties, e.g. the Curie temperature, on the effective size of the formations obtained in

powders has already been noted [5,73] for doped lanthanum manganites. There are also data on rather complicated corre-

lations between the magnetic properties [5, 73] (magnetization) and the size and shape of manganite particles of different

composition or their aggregates, which in turn may be related in particular to the magnetic moment of the manganese

ions, the bonding angle of the Mn-O-Mn clusters in the nanoparticle structure, on their surface and at the interparticle

boundaries. These aspects can also be influenced by synthesis conditions via combustion reactions (magnetic field effect,

etc.), particle shape, packing density, etc.

Magnetocaloric and magnetoresistive effects were investigated for samples obtained under and without a magnetic

field influence (for samples with different intensities of charge generation during the synthesis). Fig. 4 shows an example

of the temperature dependence of the electrical resistivity measured in the absence of a magnetic field and in a constant

magnetic field of 17 kOe or a compact sample of lanthanum strontium manganate in the form of a flat parallelepiped.

The sample was obtained from a precursor containing a stoichiometric (for the combustion reaction) amount of glycine

in a 3 kOe field. The coercive force was also higher for these samples (relatively low charges) (Fig. 2). The higher

values compared to samples obtained from precursors with high charges may also indirectly indicate the positive effect

of extended particle aggregation, which is not prevented by mutual repulsion of nanoparticles. Fig. 5 shows an example

of the measurement of the magnetocaloric effect on a sample of doped lanthanum manganate characterized by the effect

value of about 0.4 K in the temperature range ∼ 200 – 300 K. The sample was obtained from a precursor with intensive

charge generation in the absence of an external field. For comparison, the result for the sample with bulk composition

La0.7Ag0.3MnO3±y (synthesis in field 3 kOe, PVA ϕ = 2, low charges) is given. The indicated effects for the samples

synthesized in combustion reactions have an acceptable value, which indicates the possibility of further studies to establish

the influence of external electromagnetic fields during synthesis on the mentioned target parameters.

Regarding the formation of the morphology of the obtained samples, it could be noted that the possibility of obtaining

a material containing extended ensembles of particles is associated with the superposition of at least two opposite factors.

On the one hand, there is electrostatic repulsion between nanoparticles [74] due to charge generation, and on the other

hand, magnetic interaction between particles is possible [75]. It can be assumed that an additional factor contributing

to the minimization of particle contact is the presence of gases emitted during the combustion process. Considering the

relatively low Curie temperature of the resulting samples, slightly above 100 ◦C, magnetic attraction with the emergence

of the corresponding mutual spatial orientation is mainly possible below this temperature. In the absence of an external

magnetic field, the residual (spontaneous) magnetization is the determining factor, while in the presence of a magnetic

field it is induced by the field. In this case, we can assume that the formation of extended ensembles can occur mainly

when the material cools down after the combustion of the precursor. In the literature, there are examples of modeling the
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FIG. 4. Example of determining the magnetoresistance effect value: a – with a maximum value of

150 % at 77 K; 10 % at 0 ◦C and about 5 % at room temperature for lanthanum strontium manganate

sample, synthesized from glycine containing precursor (ϕ = 1) in a field of 3 kOe; b – lanthanum

strontium manganate sample, synthesized from glycine containing precursor (ϕ = 2) in a field of 3 kOe

FIG. 5. Examples of magnetocaloric effect measurements for samples: a – La0.7Sr0.3MnO3±y; b – La0.7Ag0.3MnO3±y

superposition of attraction and repulsion forces [76] (the interaction potential V ), in particular, during the formation of

extended structures of ferrogels in a liquid medium [74, 77–79], using the corresponding equations. When considering

the interaction potential V of the particles formed in combustion reactions, in principle, the closely acting van der Waals

forces [80] can also be taken into account. However, these forces do not contribute significantly (Fig. 6). In contrast to

the particles of gels, steric repulsion, which is typical for colloidal systems, is not taken into account [81]. The relatively

low permittivity of the gas medium compared to aqueous solutions, where ferrogels and similar formations are formed,

should be considered. This will weaken the electrostatic repulsion.

An approximate scheme of the interaction potential V of manganite particles may look as follows (Fig. 6). Such a

consideration approximates the interaction of at least two complex oxide particles at the initial stage of their chain for-

mation. In this case, the real sizes of the particles and the effective distances between them in the La0.7Sr0.3MnO3±y

sample can be used to estimate the above potentials (Fig. 7). If the average size of a “cell” occupied by each parti-

cle is assumed to be 100 nm, then according to [61], where the charge density on the precursor surface is given as

∼ 2 · 10
−6 C/cm2 or 1013 elementary charges per 1 cm2, we can estimate the charge of each of the 1010 particles to be of

the order of 2 · 10−16 C. This corresponds to the order of 103 excess charges per particle or evaluated by 1 excess elemen-

tary charge per 3.5 · 105 crystallographic cells of lanthanum-strontium-manganite. The potential of electrostatic repulsion

between particles by means of Coulomb’s law in such a case is evaluated as 18 V, which corresponds to rather typical

measured potential difference ground – precursor in the process of synthesis of complex oxides. This value increases with

higher charge densities and correspondingly higher precursor-ground potential difference U .

Consideration of the estimated resultant curve for electrostatic repulsion and magnetic interaction of particles (Fig. 6)

at different precursor charges indicates the possibility of self-organization and formation of extended magnetic formations

in the region of intermediate charges. Despite the approximate nature of the estimation, a correlation with the actually
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FIG. 6. The dependence of interaction potential of particles V/kT from the distance between particles:

a – electrostatic repulsion at a potential difference ground – precursor 1, 10, 100 V (bottom-up), van der

Waals force and magnetic interaction; b – resultant curves for the same potential difference ground –

precursor

(a) (b)

(c) (d)

FIG. 7. SEM of La0.7Sr0.3MnO3±y samples, obtained by combustion of PVA containing precursors

with different ϕ value: a – potential difference ground – precursor fixed during synthesis about 200 V

(weak particle contact); b – potential difference ground – precursor fixed during synthesis about 10 –

20 V (dense contact); c – beginning of chain aggregates formation; d – fractal (branched structures).

SEM images were obtained without changing the integrity of the fragments of materials synthesized via

combustion reactions
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observed interparticle interactions can be seen. Thus, the generation of high charges leads to the predominance of repulsive

forces, while relatively low charges or their practical absence lead to denser contacts between particles (Fig. 7). It is

noteworthy that the particles themselves are close in size, which is apparently determined by physicochemical features

of the oxide material synthesis processes under combustion reaction conditions [82, 83]. Resulting particles with a size

of 50 – 350 nm form submicron and micron aggregates up to 20 µm (Fig. 7). Certain regularity can be observed in the

spatial arrangement of the particles. The difference in powders obtained from precursors with different charge generation

intensities is clearly seen when comparing their intense sintering temperature [57, 59]. This difference is also clearly

seen in the dependence of the specific surface area on the value of the generated potential difference ground – precursor

(Fig. 8). It is very interesting that for deterministic [82,83] particle sizes of complex oxides of different compositions, the

dependence of the specific surface area of powders on the above potential difference is practically the same. This can be

seen, for example, for doped lanthanum manganite and cerium iron oxide (Fig. 9).

FIG. 8. The dependence of the specific surface area (m2/g) on the maximum potential differ-

ence (V ) of the precursor-ground during synthesis from organic nitrate compositions of complex oxides

Ce0.9Fe0.1O2 [65] (circles) and lanthanum manganites (squares)

FIG. 9. SEM of Ce0.9Cu0.1O2 sample synthesized from PVA containing precursor (ϕ = 1)

Apparently, the chains of nanoparticles are not limited to their ability to associate by magnetic interaction. If such

particles have more than two active interaction centers, the chains can branch into Y and X (Fig. 7) and more complex

chains with the formation of dendritic (fractal) structures, the mechanism of whose formation is described in the literature,
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at least for such objects as magnetic fluids [84]. It can be assumed that in the future it would be productive to use a

mathematical technique similar to the models of such media as magnetic fluids and ferrogels to describe and predict the

behavior of systems in which the synthesis of magnetic nanoparticles takes place. It is clear that our approach to estimating

the possibility of forming extended ensembles of nanoparticles is quite suitable for the systems in which complex oxides

exhibit ferromagnetic properties at much higher temperatures than lanthanum manganites. In the first place it concerns

hexaferrites Sr, Ba with magnetoplumbite-type structure, since the Curie temperature of such complex oxides is equal

to their synthesis temperature in combustion reactions. It should also be assumed that the resulting curve of interaction

potentials between particles V for complex oxides, including lanthanum manganite, under the influence of magnetic field,

at the same intensity of charge generation U , will be located below the curve obtained in the absence of external field

(Fig. 6). It is clear that exposure to an external magnetic field, other conditions being equal, increases the tendency to form

nanoparticle chain associations by increasing the magnetization of the material. At the same time, dendritic associates

similar to those observed for manganites (Fig. 7) can also be found in other systems whose morphology formation is not

related to magnetic interaction. A sample based on cerium dioxide (Fig. 9) can serve as an example. It can be assumed

that one of the conditions determining the formation of dendritic structures is usually an intensive volumetric combustion

of the precursor. On the other hand, proper chain ensembles are most likely to be formed under smoldering combustion

or close to the SHS regime.

Some additional assumptions about the processes of synthesis of complex oxide materials via combustion of organic

nitrate precursors could be proposed. Some peculiarities of obtaining the double perovskite Sr2Ni0.7Mg0.3MoO6−d [60]

as a potential anode material for solid oxide fuel cells have already been considered. This and similar materials exhibit

ferromagnetic properties only at rather low temperatures due to the low Curie temperature [83, 85]. However, the forma-

tion of the target product occurs through the appearance of intermediate oxide products containing either molybdenum or

nickel. At the same time, the formation of nano-sized molybdenum oxide particles with an intermediate degree of oxida-

tion, which can form in the presence of organic compounds, nickel oxide and other phases, which may also have magnetic

properties and give rise to extended ensembles, as observed in electron micrographs of samples [60], cannot be excluded.

The presence of such chains may also contribute to the high electrical conductivity of the material [60], obtained from

a precursor with sufficiently intense charge generation. Another important point is the possibility of generating charges

of different sign on the particles of the intermediate phases, which differ in the presence of transition metal ions (Ni,

Mo). The sign of the charge, among other conditions, is related to the tendency of such ions to change the direction

of the degree of oxidation [57]. In case of formation of charges of different signs, such nanoparticles will experience a

sufficiently strong mutual attraction, judging by the value of the electrostatic interaction potentials discussed above. This

point will probably contribute to a good contacting of the intermediate phase particles and facilitate the synthesis of the

final product, as observed in [60].

Further research can include aspects such as the formation of extended structures in complex oxide materials during

their synthesis when coatings are deposited on substrates using combustion reactions. In such a case, the texturing factors

are the electrostatic repulsion of the particles and the topological orientation effect of the substrate. An example is the

textured coating of YBa2Cu3O7−δ on an oxide support (Fig. 10); in precursors based on the respective metal nitrates and

polyvinyl alcohol, the appearance of charges of negative sign was recorded [61].

FIG. 10. SEM of YBa2Cu3O7−δ coating on an Al2O3 carrier with a zirconium dioxide sublayer ob-

tained by pyrolysis of nitrate-polyvinyl alcohol compositions [86]
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Another important point concerning the synthesis processes discovered during the study should be noted. A fairly

strong manifestation of the magnetic-gas-selective effect during the combustion of organo-nitrate compositions was es-

tablished. This effect was discussed above [20–24]. In this case, during the precursor (PVA, ϕ = 1) combustion in a

magnetic field (H = 3 kOe), the potential difference U of the order of +60 V was determined while this value was

about −8 V when the combustion of the same precursor occurred in the absence of a magnetic field. It should be noted

that the value of U reached +100 V and even more when the combustion occurs under the influence of an electromagnetic

field [59]. Consequently, a constant magnetic field prevented the removal of negatively charged paramagnetic molecu-

lar groups like H2O−, CO−

3
during combustion, whereas the application of an alternating electromagnetic field, on the

contrary, promoted it [50, 59]. The pattern established initially allows us to control the process of charge generation and

influence the formation of the morphology of the samples; it requires further study. On the other hand, this point makes

more understandable the results of formation of magnetic properties of samples (Fig. 2), where non-monotone dependence

on the external field strength is observed, because the intensity of manifestation of the magnetic-gas-selective effect may

be related to the field strength.

4. Conclusion

In conclusion, it should be noted that the influence of the magnetic field on the results of synthesis of lanthanum man-

ganites appears in a rather complex superposition with such a factor as the presence and intensity of generation of electric

charges, determined by synthesis conditions, in particular, the composition of precursors. Nevertheless, it is possible to

trace the regularity of such mutual influence. When considering the effect of magnetic field, it is reasonable to divide the

studied systems into groups according to the intensity of charge generation: high, medium and low. An external magnetic

field had a predominantly positive influence on the lanthanum-strontium-manganite samples, in which high intensity of

charge generation was observed in terms of their magnetization enhancement, apparently due to obtaining a more perfect

magnetic structure of crystallites. Under conditions of medium and low intensity of charge generation, when the electro-

static repulsive forces are lower, but still strong enough to minimize contacts between nanoparticles, conditions are created

for the formation of chain-like ensembles as well as dendritic forms. At the same time, the application of a magnetic field

has a positive effect on the value of the coercive force of the samples, and increase of the Curie temperature. The use of the

detected trends allows one to purposefully optimize the conditions of manganite production, including the choice of the

conditions for obtaining materials with such properties as magnetocaloric and magnetoresistance effects, on the basis of

the available data on the intensity of charge generation in a given system of starting reagents. A magneto-gas-selective ef-

fect was found to occur during the combustion of nitrate organic precursors, leading to a decrease in the resulting potential

difference between the ground and the precursor. This phenomenon requires further detailed investigation.
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ABSTRACT Thin films of La2NiMnO6 (LNMO) double perovskite oxide were first used as buffer layers in planar

perovskite solar cells (PSCs) with the architecture of glass/FTO/LNMO/CH3NH3PbI3/Spiro-MeOTAD/Au. All

PSCs were fabricated under ambient conditions and their photovoltaic parameters were measured under stan-

dard illumination (AM1.5G, 1000 W/m2). Power conversion efficiency (PCE) values (10 – 11 %) for the PSCs

developed were comparable with those obtained for conventional PSCs with compact TiO2 (cTiO2) layer, but

the stability of PSCs with LNMO buffer layer was significantly higher than for cTiO2-based PSCs.
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1. Introduction

The search and development of new types of solar cells with high efficiency and stability is one of the most urgent

tasks of the modern photovoltaics [1,2]. In the last decade, the great interest has been focused on the studies of perovskite

solar cells (PSCs), in which hybrid organic-inorganic materials, such as CH3NH3PbX3 (X = Cl−, Br− or I−), are used

as photosensitive layers. Improvement of the PSC fabrication technology allowed one to achieve high values of power

conversion efficiency (PCE), which nowadays exceeds 25 % [3–5]. Low cost and simple manufacturing methods make

PSCs a promising alternative to traditional silicon-based solar cells. However, perovskite materials used in PSCs are

characterized by low stability and degrade under ambient conditions or under continuous illumination. As a result, PCE

of PSCs is significantly decreased over time, which limits the application prospects [6, 7].

Previously, it was shown that the highest PCE values can be achieved using PSCs with a planar structure [8, 9].

The architecture of the state-of-the-art planar PSC sample is glass/FTO/cTiO2/CH3NH3PbI3/SpiroMeOTAD/Au, where

FTO is a fluorine-doped tin oxide conductive coating (F:SnO2), cTiO2 is a compact layer of TiO2 nanoparticles with the

thickness ∼ 50 nm. The functions of cTiO2 layer include blocking hole transfer from the perovskite material to the FTO

coating and preventing direct contact between CH3NH3PbI3 layer and the FTO surface [10, 11]. However, PSCs with

planar structure were found to be the most sensitive to external factors such as humidity, temperature, and illumination.

The latter is due to both the degradation of the perovskite material itself and the instability of the TiO2 layer when exposed

to ultraviolet radiation. Long-term illumination causes desorption of oxygen molecules inside the TiO2 material, which

initiate the degradation of the perovskite layer [12–14]. In addition, FTO layer is characterized by relatively rough and

non-uniform surface, which may lead to non-uniform deposition of cTiO2 layer on FTO substrate. The latter causes the

appearance of morphological defects in the perovskite layer deposited on top of FTO/cTiO2 substrate, which also initiates

rapid degradation of PSCs [12, 13]. In the literature, attempts to reduce the degradation effects in PSCs by applying

CH3NH3PbI3 layer directly to the FTO coating were described, but this leaded to the decrease in PCE values [15, 16].

Thus, nowadays an important task for PSC improvement is to find new materials suitable for use in planar PSC as a buffer

layer that do not contribute to the degradation of perovskite material.

In this work, a highly stable inorganic material such as double perovskite oxide La2NiMnO6 (LNMO) was first

used as a buffer layer in planar PSCs. The LNMO thin films on glass substrates were obtained by spin coating and were

© Kozlov S.S., Nikolskaia A.B., Karyagina O.K., Kosareva E.K., Alexeeva O.V., Petrova V.I.,

Almjasheva O.V., Shevaleevskiy O.I., 2023
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investigated using optical spectroscopy and X-ray diffraction techniques, as well as atomic force microscopy (AFM).

Planar PSCs with the architecture of glass/FTO/LNMO/CH3NH3PbI3/Spiro-MeOTAD/Au were fabricated under ambient

conditions at high humidity level (∼ 50 %) and their photovoltaic (PV) parameters were measured. The data obtained

demonstrate a new approach to PSCs optimization for long-term operation in outdoor conditions.

2. Experimental

2.1. Buffer layer preparation

The appropriate amounts of La(NO3)3 · 6H2O, Ni(NO3)2 · 6H2O and Mn(NO3)2 · 6H2O powders were dissolved in a

mixture of 2-ethoxyethanol and acetic acid (4:1 v/v) to obtain 0.3 M stock solution. The LNMO thin films were obtained

by spin coating of the stock solution on the surface of non-conductive glass substrates (3000 rpm, 30 s), followed by

annealing at 550 – 650 ◦C during 2 hrs in the muffle furnace. The obtained LNMO thin films were used for XRD, AFM

and optical measurements. LNMO-based buffer layers were deposited on the FTO-glass substrates following the same

spin coating and annealing protocols using the 5-fold diluted stock solution and were used further for PSCs fabrication.

FTO glass substrates coated by cTiO2 layer were obtained following the technique described in [17].

2.2. Device fabrication

Planar PSCs were fabricated under ambient conditions at relatively high humidity level (∼ 50 – 60 %) according

to the procedure described in [18]. Perovskite (CH3NH3PbI3) layer was formed on the surface of LNMO layer using a

conventional one-step deposition method [19]. A layer of Spiro-MeOTAD hole transport material was spin-coated onto

the surface of the perovskite layer (3000 rpm, 20 s). The final stage of PSC fabrication was the deposition of ∼ 50-nm

thick Au contacts by vacuum thermal evaporation using the VUP-4 vacuum post. Schematic representation of the PSC

architecture is illustrated in Fig. 1. The state-of-the-art planar PSCs were fabricated using FTO glass substrates coated by

cTiO2 layer via the same technique as described above [18].

FIG. 1. Schematic representation of the planar PSC architecture

3. Characterization studies

The X-ray diffraction (XRD) measurements of LMNO thin films were provided using DRON-3M X-ray diffrac-

tometer with Cu Kα radiation (λ = 1.5405 Å) as the X-ray source. Atomic force microscope (AFM) NTEGRA Prima

(NT-MDT) with HA NC probes (TipsNano, resonant frequency 140 kHz, stiffness constant 3.5 N/m) was used to investi-

gate the surface morphology and to evaluate average particle size in LNMO thin films. The optoelectronic properties of the

LNMO layers were studied using UV-Vis spectrophotometer (Shimadzu UV-3600, Japan) with an ISR-3100 integrating

sphere in the wavelength range of 300 – 1400 nm.

Photovoltaic (PV) characteristics of the developed PSCs were measured under standard illumination conditions

(AM1.5G, 1000 W/m2) by recording the current density-voltage (J–V) characteristics using Keithley 4200-SCS Semi-

conductor Characterization System (Keithley, USA) and Abet Technologies 10500 solar simulator with Xenon lamp

(Abet, USA) as the light source. The PCE (η) values of the PSCs were calculated from the J–V data using the known

formula [20]:

η =
JSC · VOC · FF

PIN

· 100 %, (1)

where JSC – short-circuit current density, VOC – open-circuit voltage, FF – fill factor and PIN – incoming light intensity.
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4. Results and discussion

XRD patterns of the LNMO thin films deposited on non-conductive glass substrates and annealed at different temper-

atures (550 – 650 ◦C) are shown in Fig. 2(a). LNMO films obtained at 575 – 650 ◦C showed XRD reflexes corresponding

to monoclinic, rhombohedral and orthorhombic phases of LNMO, confirming the triple phase structure of La2NiMnO6

double perovskite oxides [21]. The absence of additional XRD peaks indicates the purity of the samples. In contrast,

LNMO film obtained at 550 ◦C was found to possess amorphous structure.

(a) (b)

FIG. 2. XRD patterns (a) and transmittance spectra (b) of LNMO thin films, obtained at different

annealing temperatures

Transmittance spectra for LNMO thin films deposited on the surface of non-conductive glass substrates is shown

on Fig. 2(b). Using these data and Tauc equation for direct transitions, the energy bandgap (Eg) values were obtained

(Table 1) [22]. It can be seen that an increase in annealing temperature leads to a decrease in the Eg value for the studied

LNMO layers from 1.75 to 1.04 eV. As a result, all LNMO samples possesses semiconductor properties.

TABLE 1. The energy bangap (Eg) values calculated for LNMO thin films, obtained at different an-

nealing temperatures (T )

T , ◦C 550 575 600 650

Eg , eV 1.75 1.50 1.05 1.04

AFM images of LNMO thin layers deposited on FTO glass substrates show that regardless of annealing temperature,

fabricated layers are characterized by homogeneous structure with uniform particle distribution (Fig. 3). The average

particle size determined using AFM was found to be around 60 – 70 nm. A comparison of the particle size (Fig. 3) and

the crystallite size determined from data about the broadening of X-ray diffraction lines indicates that the particles are

polycrystalline, consisting of crystallites 15± 2 nm in size.

The LNMO thin films fabricated on the surface of FTO conductive glasses were used for fabrication of planar PSCs

with the architecture of FTO/LNMO/CH3NH3PbI3/Spiro-OMeTAD/Au under ambient conditions. State-of-the-art planar

PSC with cTiO2 layer was constructed for providing comparative analysis. J–V curves recorded under standard illumi-

nation (1000 W/m2, AM1.5G) for PSCs with LNMO and cTiO2 layers are shown in Fig. 4(a). The PV parameters for

all PSCs are listed in Table 2. It can be seen that the PSCs with LNMO layers demonstrated PCE values (10 – 11 %)

comparable to the efficiency obtained for conventional TiO2-based PSCs (Table 2). The highest PCE was observed for the

PSC samples with LNMO thin films prepared at annealing temperature 600 ◦C. The results confirm that LNMO materials

can be successfully used as buffer layers in planar PSCs.

PV parameters of planar PSCs with LNMO and cTiO2 layers were investigated during long-term storage under

ambient conditions. The data obtained (Fig. 4(b)) revealed that PSCs with LNMO-based buffer layer demonstrate more

stable behavior than PSCs with cTiO2 layer. Thus when PSCs were exposed under ambient conditions for 35 days, PCE

for PSC with LNMO thin film was almost unchanged, while PCE for cTiO2-PSC decreased more than 60 %.
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FIG. 3. AFM surface image (left) and particle size distribution (right) for LNMO thin layer obtained at 600 ◦C

(a) (b)

FIG. 4. J–V curves (a) and stability test (b) for PSCs under standard illumination (1000 W/m2, AM1.5G)

TABLE 2. The PV parameters for PSCs under standard illumination (1000 W/m2, AM1.5G)

Sample JSC , mA/cm2 VOC , V FF , a.u. η, %

PSC with cTiO2 21.0 0.96 0.65 12.6

PSC with LNMO 575 ◦C 19.3 0.86 0.58 10.0

PSC with LNMO 600 ◦C 20.5 0.89 0.62 11.4

PSC with LNMO 650 ◦C 20.2 0.89 0.58 10.5
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Summing up, it was shown that La2NiMnO6 (LNMO) double perovskite oxide thin films demonstrate semiconduc-

tor properties and their optoelectronic characteristics including bandgap values could be easily tuned by changing the

synthesis conditions, namely, the annealing temperature. La2NiMnO6-based thin films were successfully used as buffer

layers in planar PSCs, showing PCE values comparable with those obtained for conventional TiO2-based PSCs. Due to

the high stability of LNMO double perovskite oxides towards moisture and oxygen, incorporation of LNMO buffer layer

in PSCs architecture allowed to significantly increase the stability of planar PSCs under ambient conditions as compared

to TiO2-based PSCs behavior.

5. Conclusions

Thin films of La2NiMnO6 (LNMO) double perovskite oxide were synthesized on the glass substrates via spin coating

and were first used as buffer layers in planar PSCs. LNMO thin films revealed higher homogeneity and stability in

comparison with the state-of-the-art cTiO2 layers. The optical and photoelectrical properties of LNMO layers can be

tuned by changing the annealing temperature. Planar PSCs with the architecture of FTO/LNMO/CH3NH3PbI3/Spiro-

OMeTAD/Au were fabricated under ambient conditions. The maximum PCE value of 11.4 % under standard illumination

conditions (AM1.5G, 1000 W/m2) was obtained for PCE with LNMO buffer layer annealed at 600 ◦C and was comparable

to the PCE for PSCs with cTiO2 layer. The stability of PSCs based on LNMO buffer layer was significantly higher than

the stability of PSCs with cTiO2 layer. The data obtained demonstrate a novel approach for optimization of PSCs designed

for long-term operation in outdoor conditions.
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ABSTRACT This study is devoted to the evaluation of electrochemical active surface area (ECSA) for carbon

felt used in various fields of electrochemical technology. For the evaluation, we used techniques based on

Faraday’s law, the Randles–Sevcik equation and the calculation of the electric double layer capacitance in the

electrolyte with different pH value. The measurement results are consistent with each other and for neutral,

acidic and alkaline medium, the ECSA value are 20 – 30, 30 – 40 and 50 – 90 cm2 per 1 cm2 of geometric

surface, respectively. Based on the results, the synthesis of nanostructured nickel coatings on carbon felt with

prior electrochemical activation was performed. The pre-treatment in 1M KOH vs 1 M Na2SO4 reduces the

crystallite size from 26 to 15 nm and increases the ECSA from 133 to 700 cm2 per 1 cm2 of geometric surface.

These changes cause an improvement in other electrocatalytic features for hydrogen evolution reaction.
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1. Introduction

The development of new electrode materials is carried out in all fields of electrochemical technology from electro-

catalysts of water splitting reactions to chemical current sources and supercapacitors. Currently, the use of porous carbon

materials (fibers, felt) as a substrate is popular. Carbon felt is a polyacrylonitrile (PAN) or viscose fiber that has been

needle-punched to form a structure and carbonized at 1200 – 1600 ◦C or graphitized at 2000 – 2600 ◦C [1]. Carbon felt

is widely used in redox-flow batteries [2–7], lithium-, sodium- and zinc-ion batteries [8–15], as well as in supercapaci-

tors [16–21] and alternative energy storage and generation technologies [22–25]. Mingxing Wu et al. have shown that the

inclusion of cobalt particles in carbon fibers [13] increases the efficiency of the zinc-air battery, and boron doping [16]

improves their capacitive properties when used as supercapacitor electrodes. In addition, carbon fibers are used in the

synthesis of electrocatalysts for the reaction of hydrogen, oxygen production and the Fenton process [26–34]. Paper [30]

reports on the synthesis of rhenium disulfide nanosheets on the carbon fiber surface as an effective electrocatalyst of the

hydrogen evolution reaction (HER) with overpotential values of 69 mV@ 10 mA·cm−2 and Tafel slope of 90 mV·dec−1.

Unlike a metal substrate, carbon materials are economically and environmentally beneficial, more resource-intensive

and can be removed thermally in the next, i.e. they are able to perform the role of templates [35–39]. This makes it

possible to significantly increase the electrochemically active surface area of electrode materials, which has a positive

effect on their functional features. Paweł Jakobczyk et al. [38] have shown that thermal and chemical modification of the

carbon felt surface improves its catalytic properties in the acetaminophen degradation reaction. The authors of [26] declare

the successful use of modified carbon felt as a cathode in the Fenton process for the removal of tetracycline. Modification

was carried out together by chemical and thermal methods. This allowed one to reduce the relative concentration of

tetracycline during the Fenton process by two times. In paper [36], we previously showed that the use of carbon felt as a

template makes it possible to obtain copper microtubes with a lower overpotential of HER.

However, the authors using carbon felt in their research are often limited to their geometric (visible) surface area

(Sgeo, cm2) or report the surface area of the final material after activation or modification of the fiber. In the datasheet of

carbon felt from various manufacturers, approximate values of the surface area are given, usually estimated by the method

of low-temperature adsorption calculated using the Brunauer–Emmett–Teller (BET) method [40–48]. These values do

not always correspond to the electrochemical active surface area obtained by electrochemical methods [1, 49–51]. The

value of the specific surface area (Am, m2g−1) obtained by the BET method varies from 0.12 to 8 m2g−1. The most

commonly mentioned value is 1.1 – 1.3 m2g−1. The results of ECSA obtained by electrochemical methods (from the

© Dmitriev D.S., Tenevich M.I., 2023
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Randles–Sevcik and Cottrell equations) are also different and are given by the authors without taking into account mass,

geometric surface or volume. On average, for a sample with a visible surface of 10 cm2, the ECSA value is 40 – 50 cm2.

In this paper, we have tried to evaluate the ECSA by three different electrochemical techniques: 1) on the basis

of Faraday’s law, measuring the thickness of nickel coatings obtained during coulostatic and galvanostatic modes of

electroplating; 2) from calculating the value of electric double layer capacitance (EDLC), as the most common method

due to its simplicity and clarity of the values obtained; and 3) from the Randles–Sevcik equation for single-electron redox

process involving potassium ferrocyanide.

Based on the results, the synthesis of nanostructured nickel coatings on carbon felt with electrochemical surface pre-

treatment in a neutral and alkaline medium was carried out. The electrocatalytic activity of these coatings was evaluated

and the ECSA value was measured.

2. Experimental detail

2.1. Materials

The following materials and reagents were used in the study:

Carbon Felt (CF) (Beijing Great Wall Co., Ltd.)), Nickel sulfate (NiSO4 × 7H2O), Sodium sulfate (Na2SO4 ×
10H2O), Boric acid (H3BO3), Potassium chloride (KCl), Sulfuric acid (H2SO4), Potassium hydroxide (KOH), Potassium

ferrocyanide (K4Fe(CN)6 × 3H2O) from Nevareaktiv.

Platinum foil (Pt, 99.999 %), Copper wire (Cu, 99.999 %), Nickel plates (Ni, 99.99 %), Distilled water (Ω =
18MOhm·cm) were also used in this work.

2.2. Experimental and measurement conditions

2.2.1. Nickel electroplating. Carbon felt (1.25×0.5×0.5 cm) with copper wire (d = 0.4 mm) as a collector was used for

nickel electroplating. The geometric surface area was Sgeo = 3 cm2. Electroplating was carried out in Watts electrolyte

(Table 1) at the room temperature with a magnetic stirrer. Nickel plates with a working surface area of Sa = 10 cm2 were

used as anodes. The experiment was carried out in two series: with a fixed current value (30 mA) and with a constant

amount of electricity (30 mA·h). In the both series, the process was performed for 0.5, 1, 2 hours.

TABLE 1. Electrolyte composition and nickel electroplating mode

Component Concentration g/L

NiSO4 × 7H2O 75

Na2SO4 × 10H2O 50

H3BO3 25

KCl 10

pH = 5.6± 0.1; T = 25 ◦C;

1st series: I = 30 mA=const; t = 0.5, 1, 2 h;

2nd series: Q = It = 30 mA·h (15 mA·2 h, 30 mA·1 h, 60 mA·0.5 h)

Before electrolysis, carbon felt was treated with ultrasound in ethanol for 10 minutes to degreasing, degassing and

improving the wettability of surface. After electroplating, the samples were rinsed in warm (60 ◦C) and room (25 ◦C)

distillate and dried at 100 ◦C for 1 hour.

Weighing of samples (carbon felt + copper wire) for gravimetric analysis was performed before ultrasonic treatment

(m0) and after drying (m1). The thickness of the synthesized coatings was measured using a scanning electron microscope

TESCAN SEM with the VEGA 3 SBH microanalyzer.

In the second part of the study, nickel electrodeposition was performed with electrochemical pre-treatment of carbon

felt in solutions of 1M Na2SO4 and 1 M KOH for 10 min at a current density of 10 mA·cm−2. Next, the samples were

rinsed in distillate and nickel electrodeposition was performed at a current density of 10 mA·cm−2 for 1 hour. After that,

the samples were rinsed in warm and room distillate and dried for 1 hour at 100 ◦C. The synthesized coatings were labeled

Ni@CF-Na2SO4 and Ni@CF-KOH, respectively.

2.2.2. Voltammetric techniques. Cyclic voltammetry (CVA) was executed in a three-electrode cell using a potentiostat-

galvanostat ELINS P-45X equipped with a frequency response analyzer module FRA-24M. During the measurements,

carbon felt samples with dimensions of 2.75 × 0.5 × 0.5 (cm) (Sgeo = 6 cm2) were used, mounted on a JJ110 sample

holder with a platinum plate as a collector. The platinum plate (S = 1 cm2) and Ag/AgCl (E0

Ag/AgCl = 0.194 V, 3 M KCl)

were counter and reference electrodes, respectively. The obtained polarization curves were converted to the scale of the

normal hydrogen electrode (NHE):
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ENHE = EAg/AgCl + E0

Ag/AgCl. (1)

When measuring the capacitance of electric double layer, solutions of H2SO4, Na2SO4 and KOH with a concentration

of 1 M were used as electrolytes. The mass of the sample was m = 70 mg. Previously, the sample was treated with

ultrasound in ethanol for 10 minutes to degreasing, degassing and improving the wettability of surface. The solution was

stirred using a magnetic stirrer. Measurements were performed from the open circuit potential (OCP) to the potential

corresponding to overpotential of HER dEHER = −400 mV. Scanning rates (v) were 10, 20, 40, 60, 80, 100 mV·s−1.

To study the redox reaction

[Fe(CN)
6
]
4−

− e ⇔ [Fe(CN)
6
]
3−

a solution of 0.005 M K4Fe(CN)6 + 0.1 M KCl was used as the electrolyte. The mass of the sample in this test was

m = 78 mg. Measurements were carried out starting from the OCP to the anode side. The range of scanning potentials

was from −200 to 800 mV vs Ag/AgCl. Scanning rates (v) were 10, 20, 40, 60, 80, 100 mV·s−1.

2.2.3. Characterization of pre-treated nickel coatings. The structure and morphology of the synthesized samples were

studied using a scanning electron microscope TESCAN SEM with the VEGA 3 SBH microanalyzer (EDX-mapping).

XRD analysis was performed on a Rigaku SmartLab III diffractometer (CuKa radiation, λ = 0.15405 nm).

The electrocatalytic properties of Ni@CF-Na2SO4 and Ni@CF-KOH were evaluated by the CVA with the deter-

mination of Tafel slope, ECSA and the turnover frequency (TOF). The methodology and equipment used are similar to

paragraph 2.2.2.

2.3. Calculation methods

2.3.1. The ECSA from Faraday’s Law (AED). The calculation of the ECSA value from the thickness of electrodeposited

nickel was carried out in two steps. Initially, a selection of values was collected from the coating thicknesses in the SEM

images (Fig. A1, Appendix). The average number of values in the selection for each sample was 35. Further, the values

were statistically processed to determine the absolute and relative (ε) errors (probability P = 0.99). At the second step,

the values obtained for the samples synthesized in the coulostatic mode were compared with each other, and for the

samples electrodeposited in the galvanostatic mode, a graphical dependence of the coating thickness on the electrolysis

time was constructed.

According to Faraday’s law

m = qNi ·Q · FE, (2)

ρAwH = qNi · It · FE, (3)

H (t) =
qNi · I · FE

ρAw

· t, (4)

H (t) = n · t; n =
qNi · I · FE

ρAw

, (5)

where m is the mass of deposited nickel (g), qNi is the electrochemical equivalent of the nickel plating process (gA−1h−1),

Q is the amount of electricity (C), FE is the Faraday efficiency, pNi is the nickel density (gcm−3), Aw is the working

surface area (cm2), H is the coating thickness (cm), I is the current (A), t is the electrolysis time (h). Hence the working

surface Aw is as follows

Aw =
q · I · FE

ρ · n
, (6)

and the specific value of ECSA:

AED =
Aw

Sgeo

. (7)

2.3.2. The ECSA from EDLC value (ADL). To calculate the EDLC, a graph was plotted in the coordinates ∆j = f(v),
where

∆j =
|ja + jc|

2
, (8)

∆j is the arithmetic mean of the anode (ja) and cathode (jc) current densities (mA·cm−2).

The EDLC (Cdl) was obtained from the slope of the approximation line. Further, the specific value of ECSA was

calculated according to the expression

ADL =
Cdl

C∗
, (9)

where C∗ = 0.08 mF·cm−2 is the specific value of the capacitance on a porous, highly active and inhomogeneous surface.
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2.3.3. The ECSA from Randles–Sevcik equation (ARS). To determine the specific value of ECSA during CVA in a

solution of 0.005 M K4Fe(CN)6 + 0.1 M KCl, a graphical dependence jpa,geo − (v)0.5 was constructed, according to the

Randles–Sevcik equation

jpa,geo = 2.69× 105ARSCoxn
1.5D0.5v0.5, (10)

jpa,geo = k · v0.5; k = 2.69× 105ARSCoxn
1.5D0.5, (11)

where jpa,geo is anodic peak current density (per geometric surface) (A·cm−2), 2.69 · 105 is the constant of the Randles–

Sevcik equation (C·mole−1·V−0.5), ARS is the electrochemical active surface area (cm2 per 1 cm2 geometric), Cox is the

concentration of the oxidized form (mole·cm−3), n is the number of electrons involved in the reaction, D is the diffusion

coefficient (cm2s−1), v is the scanning rate (V·s−1).

From the slope value (k) of the linear approximation, the specific value of ECSA was calculated by the following

expression

ARS =
k

2.69 · 105 · Cox·n1.5·D0.5
. (12)

3. Results and discussion

3.1. Evaluation of the ECSA from coating thickness by Faraday’s law

Table 2 presents the results of gravimetric analysis for carbon felt samples and the average Faraday efficiency (FE)

for the nickel electrodeposition process.

TABLE 2. Results of nickel electroplating

Sample
Current,

mA

Time,

h

m0,

mg

m1,

mg

∆m,

mg

∆mteo,

mg
FE

Ni-30-0.5 30 0.5 106.3 121.8 15.5 16.4 0.94

FE = 0.95

Ni-30-1 30 1 104.4 134.5 30.1 32.9 0.92

Ni-30-2 30 2 108.0 172.0 64.0 65.7 0.97

Ni-15-2 15 2 106.6 137.6 31.0 32.9 0.94

Ni-60-0.5 60 0.5 102.7 134.8 32.1 32.9 0.98

It can be noted that the process proceeds with high efficiency (95 %), the remaining 5 % of electricity is spent to the

hydrogen evolution reaction on the forming coating surface. Fig. 1 shows the results of measuring the thickness of the

coating during coulostatic and galvanostatic electrodeposition of nickel on carbon felt.

In coulostatic electrolysis, the thickness of the nickel coating is H1 = 0.57 ± 0.02 microns (ε = 3.5 %). When

passing the same amount of electricity in galvanostatic mode, the nickel coating has a thickness of H2 = 0.54 ± 0.02
microns (ε = 2.9 %). The working surface areas, in this case, are equal

Aw1 =
q ·Q · FE

ρNi ·H1

=
1.095 · 0.03 · 0.95

8.9 · 0.57 · 10−4
= 62.2 cm2, ∆A1 = ±(62.2 · 0.035) = ±2.2 cm2,

FIG. 1. Results of electroplating nickel in coulostatic (a) and galvanostatic (b) modes
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Aw2 =
q ·Q · FE

ρNi ·H2

=
1.095 · 0.03 · 0.95

8.9 · 0.54 · 10−4
= 65.6 cm2, ∆A2 = ±(65.6 · 0.029) = ±1.9 cm2.

These values are overlapped in the region Aw = (64.05 ± 0.35) cm2, and the specific ECSA value of the carbon felt

during electrodeposition is

AED =
Aw

Sgeo

=
64.05

3
= 21.35 cm2 per 1 cm2 geometric.

3.2. Evaluation of the ECSA from double layer capacitance

Determination of the ECSA from the value of EDL capacitance is one of classical methods. Fig. 2(a) shows the linear

approximations in the coordinates ∆j − v. The slope coefficient of these lines is numerically equal to the capacitance

of double layer. Using expression (9), ECSA values for carbon felt in acidic, neutral and alkaline environments were

calculated. From the presented histograms (Fig. 2(b)), we can conclude about the advantage of alkaline solutions when

using carbon felt as an electrode material. The ECSA value in alkaline, acidic and neutral media is 95, 34.3 and 26.8 cm2

per 1 cm2 geometric. Presumably, this result is caused by the greater lyophilicity of the carbon filament in an alkaline

medium compared to acidic and neutral media.

FIG. 2. Capacitance plot (a) and values of ECSA (b) for carbon felt in different electrolyte

It is worth noting that when using an acid solution as an electrolyte on the CVA curves (Fig. A2, Appendix), an

anode peak is observed at a potential of E = 0.23 V vs NHE, which corresponds to the oxidation of ethanol used in

pre-preparation.

3.3. Evaluation of the ECSA from Randles–Sevcik equation

The results of processing CVA curves are shown in Fig. 3.

It can be seen from Fig. 3(a) that with increasing scanning rate, the process taking place on the electrode under

study becomes less reversible or quasi-reversible. The probable cause may be diffusion control due to the porosity of

the electrode, which makes it difficult for natural convection and the movement of reagents from the reaction zone into

the bulk of the solution. This is confirmed by the slope of the linear approximation in log(jgeo) − log(v) coordinates

FIG. 3. CVA curves of [Fe(CN)6]4−/[Fe(CN)6]3− process (a) and the Randles–Sevcik plot (b)
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(Fig. A3(a), Appendix) equal to m = 0.44. For reactions with diffusion limitations, it is as follows: m = 0.4± 0.1. From

the linear approximation in the coordinates jpa,geo − v0.5, the slope was determined for further calculation of the surface

area (Fig. 3(b)). The ECSA value from the Randles–Sevcik equation is equal to

ARS =
0.011

2.69 · 105 · 3.1 · 10−7·11.5·(6.5 · 10−6)
0.5

= 51.6 cm2 per 1 cm2 geometric.

The calculation used the effective concentration of the oxidized form obtained by integrating the polarization curve

at the lowest scanning rate in I–t coordinates (Fig. A3(b), Appendix). As a result of diffusion limitations, the pH of the

near-electrode region shifts to a slightly-alkaline range, which gives a higher ECSA value. This value is consistent with

the one previously obtained in work [1].

3.4. Comparison of the evaluation results and the ECSA value for carbon felt

Table 3 summarizes the evaluation of ECSA values obtained by various electrochemical techniques.

TABLE 3. The ECSA values of carbon felt by various electrochemical techniques

Technique ECSA, cm2 per 1 cm2 geometric

Faraday’s law 21.4

Double layer capacitance

34.3 (pH < 7)

26.8 (pH ≈ 7)

95.0 (pH > 7)

Randles–Sevcik equation 51.6

As can be seen, the specific value of ECSA for carbon felt lies in the range from 20 to 100 cm2 per 1 cm2 geometric

surface. The ECSA significantly depends on the pH electrolyte used, and for acidic and neutral media, its range of values

is 20 – 40 cm2 per 1 cm2 geometric surface. In an alkaline media, activation of the surface is observed [32], as a result

of which the area increases at least 8 – 10 times. Comparing the results of ECSA with the average values of the specific

surface area for carbon felt measured by the BET method, it can be determined that the ECSA in acidic and neutral

media is 0.1 – 0.3 m2g−1, and in alkaline it is 0.4 – 0.8 m2g−1. This is 1.5 – 4 times lower than the average value

SBET = 1.2 m2g−1. This difference is, among other things, due to the low lyophilicity of carbon materials in aqueous

electrolytes, as a result of which it is recommended to use surfactants, or to activate the surface by chemical and thermal

methods.

3.5. Effect of carbon felt pre-treatment on electrocatalytic features of nanostructured nickel coatings

Figure 4(a,b) shows the SEM results with mapping. It can be seen from the SEM images that the morphology of

coating with pre-treatment in an alkaline solution differs significantly from a similar process in a neutral medium. The

Ni@CF-KOH coating is not smooth, unlike Ni@CF-Na2SO4, has a distinct defect in the form of dendrites on surface.

The results of XRD analysis (Fig. 4(c)) demonstrate the presence of a carbon felt phase at 20 – 30 degrees and peaks

corresponding to ICSD card No. 426960, which describes the cubic modification of nickel. According to calculations, the

observed broadening for the characteristic nickel peaks (Fig. 4(d)) indicates a decrease in the crystallite sizes from 26.5

to 15.1 nm.

The results of electrocatalytic measurements for synthesized coatings are shown in Fig. 5. When using as an elec-

trolyte for the pre-treatment of 1 M KOH instead 1 M Na2SO4, an improvement in the main electrocatalytic features of

HER is observed.

Figure 5(a,b) demonstrates that the overpotential value shifts from −210 to −120 mV. At the same time, the absolute

value of Tafel slope decreases. The value greater than 120 mVdec−1 indicates a reaction mechanism with the presence of

diffusion limitations, which corresponds to the Volmer–Tafel model:

M∗ +H2O+ e ↔ MHads +OH− (Volmer step)

2MHads ↔ H2 + 2M∗ (Tafel step)

The ECSA measurement shows a sharp increase in both the EDLC and the surface area value (Figs. 5(c) and A4).

For Ni@CF-Na2SO4 and Ni@CF-KOH, the ECSA value is 133 and 700 cm2 per 1 cm2 geometric surface, respectively.

There was also an improvement in the coating efficiency from the results of TOF-test (Fig. 5(d)).

It can be seen that the electrochemical activation of carbon felt in an alkaline solution allows obtaining a more

catalytically active surface both in terms of the value of surface area and improving kinetic parameters. All this results

in a synergistic effect expressed by an increase in the total number of molecules transformations per unit surface per unit

time.
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FIG. 4. SEM images (a, b) and XRD patterns (c, d) for synthesized samples

FIG. 5. LSV curves (a), Tafel plot (b), capacitance plot (c) and TOF result (d) for Ni@CF-Na2SO4 and

Ni@CF-KOH
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4. Conclusion

Based on the study results, it can be concluded that

(i) The evaluation of ECSA by various techniques gives convergent results within 1 order of magnitude when using

electrolytes with the same pH value.

(ii) For a neutral medium, the ECSA of carbon felt can be assumed to be 20 – 30 cm2 per 1 cm2 geometric surface.

For acidic and alkaline media, the ECSA value is 30 – 40 cm2 and 50 – 100 cm2 per 1 cm2 geometric surface,

respectively.

(iii) When estimating the ECSA from the Randles–Sevcik equation, diffusion limitations are observed in the redox

process. This shifts the pH of near-electrode layer to a slightly-alkaline range and overestimates the ECSA value

of carbon felt.

(iv) It is shown that the electrochemical activation of carbon felt in neutral and alkaline solutions allows the synthesis

of nanostructured nickel coatings with a crystallite size of 26 and 15 nm, respectively.

(v) Electrochemical pre-treatment of carbon substrate in 1 M KOH decreases the overpotential of HER and the Tafel

slope for nickel coating to −120 mV and −135 mV·dec−1.

Appendix

FIG. A1. SEM images of samples (a-e) and average coating thicknesses (e)
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FIG. A2. CVA curves of carbon felt in 1 M H2SO4 (a,d), 1 M Na2SO4 (b,e), 1 M KOH (c,f)

FIG. A3. Logarithmic plot (a) and I − t graph of [Fe(CN)6]4−/[Fe(CN)6]3− process (v = 10 mVs−1)

FIG. A4. CVA curves of Ni@CF-Na2SO4 (a) and Ni@CF-KOH (b)
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[48] González-Garcı́a J., Bonete P., Expósito E., Montiel V., Aldaz A., Torregrosa-Maciá R. Characterization of a carbon felt electrode: structural and
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ABSTRACT GaInAsP and GaInAsSbBi solid solutions were grown on GaP (111) substrates by pulsed laser

deposition using a laser fluence of 2.3 J/cm2. Energy Dispersive X-ray microanalysis, atomic force microscopy,

and Raman spectroscopy were used for analysis of the elemental composition and study of the surface mor-

phology and chemical bonds of the obtained solid solutions. It was found that at constant growth temperature

and the fluence of 2.3 J/cm2, the elemental composition of the film has a significant effect on the growth ki-

netics. Surface-active elements (Sb and Bi) in the composition of the solid solution lead to a change in the

surface diffusion of In and Ga, which is accompanied by a decrease in roughness. It was established that the

films growth in the Volmer–Weber mode. The grown films are nanotextured with a predominant orientation in

the direction of growth (111).
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1. Introduction

Pulsed laser deposition (PLD) is a promising and rapidly developing method for obtaining multicomponent com-

pounds [1–3]. The advantages of PLD over other methods of physical deposition are the possibility of controlling the film

stoichiometry, lowering the substrate temperature for growing thin III–V films, and the discrete flow of a substance from

the target to the substrate in the time intervals between laser pulses. The advantage of the method is its relative simplicity

of equipment, high purity of the deposited layers, and preservation of the stoichiometry of the chemical composition

of a layer and a sputtered target [3, 4]. During PLD at the laser fluence of less than 2 J/cm2, an erosion-plasma plume

forms a spot beam, due to which the expansion diagram of some target components, especially volatile ones, for example,

As, P, Sb. In PLD at the laser fluence of more than 2 J/cm2, the uniformity of the expansion of the target components

increases, but the growth kinetics and properties of the grown films change simultaneously [4]. As applied to III–V and

CIGS semiconductor solid solutions, if the target contains more than one group III metal, then droplets can be formed on

the surface [5, 6], the morphology deteriorates, and the layer stoichiometry is violated [7]. To understand these processes

under PLD conditions, in this work, we study the properties of films grown with the laser fluence of 2.3 J/cm2.

The objects of study were GaxIn1−xAsyP1−y and GaxIn1−xAs1−y−zSbyBiz solid solutions deposited on GaP sub-

strates. The solid solutions consisting of two group III metals and three highly volatile group V metalloids were selected

based on the indicated difficulties in PLD, as well as on the relevance of their practical use for growing optoelectronic

heterostructures in the visible [8] and infrared [9] ranges. The study of solid solutions with Bi and Sb is topical due to the

discovery of the effect of valence band anticrossing [10], which significantly affects the optoelectronic properties of dilute
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semiconductors. The object of this work is to grow GaxIn1−xAsyP1−y and GaxIn1−xAs1−y−zSbyBiz solid solutions

on GaP (111) substrates by PLD at the laser fluence of 2.3 J/cm2 and study the morphology, chemical composition, and

chemical bonds in them.

2. Methods and experiments

PLD of GaxIn1−xAsyP1−y and GaxIn1−xAs1−y−zSbyBiz solid solutions was carried out using an AYG:Nd3+ laser

(LS-2134Y) with a wavelength of 532 nm (second harmonic). For sputtering, we used targets with the calculated composi-

tion Ga0.84In0.16As0.68P0.32 and Ga0.85In0.15Sb0.1As0.8Bi0.1. The deposition was carried out on n-GaP (111) substrates.

The choice of the substrate with the (111) orientation is due to the specifics of growth due to the polarity of Group III–V

solid solutions, as well as the closeness of the lattice parameters of GaP and Si. We used the classical PLD method. The

deposition time for all samples was 60 min, and the background pressure in the chamber was 10−4 Pa. The distance from

the target to the substrate was 70 mm. Growth was carried out at a temperature of 450 ◦C, a laser fluence F = 2.3 J/cm2,

pulse duration time 10 ns, pulse-recurrence frequency 15 Hz.

The chemical composition was determined by Energy Dispersive X-ray microanalysis (EDX) using an INCAx-sight

attachment (Oxford Instruments, UK) on a Carl Zeiss Evo 40 microscope with a beam energy of 8 keV to reduce the

signal from the substrate. The film thickness was determined from the cleavages of the structures on a Carl Zeiss Evo

40 microscope. The study of the morphology and root-mean-square (RMS) roughness of the films was carried out on an

atomic force microscope (AFM) “NTEGRA Academia” (NT-MDT SI, Russia). Scanning was carried out in a tapping

mode. An NS15 silicon cantilever with a resonant frequency of 373.35 kHz and a curvature radius of 10 nm was used as a

probe. The scanning speed varied in the range of 0.6 – 1 Hz depending on the surface topography. Line-scan direction is

forward. The scanning area is 1× 1 µm2. AFM images were processed using the Gwyddion program [11]. The filtering

included standard operations of subtracting the surface of the 3rd order, removing steps in the X direction, and removing

scratches. The root-mean-square roughness parameter Sq was estimated for the entire scan area as an estimated value of

the surface roughness. The study of chemical bonds in the obtained films was carried out by Raman spectroscopy on an

inVia Raman Microscope spectrometer (Renishaw, UK) with an excitation wavelength of 514 nm at room temperature.

3. Results and discussions

At the first stage, the elemental analysis was carried out by the EDS (Fig. 1). In the spectra in Fig. 1, all the chemical

elements of GaxIn1−xAsyP1−y (Fig. 1a) and GaxIn1−xAs1−y−zSbyBiz (Fig. 1b) solid solutions were presented. The

features of the measured EDX spectra are the high intensity of the Ga and P peaks and the low intensities of the Bi, Sb,

and As peaks.

FIG. 1. EDX spectra of elemental analysis of solid solutions on n-GaP (111) substrates: a) GaInAsP; b) GaInAsSbBi

Estimation of the atomic concentration of the solid solution elements gave one the following results: for

GaxIn1−xAsyP1−y: Ga – 46.32 at.%; In – 2.66 at.%; As – 0.56 at.%, P – 50.45 at.%; for GaxIn1−xAs1−y−zSbyBiz:

Ga – 47.26 at.%; In – 1.93 at.%; As – 21.31 at.%, Sb – 1.32 at.%; Bi – 0.89 at.%; P – 29.46 at.%. The phosphorus in the

EDX spectrum (Fig. 1b) is due to its presence in the substrate and the small film thickness. This factor also introduces an

error in determining the concentration of elements of group V. Nevertheless, for qualitative elemental analysis, the EDX

method gives reliable results. The thickness of the grown films was determined from the cleavages of the heterostructure:

GaInAsP – 223 nm; GaInAsSbBi – 152 nm. It can be seen that the growth film kinetics increases significantly.

Figure 2a shows the results of study of the morphology of the grown films by the AFM. In the case of the

GaxIn1−xAsyP1−y solid solution (Fig. 2a), the developed relief pattern is on the film surface. The height difference is

43 nm, and the RMS roughness Sq = 5.2 nm. In the case of the GaInAsSbBi solid solution (Fig. 2b), the maximum height

difference reaches 23 nm with the RMS roughness Sq = 2.8 nm. A distinctive feature of the GaxIn1−xAs1−y−zSbyBiz
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film is the larger grain size with a smoother surface than in the case of the GaInAsP film with a highly developed sur-

face relief pattern. In Fig. 2a the surface topography is due to chaotic grain boundaries, which are antiphase boundaries.

Only some grains have plateaus on the surface oriented in the (111) plane. At the same time, the grain boundaries in

the GaxIn1−xAs1−y−zSbyBiz film (Fig. 2b) appear as dislocations along certain directions, and to a greater extent have

lateral faceting along the (110) planes, while plateaus in the growth direction are predominantly orientation in the (111)

plane, i.e. the GaxIn1−xAs1−y−zSbyBiz film is nanotextured. It can be seen that in the case of the film in Fig. 2b, a large

surface area is represented by hillocks with a plateau at the top, rather than pits, which also reveals itself in a lower RMS

roughness Sq .

FIG. 2. AFM images (1× 1 µm) of solid solution morphology on n-GaP (111) substrates: a) GaInAsP;

b) GaInAsSbBi

The AFM analysis shows that the selected solid solutions grow at different rates due to different surface diffu-

sion at the same growth temperature of 450 ◦C and laser fluence F = 2.3 J/cm2. Therefore, under PLD conditions,

the growth kinetics is significantly affected by the elemental composition of the film. The larger grain size in the

GaxIn1−xAs1−y−zSbyBiz film is explained by the presence of Bi in its composition. It is known that Bi has a high

surface diffusion and exhibits a strong surfactant effect [12], due to which it leads to a significant change in the diffusion

of indium. These factors explain the larger grain size in Fig. 2b. Based on the AFM results, it can be concluded that the

growth of thin films occurs through the nucleation of 3D islands, and then their coalescence occurs; the mode of epitaxial

growth according to Volmer–Weber is implemented. Note that outside researchers also observed a similar growth when

growing strongly mismatched group III–V heterostructures using other methods [13–15].

Raman spectra were measured to study the chemical bonds between the elements of the solid solution (Fig. 3). Table 1

summarizes the results of the measured frequencies of the phonon optical modes of the components of solid solutions and

their values published in the literature references.

From the features of the measured spectra (Fig. 3), one can distinguish the dominance of the GaP LO (404.46 cm−1)

and TO (364 cm−1) modes for both solid solutions, due to the small thickness of the films and the penetration of laser

radiation into the substrate GaP, as well as the mode shift of GaAs, GaSb, InAs, and InSb in the region (200 – 300 cm−1),

compared with the literature data (Table 1). In the case of the GaxIn1−xAsyP1−y solid solution (Fig. 3a), the peaks of InP

LO (339.1 cm−1) and TO (313.16 cm−1) have weak intensities, which is due to its low concentration in the layer and the

predominance of indirect-gap optical transitions [13].

Another feature of the Raman spectrum in Fig. 3a is the predominance of GaAs TO modes over GaAs LO in intensity,

as well as their low intensity compared to those in GaxIn1−xAs1−y−zSbyBiz solid solution. In the

GaxIn1−xAs1−y−zSbyBiz solid solution (Fig. 3b), the GaAs LO mode dominates over the GaAs TO mode in inten-

sity with their simultaneous shift to lower wavenumbers (Table 1). This effect is explained by higher As concentration

in the GaxIn1−xAs1−y−zSbyBiz film compared to GaxIn1−xAsyP1−y (Fig. 1). The shift of these modes is due to the

relaxation mechanisms in the film and the presence of dislocations (Fig. 2b). We associate the broad peak at 208.66 cm−1

with the GaBi LO mode, whose position is close to the theoretical 205 cm−1 [16]. The mode shift of InAs, InSb, GaSb,

GaBi, and InBi is explained by the difference in the concentrations of Sb, Bi, As and the shift of electron densities during

the formation of chemical bonds In–As, In–Sb, In–Bi, Ga–Sb, Ga–Bi. These factors indicate a violation of the selection

rule for the zinc blende lattice, which is expressed in the mixing of phonon modes (InBi + InSb) in the range of 150 –

200 cm−1 due to disordering of the elements (disturbance of long-range order) of the solid solution.

4. Conclusion

In conclusion, we note that nanotextured GaxIn1−xAsyP1−y and GaxIn1−xAs1−y−zSbyBiz solid solutions with a

laser fluence of 2.3 J/cm2 were grown by PLD. It is shown that in the case of PLD with a high fluence, the stoichiometry

of the composition of solid solutions is disturbed. It is established that at constant growth temperature and the fluence
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FIG. 3. Raman shift spectra of solid solutions on n-GaP (111) substrates: a) GaInAsP; b) GaInAsSbBi.

Dashed lines indicate the frequencies of phonon modes from the literature (Table 1)

TABLE 1. Phonon frequencies of group III–V binary components constituting GaInAsP and

GaInAsSbBi alloys

Binary

component

of a solid

solution

Known phonon mode

frequencies

Measured frequencies

of phonon modes

in the GaInAsP

solid solution

Measured frequencies

of phonon modes

in the GaInAsSbBi

solid solution

LO, cm−1 TO, cm−1 LO, cm−1 TO, cm−1 LO, cm−1 TO, cm−1

GaP 402 [16] 363 [16] 404.46 364.95 — —

GaAs 292 [17] 268 [11] 281.93 255.84 276.73 257.58

InP 344 [18] 312 [18] 339.1 313.16 — —

InAs 238.8 [19] 217.3 [19] 233.15 210.42 252.35 220.92

GaSb 236 [17] 226 [17] — — 234.90 226.16

InSb 190.8 [19] 179.8 [19] — — 192.88 180.59

InBi 161 [20] 155 [20] — — 161.24 154.19

GaBi 205 [21] 189 [20] — — 208.66 189.37

under PLD conditions, the elemental composition of the film has a significant effect on the growth kinetics. The surface-

active elements (Sb and Bi) in the composition of the solid solution lead to a change in the surface diffusion of In and Ga.

It is established that the growth of films occurs according to the Volmer–Weber mode. The AFM results show that the

relaxation of stresses caused by the mismatch of the crystal lattices of GaxIn1−xAsyP1−y and GaxIn1−xAs1−y−zSbyBiz
and the GaP substrate occurs through plastic mechanisms and a change in roughness, which manifests itself in the forma-

tion of grains in the texture of the grown thin films. To improve the structural properties of the films, we plan to use GaAs

buffer layers for the growth of GaxIn1−xAsyP1−y and GaxIn1−xAs1−y−zSbyBiz solid solutions.
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