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Motivated by the Jaynes-Cummings (JC) model, we consider here a quantum dot coupled simultaneously to a reservoir
of photons and to two electric leads (free-fermion reservoirs). This new Jaynes-Cummings-Leads (JCL) model permits
a fermion current through the dot to create a photon flux, which describes a light-emitting device. The same model is
also used to describe the transformation of a photon flux into a current of fermions, i.e. a quantum dot light-absorbing
device. The key tool to obtain these results is the abstract Landauer-Biittiker formula.
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1. Introduction

In the following the fermion current going through a quantum dot is analyzed as a function of

(1) the electro-chemical potentials on leads and of
(2) the contact with the external photon reservoir.

Although the latter is the canonical JC'-interaction, the coupling of the JC model with leads needs
certain precautions, if we wish to remain in the one-particle quantum mechanical Hamiltonian
approach and scattering theory framework. To this end, we proposed a new Jaynes-Cummings-
Leads (JC'L-) model [19]. This model makes possible a photon flux into the resonator, created by
a fermion current through the dot; i.e. it describes a light-emitting device, as well as to transform
the external photon flux into a current of fermions, which corresponds to a quantum dot light-
absorbing device.

The paper is an extended version of [19], which means that the JC'L-model, as well as all
theorems, corollaries of this article one can already find in [19], however, without any proofs. In
the following article, we are going to close this gap and give full proofs of all statements. In doing
so, we have added some statements absent in [19].

The paper is organized as follows. The JC'L-model is introduced and discussed in Sections
2.1-2.7. For simplicity, we choose for the lead Hamiltonians the one-particle discrete Schrodinger
operators, with constant one-site (electric) potentials on each of leads. In Section 2.5, we show
that the our model fits into the framework of trace-class scattering. In Section 2.7, we verify
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the important property that the coupled Hamiltonian has no singular continuous spectrum. Our
main tool for analysis of different currents is an abstract Landauer-Biittiker-type formula applied
in Sections 3.1 and 3.2 to the case of the .JC'L-model. This allows us to calculate the outgoing flux
of photons induced by electric current via leads. This corresponds to a light-emitting device. We
also found that pumping the JCL quantum dot with a photon flux from a resonator may induce a
current of fermions into the leads. This reversing imitates a quantum light-absorbing cell device.
These are the main properties of our model and the main application of the Landauer-Biittiker-
type formula of Sections 3.1 and 3.2. They are presented in Sections 4 and 5, where we distinguish
contact-induced and photon-induced fermion currents.

To describe the results of Sections 4 and 5, note that in our setup, the sample Hamiltonian
is a two-level quantum dot decoupled from the one-mode photon resonator. Then, the unperturbed
Hamiltonian H, describes a collection of four totally decoupled sub-systems: a sample, a resonator
and two leads. The perturbed Hamiltonian H is a fully coupled system, and the feature of our
model is that it is totally (i.e. including the leads) embedded in the external electromagnetic field
of the resonator. Hence, each electron can be interpreted as a fermion with internal harmonic
degrees of freedom, or a Fermi-particle caring its individual photon cloud.

Similar to the “Black Box” system-leads (SL-) model {Hgy, Ho}, [1], [4], it turns out
that the JC'L-model also fits into the framework of the abstract Landauer-Biittiker formula, and
in particular, is a trace-class scattering system {H o, = H, Hgy}. The current in the S L-model
is called the contact-induced current J. This current was the subject of numerous papers, see
e.g. [1,5], or [4]. Note that the current J.; is due to the difference of the electro-chemical potentials
between two leads, but it may be zero even if this difference is not null [12, 13].

The fermion current in the JC' L-model, takes into account the effect of the electron-photon
interaction under the assumption that the leads are already coupled. This is called the photon-
induced component JZh of the total current. To the best of our knowledge, the present paper is
the first which rigorously studies this phenomenon. We show that the total free-fermion current
Je; in the JC'L-model decomposes into a sum of the contact- and the photon-induced currents:
Jop 1= JG + th. An extreme case is when the contact-induced current is zero, but the photon-
induced component is not, c.f. Section 5.1. In this case, the flux of photons .J,; out of the quantum
dot (sample) is also non-zero, i.e. the dot serves as a light emitting device, c.f. Section 5.2. In
general the J,;, # 0 only when the photon-induced component Jflh # 0.

By choosing the parameters of the model in an suitable manner, one can get either a photon
emitting or a photon absorbing system. Hence, the JC L-model can be used either as a light
emission device or as a solar cell. Proofs of explicit formulas for fermion and photon currents .J;’ Ql,
Jpn, are contained in Sections 4 and 5.

Note that the JC'L-model is called mirror symmetric if (roughly speaking) one can inter-
change left and right leads and the JC L-model remains unchanged. In Section 5 we discuss a
surprising example of a mirror symmetric JC'L-model such that the free-fermion current is zero
but the model is photon emitting. This peculiarity is due to a specific choice of the photon-electron
interaction, which produces fermions with internal harmonic degrees of freedom.

2. Jaynes-Cummings quantum dot coupled to leads
2.1. Jaynes-Cummings model

The starting point for the construction of our JC'L-model is the quantum optics Jaynes-Cummings
Hamiltonian H7C. Its simplest version is a two-level system (quantum dot) with the energy spacing
e, defined by Hamiltonian hg on the Hilbert space hs = C?, see e.g. [16]. It is assumed that this
system is “open” and interacts with the one-mode w photon resonator with Hamiltonian h?",
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Since mathematically hP" coincides with a quantum harmonic oscillator, the Hilbert space
of the resonator is the boson Fock space h*"* = §,(C) over C and

WP = wb*b . 2.1

Here, b* and b are verifying the Canonical Commutation Relations (C'C'R) creation and annihila-
tion operators with domains in §, (C) ~ ¢*(Ny). Operator (2.1) is self-adjoint on its domain:

dom(h?") = {(k:o,k;l,k:g,...) € (Ng): > n’lka)* < oo}.

n€eNg

Note that the canonical basis {¢,, := (0,0,...,k, = 1,0,...) }nen, in £*(Np) consists of eigen-
vectors of operator (2.1): h?"¢,, = nw ¢,,.
To model the rwo-level system with the energy spacing &, one fixes in C? two ortho-normal

vectors {ej, e} }, for example e5 = (?) and e7 := (é), which are eigenvectors of Hamiltonian

hs with eigenvalues {\; = 0, A\{ = ¢}. To this end, we set:

10
hS = (O O) s (22)
and we introduce two ladder operators:

ot = (8 é) and o = ((1) 8) . (2.3)

Then, one obtains hg = € oo~ as well as ¢] = otej, ef = o7 ef and 07 ¢5 = 0. So, €j is

the ground state of Hamiltonian A g. Note that the non-interacting Jaynes-Cummings Hamiltonian
H{® resides in the space /¢ = hg ® h?" = C?> ® F,(C) and it is defined as the matrix operator:

H{® == hs @ Iyon + Iyy @ hP" . (2.4)

Here, Iy»» denotes the identity operator in the Fock space hP", whereas I, stays for the identity
matrix in the space fg.

With operators (2.3), the interaction Vg, between quantum dot and photons (bosons) in the
resonator is defined (in the rotating-wave approximation [16]) by the operator:

Vap :=gsp (07 @b+0~ ®@0b*) . (2.5)
Operators (2.4) and (2.5) define the Jaynes-Cummings model Hamiltonian:
Hjc = HJ + Vs, (2.6)

which is a self-adjoint operator on the common domain dom(H{“) N dom(Vs,). The standard
interpretation of H ;¢ is that (2.6) describes an “open” two-level system interacting with an external
one-mode electromagnetic field [16].

Since the one-mode resonator is able to absorb infinitely many bosons, this interpretation
sounds reasonable, but one can see that the spectrum o(H”/¢) of the Jaynes-Cummings model is
discrete. To this end, note that the so-called number operator My = 070~ ® lgpn + Iy ® b*D
commutes with H jo. Then, since for any n > 0:

ﬁ,{go = {Coe§ ® ¢p + Clef ® Pn—1}¢oreC 5 55;{20 = {Coef)q ® Po}eoec

are eigenspaces of operator M ,c, they reduce H;c, i.e. Hjc : Sﬁic — .6;{0. Note that
H7C = @20 9., where each $H/¢ is invariant subspace of operator (2.6). Therefore, it has
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the representation:
Hjo= @ HY, n>1, H =0. 2.7)

n€ENg

n)

Here operators [ f,c are the restrictions of H ¢, which act in each /¢ as follows:

HS2(Coe§ ® b+ G ef @ fon)
= [Conw + Cgspv/n] €5 @ ¢ + [G1(e + (n — Dw) + Cogspv/n] €7 @ dp_1 -

Hence, the spectrum o (H j¢) = U0 a(HSTg). By virtue of (2.8), the spectrum J(H%) is defined

for n > 1 by eigenvalues F(n) of two-by-two matrix H %) acting on the coefficient space {(o, (1}:

T(n —Dw gspv/n\ (G G
(o) = (5 + —F . 2.9
¢ (Co gsp\/n nw Co Q Co 9
Then, (2.7) and (2.9) imply that the spectrum of the Jaynes-Cummings model Hamiltonian H ;¢ is
pure point:

o(He) = 05y (Hye) = {0} U | {nw + ;(5 —w) e —w/at ggbn} .

neN

(2.8)

This property evidently persists for any system Hamiltonian hg with discrete spectrum and linear
interaction (2.5) with a finite mode photon resonator [16].

We resume the above observations concerning the Jaynes-Cummings model, which is our
starting point, by following remarks:

(a) The standard Hamiltonian (2.6) describes instead of flux only oscillations of photons be-
tween resonator and quantum dot, i.e. the system hg is not “open” enough.

(b) Since one our aim is to model a light-emitting device, the system hg needs an external
source of energy to pump it into the dot, which will be transformed by interaction (2.5)
into the outgoing photon current by pumping the resonator.

(c) To reach this aim we extend the standard Jaynes-Cummings model to our JC'L-model
by attaching to the quantum dot hg (2.2) two leads, which are (infinite) reservoirs of free
fermions. Manipulating with electro-chemical potentials of fermions in these reservoirs we
can force one of them to inject fermions in the quantum dot, whereas another one to absorb
the fermions out the quantum dot with the same rate. This current of fermions throughout
the dot will pump the dot and induce a photon current according scenario (b).

(d) The most subtle point is to invent a leads-dot interaction Vg, which ensures the above
mechanism and which is simple enough that one would still be able to treat this JC'L-
model using our extension of the Landauer-Biittiker formalism.

2.2. The JCL-model

First, let us make some general remarks and formulate certain indispensable conditions when one
follows the modeling (d).

(1) Note that since the Landauer-Biittiker formalism [13] is essentially a scattering theory on
a contact between two subsystems, it is developed only on a “one-particle” level. This
allows one to study with this formalism only ideal (non-interacting) many-body systems.
We impose this condition on many-body fermion systems (electrons) in two leads. Thus,
only direct interaction between different components of the system: dot-photons Vg, and
electron-dot Vg are allowed.
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(2) It is well-known that fermion reservoirs are technically simpler to treat than boson ones
[13]. Moreover, in the framework of our model, it is also very natural since we study
electric current, although produced by “non-interacting electrons”. So, below we use
fermions/electrons synonymously.

(3) In spite of the precautions formulated above, the first difficulty to consider in an ideal many-
body system interacting with quantized electromagnetic field (photons) is induced indirect
interaction. If electrons can emit and absorb photons, it is possible for one electron to emit
a photon that another electron absorbs, thus creating an indirect photon-mediated electron-
electron interaction. This interaction makes it impossible to develop the Landauer-Biittiker
formula, which requires a non-interacting framework.

Assumption 2.1. To solve this difficulty, we forbid in our model the photon-mediated interaction.
To this end, we assume that every electron (in leads and in dot) interacts with its own distinct copy
of the electromagnetic field. So, considering electrons together with their photon fields as non-
interacting “composed particles”, allows us to apply the Landauer-Biittiker approach. Formally, it
corresponds to the “one-electron” Hilbert space h* @ hP"*, where hP" is the Hilbert space of the
individual photon field. The fermion description of composed-particles h* @ hP* corresponds to
the antisymmetric Fock space §_(h* @ hPh).

The composed-particle assumption 2.1 allows us to use the Landauer-Biittiker formalism
developed for ideal many-body fermion systems. Now, we come closer to the formal description
of our JCL-model with two (infinite) leads and a one-mode quantum resonator.

Recall that the Hilbert space of the Jaynes-Cummings Hamiltonian with two energy levels
is §7¢ = C?®F, (C). The boson Fock space is constructed from a one-dimensional Hilbert space,
since we consider only photons of a single fixed frequency. We model the electrons in the leads as
free fermions residing on discrete semi-infinite lattices. Thus:

b = 2(N) @ C2 @ (N) = b’ @ hg @ b, (2.10)

is the one-particle Hilbert space for the electrons and for the dot. Here, h%, o € {I,r}, are the
respective Hilbert spaces of the left and right lead, while hg = C? is the Hilbert space of the
quantum dot. We denote by:

{52}7161\17 {65}]1':07

the canonical basis consisting of individual lattice sites of gl , o € {l,r}, and of hg, respectively.
With the Hilbert space for photons, h?" = §, (C) ~ ¢*(Ny), we define the Hilbert space of the full
system, i.e. quantum dot with leads and with the photon field, as follows:

H=bh"@p" = ((N) o C*@ (N)) ® (*(No). 2.11)

Remark 2.2. Note that the structure of full space (2.11) takes into account the condition 2.1 and
produces composed fermions via the last tensor product. It also manifests that electrons in the dot
as well as those in the leads are composed with photons. This is different than the picture imposed
by the the Jaynes-Cummings model, when only the dot is composed with photons:

H=CN)eC*2 ANy ®AN) , H/9=C*® *(Ny), (2.12)
see (2.4), (2.5) and (2.6), where $7¢ = h ® hP"*. The next step is a choice of interactions between
subsystems: dot-resonator-leads.

According to (2.10), the decoupled leads-dot Hamiltonian is the matrix operator:

hto0 0 w
hgl = 0 hg O on u=|us| , {ua c 52(N)}QG{Z’T} , Ug € CZ ,
0 0 hne Uy
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where hgf = —AP + v, with a constant potential bias v, € R, o € {l,r}, and hg can be any
self-adjoint two-by-two matrix with eigenvalues {\J, \; = \J + €}, ¢ > 0, and eigenvectors

{e5, e}, cf (2.2). Here, AP denotes the discrete Laplacian on ¢?(N) with homogeneous Dirichlet
boundary conditions given by:

(APf)(@) == flw+1)—2f@@)+ fl@—1), weN,
dom(AP) = {f € 2(Ny): £(0) = 0},

which is obviously a bounded self-adjoint operator. Notice that o(AP) = [0, 4].

We define the lead-dot interaction for coupling g.; € R by the matrix operator acting in

(2.10) as follows:
v = ga | (- 01)d5 0 (0007 | (2.13)
0 (-, 60)o7 0
where non-trivial off-diagonal entries are projection operators in the Hilbert space (2.10) with the
scalar product u, v + (u,v) for u,v € he.. Here, {45,67} is ortho-normal basis in h¥, which
in general may be different from {ej, ¢7' }. Hence, interaction (2.13) describes quantum tunneling
between leads and the dot via contact sites of the leads, which are supports of §' and 7.

Then we define the Hamiltonian for the system of interacting leads and dot as h® :=
hél + ve. Here, both hS' and h¢ are bounded self-adjoint operators on h<.

Recall that photon Hamiltonian in the one-mode resonator is defined by operator h?" =
wb*b with domain in the Fock space §,(C) ~ *(Ny), (2.1). We denote the canonical basis in
(%(Np) by {T,, }nen,- Then for the spectrum of A”" one obviously gets:

(W) = opp () = | {nw}. (2.14)
n€eNy

We introduce the following decoupled Hamiltonian H,, which describes the system when
the leads are decoupled from the quantum dot and the electron does not interact with the photon
field:

Hy := H{' + H"", (2.15)
where
H = hi' @ Ln and  H" := Iju @ P
The operator Hy is self-adjoint on dom(Hy) = dom ([« ®h*"). Recall that h&' and h?" are bounded
self-adjoint operators. Hence, HS' and H¢ are semi-bounded from below, which yields that Hy is
semi-bounded from below.

The interaction of the photons and the electrons in the quantum dot is given by the coupling
of the dipole moment of the electrons to the electromagnetic field in the rotating wave approxima-
tion. Namely:

Vb = Gpn ((, ed)el @b+ (-, ed)es ® b*) , (2.16)
for some coupling constant g,;, € R. The total Hamiltonian is given by:
H:=H"+ H" 4+ V,;, = Hy+ Vo + Vi, (2.17)

where HY := h® @ Ijpn and V= v @ Iypn.

In the following, we call § = {H, Hy} the Jaynes-Cummings-leads system, in short JC'L-
model, which we are going to analyze. In particular, we are interested in the electron and photon
currents for that system. The analysis will be based on the abstract Landauer-Biittiker formula,
cf. [1,13].

Lemma 2.3. H is bounded from below self-adjoint such that dom(H) = dom(H,).
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Proof. Let ¢ > 2. Then,
6L, |1? < I TulP =n+1<c'n*+c¢, neN,.
Consider elements f € hg ® h”" N dom(Iy« ® hP") with the following:

f=> Bue; @Y, je{0,1}, €N,
i

which are dense in $7¢ := h®@AP". Then, || f[|* = 3°;,|8;|* and || (I« @b*D) f||* = 3=, 11|81
We obtain the following:

I(C ev)es @ D)FII* < Zlﬂgzl I71* <
> _1Bal* (e + C) = [y @ D) fII* + €l £1°
75l

Similarly,

(- ed)es @ b)FIP < (g @ DD FI* + LI
If ¢ > 2 is large enough, then we obtain that V,, is dominated by H?" with relative bound less than
one. Hence, H is self-adjoint and dom(H,) = dom(H). Since H§' and V,; are bounded and H"
is self-adjoint and bounded from below, it follows that H = Hg' + HP" + V,; + V), is bounded
from below [17, Thm. V.4.1]. O

2.3. Time reversible symmetric systems

A system described by the Hamiltonian / is called time reversible symmetric if there is a conju-
gation I" defined on ) such that '/ = HT'. Recall that I" is a conjugation if the conditions I'> = T

and (I'f,T'g) = (f,9), f,9 € 9.
Let h?, n € Ny, the subspace spanned by the eigenvector T, in h”". We set:

O, =h2 @02 neNy, ac{lr} (2.18)
Notice that
f) == @ ﬁna
n€Np,ae{l,r}

Definition 2.4. The JC L-model is called time reversible symmetric if there is a conjugation I
acting on $) such that // and H, are time reversible symmetric and the subspaces $),, ., n € Ny,
a € {l,r}, reduces I'.

Example 2.5. Let v¢ and ¢ be conjugations defined by the followmg
fa = fa = {fa( )}kENa foa av OéE{l,’l“},

61 (1) = (365)

We set v := 7f! @ v¢ @ <. Further, we set:

fyphw = 2/1 = {w(n)}neNou w S hph~
Let I := ° ® vP". One easily checks that I' is a conjugation on $) = h* @ hP".

and

Lemma 2.6. Let ¢, o € {S,1,r}, and v*" be given by Example 2.5.

() If the conditions v&e5 = e5 and v&ey = ef are satisfied, then Hy is time reversible

symmetric with respect to I and, moreover, the subspaces $,., n € No, o € {l,r},
reduces I'.
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(ii) If in addition the conditions v255 = 65 and &6y = 67 are satisfied, then JC L-model is
time reversible symmetric.

Proof. (i) Obviously we have

VAR = heNe e {l,r}, and AP"RPM = pPhAPR,
If vdes = e5 and y&e;y = ef are satisfied, then Y& he = h¥~¢ which yields v*'h¢! = hgl~! and,
hence, 'Hy = ['Hy. Since v9h¢ = h< and yP"hP" = hP" one gets I'$),,, = 9, which shows that
$n,, reduces I'.
(i) Notice that y¢'6¢ = 6%, a € {l,r}. If in addition the conditions v¢d5 = 45 and

g7 = o7 are satisfied, then y“v, = vgy® is valid, which yields vh? = h¢~°. Hence,
I'H = HT'. Together with (i), this proves that the JC'L-model is time reversible symmetric. I

Choosing the following:

1 0 1 (1 1 1
eg = <O> e — (1) , 569 = E <1> . 0= ﬁ (_1> (2.19)

one satisfies the condition v&e§ = e5 and v&e) = ef as well as y&es = ef and y&e; = ef.

2.4. Mirror symmetric systems

A unitary operator U acting on ) is called a mirror symmetry if the following conditions are met:
USpo = 9, a,d €{l,r}, a#d

are satisfied. In particular, this yields U$H'¢ = $7¢, §/¢ := p¢ @ h»".

Definition 2.7. The JC L-model is called mirror symmetric if there is a mirror symmetry commut-
ing with Hy and H.

One can easily verify that if /, is mirror symmetric, then
H, ,U=UH,,, neNy, o e{lr}, a#d,
where
Hp, = b @ In + Iya @ WY = bl +nw, neNy, a0’ €{l,r}, a#d.
In partiCI;llar, this yields that v, = v,/. Moreover, one gets U Hg = HsU where Hg := h¥ ® I, poh +
Tyer @ hP".

Notice that if // and [, commute with the same mirror symmetry U, then also the operator
H.:=h" @ Ijpn + Iya @ h*" also commutes with U, i.e, is mirror symmetric.

Example 2.8. Let S = {H, Hy} be the JCL-model. Let v; = v, and let e; and e} as well as 5
and 07 be given by (2.19). We set:

el S ._ S el S _ __S
ugey :=e¢; and wuge] = —e7, (2.20)

as well as
uPh Y, = e Y, n e N,. (2.21)
Obviously, Us := u¥ @ uP" defines a unitary operator on $/¢. Straightforward computation shows
that:
UsHs = HsUs and  UgVp, = Vi Us. (2.22)
Furthermore, we set:
uhol =67, and ul'e" =o', neN, (2.23)

Ir¥n
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and
0 0 uf
u? =10 u?d 0
u 0 0
We thus have the following:
Ji < fs, (ug)* 5 > &
vau | fs | = | < frr (uf) 0] > 65+ < fi, (ugy)*o7 > 67 (2.24)
fr < fS> (uesl)*(sig > 5{
Since 05 = %(eg +e7) and 67 = %(65 — e7) we get from (2.20)
(u@)*65 =67 and  (u%)*6Y =65 (2.25)
Obviously, we then have
(up) 0y =07 (u)"07 = dy. (2.26)
Inserting (2.25) and (2.26) into (2.24), we find
i < fs,07 >8]
vau | fs | = | < fr 05 > 65+ < 1,00 > 67 (2.27)
fr < fSa 505 > 61{
Further, we have:
fl < f57 &IS‘ > 5%
uvg | fs| = | < fi, 68 > 07+ < fr, 00 > 65 | . (2.28)
Jr < fs, 05 > 0f

Comparing (2.27) and (2.28), we get uv, = vqu. Setting U = u® @ u”" one immediately
proves that UHy = HoU and UH = HU. Since U$),, = $,_,, it is satisfied that § is mirror
symmetric.

We note that Example 2.8 § is also time-reversible symmetric.

2.5. Spectral properties of [7: first part

In the following, our goal is to apply the Landauer-Biittiker formula to the JC'L-model. By £,(5),
1 < p < oo, we denote in the following the Schatten-v.Neumann ideals.

Proposition 2.9. If S = {H, Hy} is the JC L-model, then (H + i)' — (Hy + )" € £,(9). In
particular, the absolutely continuous parts H and H{¢ are unitarily equivalent.

Proof. We have
(H+i) ™" = (Ho+14) ' =(Ho+14) 'V(H+1)"" =
(Ho+4) "'V (Ho+14i)"" = (Ho+4) "'V (Ho+4) "'V (H + i),

where V. = H — Hy = Vg + V,;,. Taking into account Lemma 2.3, it suffices to prove that
(Ho+ i)'V (Hy + i)t € £1($). Using the spectral decomposition of h?" with respect to h?" =
Dreng Phwhere hP" are the subspaces spanned by T,,, we obtain the following:

(Ho+i)™' = @ (h§' +nw +14i)7' @ L. (2.29)

n€eNg
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We have (Hoy + i)'V (Hy + i)' = (Ho + i)' (Vo + Vpn)(Ho + 4)~'. Since v, is a finite rank
operator, we have ||vy||e, < oo. Furthermore, h?" is obviously one-dimensional for any n € Nj,.
Hence, || 1 [|¢, = 1. From (2.29) and Ve, = ve @ Iypn, we obtain the following:

[(Ho +4) " 'Va(Ho +9) e, = D (7§ + nw + ) va(hf +nw + 1)~ |g,

n€Ng
< D MhE +nw + )72 vl
neNg
Since h¢' is bounded, we get:
-1
(e 4 nw +4)7Y| = sup ( (A 4 nw)? + 1) <ce(n+1)71, (2.30)
Aeo(hgh)

for some ¢ > 0. This immediately implies that ||(Hy + ) "'V (Ho + i) ||, < co.
We are going to handle (Hy + )V, (Hy + i) ~*. Let p2" be the projection from h*" onto
hP". We have the following:
(Ho+1)7" (- eq)ed @b (Ho +i)~
= Y (B +mw+i) (- e5)el (b +nw +1i) 7 @ phrbpht
m,n€eNp

= D (h§ +(n—=Nw+0)7" (eg)ed (7 +nw+0) 7 @ VaTuo1(, Tn)

neN

From (2.30), we get the following:

el N—1(. S\,S (pel N1 2 V1
[6' (= Do )7 el (8 4+ meo +0)71) © VAT L, <€y
n € N, which yields:
I(Ho+ )" (- e5)ey @b (Ho+14) e, < Z < 00

neN TL+ 1)

Since
I(Ho +1)7" (- et)eg @ b" (Ho+14) ey, = [[(Ho + 1) 7" (- e5)ef @b (Ho +0) e,
one gets (Ho + i) ' Vpu(Ho + i)' € £1($), which completes the proof. O

Thus, the JCOL-model S = {H, Hy} is a £;-scattering system. Let us recall that h? =
—AP 0., € {I,7}, on b’ = hs! = £2(N).

Lemma 2.10. Let o € {l,r}. We have the following:
o(h?) = 04o(h?) = [Va, 4 + va)].
The normalized generalized eigenfunctions of h® are given by:
ga(@, X)) =773 (1 = (= A+ 2 4 v,)%/4) 7 sin (arccos((—)\ +2+ va)/2)x)
forz € N, X € (va,4 + vq).

Proof. We prove the absolute continuity of the spectrum by showing that:

{9a(z, ) [ A € (=2,2)}
is a complete set of generalized eigenfunctions. Note that it suffices to prove the lemma for

(AP +2)f)(2) = fz + 1)+ f(z = 1), f(0)=0.
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The lemma then follows by replacing A with —\ + 2 + v,. Let A € (—2,2) and
gan(x, ) = W’%(l - )\2/4)’i sin (arccos()\/Q)x).

Note that gap(0,A) = 0, when the boundary condition is satisfied. We substitute y =
arccos(A/2) € (0,7),i.e. A = 2cos(x) and obtain the following:

sin(pu(x 4+ 1)) + sin(u(x — 1)) = 2sin(ux) cos(u),

when gap(x, \) satisfies the eigenvalue equation. It is obvious that gan (-, \) & (*(Ny) for A €
(—2,2). To complete the proof of the lemma, it remains to show the ortho-normality and the
completeness. For the ortho-normality, we have to show that

> gan(x, N)gap(z,v) = 6(A —v).

zeN

Lety € C° ((—2, 2)) We use the substitution ;1 = arccos(v/2) and the relation

sin(arccos(y)) = (1 — yz)’%

to obtain the following:

/_22 dv Z gap(x, N)gap(x,v)(v)

zeN

— g1 /” d Sin(l.t) sin (lar.ccos(A/2);z:) Sin(/fx)
sen (sin(u))2 (sin(arccos(A/2)))2

27‘(‘ / d (SlH(IM))7 (ei(arccos(A/Q)—u)z+
xeN (sin(arccos(A/2)))2

(2 cos(11))

—i(arccos(A/2)—p)z ez(arccos()\/2)+p,)a7 . e—z(arccos(k/2)+,u)$>¢(2 COS(M)).

Observe that for the Dirichlet kernel:
Yo (e ) — 1 =2m(y),

€Ny

when

/22 dv Y gan(z, N)gan(z,v)¢(v) =

zeN

T (sin(p))? -
/0 du (sin(arccos(1/2)))2 (0(arccos(A/2) — ) + d(arccos(A/2) + 1)) (2 cos(n)) = ().

In the second equality we use that the summand containing J(arccos(A/2) + p) is zero since both
arccos(A/2) > 0 and p > 0. Thus, the generalized eigenfunctions are orthonormal. Finally, using
once more the substitution p = arccos(v/2), we obtain the following:

/_22 dv gan (z,1)gan (y,v) =
/22 v (1 - (V/2)2>_% sin (arCCOS(V/Q)x) sin (arccos(u/2)y) —

ot /07r dp (sin(p)) ™! sin(p)sin(px) sin(uy) = 6.y,

for z,y € N, when the family of generalized eigenfunctions is also complete. 0
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From these two lemmas, we obtain the following corollary that gives us the spectral prop-
erties of Hj.

Proposition 2.11. Let S = {H, Hy} be the JC L-model. Then, o(Hy) = 04.(Ho)Uo,,(Hy), where

0ac(Ho) = | (v + nw, v+ 4+ nw] U [v, + nw, v, + 4 + nw]
n€Ng

and
ow(Ho) = |J {A) +nw:j=01}.
n€eNg
The eigenvectors are given by g(m,n) = 2 @ T,, m = 0,1, n € Ny. The generalized eigenfunc-
tions are given by go (-, A\,n) = go (-, \ — nw) @ T, for A € o,.(Hy), n € Ny, a € {l,7}.

Proof. Tt is well known (see e.g. [15]) that for two self-adjoint operators A and B with o,.(A) =
0s(B) =0, we have 0,.(A® 1+ 1® B) =0,

0l A® 1+1® B) = (04:(4) +0(B)) U (0(A) + 00c(B))

and
op(A®1+1® B) = 0pp(A) + 0y(B).
Furthermore, if 1¥)4(\4) and ¥ p(A\p) are (generalized) eigenfunctions of A and B, respectively,
then ¥4(A4) ® ¥p(Ap) is a (generalized) eigenfunction of A ® [ + I ® B for the (generalized)
eigenvalue A\ 4 + Ap.
The lemma follows now with A = h& and B = h*" using Lemmata 2.10 and (2.14) and
the fact that hg has eigenvectors {ej, e7'} with eigenvalues {\5, \J = A5 + €}, O

2.6. Spectral representation

For the convenience of the reader, we define here what we mean under a spectral representation
of the absolutely continuous part K§ of a self-adjoint operator /, on a separable Hilbert space
A. Let € be an auxiliary separable Hilbert space. We consider the Hilbert space L*(R, d\, £). By
M, we define the multiplication operator induced by the independent variable X in L*(R, d\, ).
Let @ : R*(Ky) — L*(R, d\, ) be an isometry acting from R%“(Kj) into L*(R, d\, £) such that:
ddom(K§°) C dom(M) and

MOf = BKEf, f e dom(Ki).

Obviously, the orthogonal projection P := ®®* commutes with M which yields the existence of
a measurable family, { P(\) } \cr, such that:

(PHN=PNFON), ] eL* R\
We set L2(R, d), €(\)) := PL*(R, A, €), &(\) := P(\)E, and call the triplet
I(K§Y) == {L*(R,d)\, €(\)), M, ®}
a spectral representation of Kg¢. If {L*(R, d\, €()\)), M, ®} is a spectral representation of K,
then K is unitarily equivalent M, := M | L*(R,d\, €()\)). Indeed, one has ®KJP* = M,.

The function &5 (\) := dom(£())), A € R, is called the spectral multiplicity function of K§°.
Notice that 0 < £ (M) < oo for A € R.

For v € {l,7}, the generalized eigenfunctions of h¢ define generalized Fourier transforms
by ¢4 + by = b2 “(hg) = L*([va, va +4]) and

(@ fa)X) = Y galz, M) falz), fa€bE. (2.31)

zE€Np
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We then set:

o C X € [va,vq +4]
(V) = {0 AR\ [ug, v + 4], (2.32)

One can easily verify that TI(hY) = {L*(R,d\, % (N)), M, ¢¢} is a spectral representation of
het = hébec o = [ r, where we always assumed implicitly that (¢¢'f,)(A) = 0 for A € R\
[Va, Vo + 4]. Setting:

bi'(\)
hrN) = @ CC? MNeR, (2.33)
by' ()
and introducing the map:
hel
¢ petae(ng) = ela — L*(R, d), b%(N)), (2.34)
el
defined by:
G f = (jlff’) . where fi— (?) (2.35)

we obtain a spectral representation IT(h5"°) = {L2(R, dX, h(\)), M, ¢} of the absolutely con-
tinuous part hS"* = h¢t @ he of h¢!. One easily verifies that 0 < a(h) < 2for A € R.
Introducing:

A =min{v, v} and A = max{v +4,0, + 4}, (2.36)

one easily verifies that £ (A) = 0 for A € R \ (A e .
Notice, if v, + 4 < vy, then

bl (1) = C, Aev,v+4Ulv,u+4],
{0}, otherwise

which shows that h¢ has a simple spectrum. In particular, it holds Shel( ) = 1for A € [v, v, +
4] U [vy, vy + 4] and otherwise €h€l< ) =0.

Let us introduce the Hilbert space b := [*(Ny, C*) = @D,cn, bn» b := C% n € No.
Regarding h(\ — nw) as a subspace of b,,, one regards:

= @D bV, b (V) =b"A—nw), NER, 2.37)
n€Np

as a measurable family of subspaces in h. Notice that 0 < dim(h(\)) < oo, A € R. We consider
the Hilbert space L*(R, d\, h(N)).
Furthermore, we introduce the isometric map @ : §(H) — L*(R,d), h())) defined by

- @ (). ven aw

where
@ (fl(n)> c @ hel,ac(hel) ® bph _ @ b?l (?;hﬁh
neNp fr(n) neNg 0 " neN bil ® hﬁh

where b, = @,,cn, 2" and h2" is the subspace spanned by the eigenvectors T, of h*". One easily
verifies that ® is an isometry acting from $?¢( Hg¢) onto L?(RR, d), h(\)).
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Lemma 2.12. The triplet { L*(R, d)\, h()\)), M, ®} forms a spectral representation of H{, that is,

II(HE) = {L*(R,d\, h(N)), M, @} where there is a constant d € Ny such that 0 < & (M) <

2dmax for X € R where d . := ’\g“wi/\‘e‘i“ and X and \¢. are given by (2.36).

Proof. It remains to be shown that ® transforms H{ into the multiplication operator M. We have
ae (R 1) (n) + nw fi(n)
'l = © ( B 1) (n) + ety (n)
which yields the following:
ac (&7 (R £1) (n) ) (A = nw) + new (g fi(n)) (A — nw)
OH, A) =
@) = @ (A v L et ()3 -
(
(

n€eNp

(
)
(f' fi(n)) (A = nw)
= . = (MoDf)(N), ek
-® (Na =) = ey
which proves the desired property.

One easily checks that h(\) might only be only non-trivial if A\—nw € [A%._ A< ]. Hence,

min? max
we obtain that h(\) is non-trivial if the condition:

A= N A=,

\TL\
w w

1s satisfied. Hence,

el el
Oéfj'flc()()\)éZCard{nENo A)\maxén\/\)\mm}, A€ R.
w

w
or
)\el _/\el
Oéﬁﬁ)(A)éQcard{neNo:Ogn M}, )\ €R.
w
Hence 0 < &3 (M) < dax for A € R, O

In the following we denote the orthogonal projection from h(\) onto b, () by P,()),
A € R, cf (2.37). Since h(\) = D,.en, hn(A) We have Iy = Y,en, Pn(A), A € R. Further, we
introduce the following subspaces:

Boo(A) == b4\ —nw), AER, neN.

Notice that:
P b..(r), AeR, neN,.
ac{l,r}

By P, ()\) we denote the orthogonal projection from h(\) onto b, (A), A € R. Clearly, we have
Pn()‘) = Zae{l,r} Pna(/\)’ AER

Example 2.13. In general, the direct integral I1( H§¢) can be very complicated, in particular, the
structure of h(\) given by (2.37) is difficult to analyze. However, there are interesting simple cases:
(i) Let v = v; = v, and 4 < w. In this case we have h®(\) = C? for [v,v + 4] and

b)) = C* Me[v+nwv+nw+4], neN,
~ 1{0}, otherwise.
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(i) Letv, = 0, v; = 4, wy = 4. Then

(\)=C, Xel0,4),
‘N =C?, e l4,8),

A Ir
"W = AeBa),
where
bel (M)
aN= @, a, €{l,r}, a#d.
bl (A
Hence, dim(h(\)) = 2 for A > 4. O

Let Z be a bounded operator acting on $°“(Hj) and commuting with H§°. Since Z com-
mutes with H§° there is a measurable family {Z(\) } \er of bounded operators acting on h(A) such
that Z is unitarily equivalent to the multiplication operator induced by {Z(\) } \er in II(H§). We
then set:

Zmon,(A) = P, (N Z(AN) [ b (N), X ER, m,n € No, «a,s € {l,r}.

Let Zn, := Pn,ZP,, where P, is the orthogonal projection from $) onto ,,, C $H(H,),
cf. (2.18). Clearly, the multiplication operator induced {Z,, ... (\)}rer in II(H§¢) is unitarily
equivalent to Z,,_,..

Since, by Lemma 2.12, h(\) is a finite dimensional space, the operators Z(\) are finite
dimensional ones and we can introduce the following quantity:

Oman, A) =0 (Zion, (N Zon,,(A)), A ER, m,n € Ng, «,s € {l,r}.

Lemma 2.14. Let Hy be the self-adjoint operator defined by (2.15) on $). Furthermore, let Z be a
bounded operator on $H*(H,) commuting with H§*

(i) Let T" be a conjugation on %), cf. Section 2.3. If I' commutes with Hy and P, _, n € Ny,
a €{l,r} and TZT' = Z* holds, then o, ,,(N\) = 0 m. (N), X € R,

(ii) Let U be a mirror symmetry on $). If U commutes with Hy and Z, then o, ., (\) =
Omm, (A, AER, m,n €Ny, a,d/, 32,5 € {l,r}, a # o/, 5 # 5.

Proof. (i) Since I' commutes with H, the conjugation I is reduce by $%“(H,). So without loss of
generality, we assume that I" acts on H*(Hy). Weset ', :=T" | £, . Notice that:

r= @ I
neNy,ae{l,r}

There is a measurable family {I'(A)},cr of conjugations such that the multiplication operator
induced by {I'(\) }aer in II(H§€) is unitarily equivalent to I'. Moreover, since I" commutes with
P, we see that the multiplication operator induced by the measurable family:

Lo A):=TA) [0, (A), XeR, meN,, aec{lr}
is unitarily equivalent to I',,,. Using I'ZT" = Z* we get Iy, Zn o, I'n,. = Z;, ... Hence,
Lo N Zimon,, M0, (N) = Zm, (NS, A ER. (2.39)
If X is a trace class operator, then tr(I'XT') = tr(X). Using that we find

Omgn, (A) = (L, (N) Zinan, (N)* Zimgn,, (N, (A)) =
tr(Ch,, (A) Ziman,, AT Tine Zinen,, (M) (X))
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From (2.39), we obtain the following:
Oman(A) = 0(Znima (AN) Znoma (N)*) = 0pnma (A), A ER,

which proves (i).

(ii) Again, without loss of generality we can assume that U acts only $)%“(H,). Since U
commutes with H, there is a measurable family {U(\)},cgr of unitary operators acting on h(\)
such that the multiplication operator induced by {U(\)},cr is unitarily equivalent to U. Since
U$in, = Hn,, we have U(A)b,,, (A) = b,_,(A), A € R. Hence,

Tmans (A) = 1 (U(AN) Zion,.(N) Zingn,, (MU (N)*) =
tr(U(N) Zimg i, (A) UN)U(X) Ziy i, (MU (X))
Hence,

Oman,(A) = tr(P,  UN)Z(X)UN) Py, (NUN)Z(NU(N)P,_, (X)).

@ 2’

Since U commutes with Z, we find that:

Oman,(N) = tr(P, , Z(A) P ,(NZ(N) P, (X)) = 0mm (A, AER,
which proves (ii). O
2.7. Spectral properties of H: second part

Since we have full information for the spectral properties of H, we can use this to show that A has
no singular continuous spectrum. Crucial for that is the following lemma: with the help of [6, Cor.
IV.15.19], which establishes existence and completeness of wave operators and absence of singular
continuous spectrum through a time-falloff method. We cite it as a Lemma for convenience, with
slight simplifications that suffice for our purposes.

Lemma 2.15 ( [6, Corollary IV.15.19]). Let { Hy, H} be a scattering system and let A be a closed
countable set. Let F, and F_ be two self-adjoint operators such that F'y + ' = P{ and

s — lim eTitHo g, oFitHo —
t—o00

If (H =)™ = (Hy— i)™ € £c(9), (1 = Pf)y(Ho) € £x(9), and

/Oioo at| (o — i)™ — (H — i)™ )e o (Ho) Fy |

forall v € CP(R\ A), then Wi (H, Hy) exist and are complete and os.(H) = os.(Hy) = 0.
Furthermore, each eigenvalue of H and Hy in R \ A is of finite multiplicity and these eigenvalues
accumulate the most at points of A or at +o0.

< 00

We already know that the wave operators exist and are complete since the resolvent differ-
ence is trace class. Hence, we need Lemma 2.15 only to prove the following proposition.

Proposition 2.16. The Hamiltonian H defined by (2.17) has no singular continuous spectrum, that
is, osc(H) = ().

Proof. At first we have to construct the operators F.. To this end, let F : L*(R) — L*(R) be the
usual Fourier transform, i.e

FN) = F)i= o= [ f@)to, e PRudn), peR

Further, let IT be the orthogonal projection onto L*(R.) in L*(R). We set:
Fy = 9" FIILF O,
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where ® is given by (2.38). We immediately obtain F_ + F', = P,.(H,). We still have to show
that:

s — tlim |eFiHop* FIIL F*®deFtHo f|| = 0

for f € $H%(H,). We prove the relation only for F, since the proof for F_ is essentially identical.
We have the following:

(I Fr e f)(2) = (27) Fxe, (@) [ due @0 f() = xo. (@)oo +1
with 1) = F f. Now,
||6—itH0q)*FH+f*q)eitHof||2 _

I Foe f? = [ defu(e +1) =% 0.
+

Al

Concerning the compactness condition, we already know that (H —4)™' — (Hy — 1)~ € £,(9) C
£+ ($) from Proposition 2.9. Let

A= U {vi + nw, v, +nw, v, + 4+ nw, v, + 4 + nw},
neNg

which is closed and countable. We know from Corollary 2.11 that H, has no singular continuous
spectrum and the eigenvalues are of finite multiplicity. It follows then that (1 — P,.(Hy))v(Hy) is
compact for every v € C5°(R \ A). The remaining assumption of Lemma 2.15 is as follows:

’/0jEOO di H<(H — i)~ = (Ho - i)_1>7(H0)€_itH°FiH’ =0

If we can prove this, then we immediately obtain that A has no singular continuous spectrum.
Now (H — i)™t — (Hop— i)' = (H —4) " *(Vey + Vpu)(Ho — ©)~'. But (H — i)~! is bounded,

ran(Fy) C $°(Ho) = (b’ ® be') @ b*",
and V,,, P*“(Hy) = 0. Also, Vo = v ® Iypen and
ker(vy)™ C C8} @ hg & C9.

Hence, it suffices to prove:

[ at P, — ) (H)e R < oo,

o € {l,r}, where P* = p ® Iy and pf is the orthogonal projection onto h¢. In the following
we treat only the case F;. The calculations for F'_ are completely analogous. We use that ® maps
H§* into the multiplication operator M induced by \. Hence, we get the following:

| Pra(Ho)e " M0d* F f|| = || PP ®3( Ho)e Hod" F || =
2) 4

(=
n€ENg

where supp (f) C R, 3(A) := (A—4)"'y(A\), A € R, and 6., := [V4 + Nwo, Vo + nw + 4]. Notice

that () € C5°(R \ A). We find:

| gt A =m0 [ dwe e f (o) =

Ry

[NIES

= (2m)"

/5 dX go (1A —nw)F(N\) [ dze 2@ f(x)

Ry

Va+4 .
/ X ga(1, VT +nw) [ da e iOFmed@) £
Vo R+
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which yields:
| Praroq(Ho)e oo Ff| =

(2

n€Ng

1
2

2
dr e—i(/\-i-nwo)(a:—&-t)f(x)’ > ‘

N|=

Vo +4
(2m)" [ gu(1 )00+ )

R

Since the support of () is compact, we see that the sum ), , is finite. Changing the integrals,
we get:

/ dX go (1, A —nw)F(N\) | dze @D f(g) =
604,71

Ry

) Vat4 .
dxf(l,)e—mwo(x-ﬁ—t)/ d\ ga(L )\)ﬁ()\ + nw)e—z)\(x—i-t)

Vo

R
Integrating by parts m-times, we obtain:

/ dA go (1, A — nw)y / dz e @) £ (1) =

o q e—znw (z+t) Va+4 A inat) am = \
(i [, e f@) g [ e (LA )

Hence,

2
/ dA ga(LA —nw)F () [ dee @ f ()] < 02 </R dz !f(:c>\<x+lt)m)

which ylelds:

R4

) 1
[ g A=) [ dee e @)t < e P
5a,n m=

for m € N where:

Ry

Cp = / i ‘d)\m (ga(l, MFO+ nw)') |
Notice that C,, = 0 for sufficiently large n € N. Therefore,

1/2
~ —1 * 1
W%WMWWHK(Z%>#MMWJGW&ML

n€Np

which shows that || Pp3( Ho)e 0 F || € LY(R,, dt) for m > 2. O

3. Landauer-Biittiker formula and applications
3.1. Landauer-Biittiker formula

The abstract Landauer-Biittiker formula can be used to calculate currents through devices. Usually
one considers a pair § = {K, K} be of self-adjoint operators where the unperturbed Hamiltonian
K describes a totally decoupled system, that means, the inner system is closed and the leads are
decoupled from it, while the perturbed Hamiltonian / describes the system where the leads are
coupled to the inner system. An important component is system S = { K, K}, which represents a
complete scattering or even a trace class scattering system.

In [1], an abstract Landauer-Biittiker formula was derived in the framework of a trace
class scattering theory for semi-bounded self-adjoint operators which allows one to reproduce
the results of [18] and [7] rigorously. In [13], the results of [1] were generalized to non-semi-
bounded operators. Following [1], we consider a trace class scattering system § = {K, Ky}. We
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recall that § = {K, K,} is called a trace class scattering system if the resolvent difference of
K and K, belongs to the trace class. If § = {K, Ky} is a trace class scattering system, then
the wave operators W (K, K;) exist and are complete. The scattering operator is defined by
S(K, Ky) := Wo(K, Ko)*W_(K, Ky). The main components, besides the trace class scattering
system S = { K, K}, are the density and the charge operators p and @), respectively.

The density operator p is a non-negative bounded self-adjoint operator commuting with K.
The charge () is a bounded self-adjoint operator commuting also with K. If K has no singular
continuous spectrum, then the current related to the density operator p and the charge () is defined
as follows:

J/f,Q = —utr (W*(Ka KO)pW*([C KU>*[K7 Q])7 3.1

where [K, )] is the commutator of K and (. In fact, the commutator [ K, )] might be not defined.
In this case, the regularized definition:

1 1
K Q). 62

is used, where it is assumed that (I + KZ)p is a bounded operator. Since the condition
(H —4)7'H,QJ(H +1i)~! € £(9) is satisfied, definition (3.2) makes sense. By £,(8)) is the
ideal of trace class operators is denoted.

Let K, be self-adjoint operator on the separable Hilbert space K. We call p be a density
operator for K if p is a bounded non-negative self-adjoint operator commuting with K. Since p
commutes with K|, one sees that p leaves invariant the subspace 8°¢(K,). We then set

Pac =P | ﬁCLC(K-O)'

Jo=—itr (W(K, Ko)(I + K2)pW_ (K, Ko)*

call p,. the ac-density part of p.

A bounded self-adjoint operator, (), commuting with K, is called a charge. If @) is the
charge, then:

Qac = Q f ﬁac(KO)v

is called its ac-charge component.

Let TI(K§¢) = {L*(R,d\,£(\)), M, ®} be a spectral representation of K. If p is a
density operator, then there is a measurable family {p..(\) } \cr of bounded self-adjoint operators
such that the multiplication operator:

(Moo A = pacN) F(A), € dom(M,,,) := L*(R, dA,E(N)),

is unitarily equivalent to the ac-part p,, that is, M, = ®p,.P*. In particular, this yields that:

ess-Sup y gl Pac(N) ) = ||PacllB(sec(iy))- In the following, we call {pa.(\)}rer the density
matrix of pg.

Similarly, one obtains that if () is a charge, then there is a measurable family {Q..(\) }aer
of bounded self-adjoint operators, such that the multiplication operator:

-~ ~

(M. [IA) = Qac(N) f(N),
f €dom(Q..) = {fe LQ(R, dX, B(N)) : Quc(N) f()\) € LQ(R,CZ)\,E()\))},
is unitarily equivalent to (4, i.e. Mg, = ®Q,.P*. In particular, one has:

ess-Sup \cg [|Qac(M)5en) = [|QacllBaue(io))- (3.3)

If @ is a charge, then the family {Q,.()\)}cr is called the charge matrix of the ac-component of
Q.

Let s = {K, Ky} be a trace scattering system. By {S()\)}.cr, we denote the scattering

matrix, which corresponds to the scattering operator S(K, K,) with respect to the spectral repre-

sentation II(K{¢). The operator T := S(K, Ky) — P*(K) is called the transmission operator.
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By {T'(\)} er, we denote the transmission matrix which is related to the transmission operator.
Scattering and transmission matrices are related by S(\) = Ty + T'(A) for a.e. A € R. Notice
that 7'(\) belongs for to the trace class a.e. A € R.

Theorem 3.1 ([13, Corollary 2.14]). Let S := {K, Ko} be a trace class scattering system and let
{S(\) }rer be the scattering matrix of S with respect to the spectral representation I1( K§°). Fur-
thermore, let p and () be density and charge operators and let {p..(\) }acr and {Quc(\) }rcr be
the density and charge matrices of the ac-components pac and charge Q. with respect to I1( K§°),

respectively. If (I + K2)p is bounded, then the current J Q defined by (3.2) admits the represen-
tation:

1
J5a= 3= [ 5(aclN)(@ueclN) = §" (NQueN)S (V) ), (3.4)
where the integrand on the right side and the current J* ,.q Satisfy the estimate:
‘tl" (paC()‘)(QaC()‘) - S*()‘>Qac( ) ( )))‘ < (3~5)

A Mo 1T ) e o QN [l e
fora.e. A€ Rand
T30l < Coll(H +4)™" = (Ho + 1) ]y, (3.6)
where Cy := Z||(1 + HOQ)pHS(R)

In applications, not every charge () is a bounded operator. We say the self-adjoint operator
() commuting with K is a p-tempered charge if Q(H, — i) ~? is a bounded operator for p € Nj.
As above, we can introduce Q.. := @ [ dom(Q) N K*(Kj). It follows that QFEk,(A) is a
bounded operator for any bounded Borel set A. This yields that the corresponding charge matrix,
{Qac(N) }acr, is @ measurable family of bounded self-adjoint operators such that:

€ss-Sup AeR(l + AQ)p/QHQaC()‘)HS (E(\) < O0.

To generalize the current .J3 , to tempered charges @, one uses the fact that Q(A) := QE,(A) is
a charge for any bounded Borel set A. Hence, the current J* 5.0(a) 18 well-defined by (3.2) for any
bounded Borel set A. Using Theorem 3.1 one gets that for p-tempered charges, the limit

Jiq = lim TS0 (3.7)

exists, provided (Hy — )P*2p is a bounded operator. This gives rise to the following corollary:

Corollary 3.2. Let the assumptions of the Theorem 3.1 be satisfied. If for some p € Ny the
operator (Hy — 1)P™2p is bounded and Q) is a p-tempered charge for K, then the current defined
by (3.7) admits the representation (3.4), where the right hand side of (3.4) satisfies the estimate
(3.5). Moreover, the current .J* ¢ can be estimated in the following manner:

TS0l <C, DI(H +0)7" — (Ho +9) |21 ()s (3.8)
where Cp, := 2||(1 + Hg)p+2/2PH£(ﬁ)HQ(I + H) 7P o)

At first glance, the formula (3.4) is not very similar to the original Landauer-Biittiker for-
mula of [7, 18]. To make the formula more convenient, we recall that a standard application exam-
ple for the Landauer-Biittiker formula is the so-called black-box model, cf. [1]. In this case, the
Hilbert space 8 is given by:

N
R=RsdEPR;, 2<N <. (3.9)

J=1
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and K by:
N
Ko=Ks®@PK;, 2<N <o (3.10)

The Hilbert space K is called the sample or dot and K5 is the sample or dot Hamiltonian. The
Hilbert spaces R, are called reservoirs or leads and K; are the reservoir or lead Hamiltonians. For
simplicity, we assume that the reservoir Hamiltonians K; are absolutely continuous and the sample
Hamiltonian Kg has a point spectrum. A typical choice for the density operator is:

N
p=fs(Ks)® @ f;(K;), (3.11)

j=1

where fs(-) and f;(-) are non-negative bounded Borel functions, and for the charge:
N
Q = gs(H.) & P g;(H;), (3.12)
j=1

where gg(-) and g;(-) a bounded Borel functions. Making this choice the Landauer-Biittiker for-
mula (3.4) takes the form:

a =5 MZI L) = g NN, (3.13)
where
o) = (TN Ti(N), k=1, N, AeR, (3.14)

are called the total transmission probability from reservoir k to reservoir j, cf. [1]. We call it
the cross-section of the scattering process going from channel £ to channel j at energy A € R.
{T;k(X) }rer is called the transmission matrix from channel & to channel j at energy A € R with
respect to the spectral representation IT( ). We note that {74 ()} ser corresponds to the trans-
mission operator:

Ty = PT(K, Ko)Py, T(K,Ky) = S(K, Ko) — P*(Ky), (3.15)

acting from the reservoir k to reservoir j where T'(K, K;) is called the transmission operator. Let
{T'()\)} rcr be the transmission matrix. Following [1], the current .J5 , given by (3.13) is directed
from the reservoirs into the sample.

The quantity ||T'(\)[|¢, = tr(T(A\)*T' (X)) is well-defined and is called the cross-section of
the scattering system S at energy A € R. Notice that:

o(A) = [T(Nle, = tx(T(N)TO) = > (D). AeR,

J,k=1

We point out that the channel cross-sections o,;,(\) admit the property:

N N
oA = or(N), AER, (3.16)
Jj=1 J=1

which is a consequence of the unitarity of the scattering matrix. Moreover, if there is a conjugation
J,such that KJ = JK and KyJ = J K| holds, that is, if the scattering system (§ is time reversible
symmetric, then we have even more, namely, it holds that:

O'jk(/\) = Ukj(/\); A eR. (3.17)

Usually, the Landauer-Biittiker formula (3.13) is used to calculated the electron current
entering the reservoir 5 from the sample. In this case one has to choose () := Q;l := —eP; where
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P; is the orthogonal projection form £ onto £; and ¢ > 0 is the magnitude of the elementary
charge. This is equivalent to choosing g;(A\) = —e and g;(\) = 0 for £ # j, A € R. In doing so,
we get the Landauer-Biittiker formula simplifying to:

UL Z [0 = FeA)o () (3.18)
To restore the original Landauer—Buttiker formula, one sets:
i) =f(A=p), AeR, (3.19)

where 1i; is the chemical potential of the reservoir &; and f(-) is a bounded non-negative Borel
function called the distribution function. This gives rise to the following formula:

TS = - Z/ (A= 115) = FON = ) (A)dA. (3.20)
In particular, if we choose one:
1
f(/\) = fFD()‘) = ma B > 07 A€ R7 (321)

where frp(-) is the Fermi-Dirac distribution function, and inserting (3.21) into (3.20) we obtain:

N
JSQEL = —% g::l /R(fFD(A — 1) = fro(A — ) oji(A)dA. (3.22)

If we have only two reservoirs, then they are usually denoted by [ (left) and r (right). Let 7 = [
and £ = r. Then,

Egn = =5 [.(frpO= ) = fep(h =)o (A, (3.23)

One easily checks that Jin < 01if gy = p,. That means, the current is leaving the left reservoir
and is entering the right one which is in accordance with physical expectations.

Example 3.3. Notice that 5. := {h? h¢'} is a £, scattering system. The Hamiltonian h takes
into account the effect of coupling of reservoirs or leads b; := [*(N) and b, := [*(N) to the sample
hs = C? which is also called the quantum dot. The Hamiltonians for the leads are given by:
het = —AP + v,, a = I,7. The sample or quantum dot Hamiltonian is given by h&. The wave
operators are given by:

wi(h® h) = s- Jim e/t eIt pac(pely. (3.24)
The scattering operator is given by s, := w (h, h¢)*w_(he, heh). Let TI(hS"*°) be the spectral
representation of hgl ““ introduced in Section 2.6. If p¢ and ¢ are density and charge operators for
h¢', then the Landauer-Biittiker formula takes the following form:

gt = 5 Lt (O (66— 5 G 0)). (3.25)

where {s.(\)}ers {q (M) }aer and {p°()\)}acr are the scattering, charge and density matrices
with respect to I1(h{"*), respectively. The condition that ((hg')? + Iy1)p is a bounded operator is
superfluous because A is a bounded operator. For the same reason we have that every p-tempered
charge ¢ is in fact a charge, that means, ¢ is a bounded self-adjoint operator.

The scattering system s, is a black-box model with reservoirs h¥ and h¢!. Choosing

= fih) & fs(hg) @ fr (R,
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where f,(-), @ = [, 7, are bounded Borel functions, and

¢ = gi(hi") ® gs(hg) & g-(hy),
where g,(-), « € {l,r}, are locally bounded Borel functions, then from (3.13) it follows that:

PR I A ACV RN ALY PAONCACVY

a,xe{l,r}
aFEx

where {o.(\)}.er is the channel cross-section from left to right and vice versa. Indeed, let
{tc(A\)}rer be the transition matrix which corresponds to the transition operator ¢, := s, — [gei.
Clearly, one has t.(\) = Iy — sc(A), A € R. Let {p?(\)}rer be the matrix which corre-
sponds to the orthogonal projection p¢ from h? onto h?. Further, let t5,()\) = p(A\)t.(\)pf
and t§, := pf(\)t.(\)p?. Notice that both quantities are in fact scalar functions. Accordingly,
the channel cross-sections of.(A) and o0&, () at energy A € R are given by o.(\) := of.(\) =
L5 (NP = [t (N = a7, (A), A € R.
In particular, if g;(A\) = 1 and g, = 0, then:
T = 5 LI = LDV (3.26)

pehq

and qf’ = plel. Following [1], J;; 4l denotes the current entering the quantum dot from the left
]

lead.

3.2. Application to the JC L-model
Let s = {H, Hy} now be the JC L-model. Furthermore, let p and () be the density operator and a
charge for H, respectively. Under these assumptions, the current .J /iQ is defined by:

1 1

and admits representation (3.4). If Q is a p-tempered charge and (Hy—1)P2p is a bounded operator,
then the current JiQ is defined in accordance with (3.7) and the Landauer-Biittiker formula (3.4)
is also valid.

We introduce the intermediate scattering system S, := { H, H.}, where:

He = h" @ Iypn + Iy @ W' = Hy + V.

The Hamiltonian /. describes the coupling of the leads to the quantum dot, but under the assump-
tion that the photon interaction is not switched on.

Accordingly, S,, = {H,H.} and S, := {H., Hy} are £,-scattering systems. The
corresponding scattering operators are denoted by S,, and S, respectively. Let II(H%) =
{L2(R,d), h(N)), M, ®.} of H be a spectral representation of H.. The scattering matrix of
the scattering system { H, H .} with respect to II( H?¢) is denoted by {S,, ()} rer. The scattering
matrix of the scattering system { H,., Hy} with respect to TI( Hj¢) = {L*(R, d)\, bho()\)), M, Py} is
denoted by {S.(\)}rer-

Since S, is a £;-scattering system, the wave operators W (H,, Hy) exist and are complete
and since ®.W, (H,, Hy)®{ commutes with M, there are measurable families {W,(\)},er of
isometries acting from by () onto h () for a.e. A € R such that:

o~

(PWVL(He, Ho) Py f)(N) = WA f(N), AeR, f e L’(R,dA ho(N)).

The families {IWW.(\)}\er are called wave matrices.
Straightforward computation shows that S,, := W, (H., Hy)*S,nW4.(H,, Hy) commutes
with H,. Hence, with respect to the spectral representation I1(H{), the operator S, is unitarily
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equivalent to a multiplication induced by a measurable family { S,;, (A)}rcr of unitary operators
in ho(A). Straightforward computation shows that:

Spn(N) = W (A)*Spn(N) W, (M), (3.28)

for a.e. A € R. Roughly speaking, { §ph (A) }rer is the scattering matrix of S, with respect to the
spectral representation I1( H§°).
Furthermore, let
p° = W_(H., Ho)pW_(H., Hy)" (3.29)
and
Q¢ == Wy(H., Hy) QW (H., Hp)". (3.30)

The operators p© and ()¢ are the density and tempered charge operators for the scattering system
Spn- Indeed, one easily verifies that p© and ()¢ are commute with /.. Moreover, p¢ is non-negative.
Furthermore, if () is a charge, then )¢ is also a charge. This gives rise to the introduction of
currents J;Q = J;fo,

. . L1 1
Pp— (W(HC,HO)pW(HC, Ho)' g 1He Qg l) , (3.31)
and J2% = T,
1 1
ph . c * c
— —itr (W_(H, H)p"W_(H, H,)* ——[H, Q] —— ) , 3.32

which are well defined. If Q) is p-tempered charge and (Hy — i)P*2p is a bounded operator, then
one easily checks that Q° is a p-tempered charge and (H,. — )P is a bounded operator. Hence
the definition of the currents .J gS,QC can be extended to this case and the Landauer-Biittiker formula
(3.4) holds.

Finally, we note that the corresponding matrices {p5.(\) } xer and {QS.(N)} rer are related
to the matrices {pac(A\) }acr and {Quc(\) rcr by

Pl = W- (Ve OW-()" and - QL (N) = Wo(NQue WL ()" (333)
fora.e. A € R.

Proposition 3.4 (Current decomposition). Let S = {H, Hy} be the JC L-model. Furthermore,
let p and () be the density operator and a p-tempered charge, p € Ny, for Hy, respectively. If
(Hy — 9)P™2p is a bounded operator, then the decomposition,

c h
JS,Q - Jij + J;)’Q, (334)

holds where JFC,,Q and Jgfég are given by (3.31) and (3.32).

In particular, let {S.(A\)}aer, {Pac(A) }rer and {Qac(N)}rer be scattering, density and
charge matrices of S., p and Q) with respect to I1(H§¢) and let {Spn(\) }rer, {p5.(A)}rer and
{Q%.(N\) }rer be the scattering, density and charge matrices of the scattering operator Sy, density
operator p°, cf. (3.29), and charge operator Q)°, cf. (3.30), with respect to the spectral representa-

tion TI(H?“}. Then, the following representations:

fo = g [ e (@ul) ~ SN Que VSN (3.35)

Thg = 217T /Rtr@ozc(A)( 2N = Spn(N) Q5 (M) Spn(N)))dA, (3.36)

take place.
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Proof. Since S, and S, are £-scattering systems from Theorem 3.1 the representations (3.35) and
(3.36) are easily follow. Taking into account (3.33), we get the following:

(PG (M) (Qac(A) — Spn(A)*Q5c(N)Spn(N))) =
Er (W= (A) pac W- (A)" (W (X) Qac (M)W (A) = Spn(A)" Qe (A)Spr(A))).-
Using S.(A) = W, (A\)*W_(\) we find that:
tr(P5e(M) (Qac(A) = Spn(A) QG (A) Spn(A))) = tr (pac(A)x (3.37)
(Se(A) Qac(A)Se(A) = W_(A)"Spn(A) Wi (A) Qac(\) W (A)*Spn(M)W-(A))) -

Since {H., Hy} and {H, H.} are £-scattering systems, the existence of the wave opera-
tors Wi (H,H.) and Wy(H,, Hy) follows. Using the chain rule, we find W.(H, Hy) =
Wi (H,H.)Wy(H., Hy) which yields:

S = WJr(HaHO)*WJr(HaHO)
= Wi(H., Hy)W,(H,H.)W_(H,H.)W_(H., Hy) = Wy(H., Hy)*Spn W_(H,, Hp).

Hence, the scattering matrix {S(\)} er of { H, Hy} admits the representation

S(A) = WL (A SpnMW_(N), AeR. (3.38)
Inserting (3.38) into (3.37), we get the following:
1
P == [ 5oV (SN) QuelNSeN) = SO QueNSNAA  (339)
Using (3.39), we obtain the following'
Ta = / t0(pac (V) (QaclA) — SN Que(NS(A))dA.
Finally, taking into account (3.4), we obtain (3.34). ]

Remark 3.5.

(1) The current .J7 ; is due to the coupling of the leads to the quantum dot and it is therefore called
the contact mduced current.

(i1) The current J /I;Z? is due to the interaction of photons with electrons and it is called the photon
induced current. Notice the this current is calculated under the assumption that the leads are
already in contact with the dot.

Corollary 3.6. Let the assumptions of Proposition 3.4 be satlsﬁed With respect to the spectral
representation I1( H{®) of HS the photon induced current JP" 1. can be represented Dy:

= o [0 PelN) (QuelX) — Sy Qe V) Sy (W), (3.40)
where the measurable families { S,,(\) Yrer and { pac(\) }rcr are given by (3.28) and
Pac(A) = Se(A)pac(A)Sec(A)* A €R, (3.41)
respectively.
Proof. Using (3.33) and S.(\) = W (A)*W_()), we find:

tr(pae (A (@ee(A) = Spr(A) Qac(A)Spn(A))) =
tr (Se(A)Pac(A)Se(A ) (Qac(A) = Wi (A) " Spn(A) W (X) Qac(MW (A) " Spn (M)W () -
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Taking into account the representations (3.28) and (3.41), we get the following:
(P (N (@5 (N) — S (V) Qe (N S(M)) =
tr(Se(A)pac(A) Se(A)" (Qac(A) = Spr(A)” Qac(A) Spr(A) ),
which immediately yields (3.40). 0

Remark 3.7. In the following, we call { p,.(A\) }acr, cf. (3.41), the photon modified electron
density matrix. Notice that { p,.()\) } »er might be non-diagonal, even if the electron density matrix

{pac(N) } rer is diagonal.
4. Analysis of currents

In the following, we analyze currents .J; , and Jﬁ% under the assumption that p and () have the
tensor product structure:

p=p"@p" and Q=q"®q", .1
where p and pP" as well as ¢ and ¢P" are density operators and (tempered) charges for ¢ and
hP", respectively. Since pP" commutes with hP", which is discrete, the operator pP"has the form:

=3 () () T, (4.2)
n€Np
where pP"'(n) are non-negative numbers. Similarly, ¢”" can be represented as:
¢ =2 " () T)Ln, (4.3)
neNy
where ¢P"(n) are real numbers.
Lemma 4.1. Let S = {H, Hy} be the JC L-model. Assume that p # 0 and Q) have the structure

(4.1) where p® is a density operator and q% is a charge for hg..
(i) The operator (Hy — i)P*2p, p € Ny, is bounded if and only if the condition:

sup PP (n)nP? < oo, (4.4)
n€Np
is satisfied.
(i1) The charge Q) is p-tempered if and only if:

sup |¢""(n)|n"? < oo, 4.5)

neN

is valid
Proof. (i) The operator (Hy — 7)P*2p admits the representation:
(Ho—i)""p = @ p""(n)(h§ + nw —0)P*2p.

pENg
We have:
I(Ho =0 pllswy = sup g () (G’ + e =) p o (4.6)
p 0
— sup pph(n)np+2n—(p+2) H(hgl + nw — i)p+2pel o
peNo £(het)

Since lim,,_ oo n~#*2) H(hgl +nw — §)P2pel

large n € Ny that:

) WP p| ¢(pe!)» We obtain for sufficiently

wp+2

5 ||Pel||£(hel) < n_(p+2)||(hgl +nw — Z')p+2,08l||2(hel) .
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Using that and (4.6), we immediately obtain (4.4). Conversely, from (4.6) and (4.4), we obtain that
(Hy — i)P*2p is a bounded operator.
(i1) As above, we have:

Q(Hy—1)? = @ ¢ (n)q".
neNg
Hence:
1Q(Ho — i)™ ||es) = sup |¢”"(n)|llg” (h§ + nw — 1) 7|l g (g,

nENp

Since limy, o0 7P| (h§ 41w —0) 7P| g(get) = wP||g%|| ¢yer)» We similarly obtain, as above, that (4.5)
holds. The converse is obvious. [

4.1. Contact induced current
Let us recall that S, = {H,., Hy} is a £;-scattering system. Straightforward computation shows
that:
Wi (H,, Hy) = w(h®, b)) @ Lo,
where w. (h®, hgl) is given by (3.24). Hence:
Se = 8¢® Iy, where s.:=wy(he, h§)w_(he, h).

Proposition 4.2. Let S = {H, Hy} be the JC L-model. Assume that p and Q) are given by (4.1)
where p® and ¢° are density and charge operators for hi and p" and ¢P" for hP", respectively. If
Jor some p € Ny the conditions (4.4) and (4.5) are satisfied, then the current J; ; is well defined
and admits the representation:

0= 7= 2 ¢ (n)p(n), (4.7)

n€Np

where J%, .. is defined by (3.2). In particular, iftr(p"") = 1 and ¢*" = Iypn, then JS

Sc
pelvqel'

Proof. First, we note that by lemma 4.1 the operator (Hy —)P*2p is bounded and @ is p-tempered.
Hence, the current J iCQ is correctly defined and the Landauer-Biittiker formula (3.4) is valid.

With respect to the spectral representation I1(H§°) of Lemma 2.12, the charge matrix
{QucN) }aer Of Que = ¢& ® qph admits the representation:

Quc(N) = P & W) (n), A eR. (4.8)

n€ENg

Since S; = s, ® Iypn, the scattering matrix {S.(\)} \er admits the representation:

Sc(A) = B se(A—nw), AeR.

Hence:
Qac( )_ ()‘)*Qac( ) c()‘) = (49)
P ¢"(n) (qaC —nw) — 8e(A — nw)* L — wn)se(\ — nw)) :

n€eNy

Moreover, the density matrix { pac(/\)} rcr admits the representation:

lOaC @ pph pac TLCL)) (410)

neNp
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Inserting (4.10) into (4.9) we find the following:
p*(A) (QaC(/\) - ()‘)*QaC()‘>SC(>‘)) =
D ¢ ()" (m)pik () = ) (45O = wm) = sl = n) gEE A — wm)se (A — )

neNy

Since v = Y ,en, ¢ (n)pP"(n) is absolutely convergent by (4.4) and (4.5), we obtain that:

tl"( ac()\> (Qac(A) - ()‘>*Qac()‘)sc<)‘))) = (411)
ZN ¢ (n (pac<)\ — nw) (qac()\ wn) — Se(A = nw)* gL (A — wn)s (A — nw)))

Clearly, we have:
‘tr (pac (A — nw) (qac()\ wn) — Se(A = nw)* gL (N — wn)s (A — nw)))‘ <
4l pseX = nw) e lgee X = nw)lleway, A €R.
We insert (4.11) into the Landauer-Biittiker formula (3.35). Using (4.4) and (4.5) as well as

/Hp Mt 00 [1dae (Ml w00 @A < 00,

we see that we can interchange the integral and the sum. By doing so, we get:
1
c h h el
fo= X g o (O - )
n 0
(qac()\ wn) — 8e(A = nw)* geL (N — wn)s (A — nw))) dA.
Using (3.25) we prove (4.7).

If tr(pP") = 1, then Y, p”"(n) = 1. Furthermore, if p*" = Izn, then ¢*"(n) = 1. Hence,
v=1. 0

4.2. Photon induced current

To calculate the current J 0> We use representation (3.40). We then set:
Sot (A) = Pu(X) S () Tha(A), A €ER,

where { S, (A)}acr is defined by (3.28) and P,,()\) is the orthogonal projection from (), cf.
(2.37), onto b,,,(N) := h(\ — mw), A € R.

Proposition 4.3. Let S = {H, Hy} be the JC L-model. Assume that p and Q) are given by (4.1)
where p® and ¢° are density and charge operators for hi and p" and ¢P" for h¥", respectively. If
for some p € Ny the conditions (4.4) and (4.5) are satisfied, then the current Jé’% is well-defined
and it admits the following representation:

pQ = Z PP (m Z " (n /d)\ tr LN — mw) x 4.12)

méENp n€Ng
(45h O\ = 1) — 33;;2 (A)git(A —nw) 528 (V)

where { pct(N) }aer is the photon modified electron density defined, cf. (3.41), which takes the
Jfollowing form:

PN = 5.(N)pt(N)se(N)*, AeER. (4.13)
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Proof. By Lemma 4.1 we get that that the charge () is p-tempered and (H, — 7)?p is a bounded
operator. By Corollary 3. 2 the current Jp h = SP" . 1s well-defined.

Since (Qac( ) = Spr(A)* Qac(A ) oh ()\)) is a trace class operator for A € R, we get from
(3.40) and (4.10) that:

60 ( Pac(N) (Qae(N) = Spr(N)* QuelN) Spn (V))) =
> )t (77O = mw) Pu(A) (Qae(N) = Spn(N)* Qae(A) Spi (V) Pr(N))

meENy

Furthermore, we have:

Pos(N) (Qae(N) = Spn(N)* Que(N) Sy (V) Pra(N)

= ¢""(m) (¢ (A = mw) = Pru(A) Spn(N)" Que(A) Spr (1)) Pr(N)
= " (m)g" (A —mw) = 3= ¢ (n) SN ¢/ (A — nw) ST, ().
neNy
for A € R where S2" (\)* := P,(A) Spn (\)Pn()), A € R. Notice that 3,,cy, is a sum with a

finite number of summands. Hence:

tr (Pac(V) (QaelN) = (V) Que(N) Sy (V) = 3= 2 (m) 3 ¢ (n)

meNp n€Ng

tr (771 (\ = mew) (g(A = mew)dmn = SELO) 0 (A = ) SN ))

We are going to show that

> ptm) 3l )] [ fer (500 = muw) x

meNg neNg

(4 (N = 1) G — SERN)" ¢ (A = mw) S22 () ) )| A < o0
Clearly, one has the following estimate:
o (2 = mew) (¢ (N = mw)dm = ST 4 (0 = nw) ST (V) ) )| <
2/[ 7 (A = m) o (187 = 1) 60,000 O + 0% = 10) w2 ) -
Furthermore, we get:

o 17O = ) et 8 = 102 ety <

/ 157 O) Nemon 14 ) e, 0 A
AER

and

L7 = ) st 00 8 (A = 1) 9 <
gzt hswey [ 17O = (m = 1)) sty pdd

If the conditions (4.4) and (4.5) are satisfied, then

S o m)lg™ m)] [ 17O oo 47 ) 6,000 < 0.

meENy
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Furthermore, we obtain:

> pMm) Yl (n) ARnfﬂu—<m—n>w>||s<hm,nu>>dm

meNp n€Ng

(Vmax — Um1n+4)”P H): het) Z pph Z |qph(n)’ < 00,

meNy |m7n|§dmax
where d,,. 1s introduced by Lemma 2.12. To prove the following:
o pMm) Y e (n)] < oo
meENg ‘m_n‘gdmax
we again use (4.4) and (4.5). The last step allows us to interchange the integral and the sums,
which immediately proves (4.12). 0

Corollary 4.4. Let S = {H, Hy} be the JC L-model. We assume that p and @ are given by (4.1),
where p® and ¢° are density and charge operators for hi and p*" and ¢P" for h¥", respectively. If

pl is an equilibrium state, i.e. p = f°(hS'), then:

To=Y ¢"n / (07 () £ (A — nw) — P (m) f (A — muw)) x

m,n€Ng

tr (SEh, (A)gih(A — nw) SPE(A)) d. (4.14)

Proof. From (4.12), we obtain the following:

Ty =3 ) X M m)o- [dA FU ) x

neNy me&Ny
1 (b (N = nw)bmn — SEh (A)"geh(A — nw) SEE (V).

Hence,

h h
T = S g 27T/dA S m) £\ — mw) x

neNp me&Ny

o1 (N = nw)bmn — SER (A)*geh(A — nw) SEE (V).

This gives the following:

JpQ —TL%O qph(n);w/Rd)\ (pph(n)fel()\ — nw)tr (qzlc(/\ — nw)) — (4.15)
S M) N — mw)tr (S (A gih(A — nw) SEE (V).
meENy
Since
> 7 (m) f N — mw)tr (8B (V) g (A — nw) SEE (V) =
meENy
> () £ = mw) = P () £ N = nw) ) tr (S, (V) gh (A — nw) SR (A)) +
meENy
P) N = nw) St (S (A) gl (A — nw) S (V)

meNy

then inserting this into (4.15) we obtain (4.14). I
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5. Electron and photon currents
5.1. Electron current

To calculate the electron current induced by contacts and photon contact, we make the following
choice throughout this section. We set

QY =@ @ ¢, ¢ =—ep? and ¢" =TI, a€{lr}, (5.1)

where p?! denotes the orthogonal projection from h* onto h%. By ¢ > 0, we denote the magnitude
of the elementary charge. Since p% commutes with h¢, one can easily verify that Q¢ commutes
with Hy, which shows that Q¢ is a charge. Following [1], the flux related to Q¢ gives us the
electron current JiQ?f entering the lead o from the sample. Notice Q¢ = —eP, where P, is
the orthogonal projection from $) onto §, = h< ® h?". Since ¢"" = I,n, condition (4.5) is
immediately satisfied for any p > 0.

Let f(-) : R — R be a non-negative bounded measurable function. We set:

pr=p @5 @7, Pl = f(hG — ) ae{lr}, (5.2)
and p = p® ® p”". By u, the chemical potential of the lead « is denoted. In applications, one sets
f(A) == frp(A), A € R, where frp()) is the so-called Fermi-Dirac distribution given by (3.21).
If B = oo, then frp()\) := xr_()\), A € R. Notice that [p?, p¢] = 0. For pP", we choose the Gibbs

state: ] ]
h._ ~ _—Bh?h _ —BhPhy
PP = 7€ . Z =tr(e )= =i (5.3)
Hence, p"" = (1 — e~ P<)e=#M"™" If B = oo, then pP' := (-, To)Yo. Clearly, tr(p?") = 1. We note
that p”"(n) = (1 — e #)e ", n € Ny, satisfies the condition (4.4) for any p > 0. Accordingly,
po = p? @ pP" is the density operator for H,.

Definition 5.1. Let 5 = {H, Hy} be the JCL-model. If Q := Q¢, where Q¢ is given by (5.1),

and p := po := p” @ p™, where p* and p*" are given by (5.2) and (5.3), then J%! o1 = J5 oo

is called the electron current entering the lead . The currents J;O 0cl and J;’ : Qe are called the
contact-induced and photon-induced electron currents.

5.1.1. Contact induced electron current. The following proposition immediately follows from
Proposition 4.2.

Proposition 5.2. Let S = {H, Hy} be the JC L-model. Then the contact induced electron current

Joy e @ € {l,r}, is given by bo.Qel = J;Ce,,qgl. In particular, one has:

Al /R(f()\ ) = fO =)o NN, a,xe (1), a#x, (54

C
el — —
p0,Q% o

where {o.(\)}aer is the channel cross-section from left to the right of the scattering system s. =
{het, he'Y, of. Example 3.3.

Proof. Since tr(pph) = 1 it follows from Proposition 4.2 that J;o,Qel = J;‘;l 4ol From (3.26), cf.
Example 3.3, we find (5.4). O

If 4y > p, and f(-) is decreasing, then J;O ot < 0. Hence, the electron contact current
7

is going from the left lead to the right which is in accordance with the physical expectations. In
particular, this is valid for the Fermi-Dirac distribution.

Proposition 5.3. Let S = {H, Hy} be the JC L-model. Further, let p° and p" be given by (5.2)
and (5.3), respectively. If the charge Q% is given by (5.1), then the following holds:
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(E) If iy = iy, then ;07%[ =0, ae{lrh
(S) If v; > v, + 4, then J[fO,le =0, a €{l,r}, evenif i # .
(C) If e = 05 and e} = 07, then Qs = 0, a € {l,r}, even if uy # .

Proof. (E)If yy = pir, then f(A —u) = f(A — ). Applying formula (5.4) we obtain J5 . = 0.

(S) If v; > v, + 4, then A" has simple spectrum. Hence the scattering matrix {s,(\)}rer
of the scattering system s, = {h°, h&'} is a scalar function which immediately yields o.(\) = 0,

A € R, which yields ;07%1 =0.

(C) In this case, the Hamiltonian /¢! decomposes into the direct sum of two non-interacting
Hamiltonians. Hence, the scattering matrix of {s.(\)}cr of the scattering system s. = {h¢, h&'}
is diagonal, which immediately yields Jpco ga = 0. 0

5.1.2.  Photon induced electron current. It is hopeless to analyze the properties of (4.12) if we
make no assumptions concerning p° and the scattering operator s.. The simplest assumptions is
that p and s, commute. In this case, we get p% (\) = p%()\), X € R.

Lemma 5.4. Let S = {H, Hy} be the JC L-model. Furthermore, let p° be given by (5.2). If one
of the cases (E), (S) or (C) of Proposition 5.3 is realized, then the p® and s. commute.

Proof. If (E) holds, then p = f(h&) which yields [p®, s.] = 0. If (S) is valid, then the scattering
matrix {s.(\)}er is a scalar function which shows [p?, s.] = 0. Finally, if (C) is realized, then
the scattering matrix {s.(\)},cr diagonal. Since the p is given by (5.2) we get [p%,s.] =0. O

We will now calculate the current Jﬁ’:Qel, see (4.12). Clearly, we have P,(\) =

Sonen, PN — nw) and Iy, = P(A) + P.()\), A € R. We then set:
Pry(A) 1= Pa(N) Pa(X) = Pu(N) Pa(N) = pi (A —1w), o € {17},

n € Ny, A € R. In the following we use the notation T, (\) = S, (\) — Iy, A € R, where
{ T,n(\) }acr is called the transition matrix and { S,,()\) Yacr is given by (3.28). We set:

" (A) = Pee(N) T WP, (V), ANER, a,xe{l,r}, kmeN,
and:
oy () =te(T, (N TP (N), ANER, (5.5)

which is the cross-section between the channels &, and m,,.

Proposition 5.5. Let S = {H, Hy} be the JC L-model.
() If p® commutes with the scattering operator s. and ¢, then:

S == 2 i /R (") F N = o — 1) = P (m) F(N = e — muw)) G20, (A) d.

m,nENp
we{l,r}

(5.6)
(i) If in addition S = {H, Hy} is time reversible symmetric, then
e .
T == 2 o /R (7" () F(N = o = nw) = p™" (M) F(A = par — mw)) G2, (A) d,

m,nENp
(5.7)
a, e {l,r}, a # d.
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Proof. (1) Let us assume that:

Z g%(hil)7

we{l,r}
Notice that
GV = > gV, XeR. (5.8)

we{l,r}

Inserting (5.8) into (4.12) and using qph = Iypn, we obtain the following:

To= > PMm /d)\ Pa (X — mw) g (A — nw) x
meNg TLEN
ae{l,r} el r}

tr (I (A = mw) (LA = nw) Gy — SH (V) PL = nw) S22 (1))
where, for simplicity, we have set:
a(N) = fA—pa), AR, neNy, ae{lr}. (5.9)
Accordingly, we get:
1
Plo= % )5 [ dr e —nw)g. (= nw)tr (p(3 — nw)) -

neNp
we{l,r}

> pph(m);ﬂ/Rd)\ Do A —mw)g,. (A — nw) x (5.10)

neNg meNy
we{l,r} ae{l,r}

tr (pE (A — mw) S, (A" Dl (A — nw) S, (A)pl (A — mw)) .

Since the scattering matrix { SP" (A ( )} rer is unitary, we have:

0 = > pd(\—nw) ) SR (A PN — mw) SP (A\)peh(A — nw), (5.11)
meNg
ae{l,r}

forn € Ny and » € {[,r}. Inserting (5.11) into (5.10), we find that:

poQ_ Z Z P (n) 7T/Rd)\qﬁ,f()\—nw)g%()\—mu)x

neNg meNy
we{l,r} ac{l,r}

tr (pS (N — nw) SER (A)'pE (A — mw) SEE (Vp(\ — nw)) —
> pph(m);ﬂ/Rd)\ Ga(A —mw)g,. (A — nw) x

neNg meNy
we{l,r} ac{l,r}

tr (pf (A — mew) S, (A" Dl (A — nw) S, (A)pld (A — mw))

Using the notation (5.5), we find the following:

To= X P [ N6 - mw)gh - mo) ot () -

neNg meNy
we{l,r} ae{l,r}

1
S ) [ AN da(h = mw)g (A — ) G, (V).
neNg meNy 27T R
we{l,r} ae{l,r}
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By (3.16), we find that:
oot (A= > 6. (A AeR

meNg me&Ng
ae{l,r} ac{l,r}
Using that, we obtain the following:
1
h
Twa= 2 5= /]R X (5.12)

m,nENp
a,xe{l,r}

(77" (n)$ (X = nw) = p" (M) $a(X = mw)) g — nw) 522, (A) dA.
Setting g,(\) = —e and g,,(A\) = 0, 3 # «, we obtain (5.6).
(11) Straightforward computation shows that:

S [ (PO = o =) = P m) FO = o = o)) G, (V) dA =

n,mENp

S [ (MmO = o = me) = ) (3 = pa = 1)) I, (A) dA

n,meNg

Since o?! (X)) = oP" (), A € R, we obtain the following:

> (PO = o =) = " (m)F8 = o = ) G (V) dA =

n,meNg
= [P0 o) = ) SO o =) L, ()
n,meNy
which yields:
ZEN /R (9" (n) F(N = o — nw) = PP (M) FN = o — mw) ) G52, (A)dA =0
n,meENy
Using that, we immediately obtain the representation (5.7) from (5.6). 0

Corollary 5.6. Let S = {H, Hy} be theJC L-model.

(i) If the cases cases (E), (S) or (C) of Proposition 5.3 are realized, then the representation (5.6)
holds.

(ii) If the case (E) of Proposition 5.3 is realized and the system S = {H, Hy} is time reversible
symmetric, then

Plas== 3 oo L@ )0 = nw) = " (m) (A = = mw)) 53k, (VA (5.13)
0 e m,n€Np 2m Jr e
n € No, a € {l,r} where i :== py = p, and a # /.
(iii) If the case (E) of Proposition 5.3 is realized and the system S = {H, Hy} is time reversible

. . h
and mirror symmetric, then Jf: 008l = 0.
b «

Proof. (i) The statement follows from Proposition 5.5(i) and Lemma 5.4.
(i1) Setting 1o, = o formula (5.13) follows (5.7).
(iii) If S = {H, Hp} is time reversible and mirror symmetric, we obtain from Lemma
2.14 (ii) that 62" (X\) = o£" (A, A€ R,n,m € No, o, o’ € {l,r}, o # . Using that, we
obtain from (5.13) the following;
¢

T == 2 o /R(Pph(n)f@ — = nw) = p(m) fA = p—mw)) 38", (A)dA.
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Interchanging m and n, we obtain:

Pgn == % 5 [0 == me) = g0 FO = =) T2, (N,

Pl == % o [P m)fO = = mw) = () FO = o= ) 528, (A,

m,n€ENp 2
which shows that Jthd = —Jthel Hence Jthe, =0. O
We note that by Proposition 5.3, the contact induced current is zero, i.e. J ¢ QL = = (. Hence,
if the § is time reversible and mirror symmetric, then the total current is zero, i.e. J ° . =0.

0,0
Remark 5.7. Let the case (E) of Proposition 5.3 be realized, that is, y; = p,.. Moreover, we
assume for simplicity that 0 =: v, < v := v;.
(i) If 8 = oo, then pP"(n) = Son, n € Ny. From (5.6), we immediately obtain that JPh el el = 0.
That means, if the temperature is zero, then the photon-induced electron current 18 zero.
(i) The photon-induced electron current might be zero even if § < oo. Indeed, let § =
{H, Hy} be time reversible symmetric and let the case (E) be realized. If w > v + 4 and
hel(N) == b4(N) = heL(\ — nw) n € Ny. Hence, one always has n = m in formula (5.13),
which immediately yields Jp 0.Qel = 0.

(iii) The photon-induced electron current might be different than zero. Indeed, let S = {H, Hy}
be time reversible symmetric and let v = 2 and w = 4, then one sees that to calculate the

Jp h 0,051 one has to consider m = n + 1 in formula (5.13). Therefore, we find that:

ph B
J/’OaQ?l - Z 27T><
LA (M FO = g =) = 0+ DFO = o= (4 1)) 52y, (V).

If pPh is given by (5.3) and f(A\) = frp(N), cf. (3.21), then one easily verifies that

0
%Pph(x)fm()\ —p—aw) <0, z,m\ER.

Hence, p"(n)frp(A — p — nw) is decreasing in n € Ny for A\, u € R which yields
(P () f(A = 1= nw) = p""(n+ 1) f(X = = (n+ 1)w)) > 0. Therefore, J*" Mo <O
which means that the photon-induced current leaves the left-hand side and enters the right-
hand side. In fact, Jph o = = 0 implies that &7 (n+1)7' (A\) =0forn € Ny and A € R, which

means that there is no scattermg from the left-hand side to the right one and vice versa
which can be excluded generically.

5.2. Photon current
The photon current is related to the charge by equation:
Q:=Q" =—La®n,

where n = dI'(1) = b*b is the photon number operator on h*" = F, (C), which is self-adjoint
and commutes with 2", It follows that QP" is also self-adjoint and commutes with H. It is not
bounded, but since dom(n) = dom(h?"), it is immediately obvious that Q" ( Hy+6)~! is bounded,
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when 91 is a tempered charge. Its charge matrix with respect to the spectral representation [1( H§°)
of Lemma 2.12 is given by:

Qee (V) = — B nP.(N).

n€Ny

We recall that P, ()\) is the orthogonal projection from h(\) onto b,,(A) = h(A —nw), A € R. We
will now calculate the photon current or, as it is also known, the photon production rate.

5.2.1.  Contact induced photon current. The following proposition is, in fact, in accordance with
the physical intuition.

Proposition 5.8. Let S = {H, Hy} be the JC L-model. Then J¢ =0.

p0,QPh

Proof. We note that ¢%.()\) = Iyer(n), A € R. Inserting this into (3.25), we obtain J;‘;l ol = 0.

Applying Proposition 4.2 we prove J7 ., = 0. 0J

The result reflects the fact that the lead contact does not contribute to the photon current,
which is plausible from the physical point of view.

5.2.2.  Photon current. From Proposition 5.8, we see that only the photon-induced photon current

ph : S : S __ gph ph :
Jponph contributes to the photon current meQph. Since meQph = meQPh, we call JpO’Qph simply

the photon current.
Using the notation TP () := P,(\) T,n (\) | b\ — mw), X € R, m,n € Ny. We set:

TPR(A) = TP (N)se(A—mw), AeR, m,n e N, (5.14)
and

T2 (N) = P TRV THE (A —mw),  AER, (5.15)
m,n € Ny, a, 5 € {I,r}, as wellas 2" () := tr(T2h(A)*TP"(N), A € R.
Proposition 5.9. Let S = {H, Hy} be the JC L-model.
(1) Then:

1 ~
T = 22 (n—=m)p"(m)_— /Rf(A — fto — mw)F" (M)A, (5.16)

m,neNp
a,xe{l,r}

(i) If p°* commutes with s., then:

1
Tgm =22 (n=m)p"(m)— /R FON= po — mw) 32 (A)dA. (5.17)

m,nENp
o, ze{l,r}

(iii) If p® commutes with s. and S = {H, Hy} is time reversible symmetric, then:

1
- — / A\ X 5.18
po,Qph m n€§n>m 27T R ( )
;f,ae{’l,r}

(n = m) (P (M) A = o = mw) = " (0) F (A = pr, = nw)) G20, (N),

where o/ € {l,r} and o/ # «.
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Proof. (i) From (4.12) we get
J 00, Qph - — Z npph(m)x

m,n€ENg
[ o (DO = me) (PaN)dmn — 5 (a0 — ) 2, ()
Hence:
T = —m%O g (m) - /R tr (LA — mw) (Pr(A) — 52 (A Pul(X) 528, () )) dA+
S ) [ e (O me) SO PSP ) dA
m,nENp 2
m#n

Using the relation P, (A) = Iy(x) — Xnengmzn Pn(A), A € R, we obtain the following:

== mp () [ (O me) (SO0 PO S () ) At
T’r’;li’no
S () [t (PO = mw) Sk () Pa() Sk, (3) ) dA
m;éno

Since Ty (A) = Spn (A) — Iyay» A € R, we find

Than =3 (m =) [ e (GO~ mew) IO TIA) ) d

m,nENy

Using (4.13) and definition (5.14) one readily sees that:

== 3 (n=myp"(m)s— [ tr (g% — meo) TEAO) T2 () dA.

m,nENp

Since p2, = pf' @ p¢ where p¢ is given by (5.2), we find the following:

Prgn == X m=mpm)o- [ FO= o~ me)tr (T2, )T, (1) X

m,neNp
a,xe{l,r}

where we have used (5.15). Using 52" . (\) = tr(T%" (A\)*T¢". ()\)), we prove (5.16).

(ii) If p¢. commutes with s, then p% (\) = pcl (M), A € R, which yields that one can
replace 62" (X) by 2" (\), A € R. Therefore, (5.17) holds.

NseMe

(iii) Clearly, we have:

T = (5.19)

S e m )y [ O o= me) 32, (A +

m,neNg,n>m
a,xe{l,r}

S e mm) g [ O o= me) 68, (A,

m,nENg,n<m
a,xe{l,r}
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Moreover, a straightforward computation shows the following:

S - [ O o= ) 62, (A =

m,n€ENg,n<m
o, xe{l,r}

S (m—n)p(n) / FON— 1 — nw) 37 (A)dA.

m,neNg,n>m
a,xe{l,r}

Since S = {H, Hy} is time reversible symmetric, we find the following:

S (- m)pph(m);7T /R FON— o — mw) 37 (A)dA = (5.20)

m,nENg,n<m
a,xe{l,r}

S (m—n)p(n) /f (A — i — ) 8" (\)d.

m,nENg,n>m
a,xe{l,r}

Inserting (5.20) into (5.19), we obtain (5.18). O

Corollary 5.10. Let S = {H, Hy} be the JC L-model and let | = frp. If case (E) of Proposition
5.3 is realized and S = {H, Hy} is time reversible symmetric, then J;’:Qph > 0.

Proof. We set 1 := p; = pi,-. One has:

P m)fN = = mw) — p" () f(A — i — nw) =
e (1 — e TR frop (A — = mw) fep(A — g — nw) > 0,

for n > m. From (5.18), we see that Jp > 0. O

0.Q7"

Remark 5.11. We will now comment the results. If Jf)’:Qph > 0, then system S is called light
emitting. Similarly, if Jp oorh S0, then we call it light absorbing. Of course if § is light emitting
and absorbing, then J;’O orn = 0.

(i) If B = oo, then p”"(m) = &y, m € Ny. Inserting this into (5.16), we get:

Phon= 3 no= [ FO— n)ote, ()dA > 0

n€Ng
a,xe{l,r}
Hence, the system S is light emitting.

(ii) Let us show S might be light emitting even if § < oo. We consider the case (F) of
Proposition 5.3. If § is time reversible symmetric, then it follows from Corollary 5.10 that
the system is light emitting.

If the system § is time reversible and mirror symmetric, then Jp h 0.Qcl = =0,a € {l,r},
by Corollary 5.6(iii) . Since meQel = 0 by Proposition 5.3, we get that ng%l = 0 but

the photon current is larger than zero. So our JC'L-model is light emitting by a zero total

electron current J° ;.
p0,Q8

Let v, = 0, v; = 2 and w = 4. Hence S is not mirror symmetric. Then, we get from

Remark 5.7(iii) that Jp h Qs = J;’ h Q¢! < 0. Hence, there is an electron current from the
<0.

left to the right lead. Notlce that by Proposition 5.3 J ¢ Qe = = 0. Hence, J5 0t S
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(iii) To realize a light absorbing situation, we consider the case (S) of Proposition 5.3 and
assume that § is time reversible symmetric. Notice that by Lemma 5.4, s, commutes with
p°. We make the following choices:

v, =0, w24 w=v, w=0, p =w=u1.

It follows out that with respect to the representation (5.18) one has only to m = n — 1,
» = rand o« = [. Hence,

T = %Qlﬂx
Lax (o (n = DO = (0= D) = () fA = (0 + 1)) 520y, (V)
Since, f(A) = frp(X), we find:

P =1 fA = (n=1w) = " () f(A = (n+ 1w) =
#n = D FO = (n— 1) (A — (n+ 1)) X
(1 + 65(/\_(”""1)“’) _ 6‘5‘*’(1 + 63()\—“(”_1)))) ,

or

PP — 1) f(A = (n — Dw) — p"(n) fA = (n + Dw) =
P =1 f(A = (n— Dw)f(A = (n+ Dw)(1 — e ?)(1 — /Oem),

Since A —nw > 0 we find p”"(n — 1) f(A — (n — 1)w) — p?"(n) f (A — (n+ 1)w) < 0 which
yields Jthph < 0.
To calculate J/f f «» we use formula (5.7). Setting o = [, we obtain o = r, which yields
71

Jthel =— > ix
L an (0 () O = e = ) = P m) f 8 = g = ) G20, (V).
One verifies that 66’% (A) =0and 2" (X\) =0form # n+1,n € N. Hence,
Jthel =-> 7%

LA (M ) FO = e = ) = (0 = DFO = = (04 1)) 3, ().

Since p, = w and y; = 0, we find:

ph N &
JPO:QZEZ o Z 27‘( X

/f J)g(n — 1)(1 — )G (A)dA < 0.

Hence, there is electron current flowing from the left to right induced by photons. We recall
that J7 oo = 0.
]
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Let Q C R? be the exterior of a convex polygon whose side lengths are ¢1,...,¢y,. For a real constant «, let
HY} denote the Laplacian in €, u — —Au, with the Robin boundary conditions du/dv = au at 99, where
v is the outer unit normal. We show that, for any fixed m € N, the mth eigenvalue ES}(a) of H! behaves
as E9(a) = —a® + uP + O(a~'/?) as a — 400, where p2 stands for the mth eigenvalue of the operator
Dy®---@& Dy and D,, denotes the one-dimensional Laplacian f — —f” on (0, £,) with the Dirichlet boundary
conditions.

Keywords: eigenvalue asymptotics, Laplacian, Robin boundary condition, Dirichlet boundary condition.
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1. Introduction
1.1. Laplacian with Robin boundary conditions

Let Q C RY, d > 2, be a connected domain with a compact Lipschitz boundary 09.
For a > 0, let HS! denote the Laplacian u — —Aw in Q with the Robin boundary conditions
Ou/Ov = au at 9N, where v stands for the outer unit normal. More precisely, H is the
self-adjoint operator in L?*(€2) generated by the sesquilinear form:

R (u, u) // |Vul? do — a/ lu|*do, DAY = WH(Q).

Here and below, o denotes the (d — 1)-dimensional Hausdorff measure.

One checks in the standard way that the operator H{! is semibounded from below.
[f Q is bounded (i.e. 2 is an interior domain), then it has a compact resolvent, and we denote
by EfL(8), m € N, its eigenvalues taken according to their multiplicities and enumerated
in the non-decreasing order. If 2 is unbounded (i.e. € is an exterior domain), then the
essential spectrum of HS coincides with [0,+00), and the discrete spectrum consists of
finitely many eigenvalues which will be denoted again by E%(a), m € {1,...,K,}, and
enumerated in the non-decreasing order taking into account the multiplicities.

We are interested in the behavior of the eigenvalues Ef!(«) for large . It seems
that the problem was introduced by Lacey, Ockedon, Sabina [11] when studying a reaction-
diffusion system. Giorgi and Smits [6] studied a link to the theory of enhanced surface su-
perconductivity. Recently, Freitas and Krej¢ifik [10] and then Pankrashkin and Popoff [15]
studied the eigenvalue asymptotics in the context of the spectral optimization.
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Let us list some available results. Under various assumptions one showed the
asymptotics of the form:

E?(a) = —Cqa® + o(a?) as « tends to +oo, (1)

where C > 1 is a constant depending on the geometric properties of 2. Lacey, Ockedon,
Sabina [11] showed (1) with m = 1 for C* compact domains, for which Cq = 1, and for
triangles, for which Cq = 2/(1 — cosf), where 0 is the smallest corner. Lu and Zhu [13]
showed (1) with m = 1 and Cq = 1 for compact C' smooth domains, and Daners and
Kennedy [2] extended the result to any fixed m € N. Levitin and Parnovski [12] showed
(1) with m = 1 for domains with piecewise smooth compact Lipschitz boundaries. They
proved, in particular, that if ) is a curvilinear polygon whose smallest corner is ¢, then for
6 < 7 there holds Cq = 2/(1 — cos @), otherwise Cq = 1. Pankrashkin [14] considered two-
dimensional domains with a piecewise C* smooth compact boundary and without convex

corners, and it was shown that E}(a) = —a® — ya + O(a?/?), where ~ is the maximum
of the signed curvature at the boundary. Exner, Minakov, Parnovski [4] showed that for
compact C* smooth domains the same asymptotics £ (a) = —a® — ya + O(a?/?) holds

for any fixed m € N. Similar results were obtained by Exner and Minakov [3] for a
class of two-dimensional domains with non-compact boundaries and by Pankrashkin and
Popoff [15] for C? compact domains in arbitrary dimensions. Cakoni, Chaulet, Haddar [1]
studied the asymptotic behavior of higher eigenvalues.

1.2. Problem setting and the main result

The computation of further terms in the eigenvalue asymptotics needs more pre-
cise geometric assumptions. To our knowledge, such results are available for the two-
dimensional case only. Helffer and Pankrashkin [9] studied the tunneling effect for the
eigenvalues of a specific domain with two equal corners, and Helffer and Kachmar [8]
considered the domains whose boundary curvature has a unique non-degenerate maximum.
The machinery of both papers is based on the asymptotic properties of the eigenfunctions:
it was shown that the eigenfunctions corresponding to the lowest eigenvalues concentrate
near the smallest convex corner at the boundary or, if no convex corners are present,
near the point of the maximum curvature, and this is used to obtain the corresponding
eigenvalue asymptotics.

The aim of the present note is to consider a new class of two-dimensional domains €2.
Namely, our assumption is as follows:

The domain R? \ Q is a convex polygon (with straight edges).

Such domains are not covered by the above cited works: all the corners are non-convex,
and the curvature is constant on the smooth part of the boundary, and it is not clear how
the eigenfunctions are concentrated along the boundary. We hope that our result will be of
use for the understanding of the role of non-convex corners.

In order to formulate the main result, we first need some notation. We denote the
vertices of the polygon R?\ Q by Ay,..., Ay € R?, M > 3, and assume that they are
enumerated is such a way that the boundary 02 is the union of the M line segments
L, = [A,, A1, n € {1,...,M}, where we denote Ay := Ay, Ay := Ay, It is
also assumed that there are no artificial vertices, i.e. that A, ¢ [A,-1,A,41] for any
ne{l,...,M}.

Furthermore, we denote by ¢, the length of the side L,, and by D, the Dirichlet
Laplacian f — —f” on (0,4,) viewed as a self-adjoint operator in L?(0,¢,). The main result
of the present note is as follows:
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Theorem 1. For any fixed m € N there holds:
1

Va

where uP is the mth eigenvalue of the operator Dy @ -+ @ Dyy.

E%(a) = —a® + ub + O( > as « tends to +oc,

The proof is based on the machinery proposed by Exner and Post [5] to study
the convergence on graph-like manifolds. In reality, our construction appears to be quite
similar to that of Post [16], which was used to study decoupled waveguides.

We remark that due to the presence of non-convex corners the domain of the oper-
ator H! contains singular functions and is not included in W22%(Q), see e.g. Grisvard [7].
This does not produce any difficulties, as our approach is purely variational and is entirely
based on analysis of the sesqulinear form.

2. Preliminaries
2.1. Auxiliary operators
For o > 0, we denote by T, the following self-adjoint operator in L*(R,):
Tov=—v", D(T,)={ve W>?Ry): v'(0) + aw(0) = 0}.

[t is well known that:
specT, = {—042} U0, 4+00), ker(T + a2) =Cpa, @als):= ¢ ) (2)

V2a

The sesqulinear form t, for the operator 7, looks as follows:

2
)

D(t,) = WH(R,).

to(v,v) = / {v/(s)‘zds — av(0)

Lemma 2. For any v € Wh?(R,), there holds:

7\@(8)\2@— '7wa(s)v(s)ds 2 < $<7W(3)|2ds—a‘v(0)|2+a27|v(s)}2ds).

Proof. We denote by P the orthogonal projector on ker(T, + a?) in L?(R,), then by the
spectral theorem, we have:

to(v,v) + ?||Pv||? = to(v — Pv,v — Pv) >0,
for any v € D(t,). As ¢, is normalized, there holds

\ 7 palw)o(x)ds| = | Pol),

and we arrive at the conclusion. O
Another important estimate is as follows, see Lemmas 2.6 and 2.8 in [12]:

Lemma 3. Let A C R? be an infinite sector of opening 6 € (0,2n), then for any € > 0
and any function v € WH2(A) there holds:
2
——, 0€(0
/sté6//!Vvl2d:c+@//|v|2dsc with Cyp={ 1 —cosf’ (0,7). (3)
kA A £ s 1 0 € [m,2m).

Y
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2.2. Decomposition of

Let us proceed with a decomposition of the domain €2 which will be used through the
proof. Let n € {1,..., M}. We denote by S} and S? the half-lines originating respectively
at A, and A, ., orthogonal to L, and contained in 2. By II,, we denote the half-strip
bounded by the half-lines S} and S? and the line segment L,, and by A, we denote the
infinite sector bounded by the lines S? | and S! and contained in 2. The constructions
are illustrated in Fig. 1. We note that the 2M sets A,, and II,, n € {1,..., M}, are

non-intersecting and that Q = (U, A, uUM, T,
We deduce from Lemma 3:

Lemma 4. There exists a constant C > 0 such that for any € > 0, any n € {1,..., M}
and any v € WY2(A,,) there holds

1
/ lv[?do < C€<//|Vv|2dx+ g//|v|2dx>
OAn An An

Furthermore, for each n € {1,..., M} we denote by ©,, the uniquely defined isome-
try R? — R? such that:

A, =0,(0,0) and II, =06,((0,4,) x R}) :

We remark that due to the spectral properties of the above operator T, see (2), we have,
for any u € WH3(1l,,),

by o0

//‘ )dsdt—a/) (Ou(t,5)) dt+a //‘ dsdt

i / ’u(@n(t, s)) ‘2d3) dt >0,

-/ 70 e,

which implies, in particular, the following:

//‘ ’ ds dt
B T
g//)au(e) dsdt+//‘% ‘dsdt
0 0

ln ln

a/’u 042//)u
0 00
—//]Vu|2dx—a/|u\2d0+a2//|u|2dx. (4)

2.3. Eigenvalues and identification maps

s — a‘u(@n(t,O)) i

We will use an eigenvalue estimate which is based on the max-min principle and is
just a suitable reformulation of Lemma 2.1 in [5] or of Lemma 2.2 in [16]:
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FiG. 1. Decomposition of the domain

Proposition 5. Let B and B’ be non-negative self-adjoint operators acting respectively in
Hilbert space H and H' and generated by sesqulinear form b and /. Choose m € N and
assume that the operator B has at least m eigenvalues \; < --- < \,, < inf spec., B and

€ss

that the operator B’ has a compact resolvent. If there exists a linear map J : D(b) — D(V')
(identification map) and two constants 61,0, > 0 such that 6; < (1 + \,,)~Y, and that for
any u € D(b) there holds:

el = (170l < 6 (bu, w) + Jull?),
b (Ju, Ju) = bl w) < 6 (b, w) + [ul).

then
IL—(14+Ap)or

where X, is the mth eigenvalue of the operator B'.

A< A+

3. Proof of Theorem 1
3.1. Dirichlet-Neumann bracketing

Consider the following sesqulinear form:

M M
R (u, u) = Z// |Vul*de + Z (// |Vul*dz — a/ |u|2da>7
n=1 A n=1 I,

Ly

M M
DHEP) = P Wi (A,) & D Wa*(1,),
n=1 n=1
Wo(IL) := {f € WH(IL,) - f = 0 at S,U S},

and denote by HP the associated self-adjoint operator in L2(Q2). Clearly, the form AP is
a restriction of the initial form A}, and due to the max-min principle we have:

Ep(a) < B (a),
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where EP(q) is the mth eigenvalue of H»" (as soon at it exists). On the other hand, we

have the decomposition:
B2 = @) (- a0) @@Gw
n=1
where (—AP) is the Dirichlet Laplacian in L*(A,,) and GP , is the seli-adjoint operator in
L*(11,,) generated by the sesquilinear form:

st = [[IVuPds—a [ufas, D) = T3,

Consider the following unitary maps:
U, : L*(IL,) = L*((0,4,) X Ry), Unf:=fo00,, ne{l,..., M}
then it is straightforward to check that U, G, Ur = D,®1+T,®1. As the operators (—Ap)

are non-negative, it follows that spec., H>” = [0, +00) and that E®P(a) = —a? + uP,
which gives the majoration:

En(a) < —a® + pp, )
for all m with u2 < o?. In particular, the inequality (5) holds for any fixed m as a tends
to +oo.

Similarly, we introduce the following sesquilinear form:

M M
RN (u, 1) = Z// |Vul*dr + Z (// |Vul*dr — a/ |u|2da>,
n=1 n=1 I, L,

M
hQN @W12 )@@W”(H )
n=1

and denote by H'»" the associated self-adjoint operator in L*(Q2). Clearly, the initial form
RS is a restriction of the form AY%}, and due to the max-min principle we have:

EnN (o) < By(a),

where B2V (a) is the mth eigenvalue of H:Y, and the inequality holds for those m for
which ES!(a) exists. On the other hand, we have the decomposition:

HYN = @ — AN @@GW
n=1

where (—AZY) denotes the Neumann Laplacian in L2( ) and GY is the sell-adjoint oper-
ator in L?(II,) generated by the sesquilinear form

9o (u, u) // |Vul*dr — a/ lul*do,  D(gy,) = WH(IL,,).
H'IL

There holds U, GnNaU;: =N,®1+T,®1, where N, is the operator f — —f” on (0,¢,)
with the Neumann boundary condition viewed as a seli-adjoint operator in the Hilbert
space L%*(0,/,), n € {1,...,M}. The operators (—A) are non-negative, and we have
speces HPY = [0, +00) and ESVN (o) = —a? + Y, where uYY is the mth eigenvalue of the

operator Ny @ --- @ Ny;. Thus, we obtain the minorations:
H? > —ao? and E9(a) > —a® + i, (6)
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which holds for any fixed m as « tends to +o00. By combining the inequalities (5) and (6)
we also obtain the rough estimate:

E?%(a) = —a? + O(1) for any fixed m and for o tending to +oo. (7)

3.2. Construction of an identification map

In order to conclude the proof of Theorem 1, we will apply Proposition 5 to the
operators:

B=H+o? B =D& ---®D,,
which will allow us to obtain another inequality between the quantities:

A= E2(a) + 0% N, = b

Note that for any fixed m € N, one has \,, = O(1) for large «, see (7). Therefore, it

is sufficient to construct an identification map J = J, as in Proposition 5 with d; + §; =
O(a~1/?). Recall that the respective forms b and b’ in our case are given by:

b(u, u) = hQ(u u) +a?[lul®, D) = D(hy) = WH*(Q),

b(f, ) = Z/\f JPdt, DO = {F = (Fro oo far) : fu € WE0,0)}.

nlO

Here and below, by ||u|| we mean the usual norm in L?*(€2). The positivity of b’ is obvious,
and the positivity of b follows from (6).
Consider the maps:

P WHIL,) — L2(0,4,),  (Poau)(t) = /(pa(s)u(@n(t,s))ds, ne{l,...,M}.

If w e WH2(Q), then u € W2(I1,,) for any n € {1,..., M}, and one can estimate, using
the Cauchy-Schwarz inequality:

| (Prou)(0 } + |(Pau)( /‘ O,s))‘st—l—7}u(@n(€n,s))|2ds
:/|uy2da+/|u|2do

As 52 US! = 9A,, we can use Lemma 4 with ¢ = a™!

5 (PO + [ (Praw) (€)[*) < 5 ( / fufdo + / uf?do)

n=1 n=1

_Z/|u|da<— (//\Vu|dx—|—oz //]u|dx> (8)

For each n € {1,..., M}, we introduce a map:

, which gives:

7o (0,0,) —{0,6,}, m(t)=0Tort < %”, ma(t) = ¢, otherwise,
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and choose a function: p, € C>([0, £,]) with p,(0) = p,(£,) =1 and p, (%") = 0.

Finally, we define:
Jo: WH(Q) — @LQ(O,EH), (Jaw)n(t) = (Ppau)(t) — (Poaw) (ma(t)) pu(t).

We remark that (J,u), € Wy*(0,4,) for any u € W3(Q) and n € {1,..., M}, i.e. J, maps
D(b) into D(b') and will be used as an identification map.
3.3. Estimates for the identification map

Take any 6 > 0. Using the following inequality:

1

(a1 + a2)® > (1= d)aj — 5

2
as, ap,ag >0,

we estimate:

Jul? ol = Z // \u|2dx+2 // ulPde / [(Prcat) (1) = (Puat) (v(0)) (1) )

<Z//|u|2dx+z<//|u|dx—1— /\ Poou)(t)[dt + < /y P att) |dt)
:2//@\%“; (//\uﬁdx—/|(Pn,au)(t)|2dt)

+52/\ Py o) (t)] dt+52/‘ P, o) (t)rdt

nlo

=: ]1+IQ+13+I4.
We have the trivial inequality:

M
1
I < —22 //]Vu]zdx+oz2/ |u|2dx>.
=1 A An

To estimate the term Iy, we use Lemma 2 and then (4):

I, = Z/ (7@(@”(72 s)) ‘2ds — ) ]nga(s)u(@n(t, s))dsF)dt

IA IA

2~ R~

(= I[]= <
o
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which gives:
1
LD < — <h2<u, u) + a2||u||2>.

Furthermore, with the help of the Cauchy-Schwarz inequality, we have:

/‘u n(t,s) dsdt-éZ//!u\ dz < §||ul?,
0

To estimate the last term, I, we introduce the following constant:

In

siwj/

n=1

R::max{/n‘pn(t)fdt: nE{l,...,M}},

then, using first the estimate (8), and then the inequality (4),

=y
S

LS sup [(Poo) (ma0)[
0 n—1 t€(0,¢n)

> (IEc)OF + |Prc )

Jg_ij:(//wuﬁdxm //|u| dx)

M
};—S{Z //|Vu\ da:—i—oz/ \u|2dx

n=1

M
+Z //|Vu|2dx /|u|2da+a / |ul? d:r }
n=1

_RC’ Q :
—EEQ%WM%HIWD-

IN
> =

3

Choosing 6 = a~/? and summing up the four terms, we see that:

c c
full? = | aul® < <= (S (,0) + 2l + ul)?) = -2

Va

with a suitable constant ¢; > 0.

Now, we need to compare b'(J,u, Jou) and b(u,u). Take § € (0,1) and use the
inequality:

(b0, w) + [ul?).

Bl

(al + a2)2 < (1 + 5)&% + CL%, ap,az > 07

B
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Then:
Z"L

b (Jott, Jatt) — b(u, 1) = f: / ‘(Pmau)’ ! [(Paat) omy] |t — (hg(u, ) + a2y|u|\2)

n=1 0
M o M b )
S(l—l—(S)Z/‘ P ou) —i-gz p;[(Pn’au)omL] dt
n=1 0 n=1 0
M
—Z( /|Vu|2dx—|—oz2/ |u|2dx>
n=1 A A
M
—Z(/ \Vu|2dx—/|u\2da+a2/ \u|2dx> (9)
=t Ln I,
2
(1+9) Z/’ P, qu) P, .u o7rn} dt
M
—Z //\Vu| dr — /]u\ do + o? / \u|2dx
n=1

L"

Using first the Cauchy-Schwarz inequality and then inequality (4), we have:

/‘ Py )| dt<//’ a(t,s)) dsdt<//|Vu|2dm /|u|2da—|—oz2//|u|2dx.
I,

Substituting the last inequality into (9), we arrive at:

M
b (Jatt, Jouw) — blu,u) <55 (//|Vu|2dx—/\u|2do+a2/ |u|2d:1:)
n=1 T, Ln I,

671:10

dt.
Furthermore, using the constant:

(10)

o [(anau) o ﬂn}

R’ := max{/‘p;(t)fdti ne {1""’M}}’
0

and the inequality (8), we have:

Z/

“dat < R’ z sup (P o) (m())

t€ 0,0n)

Zl (//]Vu]2d$+a2 //\u]zdx).

Pn nau O7Tn
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The substitution of this inequality into (10) and the choice § = a~'/2 then leads to:

b (Ju, Ju) — b(u, u) < %(hg(u,u) v a2|yuu2) < %(b(u,u) n HuH?),

with a suitable constant ¢, > 0. By Proposition 5, for any fixed m € N and for large «, we
have the estimate 2 < E%(a)+a?+ O(a~/?). The combination with (5) gives the result.

Acknowledgments

The work was partially supported by ANR NOSEVOL (ANR 2011 BS01019 01)
and GDR Dynamique quantique (GDR CNRS 2279 DYNQUA).

References

[1] F. Cakoni, N. Chaulet, H. Haddar. On the asymptotics of a Robin eigenvalue problem. Comptes Rendus
Math., 351 (13-14), P. 517-521 (2013).
[2] D. Daners, J.B. Kennedy. On the asymptotic behaviour of the eigenvalues of a Robin problem. Differen-
tial Integr. Equ., 23 (7-8), P. 659-669 (2010).
[3] P. Exner, A. Minakov. Curvature-induced bound states in Robin waveguides and their asymptotical
properties. J. Math. Phys., 55 (12), P. 122101 (2014).
[4] P. Exner, A. Minakov, L. Parnovski. Asymptotic eigenvalue estimates for a Robin problem with a large
parameter. Portugal. Math., 71 (2), P. 141-156 (2014).
[5] P. Exner, O. Post. Convergence of spectra of graph-like thin manifolds. J. Geom. Phys., 54 (1), P. 77-
115 (2005).
[6] T. Giorgi, R. Smits. Eigenvalue estimates and critical temperature in zero fields for enhanced surface
superconductivity. Z. Angew. Math. Phys., 58 (2), P. 224-245 (2007).
[7]1 P. Grisvard. Singularities in boundary value problems. Recherches en Mathématiques Appliques,
No. 22 (1992).
[8] B. Helffer, A. Kachmar. Eigenvalues for the Robin Laplacian in domains with variable curvature.
arxXiv:1411.2700 (2014).
[9] B. Helffer, K. Pankrashkin. Tunneling between corners for Robin Laplacians. J. London Math. Soc., 91
(1), P. 225248 (2015).
[10] P. Freitas, D. Krej¢itik. The first Robin eigenvalue with negative boundary parameter.
arXiv:1403.6666, (2014).
[11] A.A. Lacey, J.R. Ockendon, J. Sabina. Multidimensional reaction diffusion equations with nonlinear
boundary conditions. SIAM J. Appl. Math., 58 (5), P. 1622-1647 (1998).
[12] M. Levitin, L. Parnovski. On the principal eigenvalue of a Robin problem with a large parameter. Math.
Nachr., 281 (2), P. 272-281 (2008).
[13] Y. Lou, M. Zhu. A singularly perturbed linear eigenvalue problem in C'* domains. Pacific J. Math., 214
(2), P. 323-334 (2004).
[14] K. Pankrashkin. On the asymptotics of the principal eigenvalue for a Robin problem with a large
parameter in planar domains. Nanosystems: Phys. Chem. Math., 4 (4), P. 474-483 (2013).
[15] K. Pankrashkin, N. Popoff. Mean curvature bounds and eigenvalues of Robin Laplacians.
arxiv:1407.3087, (2014).
[16] O. Post. Branched quantum wave guides with Dirichlet boundary conditions: the decoupling case.
J. Phys. A, 38 (22), P. 4917-4932 (2005).



NANOSYSTEMS: PHYSICS, CHEMISTRY, MATHEMATICS, 2015, 6 (1), P. 57-62

THERMALLY INDUCED TRANSITIONS AND MINIMUM
ENERGY PATHS FOR MAGNETIC SYSTEMS

E. V. Alexandrov

ITMO University, St. Petersburg, Russia
aloraman@live.com

PACS 75.10.Hk, 82.20.Kh, 02.60.-x DOI 10.17586/2220-8054-2015-6-1-57-62

Thermally induced magnetic transitions are rare events as compared with vibrations of individual magnetic mo-
ments. Timescales for these processes differ by 10 orders of magnitude or more. Therefore, the standard Monte-
Carlo simulation is not suitable for the theoretical description of such phenomena. However, a statistical approach
based on transition state theory is applicable for calculations of the transition rates. It presupposes finding the
minimum energy path (MEP) between stable magnetic states on the multidimensional energy surface of the sys-
tem. A modification of the Nudged Elastic Band (NEB) method for finding the energy barriers between states
is suggested. A barrier on the energy surface corresponds to the difference between maximum energy along the
MEP (highest saddle point) and the initial state minimum. The NEB procedure is implemented for spin rotations
in Cartesian representation with geometric constraint on the magnitude of the magnetic moment. In this case, the
effective magnetic forces are restricted to the tangent plane of the magnetic momentum vector.

Keywords: Potential energy surface, minimum energy path, nudged elastic band method, numerical optimization,
quick min-mode.
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1. Introduction

In recent years, there has been large interest in the study of magnetization reversal
processes under the action of thermal fluctuations and external perturbations. The stability of
magnetic states is of great importance for research and development of miniaturized magnetic
storage devices [1]. For estimation of the rates of activated transitions it is essential to know
the response of the system to random perturbations. Direct Monte-Carlo simulation of temper-
ature induced magnetization reversal is effectively impossible due to the time-scale difference
between high-frequency vibrations of individual moments and low-frequency magnetic transi-
tions between magnetic states of the whole system. However, a statistical approach known
as ‘transition state theory’ [2,3] can be used in this case. This approach describes transitions
through description of behavior of a system in the least observable ‘transition state’. Stable
states of the system correspond to the minima on the multidimensional energy surface of the
system considered as a function of all parameters determining the magnetic configuration. For
magnetic systems, these parameters have to determine all spin vectors. These could be Cartesian
coordinates of the magnetic moments. However, due to the large difference in the time scale of
longitudinal and transverse relaxation of the magnetic moment, the length can be taken to be
fixed and thereby decrease the number of independent variables. Transition rates depend on the
height of energy barriers, which correspond to saddle points on minimum energy paths (MEP),
as well as on the shape of the energy surface at the minimum and saddle points [2]. A popular
and efficient approach used for calculation of MEP for atomic rearrangements is the nudged
elastic band (NEB) method [3]. A transition path is represented there by a chain of images
(replicas) of the system between two local minima on the potential energy surface; each image
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corresponds to specific configuration of the system with known potential energy. The images
are connected with artificial springs to keep them well separated and prevent them from falling
into the minima. The images give a discrete representation of the path on the energy surface.
An iterative algorithm moves the images under the action of a force that contains the transverse
component of the real force and parallel component of the spring force. Detailed description
of this procedure, taking into account the constraint on the modulus of magnetic moments, is
given below.

2. Method
2.1. Minimization technique

The system is defined by the Hamiltonian which gives the energy of the system for any
configuration of the spin vectors. It can be either an analytical function of spin vectors, or
numerical procedure, such as DFT calculations [4]. A constraint on the length of the spin vec-
tors confining them to the surface of a sphere or a self-consistent determination of the modulus
of magnetic moments require specific measures to be incorporated into the implementation of
the NEB method. Common constrained-optimization techniques, such as Lagrange multipliers
method, are not suitable in this case due to the computational cost which tends to be high for
non-analytical Hamiltonians [3,5]. In addition, in most cases pure analytical methods for finding
extrema are unsuitable due to the computational difficulty for evaluating the second derivatives
of the Hamiltonian. Thereby, the implementation method itself should preferably incorporate
these constraints. One way to do this is to use a coordinate system that is bounded to sur-
face of the sphere, such as spherical or stereographical coordinates [S]. This approach is quite
successful; however, it suffers from topological artifacts of a sphere, such as coordinate peri-
odicity and problems with pole regions. As an alternative to using sphere-specific coordinates
and unconstrained transformations, we propose to use Cartesian coordinates and sphere-specific
constrained transformations, e.g. rotations. Using this approach in the optimization procedure
allows one to overcome most of the topological artifacts of a sphere and prevent violation of
native constraints.

We use a minimization technique known as ‘quick-min’ or ‘velocity projection opti-
mization’ [4, 5], which is essentially a gradient descent method, optimized with accumulation
of velocity in direction of minimization movement. An iteration step can be formulated in four
stages as follows:

79

[t
. P @«

Si—l—l = Sz + ’UZ‘At + EAt s

where m and At are optimization parameters and Yy is Heaviside function. The method is
inspired by the velocity Verlet integration of motion equation. The native constraint requires
the force to be restricted to the tangent plane of the current spin vector. If so, movement on
tangent plane can be calculated. An infinitesimal movement in the tangent plane is equal to
movement on the surface of the sphere; thereby we can transform that shift into rotation in
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movement plane. We can construct rotation matrix in axis-angle representation from 7 — normal
to movement plane and 6 — rotation angle:

R(7,0) =
n2 +cosf (1 —n2) ngn, (1 —cosf) —n,sinf n,n, (1 —cosd) +n,sinf
ngny (1 —cos ) + n,sind n2 +cost (1 —n2) nyn, (1 —cosf) —n,sinf | . (1)
ngn, (1 —cosf) —n,sinf nyn, (1 —cosf) + n,sind n? + cosf (1 —n?)

The minimization step is performed by using matrix (1) in following form:

S/[:Jrl == R (ﬁ“ 91) . Sz
In principle, instead of rotation matrices, another type of object can be used — unit
quaternions, also known as versors. From 7, #, quaternion describing the same rotation is
defined as follows:

q(s,v) = (cosg,ﬁsin g) ) 2)

If quaternion is defined as in (2), then minimization step can be written in following
form:

Sivi=aq;-Si-q ",
where S is converted to quaternion by adding unit scalar part to it.

Accurately implemented, both rotation matrix approach and quaternion approach have
similar computational cost. Quaternions have major computational benefit: the composition of
the rotations can be calculated by simple multiplication of corresponding quaternions, which is
much faster than multiplication of rotation matrices, but the difference was not significant in the
present applications. However, it seems worth looking into yet another spin representation for
this task: each spin vector as unit vector of a surface of a sphere can be constructed by rotation
from a selected start vector. Therefore, it is possible to use rotations as coordinates. It may be
of large interest to implement the procedure described above solely using quaternion terms.

2.2. Calculation of minimum energy path

The NEB method is implemented as minimization of all intermediate images of the path,
using the specially modified force. In addition to the true force, each image is affected by forces
of artificial springs that connect it to its neighbors. This force for each spring is determined
from length of arc segment between two spin vectors in different images. To prevent the
‘corner-cutting’ effect [3], nudging direction is introduced using ‘upwind tangent” approach [6].
In this approach, nudging direction is chosen as direction to highest energy neighbor. After that,
forces are projected dependent on that direction:

Fy =Fp, +FE|\
With this modified force, the iterative minimization procedure moves the images to the
MEDP. The saddle point, which corresponds to maximum energy on MEP, can be estimated from
two neighboring images with highest energy. In addition, ‘climbing-image’ (CI) modification [7]
can be used: The highest energy image marked as ‘climbing’, is free from spring forces and
parallel component of the true force is inverted to move that image higher along MEP to the
saddle point.
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3. Test cases

Two simple systems were chosen as test cases. Both represent a single atom with two
degrees of freedom to make it easier to visualize. In that case potential energy surface can
be shown as a two-dimensional surface in three-dimensional space. In these particular cases,
spherical coordinates were used for plotting: ¢ — azimuth angle and 6 — elevation angle. The
potential energy surfaces, plotted as function of these angles, are shown in Fig. 1 and Fig. 2.
In both cases there are two minima corresponding to ¢ = 6 = 0 and ¢ = 7, § = 0. The initial
path corresponds to the chain shown with empty circles and is chosen to be the same in both
cases. Images of a system in that state were intentionally distributed non-equidistantly through
predetermined randomized procedure to show that NEB procedure is not constricted to a limited
set of initial path configurations. The final MEP, obtained using the algorithm described above,
corresponds to the chain shown with solid circles. The saddle point is denoted by a cross mark.

w2 =

0 w2 s 3n/2

¢

F1G. 1. Potential energy surface for single spin with spin Hamiltonian (3). Calcu-
lation of MEP without Climbing Image. Saddle point is directly between minima.
Maximums are in pole regions (/ = +7/2)

The first system is a single spin with Hamiltonian containing only internal anisotropy
part:
0
0

H=_3" S. 3)

S O B~
S = O

-9

For this system, the MEP is expected to be a straight line between the local minima.
In Fig. 1, this case is displayed, with even number of intermediary images and without CI.
The saddle point is estimated to be between the two images with highest energy on opposite
slopes. Due to symmetry, the point in the center is the saddle point. Also, if an odd number of
intermediate images were used, then the middle image would be expected to get to saddle point
even without using CI. Note that in Fig. 1, the distances between adjacent images in the final
configuration of the path are equal.

The second system is single spin with Gaussian Hamiltonian:
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/2 =

=14 B0

-mf4

-ml2

0 2 T 3nl2

o

F1G. 2. Potential energy surface for single spin with Gaussian Hamiltonian (4).
Calculation of MEP with Climbing Image. Saddle point is exactly in climbed
image. There are maximums in pole regions (f = 4+ /2), and there is maximum
directly between minima (¢ = 7/2, 8 = 0), which results in curved form of MEP

“4)
—1 1 0 0 0
P - O 5 O 9 _1 ) 1 9 O ) )
0 0 0 —1 1

where «; is the angle between 131 and spin vector.

For this system, the MEP is non-trivial; it is a curved line since now there is a maximum
in the energy at the center. In Fig. 2, the results of a calculation which was carried out with
CI turned on. The saddle point is estimated to be exactly at the climbing image. The usage of
CI results in splitting the band in two parts, separated by saddle point, with a different distance
between adjacent images on the two sides. Due to symmetry, if either number of images were
odd or CI were turned off, then the images would have even distribution of distances between
them. Note that in Fig. 1, there are two possible MEPs, and in Fig. 2, there are four. This
illustrates that the NEB method finds the local MEP closest to the initial path, not necessarily
the global MEP. The final configuration depends in that way on the initial path.

These cases show that the NEB implementation described above is in accordance with
theoretical description [3] and behaves in the expected way. There are no problems specific to
pole regions or periodicity of coordinates, which is good for application to magnetic systems.
In the future, this implementation should be compared with other implementations in terms of
speed of convergence. Also, it may be interesting to try a pure quaternion implementation.
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1. Introduction

The classical spectral estimation problem consists of recovering the coefficients a,,, A,
kE=1,...,N, N €N, of a signal

N
s(t) = ZakeA’“t, t>0
n=1

from the given observations s(j), 7 = 0,...,2N — 1, where the coefficients a;, A\ may be
arbitrary complex numbers. The literature describing various methods for solving the spectral
estimation problem is very extensive: see for example the list of references in [1,2]. In these
papers a new approach to this problem was proposed: a signal s(t) was treated as a kernel of
a certain convolution operator corresponding to an input-output map for some linear discrete-
time dynamical system. While the system realized from the input-output map is not unique,
the coefficients a,, and A\, can be determined uniquely using the non-selfadjoint version of the
boundary control method [3].

In [4, 8], this approach has been generalized to the infinite-dimensional case: more
precisely, the problem of the recovering the coefficients a;, A\, € C, k € N, of the given signal:

S(t) = i ap(t)e™t, ¢ € (0,27), (1.1)
k=1

from the given data S € Ly(0,27) was considered. In [4], the case a; € C has been treated,
in [8] the case when for each k, a;(t) = ZZL:’CE ! ait’ are polynomials of the order L; — 1 with
complex valued coefficients a was studied.
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Recently, it was observed [9, 15] that the results of [4, 8] are closely related to the
dynamical inverse source problem: let H be a Hilbert space, A be an operator in H with the
domain D(A), Y be another Hilbert space, O : H D D(O) — Y be an observation operator
(see [18]). Given the dynamical system in H:

{ut—Au:O, t >0,

£(0) = a, (1.2)

we denote by u® its solution, and by y(t) := (Ou®)(t) the observation (output of this system).
The operator that realizes the correspondence a +— (Ou®)(t) is called the observation operator
OT : H w Ly(0,T;Y). We fix some T > 0 and assume that y(t) € Lo(0,T;Y). One can
pose the following questions: what information on the operator A could be recovered from
the observation y(¢)? We mention works on the multidimensional inverse problems for the
Schrodinger, heat and wave equations by one measurement, concerning this subject. Some of
the results (for the Schrodinger equation) are given in [9,10,16]. To answer this question in
the abstract setting, in [15] the authors derived the version of the BC-method equations under
the condition that A is self-adjoint and ¥ = R. In the present paper, we address the same
question without the assumption about selfajointness of A . The possibility of recovering the
spectral data from the dynamical one is well-known for the dynamical system with a boundary
control [11,12]. We extend these ideas to the case of the dual (observation) system.

The solvability of the BC-method equations for the spectral estimation problem critically
depends on the properties of corresponding exponential family. The solvability of the BC-
method equations for system (1.2) depends on the controllability properties of the dual system.
We point out the close relation between these two problems: they both leads to essentially
the same equations (see section 4 for applications), and conditions for the solvability of these
equations are the same (on the connections between the controllability of a dynamical systems
and properties of exponential families see [5]).

In the second section, we outline the solution for the spectral estimation problem in
infinite dimensional spaces (see [8] for details). In the third section, we derive the equations of
the BC-method for problem (1.2), extending the results of [15] to the case of non self-adjoint
operator. Also, we answer the question on the extension of the observation y(t) = (Qa)(t).
The last section is devoted to the applications to inverse problem by one measurement of the
Schrodinger equation on the interval and to the problem of extending the inverse data for the
first order hyperbolic system on the interval, see also [4,7-9].

2. The spectral estimation problem in infinite dimensional spaces

The problem is set up in the following way: given the signal (1.1), S € Lo(0,27),
for T > 0, to recover the coefficients ay(t), \x, k& € N. Below, we outline the procedure of
recovering unknown parameters, for the details see [8].

We consider the dynamical systems in a complex Hilbert space H:

(t) = Az(t) + bf(t), te(0,T), x(0)=0. 2.1
y(t) = A*y(t) +dg(t), te€(0,7), y(0)=0, (2.2)
here b,d € H, f,g € L2(0,T), and we assume that the spectrum of the operator A, {\;}72, is
not simple. We denote the algebraic multiplicity of A\, by L, k € N, and also assume that the

set of all root vectors {¢%}, i =1,..., Ly, k € N, forms a Riesz basis in H. Here, the vectors
from the chain {¢}}*,, k € N, satisfy the equations:
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The spectrum of A* is {\}?°, and the root vectors {1i}, i = 1,..., Ly, k € N, also form a
Riesz basis in H and satisfy the equations:

(A= X)) =0, (A" = X)vp=¢i™, 1<i< Ly — 1.
Moreover, the root vectors of A and A* are normalized, in accordance with the following:
(@) =0, if k£ Lori# j;
(¢, ) =1, i=1,... Ly, keN.

We consider f and g as the inputs of the systems (2.1) and (2.2) and define the outputs z and
w by the formulas:

2(t) = (z(t),d),  w(t) = (y(t),b).
We assume that b = Y200 "5 b }g, d =5 S5 disbi. While searching for the solution

to (2.1) in the form x(t) = 377, S2, ¢ (1)@, we arrive at the following representation for the

output:

oo Lk t

2(t) = Z Z . (t)d), = /r(t —71)f(r)dr,
k=1 =1 0
where the response function r(t) is defined as:
> . t2 th—Q th—l
_ et |12 3 Ly—1 L
_Zek {ak—i-akt—l—ak?-l-...—l—akk =) —i—akk(Lk D , (2.3)
k=1
with a being defined as:
ap =Y bd, 7t j=1,... L, keN. (2.4)
It is important to note that () has the form of the series in (1.1).
Analogously, looking for the solution of (2.2) in the form:
oo Lk
=D O,
k=1 i=1
we arrive at:
oo Lk t
w(t) = Z Z R (t)bi = / (t—71)g(T)dr.
k=1 i=1

We introduce the connecting operator CT : Ly(0,T) + Ly(0,T), defined through its bilinear
form by the formula:

(CTf,9) = (=(T),y(T)) -
In [8], the representation for C” was obtained:

Lemma 1. The connecting operator CT has a representation

T

(CTH() :/T(QT—t—T)f(T) dr.

0
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We assume that the systems (2.1), (2.2) are spectrally controllable in time 7'. This
means that for any ¢ € {1,..., L}, and any k € N, there exist f;, gi € H}(0,T), such that
oli(T) = ¢, y%(T) = 1. Using ideas of the BC method [13], we are able to extract the
spectral data, {)\k,ai}, j=1,...,Lg, k €N, from the dynamical one, r(t), t € (0,27,
(see [4,8] for more details):

Proposition 1. The set \i, fi, i =1,...,Ly, k € N, are eigenvalues and root vectors of the
following generalized eigenvalue problem in Ly(0,T):
T

/ (r'r —t—7) =X r(2T —t —71)) f(1)dT = 0. (2.5)
0
The set N\, gi, k=1,...00,i=1,..., L, are eigenvalues and root vectors of the generalized
eigenvalue problem in Ly(0,T):
T
/ (r’(2T Tt - a2l —t— T)) g(r) dr = 0. (2.6)

0

Now, we describe the algorithm of recovering aj, . . .af’“, k € N (see the representation
(2.3)). We normalize the solutions to (2.5), (2.6) by the rule:

TRy =1, 27)
and define:
T
B = (1)) = [ 77 = Dgi(r)ar, 8)
OT
di, = (+(1),d) = /r(T — ) fi(r) dr. (2.9)
0
Then (see (2.4))
Ly
a, = > bid;. (2.10)
i=1

We denote by 0 and I the differentiation operator and the identity operator in L(0, 7).
We normalize the solutions to (2.5), (2.6) (for ¢« > [) by the following rule:

([c"@=mD])' Fgiy =1, @.11)
we define /b\}g, c/l\z by (2.8), (2.9) and evaluate:

Ly,
af =Y Opd Mt 1=2,.. L (2.12)
i=l

We conclude this section with the algorithm for solving the spectral estimation problem: sup-
pose that we are given with the function r € L5(0,27) of the form (2.3) and the family
Unz {eMt, ... the=teM !} is minimal in Ly(0, 7). Then, to recover A, Lj and coefficients of
polynomials, one should utilize the following:



On some applications of the Boundary Control method to spectral estimation and . . . 67

Algorithm

a) solve generalized eigenvalue problems (2.5), (2.6) to find \;, L; and non-normalized
controls. L

b) Normalize f}, gi by (2.7), define b}, di by (2.8), (2.9) to recover aj. by (2.10).

c) Normalize f,ﬁ, ’g}i‘l by (2.11), define 32, c?}C by (2.8), (2.9) to recover a’ by (2.12),
l=2,...,Ly—1.

3. Equations of the BC method

Let us denote by A* the operator adjoint to A and B := O*, B : Y — H. Along with
system (1.2), we consider the following dynamical control system:

{ v+ A =Bf, t<T,

o(T) =0, (3.1)

and denote its solution by v/. The reason we consider the system (3.1) reverse in time is that
it is adjoint to (1.2) (see [5, 15]).

For every 0 < s < T, we introduce the control operator by W*f := v/(s). It is easy to
verify that —T/° is adjoint to Q7. Indeed, taking f € Lo(0,7;Y), a € H we show [15] that:

T

/(fv ®a)Y - = (W0f7 CL)H, (32)
0
here Oa = (Ou®) (t). Due to the arbitrariness of f and a, the last equality is equivalent to
(07)" = -wo.

We assume that the operator A satisfies the following assumptions:

Assumption 1. a) The spectrum of the operator A, {\;}72, consists of the eigenvalues \j
with algebraic multiplicity Ly, k € N, and the set of all root vectors {¢L.}, i =1,..., Ly,
k € N, form a Riesz basis in H. Here, the vectors from the chain {¢.}2*,, k € N,
satisfy the equations
(A=) dr =0, (A=X)o, =", 2<i< Ly
The root vectors of A*, {wi}, i = 1,..., Ly, k € N, form a Riesz basis in H and
satisfy:
(A" =N ) =0, (A" =N)yL=v¢i™, 1<i< Ly — 1.
b) The system (3.1) is spectrally controllable in time T': i.e. there exists the controls
fi € Hy(0,T;Y) such that WOfi =i, fori=1,..., Ly, k € N.
We say that the vector a is generic if its Fourier representation in the basis {¢%}%° ,

a =37 Sk aigh, is such that al # 0 for all k,i. We assume that the controls from the
Assumption 1 are extended by zero outside the interval (0,7"). Now, we are ready to formulate.

Theorem 1. If A satisfies Assumption 1, Y = R, and source a is generic, then the spectrum of
A and controls f] are the spectrum and the root vectors of the following generalized spectral

problem:
2T

/ ((Oa)(t) — Me(0a)(t), fult — T + r)>y dt=0 0<7<T. (3.3)

Here, by dot, we denote the differentiation with respect to ¢.
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Proof. We denote by {fvfc} the set of controls which satisfy Woﬁ = ¢i. By {f;} we denote the
set of shifted controls: f{(¢) = fi(t—T). Thus, the control f{ acts on the time interval (T, 2T).

Letus fix some i € 1,..., Ly, k € N, 7 € (0,T) and consider 1W° (f,i( + 7'))1

WO (£ +7)) = oA (0) = 7(0) = (BRI + 7)) (0) - A05D(0). 3.4y

Since f; € Hy(T,21,Y), (Bfi(-+7))(0) = 0. The second term on the right side of (3.4)
could be evaluated using the following reasons. The function v/ solves:
vtf’i('ﬂ) + At =0, 0<t<T -,
VAT — 7) = i,

Ly

We are looking for a solution in the form v/A(+7) () = 3 i cl.(t)y], then ¢, satisfies boundary

conditions ¢ (0) = ¢;; and equation:
d _
%C}C + )\]gcllC = O,
d . - . '
Zatha g =0, =2 L
Solving this system, we obtain the following expansion:
Ly,

. T—1—t)7" 5 :
,Ufk('-i-T) (t) — Z ue)‘k(T_T_t)Qﬂi. (35)

2]

Evaluating A*v/, li('”)(O), making use of (3.5) and properties of the root vectors, we arrive at:
ArofE ) (0) = Nodi 4 (0),
AT (0) = X i (0) + o/ HD(0), i < Ly
Then, continuing (3.4), we obtain:
we ( -+ T)) — AR (0) = RO S, (3.6)
WO (fi(-+7)) = =MWOff = MWOS i < Iy (3.7)

Integrating by parts and taking into account that f{(0) = fi(T) =0 fori=1,..., Ly,
we get:

[ (a0, fie+n), de=- [ (©Gae).site+1), a
+(©Oae s hiw) | == [(Gow.giern) a (3.8)

0
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Conversely, using the duality between W° and O and (3.6), (3.7), we have for i = L;:
o
/ ((Oa)(t), Lk (t T))Y dt = — (a, WOfk( + T))H = (a,XkWO (4 T))H =

0
2T

()\ka, WO L. +T>>H - —/ </\k(0a)(t), ,fk(t+7))y dt (3.9)
and for i < Ly: 0
/ ((Oa)(t),f,i(t + ¢)>Y dt = (a, WO fL(-+7) + WO (- + 7)), =

0

—Ak/((Oa)(t),f,i(t+T))Y dt—/((Oa)(t), S+ 7)), dt (3.10)

In what follows, we assume that elements with index ¢ = L, + 1 or « = 0 are zero.
Combining (3.8) and (3.9), (3.10), we see that the pair \g, fi satisfies on 0 < 7 < T, 1 =
1, e Lki

/ ((Oa)(t) - Ak(oa)(t),f,g’(mf))Y dt = / ((Oa)t), fiH (t+ 1)), dt. (3.11)

Now we prove the converse; solving the generalized eigenvalue problem:
2T
/ ((Oa)(t) — MOa)(#), f(t + T)>Y dt =0 (3.12)
0
yields {\;}3°, eigenvalues of A and controls {f;},i=1,...,L;, k € N.

Let the functions {fi,..., f,} satisfying (3.11) constitute the chain for (3.12) for some
A. Then, as it follows from the proof that for 7 € (0,7):

(a, Wofi(t + T))H + A (a, WOfi(t + T))H =— (a, WO fi(t+ T))H,

which is equivalent to

—_ (CL, A*Ufi(t+7)(0))H + A (CL, Ufi(t—i—T)(O)) - _ ((l, ,Ufi+1(t+T)(0))

. 7€(0,7). (3.13)

H?

First, we consider case ¢ = L. We rewrite the last equality (using the notation f = f;) as:
(a, AT (0) = M/H7(0)),, =0, 7€ (0,T). (3.14)

We assume that o/+7)(T — 7) =3 wen  ciobi. Then, developing v/ in the Fourier series as
i=1,...,Ly,

.....

we did in (3.5), we arrive at:

Ly,

(T =7)7 5 ;
0 = Y d Z< — TV - (3.15)

~ keN 7=1 (‘7 - Z>‘
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Applying operator A* and using the property A*wi = kai + @Di“, we obtain:

. T — 7Y~ _ _ .
A*vf(t—‘rT) (0) _ Z Cz ( T.) ekk(T—T) ()‘kd)i + ¢i+1) '

= = G-
i L

Introducing the notation:

g(r) = AV D) = X0 = ghlr),

relation (3.14) yields:
0=(a,9)y = > aigi(r), 7€(0,T).

The functions g (7) are combination of products of e (77

can rewrite (3.18) as follows:

(T —7)" S -
— (2 . T T .
0 E by, i) e , 1€(0,7)

i=1,...,Ly,

(3.16)

(3.17)

(3.18)

) and polynomials (T;—,T)a Then, we

(3.19)

If Y = R, the controllability of the dynamical system (3.1) imply [5] the minimality of
the family J,— {e! tet! ... tbe=leM i} in Ly(0,7T) in Lo(0,7T), so we have bi, = 0 for all

k,1. However, as follows from (3.15), (3.16):
bé’f = i \ray, — Acpap = 0.

Then, since a is generic, either A = \;, or ¢}, = 0.
Let A # A, so ck = 0. Then, for b.* ', we have:

Lp=1_ 27y 2 Y2 2 _

from which the equality ¢z = 0 follows. Repeating this procedure for bé #7'j > 2, we obtain:

If\# M\, thenc, =0,i=1,..., L.

We consider the second option; let A = A\;. Then, from (3.15) and (3.16):

Ly—1 Lj,—2 Li-1_L
b = =0, b P=cai=0,...,b =" 'at =0.

So, we arrive at the following:

If A = A, then CZ =0,7=1,...,L;,— 1, and c,?’“ could be arbitrary.

Finally (3.20), (3.21) imply that A = A\, and f = ck/fli’“/, ¢ # 0, for some k'

(3.20)

(3.21)

Thus, on the first step we already obtained that A = A\ for some &’ and f;, = cp f,i’“'.

The second vector f in the Jordan chain satisfies
27 27

/ ((Oa)<t) — e (Oa)(t), f(t +7))Y dt = / ((oa)@),ck/f,ik’ (t+ T))Y dt.

0 0
We rewrite (3.13) in our case:

Ly

— (a, AT F(0)) ;4 A (0,07 (0)) = - (a, cpvlv “*”(0))]{, 7€ (0,T). (322
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In this case, g, introduced in (3.17), has the form:

Ly

g(r)= > d =P Rt (R — )+ 0570).

& G-
L L

and rewrite (3.22) as:

(a,9)y = (a vfk’ (+T)> = ck/ak K M (T—7) (3.23)

H
Using the same notations in (3.18) and (3.19), we transcribe the equalities for coefficients b}
for (3.23) to get:
bl = cpal, bi=0, k#K,
In the case k # k’, we repeat the arguments used above and find that:
A =0, i=1,..., L.
When k = k/, we have:
bLk/ o 0 bLk/ 1 1 Lk’ — 0 bLk/ —2 2 Lk’ — 0

k! - Ck’ak’ k! - Ck’ak’

Lys—2 Lk/

L 1 L
bk./ — Ck/ - 0 bk‘ k' k!

Ly,

;) — Ck/ Cl,k/ — Ck/a:k/ .
So, we find:

P . I 1 Ly—1 Ly - bi

=0, 1<Ly—1 ¢ =cp, ¢ 18 arbitrary.
So, finally we arrive at for some cy_1:

Ly —1 L
f — fL—l — Ck’fk/k/ + CL—lfk/k/
Arguing in the same fashion, we obtain that:
Ly—i L .
fl' = Cg’ k/k/ + ¢ k/kl, 1<i< Ly — 1.

So, we have shown that the elements of the Jordan chain for (3.3) which correspond to eigen-
value A\, are the linear combination of corresponding controls and eigenvector (i.e. the control
that generate the eigenvector of A*). 0J

Remark 1. The solution to (3.3) yields {\.}32, eigenvalues of A and (non-normalized) root
vectors {fi}, fi=crfi+cfr keN i=1,..., L, c* =0.

For the dynamical system (1.2), under the conditions on A, Y, formulated in Theorem
1, there is the possibility to extend the observation y(t) = (Ou®) (t) defined for ¢ € (0,27) to
t € R,. To this end, we show that for an observation having the form:

Lk y i
bl tLk—i

OQa = et g —(Lk U (3.24)
keN j=1 7k J):

we can recover the coefficients b{;.
Take ¢ € {1,...,L;} and search for the solution to (1.2) with a = ¢ in the form
u = Zfz’“l c(t)@, we arrive at the system (here ¢z, ., = 0):

d

%CZ( ) - /\kcl(t) = Cl-ﬁ-l(t)v l= 1a s 7L/€7
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whose solution is:

Thus,
Lo P
For the initial state a = Y_, . Y., al¢}, we obtain:
st L=+l 4l
M

keN

So, for observation (Qa)(t) = (Ou?) (t), we derive the representation (3.24) with coefficients
by, defined by:

J
b= a0, keEN, j=1,... L (3.26)
=1
Making use of Theorem 1 (see also Remark 1), we have:

WOl = el + b, keN, i=1,..., Ly, cf* =0. (3.27)

Counting (3.2), we write:
T

(Woﬁi,a>H = — /Ou“ﬁ, dt.
0
We plug a = ¢ into the last equality and use (3.27) to get:
T
o = (ck¢; + el gzs;;)H S / Ouh Ji dt. (3.28)
0
We evaluate the right side of (3.28) for all 7. For : = 1 we get (see (3.25)):

T
Ck = —Ogb,lf/e’\ktﬁl dt.
0

Or equivalently:
T

C N Nl
oy = - / ML dt. (3.29)
0

Evaluating (3.28) for « = 2, counting (3.25), we obtain:

T T

o = -0 / T2 At — Ogh / £t f2 dt.

0 0
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We divide this equality by ¢, and plug (3.29) in to find:

T T
et plat [ et f2dt

Ck 0 0
O¢2 T N T N
%k [eXtfldt — [teret f2dt

0 0

(3.30)

5 ¢l ..,%— 1. To find this quantity for [ = i, we evaluate

(3.28), plugging the expression for u¢k (3 25):

i—l -
Zo¢l/ ! 1 Mt fi dt.

We divide last equality by ¢, to find:
T -~
[ fat
0
R a— —. (3.31)
L+ 32 [ e fidt (oczl )
=10 k
Observe that in the right side of (3.31) in view of (3.30), we know all terms.
To evaluate a}, we use, see (3.27):

C;

0¢,

ai = (a,v}), = (a Wop — /0 afi dt— - C—k (3.32)

We multiply (3.27) by qﬁﬁ‘“ and obtain for ¢ < Ly:

= (WO o) /fk (0uti") (1)t
Ly T L~
_ l At £
—‘ikm/u;nw fult)dé
- 0

Dividing the last equality by c;, we obtain:

) 4, T
G _ i (C—’j) 1 / L_le*k{fg;(t) dt, i< Ly (3.33)
a5 \od) ] (L)

Notice that in view of (3.31), we know all terms in the right hand side in (3.33). Now, we
multiply (3.32) by cx:

. -~ C/L'
7 _ a ri Ly k
akck——/Ou frdt —a e —.

Ck

. L .
Since ¢,* = 0, we have for i = Lj:

T
o= [ (0 (0w) 1,
0
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and finally:

aLcp = — / Fit) (Ou®) () dt + / FEe(t) (Ou®) (1) dti. (3.34)

Ck

In view of (3.33), we know all terms on the right side of (3.34).
Now, we rewrite formula for b, (3.26):

) ' ) Od!
bl = Z {aﬁk—ﬂ“ck} (ﬂ> keN, j=1,...,Ly, (3.35)
I=1 Ck
and observe that the first term in each summand is given by (3.34), while the second term by
(3.31). So, we know right hand side in (3.35).

After we recovered all b, by (3.35), we can extend the observation (Qa)(t) by formula
(3.24) for t > 2T.

4. Application to inverse problems

Here, we provide two applications of the above-developed theory to inverse problems.
Other applications of the BC approach to the spectral estimation problem can be found in
[1,2,4,7-9,15].

4.1. Reconstructing the potential for the 1D Schrodinger equation from boundary
measurements

Let the real potential ¢ € L'(0,1) and a € H}(0,1) be fixed, we consider the boundary
value problem:

iug(z,t) — gy (2, t) + q(x)u(x,t) =0 t>0, 0<z<l
u(0,t) =u(l,t) =0 t >0, 4.1)
u(z,0) = a(z) 0<z<l.

Assuming that the initial datum a is generic (but unknown), the inverse problem we are inter-
ested in is to determine the potential ¢ from the trace of the derivative of the solution u to (4.1)
on the boundary:

{ro(t), r1(t)} == {u(0,1),us(1,1)},  t € (0,27),
It is well known that the self-adjoint operator A defined on L?(0, 1) by:

A= —¢" +qo, D(A) = H*(0,1) N H(0,1), (4.2)

admits a family of eigenfunctions {¢y}3°, forming a orthonormal basis in L?(0,1), and asso-
ciated sequence of eigenvalues A\, — +o0o. Using the Fourier method, we can represent the
solution of (4.1) in the form:

o0

u(a,t) =Y ae™'ép(x),  ar = (a,0k) 12001 (4.3)

k=1

The inverse data admits the representation:

{ro(t), ()} = {Z are™ 1, (0), ) ak6“’”¢2(1)} : (4.4)
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One can prove that ro,7; € L?(0,T). Using the method from the first section, we recover the
eigenvalues \; of A and the products ¢, (0)ay and ¢} (1)ax. So (as a is generic) we recovered

the spectral data consisting of:
Pr(1) }“’
D := < X\, (4.5)
{ ¢,(0)
Now from D we construct the spectral function associated with A.
Given A € C, we denote by (-, \) the solution to:

—y"(x, A) + q(x)y(x, \) = Ay(z, N), 0<x<l,
y(o’ A) =0, y,(()? /\) =

Then, the eigenvalues of the Dirichlet problem of A are exactly the zeros of the function y(1, ),

)\
while a family of normalized corresponding eigenfunctions is given by ¢x(z) = ”3/(($ ))H
Thus, we can rewrite the second components in D in the following way: X

(1 (1, A

3,00 y(0,A)

Let us denote by dot the derivative with respect to A and ), be an ecigenvalue of A. We
borrowed the following fact from [17, p. 30]:

1y, A7z = o' (1, Mg (L, Aw),
y(lv)‘) = H)‘n_)‘

. 1 An — A
y(1, \) = 122 H on Tk By.

Notice that the set of pairs { Ay, [ly(-, Ae)||32 52, = D is “classical” spectral data. Using the

above relations, we come to D = { )y, ApBi e, Let ai == |ly(-, \)||22 = Ax By, we introduce
the spectral function associated with A:

- X = A<0,
\) = ASAL<0 P
0<Ap<A  *

which is a monotonously increasing function having jumps at the points of the Dirichlet spectra.
The regularized spectral function is introduced by:

—_

o) A<0, po(A) = Z A >0,

02
0<AY <A o)
where pq is the spectral function associated with the operator A with ¢ = 0. The potential can
thus be recovered from o(\) by Gelfand-Levitan, Krein or the BC method (see [6, 14]). Once
the potential has been found, we can recover the eigenfunctions ¢, the traces ¢}.(0) and Fourier
coefficients a;, k = 1,...00. Thus, the initial state can be recovered via its Fourier series.
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4.2. Extension of the inverse data

We fix p;; € C*([0,1];C), dyi,ds € Ly(0,1;C) and consider on interval (0,1) the initial
boundary value problem:

( o [u o (0 1) [u P piz)\ [u

= — 5 - = t>0

u(0,t) =wu(l,t) =0, t>0, 4.7)

w(z,0)) _ [di(x) C0<z<l

| \v(z,0) dy(x)
We fix some 7" > 0 and define R(t) := {v(0,t),v(1,t)}, 0 < ¢t < T. Here, we focus on
the problem of the continuation of the inverse data: we assume that R(¢) is known on the
interval (0,7"), T' > 2, and recover it on the whole real axis. The problem of recovering
unknown coefficients p;; and initial state c; » has been considered in [19,20], where the authors

established the uniqueness result, having the response R(t) on the interval (—7',7") for large
enough 7.

We introduce the notations B = 01 , P = pu Pra , D = d and the
Lo P21 P22 dy

operators A, A* acting by the rule:

A= B%—FP, on (0, 1),

d
A% = —B% +PT, on (0,1),

with the domains:
D(A) = D(A”) = {w = (i;) € H'(0,1;C?) | ¢1(0) = 1 (1) = 0} -

The spectrum of the operator A has the following structure (see [19,20]): o(A) = ¥ U 3y,
where ¥, N X5 = () and there exists N; € N such that

1) ¥ consists of 2/N; — 1 eigenvalues including algebraical multiplicities
2) X5 consists of infinite number of eigenvalues of multiplicity one
3) Root vectors of A form a Riesz basis in Ly(0, 1; C?).

Let m denote the algebraical multiplicity of eigenvalue A\, and we introduce the notations:

Si={XN€a(A),m>21<i<N},
Yo ={ € 0(A), \, is simple , n € Z} .

Let e; := (?) The root vectors are introduced in the following way:
(A=X)6i =0, (A-N)gi=¢i,, 2<j<m,
;(0) = €1, ¢j € D(A), 1<j <
For the adjoint operator, the following equalities are valid:
<A* —Y) Wi, =0, (A* —XZ) W= 1< <my— 1,
P3(0) = ey, 1) € D(AY), 1
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For the simple eigenvalues, we have:

(A=) o, =0, (A* —Xn)l/zn:O, for n € Z,
$n(0) = 1n(0) = €1, ¢ € D(A), thn € D(A).

Moreover, the following biorthogonality conditions hold:
(65, %n) =0, (6, 05) =0, (6r,90) =0,
(0% 0r) =0, ifi#korj#l,
pi= (¢, 05), i=1,...,N, j=1,...,m,,
pn = (fn; ), nE€EL

We represent the initial state as the series:

N m;
D=3"3"digi(z) + Y dutu(x)
i=1 j=1 nez

and search for the solution to (4.7) in the form:

(Z) @) =323 06 @) + 3 e t)6u()

=1 j=1 neZ

Using the method of moments, we can derive the system of ODe’s for ¢, i € {1,...

]7
jeA{l,...,m;}, c,, n € Z, solving which we obtain:
t2 ot
.+ dﬁn—} o cplt) = dpe.
“(m; — j)!
Notice that the response {v(0,¢),v(1,¢)} has a form depicted in (1.1):

N
0(0,8) = > eMal(t) + Y ey (6n(0)),,
=1

neL

Ze)\t L )_I_Ze’\"tdn (&n(1))y,

neL

ci(t) = M [dl +d b+ di 5+

where the coefficients of af(t) = "1, " ait* are given by

g SCICIORIED S C R =—Zd’ Z

1

Z dy (B 1 = mdzm (¢1(0)), -
e k+1
The coefficients a}(t), t = 1,..., N are defined by the similar formulas.

We assume that the initial state D is generic. Introducing the notation U :=

consider the dynamical system with the boundary control f € Ly(R,):
U —AU =0, 0<x<1,t>0,

u(0,t) = f(t),u(1,t) =0, t>0,
U(z,0) = 0.

77

(4.8)

(4.9)

(4.10)

), we

It is not difficult to show that this system is exactly controllable in time 7" > 2. This implies
(see [5]) that the family (JY  { ... t™~1e}} U {eM!},c; forms a Riesz basis in a closure
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of its linear span in L((0,7"); C). So we can apply the method from the second sections to
recover \', m;, coefficients of polynomials a?’l(t) t=1,...,N, \,, n € Z. The latter allows
one to extend the inverse data R(t) to all values of ¢ € R by formulas (4.9), (4.10). This is
important for the solution of the identification problem, see [20].
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In this report we discuss the problem of approximating nonlinear delta-interactions in dimensions one and
three with regular, local or non-local nonlinearities. Concerning the one dimensional case, we discuss a recent
result proved in [10], on the derivation of nonlinear delta-interactions as limit of scaled, local nonlinearities.
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that such an equation approximates the nonlinear delta-interaction, and give an heuristic argument to
support our conjecture.
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1. Introduction

Point interactions in quantum mechanics describe the dynamics of particles in inter-
action with potentials supported on a (finite or infinite) set of points. In dimension one, they
are quite easily understood as a limit of short range potentials and they have been a subject
of study since the very early years of quantum mechanics, a most well-known application
is the Kronig-Penney model [17], which describes the dynamics of electrons in crystals. In
higher dimensions, the first attempts to use point interaction came from nuclear physics,
to describe the short range interactions between nucleons. It was found that to define a
potential supported in one point in dimension larger than one is a subtler and less intuitive
matter. Indeed, a rigorous mathematical definition of point potentials in dimension three
was achieved only in the 1960’s with the work of Berezin and Faddeev [7].

At a formal level the Hamiltonian describing a particle in a potential supported by
points can be written as: H, = —A + >, a;6,,, where o = {q;} is a set of assigned real

constants, Y = {y;} is a fixed set of points in R?, and d,, is the Dirac delta-distribution
centered in y;. For this reason, H, is also referred to as delta-interaction. For a thorough
discussion on the Hamiltonian H,, see [6], the monograph also includes an historical overview
of the topic and an appendix with an update on the progresses in the area.

The subject of this report is the Schrédinger equation associated with a nonlinear
version of the Hamiltonian H, in which the constants «; depend on the state of the system.
Such an equation describes the propagation of a wave function in a medium whose response
is nonlinear only in some isolated points. The question that we want to address is whether
the solution of the equation with point-like nonlinearities is approximated by the solution of
an equation with smooth nonlinear terms.

We shall focus attention only on the one and three dimensional cases. They will be
discussed separately, with the related applications and literature, in Sec. 2 and 3 respectively.



80 C. Cacciapuoti

In dimension one, a solution to the approximating problem was given in [10]. Here
we shall briefly discuss the result and give a sketch of the proof, we refer to [10] for the
details.

In dimension three , the problem is still open. Here we shall exhibit an equation that
we conjecture to approximate the nonlinear delta-interaction, and give an heuristic argument
to support our conjecture.

To the best of our knowledge very little is known about the two dimensional case.
Also the correct definition of the limit problem, and the study of the well-posedness, is not
yet done. In dimension four or higher, instead, the problem cannot be set up because is not
possible to define the Hamiltonian H,, see [6].

In what follows we shall construct the approximating equation by introducing a small
scaling parameter that will be denoted by €. We shall denote by ¢ a generic positive constant
whose value may change from line to line. The constant ¢ may depend on the parameters
entering the equations and on the initial data, but in no case ¢ will depend on the scaling
parameter.

2. Nonlinear delta-interactions in dimension one

In this section we shall present a review on the Schrodinger equation with delta-like
nonlinearities concentrated in a fixed set of points in dimension one. We shall recall the
definition of the equation and the basic results about its well-posedness, this part is a survey
of the works [4,5] and [16]. Then we shall state the main result of [10] on the derivation of
the equation as the limit of Schrodinger equations with spatially non-homogeneous scaled
nonlinearity, and discuss the basic ideas behind the proof. We shall also mention a different
approximation method based on non-local smoothed nonlinearities, this method was used
in [16] as an intermediate step in the proof of the well-posedness of the limit equation.

To begin, it is worth recalling the definition of the operator H, in dimension one.

The domain of the self-adjoint operator H, is

D(Ho) ={v € H*R\Y) VH'(R) = ¢'(y) —¢'(y;) = oyeb(y;)}- (1)

The operator H, acts on the elements in its domain as the Laplacian, everywhere, except
that in the points y;, i.e.,

Hp = —)" Ve#y,j=1,..,N (2)

for any ¢ € D(H,).

The form domain of H, does not depend on the parameters o; and coincides with
H'(R).

To give a precise definition of the nonlinear dynamics in which we are interested,
we start with a discussion on the non-autonomous Hamiltonian H, ), for which we let the
parameters a; depend on the time variable . Such Hamiltonians are interesting on their
own both from the physical and mathematical point of view, see, e.g., [15,19] and references
therein.

When o (t) are assigned real valued functions of time, the domain D(H,)) changes
in time as well. In particular, if ¥(t) € D(Hqa ), then () must satisfy the time dependent
jump conditions ¢'(t,y;) — ¥'(t,y; ) = a;(t)d(t, y;). Conversely, the form domain of Hg
does not depend on ¢ and coincides with H!(R).
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Consider the Cauchy problem

d
iaiﬁ(ﬂ = How(t)

¢|t=0 = wo

The weak solutions of (3) are the solutions of the associated integral equation

0(t.2) = (U = )(w) = 1Y [ dsU = s = gy (5.15) ()

where U (t) is the unitary evolution group associated to the free Laplacian in dimension one,
its explicit expression is given by

eta

(4mit)1/2”

The solutions of (4) belong to the domain of H, only under suitable assumptions
on the initial datum and on the regularity of the functions «;(¢). For a discussion on this
problem we refer to the works [15,19].

From (4), it is clear that the solution (¢, x) is fully determined from the quantities
Y(t,y;), j =1,...,N. Then, by evaluating the equation (4) in yi, k = 1, ..., N, the problem
of finding (¢, z) can be reduced to solve a system of N coupled Volterra equations for the
functions 1 (t, yx). This fact will also be used in the analysis of the nonlinear problem.

To define the nonlinear delta-interactions we use the weak formulation (4) and mimic
the nonlinear flow on it by letting a; () = «; (|1 (¢, y;)|?). In this way we give a weak formu-
lation of the problem given by the equation i0;1) = —0?% 1 + Z;VZI o (|0 (t, y;)[?) by, 1 with
initial datum tg. We remark that the choice of the nonlinearity a;(|¢(t,y;)|?) guarantees that
the equation is invariant under phase multiplication and that the nonlinearity is local; strong
solutions should satisfy the jump condition ¢/(t, ;") — ¢/(t,y; ) = ay(|e(t, y;) ) (t, y;)-

We shall follow [4,5] and consider only power-type nonlinearities, i.e., a;(z) = ;2
for some real constants ;, and p; > 0, but more general nonlinearities could be considered,
see, e.g., [16]. Our model nonlinear delta-interaction is then defined by the integral equation

Ult,z) =

t
0

U(t, ) = (U(t) * 1ho)(x) — %Z i / dsU(t — s,x —y) [ (s, y)["¢(s,y5). ()

This is a weak formulation of the problem

Lty = =2 pt )+ 3 2 105500,
gt T T 73 O3 TOAE Y ’

¥(0,2) = Yo(x). )

Nonlinear point interactions of this form have been used in solid state physics, see,
e.g., [8,18] (and references therein), and, more recently, to model nonlinear periodic systems,
such as Bose-Einstein condensates trapped into optical lattices, see [14].

As for the time dependent delta-interactions, we do not address here the problem
of showing under what conditions on 7;, p; and 1y, the solution of (5) satisfies the jump
condition ¢'(t,y;) — ¢'(t,y;) = ;| (t,y;)[*9(t, y;). Instead we take initial data in the
form domain, H*(R), and discuss the well-posedness and the approximation problem in
H'(R).
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We start by recalling that global well-posedness of (5) for initial data in H*(R) and

under the condition that
pi <1l if ;<0 (6)
was proved in [5] (see also [16] for different kind of nonlinearities).

The proof of global well-posedness as given in [5] follows a standard scheme: first prove
local well-posedness; then show that there exist some conserved quantities; finally, extend the
well-posedness to an arbitrarily large time 7" by exploiting the conserved quantities together
with results on the existence of global solutions for the Volterra equations. We shall not
comment on the first step of the proof, the analysis of the local well-posedness. For the
purposes of this report it is enough to discuss the conservation laws and how they affect the
proof of the global well-posedness, the discussion will make clear where the condition (6)
plays a role.

For any initial state in H'(R), there exist two quantities which are conserved by the
nonlinear flow (5): the L?-norm (also referred to as mass), and the energy

Bly] = v'|I* + Z () P,
Hj

j=1
Then, if ¢(¢) is the solution of (5) with ¢y € H'(R), one has that [|¢(¢)]|* = |[«o]]* and
E[(t)] = Elw].

One main issue in the proof of the global well-posedness is to prove that the H'-norm
of the solution does not blow-up in finite time, i.e., that there does not exist 1" such that
lim sup, g [[6:(8) |1 < oc.

From the conservation of mass, proving that blow-up does not occur is reduced to
prove that the kinetic energy ||¢'(t)||* does not blow-up in finite time.

If 7; > 0 for all j, the conservation of the energy immediately implies that ||¢/(¢)|| < ¢
(as well as [¢(¢,y;)| < ¢). Then no restriction on the power of the nonlinearity is needed.

If for some j, 7; < 0, then the conservation of the energy alone is not enough to
guarantee that ||¢/(t)|| stays bounded. One needs to be sure that in the energy the growth of
|1’ (t)|| cannot be compensated by the negative term ij <0 %W(t, y;)[%. This is achieved
by using the well known Gagliardo-Nirenberg inequality

[9]]oo < clld'[|Z ||, (7)

Inequality (7), together with the energy and mass conservation, imply

E[o] = E[¢(t)] = ||/ (¢ ||2 + Z 1(t,y ])|2u1+2 Z M|¢(t’y‘j)‘2ﬂj+2

;20 ]+1 m’<0Mj+1 (8)
> [P —c D @)t
Ji;<0

The bound (8) makes clear where the condition (6) comes from: if ;; < 1 for all the j’s such
that v; < 0, then the inequality (8) implies that [|¢)'(t)|| < ¢; otherwise the negative term at
the r.h.s. dominates for ||¢(¢)|| large, and the inequality (8) does not imply that ||¢'(¢)|| is
bounded.

We note that in [5], it is shown that for N = 1 the condition (6) is indeed sharp.
In the sense that for = p; > 1, it is possible to find an initial datum ¢y € H'(R) such
that there exists t. < oo for which limsup,_,;_ |[9(t)|| s ®) = 00, i.e., the solution blows-up
in finite time.
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2.1. Point-like limit of scaled spatially non-homogeneous nonlinearities in
dimension one

Here we discuss the approximating equation used in [10] and give a sketch of the
proof of the convergence of the solutions.
For any € > 0, consider the nonlinear flow

V(ta) = ) b)) =i 3 [ dsUlt=5) < V=il P ) @) ()

where
Ve(z) = 2V (g) with V; € L'(R, (1 + |z|)dz) N L=(R) (10)

and p; > 0.
We remark that Eq. (9) is a weak formulation of the Cauchy problem

2

W, 0 al |
T () =~ 60 + Vi — ) o)

¥°(0,2) = tho(x)
This describes a situation in which there is a spacial inhomogeneity of the response of the

medium to the wave function propagation. The regions in which the response is nonlinear
are supported on intervals of length of order € around the points y;.

(11)

Before discussing the convergence of the solutions of Eq. (9) to the solutions of Eq.
(5) we shall comment on the well-posedness of (9). Under the assumption (10), Corollary
6.1.2 of [11] applies, so that, for any ¢ > 0, one has global existence of strong H!-solutions for
every initial datum ¢y € H'(R) for any p; > 0if V; > 0 (defocusing case) and for 0 < p; < 2
if V; is negative in some open interval (for p; = 2, the critical case, one has global existence
for small data, see Remark 6.1.3 of [11]).

As for the limit problem (5), to prove global well-posedness in H' one uses the fact
that there exist two conserved quantities: the L?-norm (mass) and the energy

/R VE(y — )l () dy.

Moo
E*[] = lv'|* +
jz_; i+ 1

Precisely one has that, for any ¢y € H'(R), the solution () of (9) is such that:
[ @)I1* = llvoll®  and  E[°(t)] = Elth].

From the mass conservation, to prove that the H'-norm of 1°(t) does not blow-up in finite
time, one needs to show that the quantity ||1)*'(¢)|| stays bounded for any ¢. This is achieved
by using the following argument, write V; as the sum of its positive and negative part,
Vi=V,+ —=V,_, with V; L > 0 and V;_ > 0. Then, by the Gagliardo-Nirenberg inequality

(7),

1 _ 1 1 Y — Y .
Ve(y — v € 2u3+2d — /—V J € 2u]+2d
ujﬂ/R](y )Py = | 2V (5 )Py
1 1 Y=y .
> — —V-_< ]) e () [245+2

C £ ; £ C IS ; IS5
> ——||ye |2 / 1% (y) Pdy = —=||'||* |47
19 R E



84 C. Cacciapuoti

We denote by I C {1,..., N} the set of indices j such that V; is negative in some open
interval. Then by mass and energy conservation, and the inequality above, one has that,

B[] = EF[U=(t)] > [0 ()I° — ZIW’ 1. (12)

jGIC

As a consequence, one has |[¢°'(¢)|| < C. if p; < 2 for all j € K. We remark that the
argument used above gives a bound on ||¢*'(¢)|| which is not uniform in . The constant
C. depends on € because ¢ appears at the denominator of ¢ in Eq. (12). This is enough to
obtain global well-posedness for any € > 0 but it is not enough to prove the convergence
result. For that we shall need a bound on ||¢/*'(¢)|| which is uniform in €, we shall be able to
obtain it at the cost of a more restrictive constraint on ;.

Now we are ready to state the main result of [10].

Theorem 2.1. For all j = 1,...,N, take Vi as in (10) and 0 < p; < 1 if V; is negative in
some open interval. For any vy € H'(R), let ¢ be the solution of Eq. (5) with v; = fR Vidx
and Y° be the solution of Eq. (9). Then, for any T > 0,

lim sup |[[¢(t) —°(t)| g1 (w) = 0.

£=0¢ejo,1]
Outline of the proof of Th. 2.1. We shall discuss only the main ideas behind the proof of
Th. (2.1), for the details we refer to [10]. We divide the proof in four steps.

Step 1. The first step is to obtain a bound for |[1/*'(¢)|| which is uniform in e. This
can be achieved at the cost of a more restrictive constraint on the power of the nonlinear
term, precisely we shall need to assume that p; < 1, for all j € K. Writing, as in the proof
of the well-posedness of Eq. (9), V; as the sum of its positive and negative parts, and by
assumption (10) and Gagliardo-Nirenberg inequality, we have that

i L wertay = [ v (S

pi+ 1 i +1 Jge €
1 ,
BN /RVJ}@)WE(Z/]' +ey) [P dy
J

> —cf|[|
The latter bound together with the conservation of the energy, gives
E*[tho] = B[ (1) = [0 @)IIF — e > o' ()]
jEK

Since

Il
=

N

1
sup E°To] < b2 + o2+ /mvwm
c€0,1] 0 le pi+1Jr o

we finally get the inequality:
[ @I = e e O < K

jek
which implies |[¢%'(t)]] < ¢ if u; < 1 for all j € K and ¢ > 0, by the Gagliardo-Nirenberg
inequality, this also implies the bound ||¢°(t)||s < c.
Step 2. The solution of the limit problem (5) is completely determined by the values
Y(t,y;), 7 =1,...,N. Then to find ¢(¢, z) we must solve first the system of coupled nonlinear
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Volterra equations in the variables ¥(¢, yx).

b(t,y) = (U(t) * o) (yr —ZZ%/ dsU(t — s,ye — yp)[0(s, y) "0 (s, 7)., (13)

k=1,..,N.

For this reason in the second step of the proof we address the problem of showing the
convergence of 1°(t, yx) to ¥(t,yx), for all k = 1,..., N. To this end, we compute ©*(¢, yx) by
using Eq. (9), we get

N ot
(k) = (U(t) * o) (yk) — ZZ/ ds(U(t = s) % V7 (- = yp) [ (s)[*79° () (w)-
j=170
We rewrite the latter equation in a more explicit form as

e (t, k) = (U(L) * vo) (yx)
_ZZ/ ds/ (t = s, gk — 5 — ey) Vi(y) [0° (s, y; + ey) 79 (s, y; + ey)dy.  (14)

Letting ¢ — 0 at the r.h.s. of the latter equation one would expect that

Vet k) = (U(F) * o) (yx) —@'Z/Rvj(y)dy/o ds U(t— s, ye — ;) [ (s, y;) P99 (s, ;).

By comparison with Eq. (13) one notices that 1°(¢, y) approximatively satisfies the same
equation as ¥(t,yx) if v; = [ Vj(y)dy. To make precise this idea we subtract Eq. (13)
from (14). By adding and Subtractlng suitable terms at the r.h.s. (using the fact that
v; = Jg Vi(y)dy), we end up with the identity

Vet yk) — (L yr) =
B ZZ%/ ds U(t — s, yx —y;) ([0°(s,95) P9 (s,95) — [ (s, 95) [ (s, 95)) +R(F)

where R*(t) is a remainder that satisfies the bound sup, (o 77 |R°(t)| < e’ for any 0 < § < 1/2
and T > 0, we refer to [10] for the details. Here we use the a priori bounds ||¢(t)||« < ¢ and
[ ()]l <

From the bound for the remainder R*(¢), the explicit expression of U(t,x), the fact
that [|a[**a — [b]**0] < (Ja]** + |b]**)|a — b| for any a,b € C, and the a priori bounds
|(t)]|co < ¢ and [|¥°(t) |00 < ¢, we get the inequality:

N t
€ 1 € AN ) 4
) vl < e [ #s e — vl et

By a standard argument in the theory of Abel integral operators, we conclude that

sup [V (t,y;) — ¥(t,y;)] < e’ (15)

t€[0,T]

for any 0 < 0 < 1/2 and T > 0.
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Step 3. Now we can proceed to the proof of the convergence in L?-norm, precisely
we shall show that

sup [[¢°(8) — y(t)]| < e’ (16)

t€[0,T]
for any 0 < 0 < 1/2 and T > 0.
We rewrite the nonlinear Eq. (9) explicitly, as

V(t,x) = (U(t) * o) (2)
—’Z/ds/ (t = 5,2 —y; — ey) Vi(y) 07 (s, 95 + ey) |99 (s, y; + ey)dy.  (17)

As in Step 2, letting € — 0 at the r.h.s. we see that, if v; = fR Vidx, ¢°(t,z) approximately
satisfies the same equation as ¥ (¢, z). To make precise this argument we subtract (17) from
(5) and get the identity

Vet ) —(t, o) =
o ZZ’}%/ dSU yj) (’¢6(87yj)|2“jw5<57yj> - |¢<Svyj>|2uj¢(87yj)) + Te(t,l’).

where T¢(t,x) is a remainder that satisfies the bound sup,cjo 7 [|7°(t)|| < ¢’ for any 0 <
§ < 1/2 and T > 0 (see [10] for the details). Taking the L?-norm of (¢, z) — (¢, z) we
obtain

sup [[¢°(t) — ¥ (t)]]

te[OT]
t
< Z pl s | [ s e = .= ) (07 Cs) P07 1) = oo )P ) |+
te
< e 2;@ € V|20 ) é
CZ SFI;]H’QD 5,4 [0° (s, y3) — [ (s, 47) P19 (s, )|+ ce
j= 1 s€l0
N
<CZ st] 1% (s, ;) — (s, 5)| + ce® < e
j=1 s€(0,T

In the second inequality we used the bound
sup

S /0 U(t—s,-)f(s)ds

In the third inequality we used ||a|*a — [b]**b] < (Ja* +]b|**)]a — b| and the a priori bounds
1V (t)]|oo < ¢, [|1°(t)]|co < ¢. And finally we used the bound (15). This concludes the proof
of (16).

Step 4. We are left to prove the convergence in H'. Since the bound || (¢)|| < ¢
holds true, there exists a subsequence, that we denote in the same way, such that °(t)
converges weakly to ¢(t) in H'(R). Recalling that ¢°(¢) — ¢ (t) in L*(R) we conclude that
o(t) = ¥(t) a.e.. Moreover, since:

1= (t) = vl = 1Ol + POl — 2Re (), () a,

it is sufficient to prove that

< sup |(s))
s€[0,T

tim [[° (872 = 10017 -
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As in Step 3 we proved the convergence in L?, we are left to show that

lim Sup = @I = Il (O)1*| = 0. (18)

From the conservation of the energy we obtain

AR |
1V (®)]* = Eftho] — Y T

/ AxVE (@ — y) [0 (1, 2) P

j=1
N
,t 2 . 2,LLJ'+2‘
[ @1 = Z% MJ+1 (t,y5)]
Since lim,_,o E¢[1)o] = E[t)g], we have
lim sup. =" @O = Il ()17
e—0y
N (19)
=lim sup (/ Vi) |0 (t, y; + ex) [ 2da — ~;|(t, y; 2“j+2) :
g sy (572 ([, + <o) ot
By Step 2 we have lim. o supyepry |[¢°(t, y;) [ — [9(t, y;)[*9+?| = 0. Moreover, since

v; = Jg Vjdx, it follows that

/ Vi(@)[Wf (£, + ex) [P 2w — 0= (2, ;) [+
R

' [0 (6 )% = g )
< evE||les (@) P, / Vi (@) y/Taldz <

The latter bound, together with the equality (19), give (18), and this concludes the proof of
Th. 2.1. O

2.2. Remarks on the one dimensional problem
We conclude the discussion on the one dimensional case with several remarks.

We note that the approximating problem (11) imitates the approximation result

on the linear delta-interactions. Indeed it is well known, see [6], that the Hamiltonian
=—A+ > Vi(- —y;), with V7 defined as in Eq. (10), converges in the norm resolvent

sense to H,, deﬁned by (1) - (2), with o; = [ Vjdz. Recall that this also implies the
convergence of associated unitary groups.

For the convergence of the linear problem one only needs to assume V; € L'(R).
Also, the well-posedness result for Eq. (9) requires only V; € L*(R)N L>®(R) (see [11]). This
suggests that the assumption V; € L'(R, (1 + |z|)dz) N L>=(R) in Th. (2.1) is not optimal.

Concerning the assumptions on V;, we also note that the limit problem (5) is well
posed for any p; > 0 if v; > 0. Since v; = fR Vjdx, one would expect the convergence result
to hold true for any p; > 0 if fR Vidx > 0. Nevertheless, the argument used to derive the
uniform bound, [|¢*'(¢)|] < ¢ (step 1 in the proof of Th. 2.1), requires an upper bound on ;
whenever Vj is negative in some open interval. The same problem appears in the proof of
the well-posedness of Eq. (9). This is a consequence of the fact that the argument neglects
the positive part of V.
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In [16], the authors describe a different type of approximating problem which uses a
non-local nonlinearity. They consider the equation
2

O (1, 0) = (1) (ol U0} ) U0, (20)

where p° is a function approximating the Dirac delta-distribution (i.e., p*(x) = p(x/e)/e
with p € C°[-1,1], p > 0, and [, pdz = 1) and a(z) is a nonlinear function.

Under suitable assumptions of the nonlinearity, they prove that, for any initial data
in H'(R), the solution of Eq. (20), converges to the solution of the equation i9,¢) = —92 1+

a(Y(t, 0)[?) 0o .
3. Nonlinear delta-interactions in dimension three

This section is devoted to the analysis of the approximation problem for the Schrédinger
equation with nonlinear delta-interactions in dimension three. We will discuss a conjecture
on an approximating problem with non-local nonlinearity. For the sake of simplicity we shall
restrict the analysis to the case N = 1. For a discussion on the generalization of the limit
model to N > 1 we refer to [1-3].

We shall start by recalling several results from [1] on the well-posedness of the limit
model. Since we are setting N = 1, we use the notation a; = «, and set y; = 0, i.e., we put
the center of interaction in the origin. We set

1
Go(X) = —47]")(’ .
In dimension three the operator formally written as H, = —A 4 «dy is defined by
D(H,) = {w € L*(R?) 19 = ¢ + Gy, ¢ € Hpo(R%),
Vo € L*(R%), A¢ € L*(R?), ¢ € C, (21)

lis (6(x) ~ 4Glx)) =

and
H,p = —-Ay Vx #£ 0. (22)
The quantity q is referred to as charge of the wave function ¥. We remark that by
the definition of D(H,), in general one has ¢ ¢ H*(R?). This is due to the decomposition
Y = ¢ + qGy and to the fact that Gy ¢ L?(R3). Whenever ¢ = 0, one has that 1) = ¢, and
Y € H*(R) with ¥(0) = 0.
The form domain of the operator H, is

V= {¢ € L*(R’) : v =¢+qGo, ¢ € H, (R*), Vg € L*(R?), q € C}

As for the one dimensional case the form domain does not depend on a. Yet, we
note one main difference with the one dimensional case: V does not coincide with H'(R),
the form domain of the free Laplacian (—A, H?(R3)). Then H, is not a small perturbation,
in the sense of quadratic forms, of —A.

As for the one dimensional case, to give a precise definition of the nonlinear dynamics
we are interested in, we start with a discussion on the non-autonomous Hamiltonian H ),
where «(t) is an assigned function. Such Hamiltonians have been studied, for example, in
relation with the ionization problem (see, e.g., [12,13] and references therein).



On the derivation of the Schrodinger equation with point-like nonlinearity 89

Consider the Cauchy problem (3) in dimension three. From [20], one obtains its solu-
tion in terms of the time dependent charge ¢(t). The charge satisfies the Volterra equation:

9 [ olle) [ 00 )0)

i Jo Vi—s 0 Vi—s
where U(t) is the unitary group generated by the free Laplacian in dimension three. Its
explicit expression is given by

(23)

2
x|

eI
tx) = —
while the solution 1 (t) is completely defined by ¢(¢) through the equation
t
W(t,x) = (U(t) * o) (x) + 7,/ dsU(t — s,x)q(s). (24)
0

The solutions defined by equations (23) - (24) belong to D(H,y)) only under certain as-
sumptions on the regularity of the function «(t) and on the initial state vy, see, e.g., [21]
and references therein for results in this direction.

To define a nonlinear delta-interaction in dimension three we let a(t) — a(|q(t)[?) in
equation (23). Following [1], we restrict ourselves to power type nonlinearities, and, as for
the one dimensional case, we choose «a(z) = yz*, with v € R and p > 0.

With this choice the linear Volterra equation (23) is replaced by the nonlinear one

0 [P _ [ (00 100 )
4\/% 0 \/t — S 0 Vit—s

Equation (24) - (25), define our model for a nonlinear delta-interaction in dimension
three. We recall that, global well-posedness for the problem (24) - (25) in ¢y € V and under
the condition that p < 1 if v < 0 was proved in [1]. In the same paper, the authors also
prove that the nonlinear flow admits two conserved quantities: the L?-norm (mass) and the
energy

’2,LL+2

_ 2 g
Bl] = vl + 1L

where ¢ = ¢+ qGo € V. So that, for any 1y € V, if ¥(¢) is the solution of the problem (24)
- (25), one has [[(t)|* = [|2o||* and E[¢(t)] = Elt].

We remark that by the definition of the form domain of H,, ¢» € V does not imply
1 € H'(R?), and the well-posedness in V' must be understood in the sense that [|[V¢(t)|| and
lq(t)| stay bounded.

We also remark that in [1], the authors consider the more general case of finitely many
nonlinear delta-interactions, N > 1. The conditions on the initial state which guarantee
Y(t) € D(Hqqqq))) are also discussed in [1]. We refer to [2] for the analysis of the blow-
up problem and to [3] for the study of the stability/instability properties of the stationary
solutions of (24) - (25).

)

3.1. Point-like limit of scaled non-local nonlinearities in dimension three

In this section we discuss a conjecture about the approximation problem for (24)
- (25)through scaled non-local nonlinear flows. We remark that in dimension three the
problem of finding an approximation of the nonlinear flow (24) - (25) is subtler than the
corresponding problem in dimension one. This is not surprising, as also the problem of
finding a regular approximation of the (linear) operator H, in dimension three requires
non-trivial renormalization procedures (see, [6]).
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Let p be such that p € C§°(R?), p > 0, and [; pdx = 1, then set p°(x) = p(x/e)/e?,
so that p® converges to the Dirac delta-distribution in dimension three.

We denote by p(k) and p° (k) the Fourier transform of p and p® respectively, by scaling
one has that p°(k) = p(ek). Moreover, from [, pdx = 1, it follows that p(0) = 1.

We set M = ﬁ Jas dk (p(k))?/|k|* and consider the nonlinear flow (in weak form)

(L, x) = (U(1) *
— Z%/O ds(U(t — s) * p°)(x) <—1 +9° - ‘g@?ﬁi(sm M) (0% 9°(s)). (26)

Note that we let the initial datum 5 to depend on ¢ as well. This is due to the fact
that we want to compare the solutions of Eq. (26) with the solution of (24) - (25). To do
that, one should consider the two nonlinear flows with the same initial datum. In dimension
three this is, in general, not possible, because problem (24) - (25) is naturally defined for
initial data in V', while problem (26) is naturally defined for initial data in H'(R?). For this
reason we let the initial datum in (26) to depend on e, and assume that ¢§ converges to 1
in a suitable norm as ¢ — 0.

To begin, it is also convenient to set v > 0 (defocusing nonlinearity), this choice
simplifies some issues with the well-posedness, giving at once some useful bounds on relevant
quantities, and avoids further constraints on the power of the nonlinearity .

We remark that problem (26), is a weak formulation of

(00 = =0t + 5 (10 IO 4 e
5(0,%) = 5 (x)

We also note that, also in this case, the nonlinear approximation problem is inspired
by the linear one. Indeed, it is easy prove that the (non-local) operator H® = —A +
( 14 a+) (p°,-)p° converges in norm resolvent sense to the operator H, defined by (21)
2
We conjecture that, for any ¢y € V and ¢§ € H'(R?) that converges to v in a
suitable sense, the solution of Eq. (26) converges to the solution of (24) - (25).
We do not have yet a rigorous proof of this statement, but we are able to give an
heuristic argument to support the conjecture.
The basic idea is that the quantity ¢°(t) = 57 (p°,¥°(t)), should converge to the charge
q(t). Eq. (26), written in terms of ¢°(t), gives

U(t, %) = (U(t) * ) (%) —i/o dS(U(t—S)*/f)(X)< 1+7—|q (s )|2“> ¢ (s) (27)

We recall that p° — dg, then (U(t — s) * p°)(x) — U(t — s,x). Assuming, moreover, that
U(t) = g — U(t) = 1, one expects that

V5 (%) ~ (U(£) * ) (%) + i /0 dsU(t — 5,%)¢° (s).

By comparison with Eq. (24), this suggests that, if ¢°(¢) converges to ¢(t), then also ¥°(t)
converges to 1(t).
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To support the idea that ¢°(¢) should converge to ¢(t) we proceed as follows. We take
the scalar product of Eq. (27) with p°, using the definition of ¢°(¢) we get the identity

T = U w5) / ds{pf Ut = ) 5 p°) (<1 + 97l (D) (). (28)

Let K°(t) = G Jps dk (7°(k))2e~"¥t /|k|2. By the definition of U(t) one has that

2, i ~ 26—i\k\2
U0 ) = o [ ke = St [ P ik,

Using the latter identity, written as (p°, U(t — s) * p°) = —iLK*(t — s), in (28), and by
integration by parts in s, we get

T (0) = (07 U ) ) + / dste®(t = o) [ (=14 gl (9P) 079

i
K4 (0) (<149 |2u) )+ K1) (1419710 O)P*) ¢°(0).

Using the identity K=(0) = M /e we see that £¢(t) cancels, so that, rearranging the terms,
we are left with

Ao (P47 (8) = (07, U 1) % 45) + / K- 5) L [(<1 a9 (o)
+ K5(8) (<1 + 7271 (0)*) ¢°(0).

To recover an equation of the form (25), we multiply for F and integrate in ¢ for t € [0, 7].
We obtain

T TP [ U )
) W = [ et

i / " % /OtdsKa(t—s)% (-1l ) o )]
+ (1Sl o) [TalZl o

The heuristic argument showing that ¢°(¢) should converge to ¢(t) is based on the fact that

K0 s [ = (30)
3 t — ,

(27T) k|2 47T\/E\/1_5
as € — 0. This suggests that Eq. (29) should be approximated by

)
T AE@P @) (0%, U(t) * 95)

e el e [ RS W*‘)q g >}
+4ml/ﬁ< 1+’y—!q !2“ /

SI
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In the second line of the equation above we exchange the integrals in ¢ and s and use the
fact that [ dt F\/ﬁl{bs} 7, while in the third line we use [/ dt\ﬁ\/ =, to get

lq° ()¢ (t) 1
/Odtﬁ dt\/_

4\/_/ as - [(~1 e () a0
4\}5 (_1 +7%ME(O)I”‘) ¢ (0).

Performing the integral in s, and neglecting further terms of order ¢, we finally end up with

T e@Pre®) 7 0 U@ Y5 ¢ (7)
”y/o dt — _/0 dt — 4@.

Comparing the latter formula with Eq. (25), one sees that ¢°(t) satisfies approximatively
the same equation as ¢(t).

To make rigorous the heuristic argument described above is the goal of a forthcoming
work. One would expect that the right approach is to add and subtract to K¢, in Eq. (29),
its limit, given in formula (30), then prove that the remainder (the term containing the
difference between K¢ and its limit) is small. One main issue with this approach is the
presence of the derivative of ¢°(s) in Eq. (29), which implies that the remainder depends on
G°. The dependence of the reminder on ¢ is unexpected, because the limit equation does
not involve the derivative of ¢, and difficult to treat, because it requires a bound on ¢°. An
approach that avoids taking the derivative of ¢ would be preferable.

(0%, U(t) * 45)

+

4. Conclusions

We addressed the problem of finding regular approximations of nonlinear delta-
interactions.

We showed that, in dimension one, it is possible to find both local (see [10]) and
non-local (see [16]) nonlinearities that converge to the limit problem. The convergence can
be rigorously proved for initial data in H'(R).

For what concerns the three dimensional problem, we suggested an approximation
through non-local nonlinearities. The convergence to the limit problem seems to be plausible
but it is not yet proved rigorously.

Several problems remain completely open and would deserve some attention. We
mention two of them which are strictly related. They concern the approximation of delta-
interactions in dimension one and three, through local nonlinearities in the presence of a
linear term with a zero energy resonance.

The approximation of H, in dimension three through Hamiltonians with scaled po-
tentials is not as intuitive as in dimension one. We already noted that in dimension one the
operator —A + V/(-/e)/e converges to H,, with @ = [; Vdz. One might then think that
also in dimension three, adding a delta-convergent function to the Laplacian would give an
operator that converges to H,. This does not happen to be the case.

To define a sequence of Schrédinger operators that converge to H, one has to choose
a potential V' such that the operator H = —A + V has a zero energy resonance. That
means that there exists a function ¢ such that ¢ € L} _(R3), V¢ € L*(R) and H¢ = 0 in
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the distributional sense. Assuming additionally, that V' decays fast enough, one has that
(see [6])

1+ A .
HE = —A + +2 gV(—), (31)
€ €
where A € R converges (in norm resolvent sense) to H,, with coupling constant & = —mA,

where m is a positive constant that depends on V.
One may wonder whether letting A — A()) would allow to obtain a local approxima-
tion of the nonlinear delta-interaction in dimension three.

A similar problem can be formulated in dimension one. Assume that V' decays fast
enough and that it is such that H = —A 4 V' has a zero energy resonance, i.e., there exists
¢ € L*(R), ¢ ¢ L*(R), such that —¢” + V¢ = 0. Assume also that the resonance ¢
is an even function. Then the operator H¢ in (31), in dimension one, converges in norm
resolvent sense to H,, defined in (1) - (2), with a = —mA\, where m is a positive constant
which depends on V' (see [9]). In this sense the problems of approximating H, in dimension
one and three are similar. We remark that, in dimension one, also the convergence of the
operator —A + V/(-/e)/e relies on the presence of a zero energy resonance of the operator
(—A, H?(R)). In this case the resonance is just the constant function.

Also in the one dimensional case, one might expect that letting A — A(¢)) in (31) will
allow one to construct an approximation of a nonlinear delta-interaction.
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Quantum random number generation allows the obtaining of true random numbers that can be used for ap-
plications (e.g.,a cryptography) requiring a high degree of randomness. In this paper, we give a mathematical
description of a quantum random number generation system using homodyne detection. As a result of the
theoretical research, we obtained the description of the relationship between beam splitter input radiation
and differential current on detectors after beam splitting. We derived equations allowing one to estimate the
scheme parameters imperfection impact on measurement results. We also obtained mathematical expres-
sions, demonstrating the equivalence of quantum description of Y-splitter and beam splitter with two inputs,
which allows the use Y-splitter for the implementation of quantum random number generation systems based
on vacuum quantum fluctuations.
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1. Introduction

Random numbers are widely used in classical and quantum cryptography. Perfect
randomness is very important for quantum cryptography protocols (see, e.g., [1]), but it is
rather difficult to obtain ideally random numbers in real devices. In principle, there are
two means to achieve this. The first, one uses special computer algorithms, however, this
way leads only to pseudo-random numbers. The second way is to use physical systems with
inherent random behavior. It is preferable to have fundamental character of this randomness.
The quantum random number generator (QRNG) is one such type of device. Accordingly,
QRNG can be divided into several groups, depending upon the physical phenomenon serving
as the background for the device: beam separation [2-4], entangled photon states [5, 6],
processes of photon emission and detection [7, 8], quantum noise of lasers [9, 10], vacuum
fluctuations of the electromagnetic field [11].

2. Quantum random number generation based on the principles of homodyne
detection

This type of QRNG is based on the randomness of the quantum noise where the
balanced detector subtracts signals received from beam splitter outputs (fig.1).

A coherent state from the laser comes to the first splitter input and in a vacuum state
— to another input. The beam splitter prepares the mixture of these signals, then the signals
from the beam splitter outputs arrive at the balanced detector. The subtracted signal is
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Fic. 1. QRNG scheme, based on vacuum fluctuations: L - laser, BS - beam
splitter, D1, D2 - detectors, SA - spectrum analyzer, PC - computer

quantum noise, which can be processed by the PC. Random numbers are thus obtained as
a result of the received differential signal processing.

3. Beam splitter

The main element of such schemes is the beam splitter. We consider how it transforms
a signal. If incoming signals are a; and as, then the signals at outputs, b; and by, can be
described by formula (1), where 6 - is the angle of the beam splitter.

(1)

The radiation is characterized by the Poisson distribution with parameter o (describ-
ing mean photon number), which is described as follows (in the operator form)

by = a;sinf + ay cos 6.

{bl = ay cost — aysinf,

) = i~ o), (2)
where af and a; are photon creation and annihilation operators at the first input of the
beam splitter, |«) is the coherent state, |0) is the vacuum state.

If a coherent state is sent to the first splitter input, and a vacuum state - to another,
then the beam splitter input signal is expressed as a tensor product:

|a)]0) = €291 ="a1|0), |0). (3)

Let the radiation be characterized by the Poisson distribution with parameter |o). If it
passes through the beam splitter with an angle 0 (fig.2.a), then one of the beam splitter
outputs is characterized by the Poisson distribution with parameter |a cos#), and the second
is characterized by the Poisson distribution with parameter |asin6).
In case of symmetric beam splitter we obtain the following expressions for the signals
at the both outputs:
b — b — %a; ()

The differential current can be determined as follows:
Al = iQ — il - ’)/Qb;bg — ’ylbfbl, (5)

where 7; and 7, are the photocurrents at the first and the second detectors, 7, and v, are
the quantum efficiencies of the detectors. Correspondingly, the general expression for the
differential current is as follows:

(Ad) = (g sin? 0 — 1 cos? ). (6)
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F1G. 2. a)Scheme of a beam splitter with angle 6, where to the first splitter
input a coherent state is send, and to other input - a vacuum state.b)Optical
Y-splitter. ay, as, as - input signals of the 1st, 2nd and 3rd ports, respectively,
b1, b, bs - output signals from the splitter

One can see that in the case of using of a symmetric beam splitter and detectors with
identical quantum efficiencies, the mean value of the differential current is zero, and the
amplitude of the differential current deviation is proportional to the intensity of the incident
radiation:

Al = ay. (7)

In the case of using an asymmetric beam splitter and detectors with different quan-
tum efficiencies, the amplitude of the differential current deviation is characterized by the
following expression:

Ai = a\/7§ sin? @ + ~? cos? 6. (8)

4. Y-splitter

In quantum random number generators based on the quantum fluctuations of vac-
uum, a beam splitter with two inputs and two outputs is normally used. We will consider the
possibility of applying a fiber optical Y-splitter for these constructions. For this purpose,
it is necessary to compare the quantum descriptions of the beam splitter (Fig. 2.a) and
Y-splitter (Fig. 2.b). We consider the Y-splitter as a system with three inputs and three
outputs, because input and output signals can pass through the same channel.

The relationship between the signals at inputs and outputs of the Y-splitter can be
described by the following expression:

by —V1-=2N B B ay

by | = A — V1= (2 —~2 as | . 9)

b3 A m — as
where ) is the real proportionality factor, relating the output signals at the second and the
third ports and the input signal applied to the first port; 5 is the real proportionality factor,
relating the output signal at the first port and the input signal applied to the second or the
third port; v is the real proportionality factor, relating the input and the output signals of
the second or the third port. Other coefficients are selected in accordance with requirements
of the unitary property of the matrix. The following expressions are also caused by the
unitarity conditions:

—V1 =2 20— Ay + /1 —[%2—~2=0,
—V1=2 04+ )\/1 -2 =792 =Xy =0, (10)
f% =291 — 32 —~2=0.
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Parameters A\ and 3 can be expressed in terms of v from this system:

a=p=2y1-7). (11)

Then original matrix takes the form:
-2y V2y(1-7) V291 -7)
2y(1 —7) — 1—vy - (12)
29(1=v)  1-9y —

We consider the special case when the signal from input port 1 is distributed only

1
between ports 2 and 3. In this case, v/1 —2A2 = 0, and A = — and by using expressions

V2
1

obtained above, we can obtain the following values: § = — and v = —.

NG 2

If the signal a; comes to the 1st port of the Y-splitter, then the signals from outputs
2 and 3 can be obtained by using the matrix described above:

11
0 — — 0
by L VP2 (e o
2 2
bs \{5 T 1| \O 1
o - = 1
NI v2
Thus,
1
bE = b = a7 (14)

V2

This result coincides with the signals obtained at the output ports of the symmetric
beam splitter (4), when the coherent state a; comes to the first splitter input, and a vacuum
state - to the other. Thus, as description for the beam splitter and the Y-splitter are the same,
to evaluate work of QRNG systems based on the vacuum fluctuations using the Y-splitter
we can use results for the beam splitter, obtained earlier. For example, we can estimate the
probability of the detecting of N different photons in the substractor [12] (Fig. 3):

Py = exp(—|al*) v (Jaf), (15)

where « is the Poisson parameter of the initial radiation, corresponding to the mean number
of photons, I, N|(|a|2) is the modified Bessel function of order |N|.

a) b) )

o A 0=0.1 7 A 0=0.5 L=< a=1

.?O'& .?0 64 A‘?—:‘O’;‘

S 0.6] B Fos

s 8 0.41 3

8 0.4 o) S02

$— — P —

& .2 A 0.2 0.1
- I > >
3> > >

0 1 2 0o 1 2 3 0o 1 2 3 4
Number of photons, N Number of photons, N Number of photons, N

Fic. 3. Probability of detecting of N difference photons at substractor for
input radiation with mean number of photons a) a =0.1, b) a=0.5, ¢) a =1
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5. Conclusion

Expressions describing the relationship between the beam splitter input radiation
and the differential current were obtained for quantum random number generation scheme
using homodyne detection. For this scheme, expressions for estimations of the scheme’s pa-
rameters imperfection impacts on the measurement results, were also derived. We obtained
mathematical expressions demonstrating the formal equivalence for the quantum descrip-
tion of the beam splitter with two inputs and the quantum description of the Y-splitter.
This allows us to use the Y-splitter for the implementation of a quantum random number
generation system based on the quantum fluctuations of vacuum, and to use the previously
obtained formulas for the beam splitter with two inputs and two outputs for the calculation
of that system’s characteristics.
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The effects of the local accumulation of charges in resonant tunnelling heterostructures have been described
using 1D Shrédinger-Poisson Hamiltonians in the asymptotic regime of quantum wells. Taking into account
the features of the underling physical system, the corresponding linearized model is naturally related to the
adiabatic evolution of shape resonances on a time scale which is exponentially large w.r.t. the asymptotic
parameter h. A possible strategy to investigate this problem consists of using a complex dilation to identify
the resonances with the eigenvalues of a deformed operator. Then, the adiabatic evolution problem for a
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After recalling the main technical difficulties related to this approach, we introduce a modified model where
h-dependent artificial interface conditions, occurring at the boundary of the interaction region, allow one to
obtain adiabatic approximations for the relevant resonant states, while producing a small perturbation of
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the adiabatic problem. An a posteriori justification of our method is obtained by considering an explicitly-
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Keywords: Schriodinger-Poisson equation, adiabatic evolution of resonances.

Recewed: 25 January 2015

1. Introduction

We consider the axial transport through resonant tunneling structures like highly
doped p-n semiconductor heterojunctions (Esaki diodes), multiple barriers or quantum well
diodes. In such systems, the conduction band edge-profile is described by a multiple-barrier
potential (see e.g. in [7]). Due to the quantum tunneling, the charge carriers, at the resonant
levels, interact with metastable states and, depending on the potential geometry, a local
accumulation of charges may result. The corresponding repulsive effect, which can strongly
modify the transport properties, have been described in the mean-field approximation by
one-particle quantum Hamiltonians of Hartree-type with Poisson nonlinearity ( [13]). In
this framework, the barriers depth, fixing the time scale for the dispersion of the metastable
states, can be rather large compared to the size of the wave packets. An unitarily equivalent
description of the model then consists of replacing the kinetic part of the Hamiltonian with
the ’semiclassical’ 1D Laplacian, —h2A, while the potential is the superposition of a barrier,
supported on a bounded interval [a, b], and multiple potential wells with support of size h
inside (a,b). The parameter h now corresponds to a rescaled Fermi length (see for instance
[6]) fixing the quantum scale of the system and, coherently with the features of the physical
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model, is assumed to be small. The resulting transport model is described by a double-scale
Schrodinger-Poisson Hamiltonian:

Hpy, = -hA+ V" + Vi (1)
where the linear part of the potential is defined according to:
V=V 4+ Wwh, suppV = [a,b] , (2)
and
N
wh=— an (x —2,)1/R), w, €C°(R,Ry), suppw, =[—d,d], (3)
n=1

for some d > 0. For a suitable choice of V| this fixes a semiclassical island with quantum
wells supported around the collection of points z, € (a,b), n = 1,..., N. The nonlinear
potential term, V{;, solves a Poisson equation with a source given by the charge density of
the system. The corresponding evolution problem is as follows:

( iatuh ('7 l k) = (_h2A + 1% + VJ\}]LL) u” ('7 t k) )
(=D + V" + V|, — k) u" (-,0,k) =0

4
_AVE, = d, (4)

| (@) :/%g(l{) |l (., k)| .

Here, u” (-,t,k) denotes the nonlinear evolution of a generalized eigenfunction u” (-,0, k)
related to the Hamiltonian at ¢ = 0. The quantum state corresponding to this picture is
described by a density matrix p" defined by the momenta distribution g(k), and whose kernel
evolves in time according to
dk
QWhg
When g(k) selects incoming waves (i.e.: suppg C R, ), the system is nourished by charges
from the left, providing a non-equilibrium condition where, depending on the potential ge-
ometry, the particles may accumulate inside the wells. These systems — characterized by a
very rich nonlinear characteristics, such as hysteresis phenomena and steadily oscillating cur-
rents — have attracted increasing interest, both for the challenging mathematical problems
associated with them as well as the potential application perspectives.

Resonant energies, produced by the potential V", naturally arise in this class of models
and play a central role in the description of quantum tunneling. The incoming electrons, at
resonant levels below sup, ;) V', interact with resonant states which evolve in time according

Pl (,y) = (k) u" (2, t, k) a" (y,t, k) . (5)

to a quasi-stationary dynamics. In particular, their L?-mass remains concentrated in the
vicinity of the wells support for a range of time exponentially large w.r.t. h. Depending on
the position of the wells, this possibly induces a local charging process; then, the nonlinear
coupling in (4) generates a positive response (depending upon the charge in the wells) which
modifies the potential profile and reduces the tunneling rate.

This dynamics was considered in the works of G. Jona-Lasionio, C. Presilla and
J. Sjostrand ( [13], [17], [18]), within a simplified framework where the Poisson potential
is replaced by an affine function multiplied by a nonlinear charge density. Using slowly
varying potential assumptions, WKB expansions and a one-mode approximation for the
time evolution of the quantum state, the authors discuss the behavior of the sheet density



102 A. Mantile

related to the accumulation of electrons in a single well determined by a flat double-barrier
potential. Rephrasing the result of their work in our scaling, they show that the relevant
time scale of the problem is on the order of e™/”, corresponding to the imaginary part of the
lowest resonance, and provide with an explicit equation for the evolution of the local charge
density in the limit A — 0 (eq. 9.7 in [17]).

It is worthwhile to note that these calculations have been shown to be relevant only
in some specific cases. This concerns, in particular, the adiabatic approximation for the
nonlinear evolution of generalized eigenfunctions, which appears to be an essential point
of the analysis: the lack of an error bound in the adiabatic formulas for resonant states
prevents the control of the possible remainder terms in the asymptotic limit. Moreover, the
role played by the device’s geometry in the emergence of nonlinear effects remains an open
problem. This was pointed out by F.Nier, Y.Patel and V.Bonaillie-NGel, in a series of works
devoted to the steady state problem related to (4) under far-from-equilibrium assumptions.
In [4]- [5], an accurate microlocal analysis of the tunneling effect as h — 0 determines the
limit occupation number of resonant states. This analysis leads to a simplified equation
for the Poisson problem, where the limit charge density is described by a superposition of
delta-shaped distributions centered in the points x, (see the definition (3)).

The relevance of the adiabatic approximation, for the Schrodinger-Poisson equation in
the regime of quantum wells, suggests that we consider as a preliminary step, a ’linearized’
problem where the nonlinear term of H?Y, is replaced by a potential supported on (a,b)
and adiabatically dependent on time; namely we introduce the time dependent family of
Schrédinger operators:

H} (1) = —R*A+V" (1) , (6)
where V" (t) = V + W"(t) fulfills the particular scaling (2)-(3) for all . The adiabatic
evolution of an observable x (corresponding to a local charge) is described by the variable
Al (t) solving the equation:

((AG () =Tr [xpf ()] ,
Pt (t) = [ amrg(k) |u"(k, -, 0)) (ut (k)]

icOul(k, - t) = HE (t)u"(k, - 1),

| (Hy(t=0) — k?) u"(k,-,0) =0.

In this framework, the relevant resonant energies for the transport problem are determined by
the resonances of H with the real part embedded in (O, inf(, ) V); these are usually referred
to as shape resonances. In the asymptotic regime of quantum wells (h — 0), it is known that
the number of shape resonances is uniformly bounded w.r.t. h, while their imaginary part is
on the order of e™/" for a suitable constant 7 > 0 depending on the potential geometry (for
this point we refer to the analysis developed in [10]- [11]. Following [20], this quantity fixes
the time scale for the dispersion of the corresponding resonant states. Hence, the effect of
the accumulation of charges inside the wells can be investigated by choosing the adiabatic
parameter ¢, in (7), of size e /",

1.1. Detecting quantum resonances: the exterior complex dilation

The small-h analysis of the linearized problem (7), involves the following task: clarify,
in an energy interval close to the shape resonances, the relation between the evolution of
generalized eigenfunctions and of the resonant states in the adiabatic limit. Let us recall that
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the resonances of a Schrodinger operator correspond (modulo a restriction to a dense subset
of dilation-analytic functions) to the poles of the meromorphic extension of its resolvent
to the second Riemann sheet (i.e.: Im+/z < 0). These are detected through the complex
deformation method (see [12] for details), which can be adapted to our framework by using
the exterior complex scaling: = — ze’'™@» @) When 6 € R, the related deformation is an
unitary operator acting on L? (R) according to

eu(e’ (x—b)—b), x>0,

Upu (J}) = u (:E) ) (a’ b) ) (8)

For the Hamiltonian:

Q=-A+YV, with: V € L* (R) and suppV = [a,}] , (9)
the corresponding deformed operator, next denoted with: Q (0) = UpQU, ', is explicitly
written as (see e.g. in [8]):

Q) = —e @A, + V), (10)
where Ay is the non-self-adjoint point perturbation of the Laplacian defined by the interface
conditions: \ \

e zu(bt) =u(b7), e 2u(bt) =u(b7),
(11)
e’%u(a_) =u(a™), e’%eu’(a_) =u'(a™).
Namely, we have the following:
D (Ap) = {u € H* (R\ {a,b}) | (11) holds} ,
Ag . (12)
(Agu) (z) = —u"(x), x € R\ {a,b} .
When Im 6 > 0, this deformation produces a rotation of the essential spectrum in the second
Riemann sheet: o.s (Q (0)) = e 2™PR_; in the cone spanned by R, and 0. (Q (6)) the
resonances of @ identify with the spectral points of @ (6). This important result was first
obtained by J. Aguilar, E. Baslev and J.M. Combes in [1], [3], where the case of analytic
potentials w.r.t. the uniform complex dilation z — xe’ was considered (see also [12, Theorem
16.4]). For potentials which can be complex deformed only outside a compact region, the

exterior complex scaling technique appeared in [19] in the singular version that we reconsider
here.

Proposition 1.1. Let Q) be defined by (9); the resonances of Q) in the cone
K, ={argz € (—2a,0)} , with o < %, (13)
are eigenvalues of the operators @ (0) for a < Im#@.

As a consequence, the resonant state associated with a resonance E,.s € K,No (Q (6))
can be defined as an eigenvector of @ (0), with a < Im 6, and we have

(Q0) = Eves) ¥r,.. =0,  in L*(R). (14)
It is worth remarking that the resonances in K, do not depend on the deformation, i.e.:

if E.es € KoNo(Q(0)) for a given 6, then, E... € K, No(Q(F)) for all " > 6 and
a < Im@'. Nevertheless the solution ¢g,  of (14) possibly depends on # in the exterior
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region, while, according to the shape of Uy, the cutoff 144 (%) ¥g,., (usually refferred to as
the quasi-resonant state) is independent of 6.

1.2. An alternative approach to the adiabatic problem

The identification of the resonances for () with the spectral points of the correspond-
ing deformed operator @ (f) suggest an alternative, and possibly more natural, framework
to study the adiabatic problem (7). Let us define the observable y according to

x €C*(R),  suppx CC (a,b) . (15)

With this choice, y describes the charge accumulating in a region inside (a,b). Since x
commutes with the deformation map Uy for all #, making use of the properties of the trace
operation we have:

AL (t) =Tr [x ol (t)] = Tr [UsxUspl (t)] = Tr [xUspfy (t) Ug] (16)

Here, Upp} (t) Uy identifies with the evolution at time ¢ of a deformed density matrix, when
the dynamical system is generated by HP (t,0) = UpHJ (t) U, '. This allows us to rephrase
(7) in the equivalent form:

( A(})L (t) =Tr [ng <t7 9)] )
ph (1.0) = [ 5iza(k) |ug(k, 1)) (ug(k, - t)] ,

z‘s@tug(k:, . t) = H(SL (t, 9) ug(ka 7t) )

(17)

| (H{ (t=0,0) — k) ug(k,-,0) = 0.

When g selects energies close to the shape resonances, the relevant information about the
solution uft(k, -, t) of the adiabatic problem in (17) are related to the evolution of the resonant
states. To fix this point, assume that, for a suitable choice of V" () in (6), the linearized
operator Hl'(t) has a shape resonance E" (t) remaining close for all time to a limit energy A"
(in a sense which will be specified later with an explicit example). According to Proposition
1.1, we have: E"(t) € K,No (HE(¢,0)) for some 7/4 > o > 0 and o < Im6, and the
corresponding instantaneous resonant state ¥gn(; solves the eigenvalue equation (14) with

Q(0) = Hp (t,0). As far as suppg = {k >0, k* ~Re E" () ~ A’} | it is expected that

Tes

L) (@) ug (2, t) ~ Lap) (2) " (1) | (18)
where 9" (t) is the solution of the problem

0" (t) = Hy (t,0) 4" (¢) |

" (0) = Ypn() -

For e = ¢~/ the small-h asymptotics of this dynamic is related to the adiabatic evolution
of an eigenvector of the initial operator H? (t = 0,6) and standard results in adiabatic per-
turbation theory (see e.g. in [16]) would suggest to identify " () with the instantaneous
resonant state ¥gn ;) (multiplied by a suitable modulation factor), with an error of size e~/
Such an adiabatic approximation and the relation (18) could be implemented in (10) to study
the asymptotic behavior of A% (t) as h — 0.

The main difficulty in this approach is due to the fact that the complex scaling
does not preserve the m-accretivity of the operator, i.e.: the quadratic form associated
with H} (t,0) has an imaginary part with undetermined sign (see the eq. (1.5) in [8]); as a

(19)
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consequence, the deformed dynamics may exhibit exponential growth w.r.t. ¢. Since uniform-
in-time estimates for the dynamical system are necessary to prove the adiabatic theorem,
the lack of this condition in our case, prevents us from developing a rigorous approach to
the study of (19) in the small-A limit.

2. A modified model

A possible strategy to overcome the lack of uniform-in-time estimates occurring in
the study of the dynamical system (19) consists of modifying the physical Hamiltonian H}
according to the following:

D (H}) = {u € H? (R\ {a,b}) | (11) holds} ,
H) (20)
(Hju) (z) = —h*"(z) + V() u(z), z € R\ {a, b} ,

where, as before, the potential is formed by the superposition of a barrier supported on
[a,b], and a collection of quantum wells W" defined by (3). It worthwhile to remark that,
for 6 # 0, H} is neither self-adjoint nor symmetric and identifies with an extension of the
symmetric restriction

Hiy=H) | {ue H*(R) | u(a) =v/(a) =0, a=a,b} . (21)

In this connection, H? is an explicitly solvable model w.r.t. HJ and relevant quantities,
as its resolvent or generalized eigenfunctions, can be expressed in terms of corresponding
non-modified quantities, related to the selfadjoint operator H[, through non-perturbative
formulas. This well-known property of point perturbations (see e.g. in [2]) provides us with
a usefull tool for spectral analysis and allows us to consider the pair {Hgl, Hg} as a scattering
system. In particular, if 1[a7b}Vh > 0, it has been shown that H} has a purely continuous
spectrum coinciding with R, provided that 6 is small (depending on h; see [14]). A detailed
analysis concerned with operators of this class has been developed (in a slightly more general
framework) in [8]- [15]. In what follows, we resume their main features.

2.1. Shape resonances in the regime of quantum wells

Let: V' =V + W", with V and W" defined as in (2)-(3) and fufilling the following

constraints:

1
oV 2 e, st { IVl gy W] ey } < =0 supp W CC (ab), (22)

for some ¢ > 0, uniformly w.r.t. h € (0, hg]. It is known that this particular potential’s
shape prevents the accumulation of the possible eigenvalues of the corresponding 'Dirichlet
operator’, HP,

Hjy=-h*2+V",  D(H}) =H([a,b]) N Hy ([a,b]) , (23)

in the energy region (c, inf(g ) V) when the limit A — 0 is considered (e.g. in [4]). Then, we
assume V" to verify the following spectral condition.
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Condition 2.1. There exists a real \° and a cluster of eigenvalues {/\?}jzl Co (Hg) such
that the conditions

) e N Kinflay V= e <V e <

i) a (N0 (N e, (24)
h 0 h
i17) gﬁg\Aj—AKC.

hold for all h € (0, hy).

Under the action of an exterior dilation U;, with v > 0 (see the definition 8), the
modified Hamiltonian H} transforms according to (e.g. in [8])

Hp (i) = =h*n (2) Dgriy + V", n(z) = e 2 R0@n (@) (25)

where the operator’s domain is obtained from (20) by replacing 6 by 6 + iy in the inter-
face conditions (11). In the exterior domain, the solution ¢,.; of the eigenvalue problem
corresponding to a resonance z,.s € {p € C | argp € (—27,0) }

(Hy (i) = Zres) @res = 0, ores € L* (R) (26)

exhibits the exponential modes

(2res 1/26i'y
Ores(T) = c+el< 5 (@=b) x>b,
(27)
Z'(Zres>1/25i’y (a_x)
Ores(T) = c_e D ., r<a.

Let P! (0) = (—h?Ag + V")
D(P!(9)) = {u € H*((a,b)) , (h0; +iz"*e ") u(a) =0, (hd, —iz"*e ") u(b) = 0}

(28)
where (z)l/ ? is determined according to arg z € [—g, %ﬂ') Using (27), the resonance equation
(26) is re-termed as a non-linear eigenvalue problem for the operator P” (6)

(P;Zes (0) - Zres) Pres = 0. (29)

It is worthwhile to note that this equation does not depend on the deformation, but only on
the interface conditions in (20). Following the approach of Helffer-Sjostrand (see [11], [21]),
the resonances for the full Hamiltonian H}(i7) can be investigated after reducing the Grushin
problem modeled from the Dirichlet operator H}, for the boundary value operator P! _(6).
This analysis, developed in [8], shows that, for potentials fulfilling the conditions (24), the
shape resonances are localized in small regions of the corresponding Dirichlet’s eigenvalues
/\? as h — 0. In particular, let ws denotes the regions:

ws = {z eC, d (z, {/\?}jzl) < (5} , (30)
and da, (x,y,V, \)

dAg(x,y,V,)\):/x@/(V(s)—)\Lds, T =y, (31)

the Agmon distance between x and y related to a potential V and an energy A\ € R,.
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Proposition 2.1. Let V" =V + W" be defined according to (2)-(3), (22), and assume the
conditions (24) to hold. Then, for all h € (0, ho] and |0] < C%h, the operator H} has exactly

¢ resonances in Wen, {z]’?}ﬁzl, possibly counted with multiciplicities. Considered as functions
of h, after the proper labelling w.r.t. j, these fulfill the relations:

2S¢

2O N =0 <h— e_T> . (32)

J

where Sy = dag ({a,b} , Up_, {zi}, V. \°) is the Agmon distance between the asymptotic sup-
port of W" and the barrier’s boundary. Under the additional condition

lim A% % min |\? — 4| = 400, (33)
70 %
the variations of z]h’ (0) — zjh (0) is estimated by the following:
25,
A, |27 (0) =2} (0)] = O <I9| h‘?’e‘TO> : (34)

25,
for alle= 7" < |0] < C%h.

As a consequence of (32), the size of the imaginary part of the shape resonances is:
25,
‘Im z]’-‘ (9)‘ < h73¢~ . When the quantum evolution generated by Hl' is considered for

initial states with energies close to zJ! (9), it is important to have a lower bound for Im 2} (6)
as h — 0. Providing such a lower bound is a standard result in semiclassical analysis; in [5]-
[8] this problem is analyzed for Schrédinger operators depending on the scaling parameter h
according to the rules prescribed for V. Under some additional spectral assumptions, it is
shown that: .

0

|Im z]h )] 2 e (35)

In what follows we will assume that this lower bound holds.

2.2. The quantum evolution problem

We next consider the time propagator generated by the operator HY. In a slightly
more general framework, a detailed analysis of this problem has been developed in [15], where
the modified dynamics is defined through a similarity, between H}' and the corresponding
self-adjoint model H{, holding in some spectral subspace under the assumption that the
parameters # and h are small.

The generalized eigenfunctions of H[', next denoted with 5(-, k, V), solve of the
boundary value problem (we refer to [14]- [15])

(=h202 + V") u = k?u, reR\{a,b}, keR,
emru(bt) = u(b™), e 2fu/(bT) = (b)), (36)

e‘gu(a*) = u(a™), e_%eu’(a*) =u/(at),

and fulfill the exterior conditions

O (@, b, V) |o<a = €07 + RM(k, 0)e 7 h® (2, k, V) |osp = T (K, 0)e'n” (37)
k>0 k>0

e,k V") [r<a = Tk, O™ 42,k V") ooy = €57 4 Rk, 0)e 07, (38)
< k<0
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describing an incoming wave function of momentum k with reflection and transmission co-
efficients R" and T". In the case § = 0, the generalized Fourier transform associated with
HAE(VM) is defined by:
dz
G%M@:/}Qmm(%@kVW o), pe*R). (39)
Recall that F" is a bounded operator on L*(R) with a right inverse coinciding with the
adjoint (}"h)*
, dk
Fh f:p:/ Uz, ke, VY (k) . 40
(F") f(z) (2h)1/20( )f (k) (40)
In particular, it results: F" (fh)* = I in L*(R), while the product (Fh)*}"h defines the
projector on the absolutely continuous subspace of Hj (V") (cf. [22]).
We are interested in the quantum evolution for initial states residing in a spectral
subspace of energies close to \? (the eccumulation point of the resonances); let assume the
interval [A1, Ag] C R such that:

c<A <Ay < [inbf]V —c, © (H{;) (A1, As] = {)\h} 1 (41)

uniformly w.r.t. h € (0,ho]. The spectral projector on [Aj, Ay] associated to H is next
denoted with IIja, a,); this is explicitly given by:

dk
H[A1,A2]90 = / 1/2 1[/\1,/\2] (kz) wg(a:a ka vh> ("T_.X}/Zh@) (k) . (42)
R (27h)

The similarity between H}' and H on the subspace I, A2]¢L2(R) is provided by the oper-
ators Wi defined through the integral kernel:

dk
Wite,n) = [ g Lasas () 6o,k V) (0o k. V)" (13)
The next proposition rephrases in our case the result presented in [15] .
Proposition 2.2. Let V! = V +W" satisfy the conditions (24) and |0] < h™¥o, with Ny >
If the interval [Ay, Ao verifies (41) and the lower bound (35) holds, then there exists n > O
such that: {Wg‘, 0eC,B |0 < nhNO} form an analytic family of bounded operators in
L3(R) fulfilling the expansion:
Wy =T agp = O (B7%) (44)
in the L (L*(R)) operator norm. For |0| < nh™°, the operators W}, WrHL and
H)W} map L*(R) into D (H}), and it results
H)W) = W) H] . (45)
As a consequence of (44)-(45), the modified quantum evolution can be defined through

the unitary propagator e~itHy by conjugation as far as the initial state is considered in
Iz, a0 L2 (R).

Theorem 2.1. Let h € (0,ho] and |0] < h™°, with Ny > 4. Under the assumptions of
the proposition 2.2, iH} generates a strongly continuous group of bounded operators on

a2 L*(R). For a fized t, e~ 15 s analytic w.r.t. 0 and the expansion:

<€_itH£ - e_itH6L> H[Al,/\z] = 7§’h <t7 9) ) (46)
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holds with:

sup H?@h (t)H =0 (hY7?) . (47)

teR L(L*(R))

2.3. Adiabatic evolution of shape resonances

We next consider a non-autonomous Hamiltonian defined by (20) through a time
dependent potential V" (¢) such that the spectral profile of HJ (t) corresponds to the pitcure
given in the Proposition 2.1 for any time. In particular, the potential is assigned according
to the following conditions:

Condition 2.2. V" (t) = V (t)+W" (t), with V,Wh € CE (R, L* (R)) for K > 2, suppV (t) =
[a,b] and

Wh(t) = — an (t,(x —xp) 1/h) ,  supp wy(t) = [—d,d] . (48)

We assume that for all t the estimates (22) and the conditions (24) hold with \° € C* (R)
and ¢ > 0 fized.

Under these assumptions, HJ (t) has a cluster of time dependent shape resonances
{zh (G,t)}jzl which, for v > 0 large enough, belong to o (H}!(iv,t)), with H}(iv,t) de-
noting the exterior complex-dilation of H/(t). Since oess (Hj (7)) = e Ry, due to the
jz | 1s an isolated part
of the spectrum of H}!(i7,t). Denoting with HZ;;(W) the corresponding time-dependent (non-

semiclassical estimates (32) and the assumption (ii)-(24), {" (6,t)}

orthogonal) projetcor, the adiabatic problem for this cluster of spectral points is written
as:
icdult = HP iy, t)ul
(49)
up_g € Hz;-‘(&t)LQ (R) .

If the dynamical system generated by H[(ivy,t) allows uniform-in-time estimates, this prob-
lem can be analyzed following the standard approach of the adiabatic theorem with spectral
gap condition. For a particular choice of the deformation, the modification introduced by
the 6-dependent interface conditions allows to obtain such a result. Indeed, the deformation
H!'(i7y) is characterized as follows (Lemma 3.1 in [8]):

Lemma 2.2. Let 0 =iy, v > 0. Then: iH} (i) is mazimal accretive.

It follows that, for each fixed ¢, e isHEt) g g semigroup of contractions; then, the
regularity-in-time of the potential allows us to conclude that the non-autonomous Hamil-
tonian H}! (i7,t) generates a quantum dynamical system of contractions (see [8, Proposition
3.7]). In the application perspectives, we need to minimize the error produced by modifica-
tion of the Hamiltonian; hence, we next assume v to be polynomially small w.r.t. h. In this
framework, the resonances z]h (iy,t) are close to the essential spectrum (located in e 'R,)
and the spectral gap condition depends on h. Then the estimates of 9f (H}!(i,t) — z) in the
region: |z — z;-‘ (0, t)‘ ~ 7, behave as y~!. This entails a loss of some power for /& (depending
on 7) in the adiabatic formula. Nevertheless, assuming ¢ = e~™/" for some T > 0, it is
still possible to obtain an error bound exponentially small w.r.t. h. Next, we recall, in the
simplified case of a single shape resonance, the result of the adiabatic theorem provided with
in [8, Theorem 7.1] (see also [9] for the explicit form of the modulation factor p (t) below).
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Theorem 2.3. Let V" (t) fulfill the Condition 2.2 with { = 1, and let E" (t), Ypngy re-
spectively denote the shape resonance end the resonant state related to Hi’;lN(ihN,t) in the

neighbourhood of size h of the limit energy \°. We set ¢ = e~/ with 7 > 0, and assume
that

H¢E’%t) - wzh(t) L2(R) < 5176’ (50)
holds for any § € (0,1). Then, the solution " (t) of the problem: 0 <t < T

0 (t) = HI ik, t)y" (t)

(51)
" (0) = Ypn) ,
fulfills the estimate:
h h 1-6
zfenl[aaj}‘(] H¢ (t) — v (t)”L?(R) < Ca,b,c,5,T5 ||¢Eh(0) HLQ(R) ) (52)
where the auziliary dynamics v" (t) is expressed as:
V() = () el BN P (53)
with .
S 785
i (t) = exp / Wer dbma) ) Lo (1), (54)
0 HwEh(S)HB(R)

while the positive constant Cop 51 possibly depends on the data.

3. A conjecture for the linearized transport problem

We finally reconsider the linearized verion of the transport problem introduced in (7).
According to the result of Theorem 2.1, for initial states characterized by energies close to
a cluster of resonaces allowing the lower bound (35), the distance between the propagators
exp (—itH i};zNO) and exp (—itHg) is controlled uniformely-in-time in the L2-operator norm
by O (hNO*Z) for Ny > 4. In the non-autonomous case, this suggests that, under the same
initial conditions, the quantum dynamical systems generated by H! v (t) and H{ (t) remain
close to each other. In particular, we conjecture that on the adiabatic time-scale, the result
of Theorem 2.1 extends according to:

sup Huh (t) — ug (t)”L?(]R) =0 (hNO*z) , (55)
te€[0,T)
where " (t) and u{ (t) solve the equations: icdyu” (t) = H" \ (t)u" (t) and icduf) (t) =
H{(t)ug (t) with uf (0) = u" (0) € Iz, p, L*(R). Whensuppg = {k >0, [k* — X°| = O (h)},
this initial condition is almost fufilled by the modified problem

(A"t =Tr [xp" ()]
ph (t) = I%Q(IQ |uh(k7'7t)> <uh(k7'at)| )

icdu (k, -, t) = H" (Dl (k, 1),

ihNo

(H! o (6 =0) — E?) u"(k,-,0) =0,
and the solution A! () in (7) is expected to be related to A" (t) by:

Apt)y=A" )+ 0 (hV7?) . (57)
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Let the observable x be defined by (15); proceeding as in (16), we have:
A (8) = Tr [y " ()] = Tr [UpxUap (8] = Tr [\Usp" () U5] (58)

Noticing that Ugp" (t) Uy identifies with the time evolution generated by the deformed op-
o (1o 1) = UpH" (1)U, ", the problem (56) is rewritten as

erators H"
(A =Tr [xp" ()] ,

f%hg | k., t)) (at(k |

(ih™o tyat(k, -, t),

(59)
i&@tﬂh(k:, ) Hh

ihNo

| (5}

ihNo

(ihNo,t = 0) — k?) a"(k,-,0) = 0.

In this equivalent formulation, the result of Theorem 2.3 applies and the evolution of resonant
states related to shape resonances is properly described by adiabatic formulas of the type
(52). This clarifies the idea of our approach: the modification of the physical model (9) by h-
dependent artificial interface conditions, although introducing a small error on the solution
Al () (controlled by a power of h), allows us to work in the complex deformed setting
(59) where, under the condition (18), an adiabatic approximation holds for the deformed
dynamics a"(k, -, t).

3.1. An explicit example and final remarks

A rigorous justification of the method described in this work is still an open problem
which mainly concerns the validity of conjecture (55), allowing one to compare the modified
variable A" (t) and the physical one A} ().

In [9], the small-h behavior of the solution of (56) has been investigated for a time
dependent potential formed by a flat barrier of height V5 > 0 plus an attractive, time-
dependent delta interaction acting in 2y € (a,b) and preserving the quantum-well scaling.
Explicitly, we consider the model:

g (1) = —h2 A + 1oy (2) Vo + hor (£) by (60)

Under suitable assumptions on « (t) (corresponding to the Condition 2.2), these operators
have a single shape resonance E" (t) localized close to a positive energy below V4. In this
framework, an explicit formula for the deformed dynamics @"(k, -, ¢) and direct computations
allow us to prove that the relations (18), (50) hold; then, the asymptotic behavior of A" (¢)
as h — 0 can be analyzed using the result (52). In a configuration where the scattering
involves only incoming from the left wave functions and the interaction point zq is closer to
the Lh.s. of the barrier (i.e.: |xg — a| < |rg — b|), A" (t) exhibits the decomposition:

ANty =a(t)+ T () + O (K™) , (61)

where the main term a(t) = O (1) solves a limit equation describing the charging process
of the well, while the first error term is J(t) = O (h?) (we refer to [9, Theorem 2.1]). In
particular, our limit equation is coherent with the nonlinear reduced model obtained in [13],
while the interface conditions do not affect the main contributions to A"(t) when Nj is
large enough. Hence, this result appears as an indirect confirmation of the validity of the
expansion conjectured in (55).
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1. Introduction
Consider the Schrodinger equation:

2

h
—5Au+Vu:Eu, (1.1)

where A = Z?Zl 0%/0z;” is the Laplace operator, V is a real valued function defined on R?
having nondegenerate minima (wells) with some mode of symmetry.

If V has a finite number of identical wells which differ only by space translations and
V(x) > C beyond the region of the wells where C' exceeds the value of V' at minimum,
the lower part of the spectrum of the corresponding Schrodinger operator is organized in the
following way. There is a set of finite groups of eigenvalues (each connected with some
quantum vector n € N%), the distance between the groups being of the order h, and the distance
between eigenvalues in each group, the splitting, being exponentially small with respect to h.

It is possible to find explicit formulae for the widths of these splittings using semiclas-
sical asymptotics for each well. The problem was considered in different ways by different
authors and almost completely solved in the one dimensional case [1-11]. The case d > 1
seems much more complicated. There are many results obtained in this area (see [11-20] and
the list is far from complete). Still, the picture is not so complete as when d = 1. The semi-
classical asymptotics of the discrete spectrum and strict estimates of the splittings are described
in [11-13] and other works of these authors (using the theory of pseudo differential operators).
The semiclassical expansion for the eigenfunctions and the rigorous asymptotics for the splitting
widths in the lowest levels (n = 0) were obtained in [18-20] (with the use of a Maslov’s
canonical operator). Still, there are no effective (as when d = 1) splitting asymptotic formulae
in terms of the potential for a set of arbitrary levels (|n| = 1,2,3,...). The possibility of solving
this problem in that case was discussed on the Diffraction Day Conference this spring in the
talk of A. Anikin and M. Rouleux. These results have not been published yet.

My approach to this problem is different. In order to write down strict asymptotic
formulae for splittings in the d-dimensional case, one has to develop methods of [9]. To do
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so, it is necessary to find a sufficiently accurate semiclassical approximation to eigenstates for
a single well in some vicinity of a minimum, independent of /. Such an approximation was
constructed in [29]. The formal series on powers of h was obtained. Coefficients in all terms
were found in some domain independent of ~. Terms for eigenfunctions are analytic for analytic
potential. If we truncate the series at the N-th term, the remaining sums satisfy the equation
(1.1) with an error on the order of A" exp(—S/h) , where S is a nonnegative function
defined in [29]. They give us so called quasi-modes [21]. The possibility to take N as large
as we like and exponential decreasing of all terms beyond some vicinity of a minimum allows
one, with the help of quasi-modes, to find real eigenfunctions and eigenvalues approximately,
with exponentially small errors, smaller than the widths of the splittings. (The program was
realized in [9] for d = 1.) The constructed series allow us to investigate the set of zeros for the
eigenfunctions. The latter is interesting by itself and may be essentially used while finding the
splitting asymptotics for |n| > 1.

2. Asymptotic expansions for the eigenstates in one well

We look for eigenfunctions w, and eigenvalues F,, of (1.1) where V is a real valued
function defined on R? having a nondegenerate minimum at the origin in the form of the
following series:

E, =Y EyW, 2.1)
j=1
Un = €Xp § = Zunjh , (2.2)
=0
where E,; € R, n = (n1,na,...,nq) € N%is a quantum vector, S = S (z), x = (1,29, ..., 24) €
R, Upj = Up;(z), 7 =0,1,2,..., are functions independent of h.

One can find u,( in the following form:

Ung = e, (2.3)

where:
=1 () = (Y1 (), 02 (). g (@), " =sz“ ,

the functions v¢; (z), i = 1,2,...,d, and S(x) satisfy the following equations:

d
S (e) = 80 (2) = 5 D02, (2.4)
=1
1< . 1, ifi=j
J _ — o B 2 o R 3 )
(Vs9)? =2v, j=0,1,....d, (2.6)
(Vapi, Vibj) = 05(Viy)°. (2.7)

Symbols V and (-, -) denote a gradient and a scalar product in R? respectively.
We put the series (2.1) and (2.2) into the Schrodinger equation (1.1) and equate coeffi-
cients of each power of h to zero. The equation for power 0 is satisfied automatically because
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of (2.6). The requirement for the coefficient of first degree in h to be equal to zero, gives us
the following equation for the function P, and the number F,;:

0 d
<VSRVRJ:Em—é§—— ni(Vip;)?. (2.8)

i=1
The analogous requirement for the coefficient of h? gives the equation for u,; and E,,;:

AP, +(VP,)?
AN

ASY
<VS07 vunl> + < 9 - nl) Up1= {F1+77Z)n

}eﬂg (2.9)

where
d

d d
nl(”z - 1) ni— n; i n— ng— ng
Fr=) =l (Vo) [ + ) 5ol A+ Y na T (Ve VR [ vy
i=1 i i=1 i=1 i
So on, for each j > 2 we obtain the equation:

0
(VS Vuns) + (Aj - m) Unj =

7j—1
At

- + Z Bty j1 +¢"e™@E, 1. (2.10)
=1

In [29], a procedure of constructing solutions for these equations was described and the
following theorems were proven.

3. The phase theorem for the analytic potential
Let V' be analytic with the following Taylor series:

d d
1
\Mm=§§3ﬁﬁ+§:wﬁ, hqhx%”m@ew,|m:§:m, (3.1)
i=1 |k|>3 i=1
convergent in a polydisk |z;| <r,i=1,2,... d with the numbers w; > 0,7 =1,2,...,d.

We search for solutions for equation (2.6) in the form of a power series:

d
y@g:%}jwu—a%pf+§:cyhﬁ, j=0,1,....d, (3.2)
i=1 |k|>3
and comparing coefficients of z* , we find the following recurrent formulae for (S7),:
iy — _ Uk
(S)k_(h5w>’ (3.3)
where w = (wy,wy, ...,wy); o is a unitary matrix of order d; [;, j = 1,...,d, is a diagonal
matrix of the order d with —1 standing at the j-th place of the diagonal and 1 at the others,
U, = vy, for |k| = 3 and 0, = vy, + terms, depending on (S57),, |I| < |k|, for |k| > 4.
It is easy to see that for the positive numbers w;, © = 1,2,...,d, the denominators in
expressions (3.3) for 7 = 1,2,...,d, can be equal to zero. So, even to formally construct these
series, we have to impose some additional conditions on the potential V.
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Simultaneously, we construct a change of variables:

which transforms the vector field (V.S7, V-) into the normal form:
4 )
L = Zwi (1 —26;) Vi~ (3.5
i=1 yzg
We search the functions <I>g (y), 1 =1,2,...,d, in the following form:
] (y;) = i + ) (@) (3.6)
|k[>2

In order to find the coefficients (Cbg)k, we replace z;, 1 =1,2,...,d, in (VS?, V.) by

<I>{ (y;) of the form (3.6) and equate the obtained series (in variables y) to Lg. Hence, we find
the following expressions for the coefficients:

Sijik
—ort; , Liw)

(@)= 7 L i=01d, |k =2, 37

where:

57;7‘7‘7]4; =(ki+1) (Sj)k+orti + terms, depending on (CID{)m o l=1,2,....d, |m|<|k| ,

ort; 1s an element of a standard basis {orti}cf having all components equal to 0 except of the
i-th one, which is equal to 1.

We see here that some denominators are equal to zero for some values of w. We have
to exclude these values.

Let us make the following definitions:

(1) we say, that the positive numbers wq,ws,...,w, are nonresonant- if they are linearly
independent over integers;
(2) positive numbers wy, ws, . .. ,w, are said to be Diophantine if there exist positive numbers

a and C such that for any k € Z<, k #0,

C
[(k,w)| > T (3.8)
(3) we denote the set of vectors w = (wy, wo, . . .,w,) with positive components by (2, the set
of w with nonresonant components by ,,.., the set of w with Diophantine components

by Q D-
Theorem A. Let the potential V' be analytic, represented by a series of the form (3.1) convergent
in the vicinity of the origin.

(1) If € Q,, then there exists a pair: a unique positive analytic function S° which can
be represented by convergent series of the form (3.2) for j = 0 in some vicinity of the
origin and satisfies the equation (2.6); and a unique analytic diffeomorphism ®° which
transforms the vector field (V' S?, V-) to the normal form LY given by (3.5).

(2) If € Qp, then for each j € {1,2,...,d} there exists a pair: a unique analytic function
S7 which can be represented by convergent series of the form (3.2) in some vicinity of
the origin and satisfies the equation (2.6); and a unique analytic, diffeomorphism oI
which transforms the vector field (NS, V) to the normal form L) given by (3.5).
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The proof of this theorem is published in [29].

Remark 3.1. Normal forms of the vector fields (i.e. of Hamiltonian systems of differential
equations) are described in literature on classical mechanics e.g. [22-25]. A typical situation
there is that given a vector field, one has to find the simplest form for it in suitable variables.
Here, we have no given vector fields. We are looking for vector fields which are solutions for
the nonlinear Eiconal equation (2.6). The normal forms (3.5) are used as an auxiliary tool.

Remark 3.2. In case (1), the nonresonance condition is necessary to construct ®° (not S°).
There are no small denominators in (3.3) for j = 0. The existence of analytic S° was established
in [26] in a more general situation.

Remark 3.3. One can give the following geometrical interpretation for the results of the
Theorem A. The functions S’ are the generating functions for Lagrangian manifolds, which are
invariant with respect to the classical dynamical system with the potential —V'(z). The potential
—V/(z) has a ‘hunch’ at the origin (instead of a ‘well’ of V(z)). So our quantum mechanical
problem ‘at the bottom of a well” is equivalent to a classical problem ‘near the top of a hill’.
The origin is a point of singularity in this problem, a point of infinite time in classical dynamics,
a point of vanishing energy of the Lagrangian manifolds. The theorem gives the existence of
the generating functions S’ for the invariant Lagrangian manifolds in a small vicinity of that
point.
The geometrical aspects of the problem were considered in [27]. In addition to the proof
of Theorem A, the following lemma was proven.
We denote by B, a Banach space of analytic functions in B(r) =y € C? : |y;| <,

i =1,2,...,d with the norm || f|| = sup,cp() [f(y)] » by Brarno the subspace of B, which
is the set of functions having the Taylor series, which contains only the terms with power
|k| > M > 0 and coefficient at power n equal to zero, by wy = MiNe(1,....dyWs-
Lemma 1. Given 1’ < r, there exists a bounded operator {LZL}_ls By vino — By an,o0 Which
solves the equation L), = flBary w € Bysvingo, f € Brano, in the following cases:

(1) forany we Q, =0, n=(0,...,0);

(2) for we Q,,., 3 =0, n arbitrary;

(3) for we Qp, 7 =1,...,d, n arbitrary,
and there exists a positive constant ¢y = ¢y (M, d,w,r) such that in both cases (1), (2):

C1

H{Lg}_l S o

in case (3) there exists a positive constant co = co (o, M, d,w,r) such that:

[{zey

4. Constructing the series (2.1), (2.2)

C2

(r — r’)aer.

<

In order to construct the whole series (2.1) and (2.2), we have to find at first (after
solving (2.6)) all the functions 1;(x) which satisfy the following equations:

V2 (2) =5 (2) = & (2), j=1,2 ....,d. 4.1)
Lemma 2. Let S7 (z), 7 =0, ..., 1, d, be taken from Theorem A.

Then, the right hand sides in the formulae (4.1) are the full squares, i.e. there exist
d unique analytic functions 1;, j = 1,2...,d, which satisfy the equations (4.1) and have the

following convergent series:
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vy = Vami+ >  (y)a", j=1,2 ... .4, (4.2)
|k[>2
in some vicinity of the origin.
After changing the variables of (3.4), the equation (2.8) satisfies the conditions of
Lemma 1, case (1), M =1, if we choose £, in the following way:

d
Eu=) (n + %) w;. (4.3)

i=1
According to Lemma 1, there exists an analytic solution, which after returning back to
coordinates x, gives us in some polydisk an analytic solution for (2.8) which vanishes at the
origin.
Each of the equations (2.9) and (2.11) has the following form:

ASY
2
We search for the solution of (5.7) in the form of the product:

(VS°, Vu,. )+ ( — n1> U= F. 4.4)

u="Ue™, 4.5)

where Fj is a solution of equation (2.8) for n = 0. This means that:

0
<VSO,V6P°>+(AS —E01> e = 0. (4.6)

After putting (4.5) into (4.4) we obtain the following equation for the unknown func-
tion U:

LoU — (n,w) U= Fe_ﬁo, 4.7)

where Ly = L is the normal form of the operator (VS V-) in coordinates y, ‘tilde’ means
the change of variables: F (z) = F(y). Now the left hand side operator is that of Lemma I,
case (2).

The condition of solvability for equation (4.7) is the following:

(ﬁe—ﬁo)n — 0, (4.8)

(F),, is noting the Taylor coefficient at y" of the function F'.
Hence, we obtain the following expressions for all the terms of the series (2.1), i.e.:

(], = 2 w( e Pai
Bz = =3 ( {APH +(vh) D —w B (RePh) | 4.9)
0 n
Niy_q :
Enj - W_% ( [Tj_l - Z En,l-l—lan,j—l] €_P0> ) J=2 (410)
=1 n

and find all the functions u,;, 7 = 1,2,... in form (4.5).
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5. Main theorem and concluding remarks

Results from paper [29] are summarized in the following theorem.
Theorem B. Let the potential V' in Schrodinger equation (1.1) be analytic, represented in a
vicinity of the origin by Taylor series (3.1) with positive Diophantine numbers w1, w,, ..., w,.
Then for any € N, 0 < |n| < n*, N € N, one can construct the following pair:
a number:

N
E,=Y  Eyl,
j=1

and an analytic function:
goy N-1 '
Up = €Xp {—F} Z unjhj,
=0

which satisfies the Schrédinger equation (1.1) up to terms of the order h™lexp {—S°/h} in
some vicinity of the origin independent of h. Here: S°(x) is the positive analytic solution of
(2.6) with Taylor series (3.2) (see Theorem A), analytic functions u,j(x) (j =0,1,...,N —1)
and numbers u,;(x) (j = 1,2,...,N) have the form given by formulae (2.3), (4.2), (4.5) and
(4.3), (4.9), (4.10).

Remark 5.1. One can lengthen the functions S” analytically onto a larger domain by the
formulae S/ = [ 3¢ pldal, j = 1,2,...,d, where for each j the integral is taken along the
trajectory of the corresponding Hamiltonian system. Hence, one can lengthen the functions
Y (x), 5 = 1,2,....d, and u,;, j = 0,1,2,... in a similar way. Thus, one can construct
sufficient quasi-modes in a rather large domain containing the point of a minimum. Then, in
the problem with many identical wells, situated so that the distances between the points of
the minima are finite, one can do the following. Construct quasi-modes for each well in such
a domain, that the two neighboring domains intersect. Then multiply those quasi-modes on
the cutting functions equal to zero beyond the mentioned domains. The approximation for the
eigenfunctions of the problem can be taken as a linear combination of these cut-off quasi-modes.
It is then possible to write the rigorous splitting formulae following the ideology of [9] for an
arbitrary n € N in the form as it was obtained in [18-20] for n = 0.

Thus, one can find:

AE, = a,e” /" (1 +0(h)),

where, in the case d =1, b, = f;’f 2V (z)dx,

in the case d > 2, b, =[5, /2V(2)dl,
the last integral is taken along the extreme line of the functional in the right hand side of the
last formula.

It is important to note that to find the pre-exponential coefficient in the splitting formula
for |n| > 0, one has to be sure that on the trajectory of the corresponding Hamiltonian system
the corresponding eigenfunction is not equal to zero. Hence, one has to investigate the zero-sets
of the eigenfunctions. Some examples in a one-dimensional case were considered by my student
N. Homchenko and published in [30].

Remark 5.2. In order to find the zero-sets of the eigenfunctions, one can also use expansions
of the form (2.2). It is more convenient, however, to construct for this purpose an ansatz with
Hermite polynomials, namely:
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d SO
™ T o, ( )+ZhﬂG exp{—ﬁ}, (5.1)

=1

, (ni)
where S® and v, i € (1,...,d), are the above-described functions, H,, (t) = (—1)"et” <e‘t2)
are Hermite polynomials which satisfy the following differential equation:

H! (t) — 2tH}, (t) + 2n;H,, (t) = 0. (5.2)

If we put series (5.1) and (2.1) into the Schrodinger equation (1.1) and equate coefficients
at each power of h to zero (taking into account (5.2)), we will obtain problems for G, quite
similar to those described in Section 4. Solving them, we will construct all the functions G;. In
zero approximation the eigenfunction u,, has the form of an exponent multiplied by a product of
Hermite polynomials. Hence, in the zero approximation, we find a set of zeros of the function
u, as a net of intersecting surfaces ¥; : ¢; (x) = t;;, 1 =1,2,...,d, t;; € R;, R; is a set of roots
of H,, (t). The first term of (5.1) depends on third and fourth derivatives of the potential 1" at
the origin. It does not vanish if they are not equal to zero. In this case, one can already find in
the first approximation, that 3; do not intersect. They have quasi-intersections. A more detailed
description of this ansatz and some examples were published in [31] and [32].
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1. Introduction

Coherent excitation of levels belonging to a particular state, can lead to a number of in-
teresting phenomena, for example — coherent population trapping (CPT) and electromagnetically-
induced transparency, which have been extensively studied for decades. Continuing interest in
these phenomena is related not so much to the phenomena themselves, but rather their applica-
tions — lasing without inversion [1], laser cooling [2] and stored light [3]. If the system under
consideration is not in the CPT state, the polarization characteristics of its radiation can be used
for the diagnostics of the anisotropy of the processes occurring in that system. Previously, these
characteristics have been used for diagnostics of ions drift velocities in gas discharge plasma [4],
the proton and electron beams of the sun’s chromosphere and the earth’s atmosphere [5], [6],
the magnetic fields of Z-pinch [7] and tokamak [8] hot plasma and cold plasma of the upper
layers of Earth’s atmosphere [9].

In general, for the investigation of CPT phenomena, the lower superfine levels of alkali
atoms are used. According to the our viewpoint the polarization characteristics of other atoms
for instance helium are of interest. The emission of helium can be observed in the solar
atmosphere and if the observation take place nearby the sun spots strong magnetic field should
be imposed on the system of observation [10].

Due to the fact that the considered phenomena are associated with coherent processes,
a satisfactory description of these processes is only possible using the apparatus of the density
matrix, allowing one to take into account correlation in the initial conditions.

Polarization characteristics of the system’s radiation are related to its internal ordering,
which can be changed by an external magnetic field. Studies of the effect of the magnetic
field on the system can be done in two ways, for the first one, the field is turned on during
registration of systems radiation [11], [12], in the second , as it will be assumed in this paper,
the system is constantly under the influence of the field. In the latter case, the role of the
constant magnetic field is reduced to the splitting of the fine or hyperfine structures levels, and
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to changing the symmetry of the problem in question. The result of these two factors will be
discussed below.

2. Description of polarization phenomena

To describe the polarization phenomena, it’s convenient to expand the system density
operator over the irreducible tensor operators:

p=2_nTy" M
k.q

The coefficients of this expansion are known as a polarization moments and can be
defined by the following formula:

m —-m' q

pl(; (j) = Z (_1)]*“1 [ / / " ] (p)m,m’7 (2)
where j denotes the magnitude of the angular momentum of the system under consideration,
m is the magnetic quantum number and the expression in square brackets is known as the
Clebsch-Gordan coefficients [13].

The physical meaning of the polarization moments is that they determine the ordering
of the angular momenta of the ensemble of particles, i.e. the ensemble average of the linear
combinations of the components of the tensor, which is comprised of the components of the

angular momentum. For example, such averages of first and second rank tensors can be
implied [10]:

V225 + D25 +2)
= /3 Po>
() = £ V212 J:/%)(Q] 2
(32— %) = V(25 - 1)2j(2) 2+ ;5)(23' 2@ +3) » 3)
et jufy = V2 = 1>2j<2j2+¢%<2j FAQI+I) o

2y = YR Z D20+ DRI+ 2RI F3)
V30

Conversely, the polarization moments define intensity of the radiation polarized along

the unit vector €, emitted by the transition from the excited level with angular momentum j

to the lower-lying state with angular momentum j,

(=)

* . . 11 k ,

Iy = 1oSp (dapd3) = 1o 3 L (=1)* (o ||1||J>|2{ iq }‘Dk,q (et G), @
k,q

where [ is a factor that depends on fundamental constants and frequency, d is the projection

of the atomic dipole moment on the direction of the oath €, (jo|1]|j) — reduced matrix

element, an expression in the figure braces 6j-symbol [13], and @y, (E)A) denotes the so-

called polarization tensor, which is determined by observation conditions and depends on s((l)‘) -
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expansion coefficients of the unit vector of the polarization direction of detected radiation by
circular unit vectors:

Dig(T2) = D (=)' 75005
q1,92
In particular, if I,, I,, I, would denote the intensities of the radiation polarized in three
mutually perpendicular directions defined by the axes OX, OY and OZ respectively , from
formula (4) can be obtained:

—q2 q1 g

11 k:] )

1
L+ I+ L = Io|[jo [1] §]I? ——=—==13(J). 6
y o [jo [1] 7] 2j+1p0(J) (6)
In the same manner, for the difference between the intensities of radiation polarized in
two mutually perpendicular directions (e.g., OZ and OY’) and observed along the third direction

(in this case OX), we have:

" 11 2 3
L — 1), = Io|[jo|1]4]]° (25 + 1)(=1)7H+t & = = [—pzj)—I—Re 02(j } (7)
(L = 1y), = Io|[jo 1] 51" ( )(=1) i g \/60( (h3(5))
For the difference between the intensities of radiation polarized along the right and left
circle when observed along the axis OZ, we have:

(14 = 1), = To [[o |1 41" (25 + 1)(=1)7 ! { N, }pé(j)‘ ®)

J J Jo
From the last three expressions, it can be seen, that the sum of the intensities of radiation
polarized in three mutually perpendicular directions is defined by polarization moment of zero
rank, the anisotropy of the radiation which is linearly polarized in two mutually perpendicular
directions is determined by the components of the moment of the second rank, and, finally,
the anisotropy of the circularly polarized radiation - by the components of the moment of the
first rank. The polarization moment of the second rank is called alignment tensor, while the
polarization moment of the first rank, which has three components — the orientation vector.
Components p? of the alignment tensor is often named as longitudinal, whereas components p?
and p2 are known as uncleaned alignment and transverse ones. Based on the above, one can
say that the polarization moments define the ordering of the angular momenta of the ensemble

of particles and the anisotropy of the dipole radiation of that ensemble.

3. Statement of the problem and discussion of the results of the numerical calculations

In this paper, we consider the time dependance of 33S) state of the atom He, the
excitation of which is performed from 23 P multiplet of this atom. It is assumed that the system
is placed into a strong magnetic field sufficient to break the thin bond of P-multiplet under
consideration. We will also assume that state 23P is populated from the ground state of this
atom by a proton or electron impact or other axially symmetric excitation sufficient to tear up the
fine bound, and which the symmetry axis makes an angle 6 with the axis OZ of the laboratory
frame of reference. As a result of this excitation in the frame of reference associated with the
anisotropy axis, on the 23P — levels, ordering of the angular moments of the population 7
and longitudinal alignment 7} will be induced. Then, by introducing a parameter o = T /T,
which may be called the anisotropy parameter, for efficiencies of populations of the magnetic
sublevels of 2° P; state in the laboratory frame of reference XY Z, one can write the following:
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1
2j + 1

) =

O‘j7m;j/7m

AO®G 1 s) +a ) (1) [7‘; _jm, . ] DE(O)AD(5,5',1,5), (9)
q

where [ and s are the orbital and the spin moments, D? . (f) elements of three-dimensional
rotation [13], and A;k) depends on coefficients of vector addition of moments:

j g s
The Hamiltonian operator of the atomic system placed in a strong magnetic field of
strength H is defined by the orbital [ angular momenta and s the spin ones

AW, 1.1, 5) = (—1) ++k ¢<2j+1><2j'+1>{l Lok } (10)

H=Hpy+W, (11)
where Hy = Hy + ,uo’}:[(f + 25) depends on the value of the moments, yio — the Bohr magneton
and on the value and direction of magnetic field. Furthermore, we expect that the direction of
magnetic field makes an angle y with the OZ axis of the laboratory frame of reference.

Operator W describes the interaction of the system with the electromagnetic field, per-
forming the excitation from 23 P state to 3%S ones (hereafter referred to as the state of ‘a’ and
‘D’, respectively (see Fig. 1)). Then, if we assume that the exciting field is linearly polarized
along the axis OZ of the laboratory frame of reference, in the basis of eigenfunctions of the
square momentum and its projection for the matrix element of operator W, it can be written as
follows:

(Wab)ja,ma;jb,mb = <jama |dZ| jbmb> =

jb 1 ja lb la 1 lb 1 la

my 0 my, Ja Jb S 00 0|’
(12)

where Q = & (j, || 7 || jv) /I is the Rabi frequency, which depends on the electric field intensity

£ and irreducible matrix element of operator . The evolution of the density matrix for a system

of two states is described by the Liouville equation, which for the blocks of the density matrix
pij i, j = a,b may be written in form:

= RQ(—1)lets Tt /21, 4 1) (24, + 1)

7alt) = T7ia(t) = 0V as(0)a(0) = Pen(t) Wi (1),
SP(0) = ~T7alt) = i(Win )7aalt) = Fra ) Wan ), )
) = =5 7u0) = 3 (B = B)alt) — i(Wasnlt) — Pua ) Waol),

Pra(t) = Bhy(t),
where I' is a matrix that describes relaxation processes.The solution of this system should
be found according to initial conditions pg,(0) = 0, pup(0) = 0, ppe(0) = 0. As to density
matrix of the state ‘a’, in the base of the eigenfunctions of the square of the momentum
and its projection this matrix is proportional to the matrix o; ..+, Which is specified by
relation (9). In order to reduce the system (13) to a more convenient form for numerical
computation, first, it is necessary to introduce dimensionless time 7 = ¢/7y, where 7y — the
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lifetime of the excited 335, state, and secondly, to move from the basis of eigenfunctions of
the square of the momentum and its projection to the basis on which operator Hyr of (11) is
diagonal (M -basis). Then, if we introduce density matrices p; ;(t) (i, = a,b), connected with
the similar matrices introduced earlier with the help of relations (pi;(7)), 4, = (Pi(7))aran
(i = a,), (poa(T)rrars = (Boa(7))asan, exp[=it((E)ar = (Ea)an /)] (i (1) = (psa(r))D),
then the dimensionless energy levels (E,),, = E, + (¢.)m and (Ep),, = Ep + hw + (&)1 are
expressed through (¢;), (i = a,b) — the eigenvalues of operator Hp and w = (Ey — Eo)/h —
transition frequency between the levels of b and a with the energies E;, and E, respectively (see
Fig. 1) and, at last the laser frequency w., = w + d/h. The eigenvalues () and () here
possess the values +nugH, whereas (n = 0,1,2,3) and (n = 0,2) for the states ‘@’ and ‘b’
respectively. It should be mentioned that eigenvalue n = 1 of the state ‘a’ is twice degenerate.
Using these new notations, the system (13) takes the form:

2 paa() = 2apal) + 5 pul(7) (Wi () = 5™ (Wan(7) (7).
() = —0(7) = e (Wi () + 2™ pa(7) (W), "
L palr) = = 20() + 5 paa(T) W)t = 5 (W7,
() = =2 0a() = 5 (Waa)ipaa(r) + 57 (Wi,

where the subscript ‘I’ indicates that this operator is recorded in the interaction representation
(Wab)1)yn = Wap) v expli((a)m — (€p)n)7] and § is the dimensionless laser detuning
0= 57’0/71.

It should be noted that the 23P state, owing to the transition from the level with
j = 1 (when level with j = 2 is metastable one [15]), is characterized by the finite value of
the lifetime. This leads an exponential decrease in the value 0 ,,.j » (9) and for additional
exponential decreasing of the solution of the system (13), that did no connect with the coherence
process. Therefore, one can say that the decrease in the population of the 23 P state is connected
with the presence of magnetic field, that mixes the levels of this multiplet. This exponential
decay will not be considered in this article.

With regard to the integration of the system of matrix equations, the left side of which
contains a matrix of order n, it should be noted, that the universal method in this case is a
method of reducing this system to the system of ordinary differential equations of order n?. In
the case when the matrix coefficients of the right part do not depend on the time, the system
can be integrated using the Laplace transform or the transition from the matrix p;; 7,7 = a,b
, to the matrix p = U'pU [16], where the matrix U — is the matrix of the eigenvectors of
the Hamiltonian operator (11). In the present paper, system (13) was integrated by the series
expansion, the implementation of which may be briefly described as following. Due to the
fact that the density matrix does not depend explicitly on the time, the derivative of the matrix
pi; of order n, can be obtained from the derivative of order n — 1 of this matrix by using
the commutation of the latter matrix with the Hamiltonian operator (11). After this, for the

derivative of ﬁf-z), expressions similar to (13), with the difference that the right side contains

derivatives of b{izfl) will be obtained. After this, performing replacements similar to those

mentioned above, leads to expressions for the derivatives of the matrix p; ; i, 7 = a,b, that are
similar to (14). Using such procedure, at a fixed time, one can calculate the first four derivatives
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FIG. 1. Splitting scheme of 32S and 23P states of the He atom in a strong
magnetic field (M — base). (Eigenvalues +1 of state ‘a’ are doubly-degenerate).

of the matrix p;;, and then determine the value of this matrix at the incremented point using
the Taylor formula. As for the relaxation terms, they were considered in accordance with the
Pauli equation [15]: as the level 32S; decays incrementally into multiplet levels of 23P, a term
describing the relaxation of state ‘0’ has the form of %Igpbb, where /3 is the identity matrix of
the third order. (The time is measured in units of the time of life of 325, state and therefore
the time interval equal to the lifetime of this state is equal to one). As for the density matrix of
the multiplet 23 P (state ‘a’), because of the proposed isolation of the 33S; and 2P states, the
term in equation (14) describing the relaxation of the state ‘a’ has the form %Igpm, where Iy is
the identity matrix of the ninth order. With regards to the correlation density matrices, in this
paper it is assumed that their relaxation constants are /2.

At Fig. 2 the dependency of the population of 335; state of He atom on the dimensionless
time for several values of the detuning of the laser frequency 6 = 0,1, 2,3, the intensity of
magnetic field H = 5000 G and the angle of inclination of magnetic field direction x = 7/4 is
represented. From this picture, it can be inferred that the CPT state is achieved for sufficiently
large frequency deviations (§ > 2). The latter fact is clear from the above, since the entire chain
of A— schemes ‘opens’ only for sufficiently high 4.
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FIG. 2. The dependence of the 325 state population of the He atom on dimen-
sionless time at H = 5000 G and y = /4 for 6 = 0,1,2,3 (lines 1 — 4 respec-
tively)

We note further, that under the axially symmetric impact excitation of 23P multiplet,
at the 39, level, alignment is not at all induced for all values of the angles y and 6. This
result seems complex: the 325, state is populated from levels of the 23 P multiplet, where the
impact alignment is induced, and therefore, the anisotropy of the lower state population should
be transferred to the upper states.

Such a situation is shown in Fig. 3, where the dependence of the alignment induced
in the 339, state while separate isotropic population of the 23P, and 23P, levels when § = 2
is illustrated. The last figure shows that alignment, which is induced on the 39, state, is of
different sign when population of the 23P, or 2P, state is occurring. Dependence of the
alignment induced from the 3P, state on time changes sign from negative to positive, however,
the case is reversed for the 3P; state. It is interesting that for each population mean, the sign
will change at the very same instant. From the above, it can be concluded that the signal of
alignment becoming zero is due to both the symmetry of the impact-excited 23 P state and that
of the W,;, matrix, which describes the excitation process of the upper 335, level. It should be
mentioned, that the above-represented reasoning only illustrates the inputs of states with j = 1
and j = 2 of multiplet 23 P into alignment induced on the33S, state: in the presence of a strong
magnetic field, states with different ; are mixed and separate excitation from these states is
impossible.

Figure 4, shows the dependency of the 335, state population on dimensionless time at a
fixed detuning, intensity of the magnetic field and for the several values of angle x. The figure
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FIG. 3. The dependence of the alignment induced on 335, state, when population
happens individually for the 2P, (curves 1 and 2) and 23P; (curves 3 and 4)
levels (6 = 1,2, H = 5000 G and x = 7 /4).

shows that the population increases with the angle y increasing from 0 to 7/4, but then begins
to decrease. This decreasing becomes faster the closer the angle x is to the value of 7/2. When
X = 7/2, the population turns to zero. Note that a similar result was obtained in [17] in the
framework of approximate solutions for the Schrodinger equation with the use of perturbation
theory over the Rabi frequency. Using a similar method for the approximate solution of system
(14) has led to the following expression for the matrix elements py:

(pbb)M,Ml =1’ Z (Wba>M,g (Paa (0))5,“ (Wab)#,Ml
&p
(—yh — 2i (5 + (€a)e — (ab)M>t .\ (—vh + 2i (5 + (€a), — (55)M1)
exp

2% 2%, b -

exp

(=7h+ 2i (+ (2a),, = (ea)e + (e6)r = (&6)ay,)
2h

exp t ,

(15)
which, due to cumbersome analytical expressions for W, and p,,(0) in M —basis, is rather
short at only y = /2, when for the population of level b one can write the following:
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FIG. 4. The dependence of the population of 33S He atom on the dimensionless
time at H = 5000 G, 6 =2 and x = 0,7/6,7/4,7/2 (lines 1 — 4 respectively).

h2
T 2883 (22 — §2)°

08 cos (2221 o (50 g (22t
3(0 QL)COS< - + 286€2, sin s ) sin { — .
(16)

From the last expression, where, for brevity, we set 7 = 0, one can see that for large
values of the magnetic field intensity (py) ~ 1/Q%, which is consistent with the results of
numerical calculation, which, let us recall, provides the populations turning to zero at x = /2.
Regarding the alignment, the approximate calculation according to equation (16) shows that at
the point y = /2, it has the highest infinitesimal order than 1/9Q%, which is also consistent
with the results of numerical calculations.

Q
(Pbb)8 (t) |:—1152 — 179% +4 (59% —+ 252) COS (%) CcOS (_Lt> +

h

We further note that when x # 0, the magnetic field reduces the symmetry of the prob-
lem, resulting in the possibility of induction at the 325 level, the ordering of types different from
the populations and longitudinal alignment discussed above. Numerical calculations showed that
the character of the of the uncleaned and transverse alignment dependencies, (py,)? and (py)3,
respectively are the same: they first increase and then decrease while remaining positive over
the 0 < x < 7/2 interval, and are equal to zero at the ends of this interval. An example of
an uncleaned alignment depending on the time for several values of the detuning of the laser
frequency is shown in Fig. 5. As for orientation, it also becomes zero at the ends of said
interval, whereas on the inside it is about two orders of magnitude smaller than the alignment.



Polarization characteristics of radiation of atomic ensemble under coherent excitation . .. 131

0,006 o

0,004 -

0,002

0,000 ' | - T - T - |

T

F1G. 5. The dependence on the uncleaned alignment of dimensionless time at
H =5000 G, x =n/4 and § = 0,1,2,3 (lines 1 — 4 respectively)

4. Conclusion

In this paper, the helium atom is used as an example for investigation of the influence
of a strong magnetic field on the polarization characteristics of the radiation of a multi-level
system, a set of lower levels of which are populated from the ground state by an axially
symmetric excitation, while the upper levels are populated from lower levels in a coherent
manner. With the help of numerical solutions of the Liouville equation, it has been shown
that the system achieves the CPT state for large enough detunings of the laser frequency. For
lower detunings at the excited state of the system, angular momenta ordering of population type
is induced, whereas the ordering of alignment type is absent. In cases when the direction of
the excitation processes anisotropies are orthogonal to the magnetic field direction, the system
reaches a state of CPT, i.e. population, and hence the alignment of the system turns to zero.
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1. Introduction

In this paper, we want to present a brief review of works performed in the 1980’s
— early 1990’s, mainly at the Leningrad Mechanical Institute and Khabarovsk Pedagogical
Institute. This research was devoted to the investigation of photoinitiated and radiation-
initiated processes in thin films of polyvinyl alcohol (PVA) with complex ions of gold, copper,
platinum, bismuth and other metals inserted into the polymer chain. These investigations
were stimulated by fast depletion of silver supplies used in photomaterials. In these circum-
stances, the search for alternative media of photographic information recording seemed a
very practical task. Now, the technological development in the field of the digital photog-
raphy has radically reduced the severity of this problem. Nevertheless, in some fields the
traditional method of image recording still remains preferable, and new materials based on
results obtained in this research in question may appear useful. At the same time, we want
to underline, that physical processes found in investigated materials, in our view, are of great
interest themselves, as for some of these processes and we have no satisfactory explanation
for some of these processes. We hope that this article will perhaps invite the attention of
the contemporary generation of researchers to these questions.
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2. Chain process of light-induced decomposition of complex ions of heavy
metals

As was established in [1-3], the light-induced (and also radiation-induced) decompo-
sition of halogen-containing compounds of certain metals in PVA films, such as solid solution
H [AuCly)-PVA, is carried out in accordance with a chain reaction process. The process is
initiated by excitation of a halogen in the auric complex ion:

[AuCly)™ + hv — {[AuCly) ™} — AuCl +2CT + CI~ . (1)

As a result of this primary reaction (1), we obtain chlorine radicals Cl* which propagate
along polymer chains and cause further decomposition of ions:

[AuCly)™ + CI' = AuCl + Cl + Cly + CI™ . 2)

The chain continuation reaction (2) repeats over and over again. The chain length appears
not less than 103. This process can be facilitated by reactions between Cl-radicals with
PVA, these reactions also have chain character.

During propagation, the chlorine radicals can be captured by traps or two radicals
can form the C'l; molecule. These reactions lead to chain termination.

After decomposition of complex metal ions, some additional reactions can follow.
Products of these reactions, metal atoms or salt molecules, diffuse and aggregate:

AuCl — phase
3AuCl — 2Au + AuCls
Au — phase

Analogous processes take place in PVA films containing complex ions of other metals.

3. Bordering effect

If the film is lightened uniformly, then metal or metal salts aggregate at point centers,
which are also uniformly distributed, see Fig 1. When the concentration of metal (or salt)
increases, then the concentration of phase centers also increases, while at the same time, the
sizes of centers decrease, because the probability of the center formation increases nonlinearly
with metal concentration.

When the irradiation is not uniform, then, as a rule, the concentration of the pre-
cipitated metal (salt) increases with an increase in the irradiation density. Nevertheless, if
we have a large difference in this density, so that it is very high in the light-affected area,
and it is negligible in the shadow area, we can observe the additional enlargement of point
centers near the boundary of these areas (border effect) [4], see Fig 2. At the same time,
the concentration of point centers near the boundary remains approximately the same as
inside the irradiated zone. There are also some rare, large centers in shadow area near the
boundary.

To explain this effect, the following model was proposed. After high-intensity ir-
radiation, almost all complex ions in irradiated area decompose, and atoms of metal (salt
molecules) aggregate to phase centres with uniform size and concentration. At the same
time, Cl-radicals which appear in the primary reaction (1), move to the shadow zone and
cause the secondary reaction (2) here. The metal (salt), which appears in this reaction,
begins to diffuse. As the rate of the reaction (2) is rather small, then the concentration of
metal (salt) is also small. Under these conditions, the majority of the metal do not form
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Fia. 2. Centers of AuCl-phase aggregation near the boundary between light-
ened and shadow areas in the PVA-H [AuCl,] film

centers in the shadow area, but diffuse to irradiated region and cause the growth of phase
centers near the boundary.

To describe this process, a simplified mathematical model was proposed and explicit
formulae were obtained. The results of calculations are in satisfactory agreement with ex-
perimental data.

4. Fractal structures

When the primary reaction is induced not by light, but by a high-energetic electron
beam, then under some additional conditions (e.g., initial concentration of complex ions
must belong to some diapason), then it can aggregate not to point centers, but to dendritic
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crystals [5]. Fig. 3 and 4 show that the growth of such crystals begins from the boundary
of the film or from some impurities, e.g. point centers which were formed earlier.

T ———

Fia. 3. Dendritic crystal of AuCl near the boundary of the film

14

F1G. 4. Point centres and dendritic crystal of AuC'l

In a wide range of sizes, such dendritic crystals can be considered as fractal structures.
Those fractal dimensions were found by direct calculation using an electron microscope. It
was surprising that these dimensions do not coincide for AuCl and C'u dendrites, see Fig.
D, 6.

As we can see on Fig. 7, the branches of dendrites consist of microcrystals with
diameters ~ 10 nm.
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Fi1G. 6. Dendritic crystal of C'u, the fractal dimension is 1.76 £ 0.05

5. Evolution of dendrites

In these experiments, the electron microscope was the source of electrons which caused
the decomposition of complex ions, and the same microscope was used to observe results
of this reaction. Further observation also caused additional irradiation of previously-formed
dendrites. As a result, the dissolution of dendritic crystals take place. This process is
accompanied by pulsations of crystal density in channels, branches and those parts disappear
and restore at the same places repeatedly. At the end of this process, the crystal eventually
disappears, Fig. 8 demonstrating its trace as a cavity in the film.
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Fia. 8. The cavity at the place of dendritic crystal of AuCl

6. Conclusion

In this paper, we only briefly outlined some results of research concerning light-
induced and radiation-induced reactions in compounds of PVA with complex ions of heavy
metals. The authors intend to return to problems discussed here and represent them in
detail in subsequent publications.
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1. Introduction

Flow in nanostructures have many peculiarities which are not explained by the con-
ventional theory of fluid flow [1,2]. At present, there is no general theory of nanoflows.
We can only mention a few specific models [3-5]. Experiments show that nano-sized con-
finement leads to strong variation of liquid viscosity within the nanostructure [6-8]. One
observes a similar situation when dealing with flow with nanoparticles or with singularities
(see, e.g., [9,10]). Additionally, there is a fraction separation effect [11]. This is an indirect
confirmation of the crystalline model of nanoflow which is based on assumption that nano-
liquid contains solid-like inclusions. To describe such flow in the framework of the model
it is necessary to solve the Stokes equation with strong variation in viscosity. This creates
difficulties for computations, particularly for the finite difference scheme [12-15]. To over-
come these obstacles an approach based on the Woodbury formula was suggested [16]. The
formula reduces the inversion of the discrete Stokes operator with small inclusions having
strong viscosity contrast to the inversion of the operator with constant (or slowly varying)
viscosity and the inversion of small rank operator. In the present paper, we consider in detail
the first step.

In more detail, the governing equations in d-dimensional (d=2,3) case (i.e. the Stokes
and continuity equations for velocity v and pressure p under the action of force F') can be

written as follows:
0 ov;  0Ov; dp ov;
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We assume that the viscosity 1 has strong variation in small spatial domain and is constant

outside of it. We use finite-difference discretization on non-staggered grid:
hi A (n(hy 'V o+ hi 'V vg)) = by 'Vip = F, @)
h;lAiUi = O,

where h; is a mesh size, A; is a forward difference, V; is a backward difference,
Ajf(xy,...,zq) = fz1, ...,z +hyy oo mq) — flo, oo 2,00, ),

Vif(xi,....zq) = f(z1,... 2. 2a) — f21, ..o 2 — Ry, oo 2g).
The Woodbury formula allows us to improve the procedure of solving equations (2) in the
case of strong viscosity variation.

2. Woodbury formula

Let us briefly describe the finite-difference approach based on the Woodbury formula
(as for details, see [16]). Consider the discrete Stokes operator S on the lattice:

SVi = A;(n(V;Vi +ViVj)),

where V' is the liquid velocity, 7 is the viscosity. Symbols A, and V,, are used, correspond-
ingly, for the forward and the backward finite differences for coordinate p where we assume
for simplicity (it is not a limitation) that the lattice has a unit step. We use the following
operator representation:

S:Sa—i—SpT, S, =19,

where Sy is the Stokes operator with the viscosity equals one:

SoVi = Y (85V,Vi+ B8V3V)),

J

and:

Sy Vi = (L) T(V;Vi + Vi),
Here T; is the translation operator:

Tif(x1,...,xq) = f(z1,- 2 + hyy ooy 2q).

Note that the operator S, has small rank due to the property of the viscosity 7, i.e. the
corresponding matrix has many zero entries. We would like to solve the following equation:

SV =G,

where G is preassigned vector. To find a solution in our case it is convenient to use the
Woodbury formula:

Vi=S7'Gi= S+ S,) "G =[1—(nS) "1+ S (nS) )" S (nSe) G

One can see that we have real computational improvement (due to small rank of ST') if we
can find the inverse operator (7Sp)~! without high computational complexity. It is really
so. We can find the inverse operator for the case of constant viscosity, e.g., by using of the
discrete Fourier transform. Namely, let:

X =(nS)'G=S,"n"'G.
To find X one should solve the equation:
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After the Fourier transformation we obtain:
SA()X = 7’]7A1G = X = (go)ilﬁfAlG
These operations are not associated with high complexity.

In the next section we consider in detail how to use the discrete Fourier transform in
a particular case.

3. Discrete Stokes operator inversion for the case of constant viscosity in a
rectangle

To find the inverse matrix we use the discrete Fourier transform. To introduce it we
need the corresponding system of eigenfunctions. Let us choose the system.
Consider the discrete Stokes equations coupled with the discrete continuity equation
for the case of constant viscosity n = 1:
—2A,V 1V — Ay(VoVi + V1 V,) + VI P = Fy,
—209V Vo — Ay (ViVo + VoV1) + Vo P = F, (3)
AI‘/I + AQ‘/Q - 0
We deal with vector fields V' and F and scalar field P, determined on a two-dimensional
lattice with N = L? nodes. The nodes are numbered by vectors with integer terms z =

(1, 22), z, € D= [0, L]NZ. Symbols A, and V,, are used, correspondingly, for the forward
and the backward finite differences for coordinate p:

Aif(r) = for + 1, m2) — f(x), Vif(z) = f(z)— flz1—1,132),
Aof(x) = f(or, 22 +1) = f(x), Vaof(z) = f(z)— f(w1, 22 — 1),

where we assume for simplicity (it is not a limitation) that the lattice has a unit step. We
will solve the system (3) with the free slip boundary condition:

Vk‘a:k::l:L =0 ‘ (4)
VijLCjZiL:O’ .] #k‘l
Consider a one-dimensional lattice D and the family of functions ¢,, n = 1..L — 1
determined on the lattice by the following expressions:
t
on(t) = sin %, teD.

One can verify that the functions ¢, form a basis in the space of functions on the lattice D,
satisfying the conditions:

9;(0) = ¢;(L) = 0. (5)
Consider the operator:
AVFt)=Vft+1)=Vfit)=ft+1)—2f() + f(t—1).
It is simple to verify that AV = VA). Direct calculation gives us:

B _omjt . mi(t41) _omgt . omi(t—=1) . wjt T
AV¢;(t) = AV sin 7 = s 2sin 7 hsin——— = 2sin 7 (cos 7 1),
hence,
mj
AVcﬁj = VAQ% = Oéj(ﬁja a; = 2| cos f —-1]. (6)

We introduce the notation:

0; = Ag;. (7)
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Then,
Vo; = VA¢; = a;0p;. (8)
Particularly,
VO;(d) = a;o;(d) =0, V6;(0) = 0. (9)
One can verify that 6, is also the eigenvector of the operator of second symmetric finite
difference corresponding to the same eigenvalue as ¢;. Actually,

We additionally determine 6y = 1 and ¢y = 0, which satisfy all the above-described proper-
ties.
Consider the family of functions ¥, where the vector index j = (j1,j2) has coordi-
nates j, = 0..L — 1:
W/ () = 0j, (21)0j, (22).

Let us seek the solution of equation (3) in the form:

Viz) =Y VIViW(x),k=12 P)=>Y» PW(x), (11)

J J

for some real coefficients ij ., P7. One can see that the expression of such type satisfies the
boundary conditions (4). One can show that any vector field V' satisfying the conditions (4)
can be represented in the form of (11). But arbitrary pressure field P, generally speaking,
can not be presented in such form. Now we consider the component related to the velocity
field only.

Substituting (11) into the Stokes equation from (3), one obtains:

2

N A, (vav,gvkxw + Vi vaf'quﬂ'> +VeY P =) FIVU, k=12,
J J J J

p=1
where F ,g is the projection of F}, on ¥/. Changing the order of summation, one gets:

2.

J

N
PV — FiV W = (VIAV, V0 — VIA VLV, 0)
p=1

Using the commutativity A,V,, = V,,A, and the property A,V,¥/ = a;, ¥/, One finds

that
>

J

=0.

2
P F =3 oy, (V- V)| vuwi =

p=1

Due to linear independence of the vectors V, ¥/, the Stokes equation is equivalent to a set
of systems:

2
pi —Z% (V/ =V =F], k=1,2Yj
p=1

Substituting (11) into the continuity equation from (3), we come to the equation:

2

> A VIV, (z) =0.

p=1 J



144 A. 1. Popov, 1. 8. Lobanov, 1. Yu. Popov, T. V. Gerya

After simplification one gets:
2
Z Z o, VI (z) = 0.
Jj p=1

Due to linear independence of W/, the system is equivalent to the following one:

2
Z Oéjp‘/p; =0 VJ
p=1
Finally, the problem (3) with the boundary conditions (4) is reduced to the set of
systems:

2 ; .
szl a;, V=0 Vj.
Using the second equation, one can simplify the first one:

pPi -V} 2;:1 aj, =F k=1,2,Yj,
S i Vi=0 Vi

Multiplying the first equation by «;, and making a summation by &, one gets:

(5)-(p) ) )

Due to the second equation of the system, one has:

22:1 Qj F} .
P2 PP vj

Zp:l ajp

Hence, the first equation gives us the velocity field:
j j

ij = sz mki:

Zp:l ajp

Thus, for this particular case we obtained the solution in an explicit form. As for more
complicated domain, one can follow the suggested procedure if the system of eigenfunctions

is known. In this case the approach described allows one to obtain essential acceleration and
guaranteed convergence of the computations for strongly varying viscosity.

{Pj 2 oy, (Vi -V =F k=1,2,Vj

Pl =

k=1,2,V.
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1. Introduction

Let us consider the abstract Cauchy problem for the parabolic equation:
u'(t) + A(u(t)) =0, ¢>0, (1)
u(0) = up. (2)

The solution for this problem can be considered in different meanings, for example, a
classical solution, strong solution, weak (or mild) solution, entropy solution, etc. This
paper is devoted to a strong solution for this problem.

[f A is an unbounded linear operator in Hilbert space H, then it is proved that there
does not exist a strong solution for all ug € H (see [2,11]). It is proved in [13] that
there exists a strong solution if and only if uy € [D(A), H]1/2, where [D(A), H];» is an
interpolation space (see [9, 15]).

If A is a nonlinear operator, the weak solutions of these problems is often investi-
gated. We consider the case where the operator A has the form:

Aw = —aiv | 2w

with the Dirichlet and Neumann boundary conditions for the first and second initial-
boundary problem respectively. Here, ®: R — R, is an N-function that satisfies As-
condition, therefore, it is natural to investigate these problems in Orlicz and Orlicz—Sobolev
spaces. For these problems, we obtain the necessary and sufficient conditions for the exis-
tence and uniqueness of the strong solution.

Non-uniformly parabolic equations are used in mechanics, glaciology, rheology, im-
age processing (e.g., see [4,6,8,12]) as well as for nanosystem modeling (see [14, 16]).

Now, we consider some examples of the function ®(¢) and corresponding nonlinear
equations.
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If (&) =¢&P/p, p> 1, then the nonlinear equation has the form:
u — Apu =0,

where Ayu = div(|VulP~2Vu) is the p-Laplace operator. The p-Laplacian type equations
have many applications in fluid mechanics, glaciology, and rheology, etc. (see [4] and [8,
Chapter 2]).

If (&) = Elog(1+&), then we obtain the equation related to image processing. This
special case has been investigated thoroughly in [17] as a model that developed Perona and
Malik’s concept in [12].

If (&) = Clog(l + Li(§)), where L;(&) = log(1l + L;—1(§)) (¢ = 1,2,...,k) and
Lo(&) = log(1 + &), for € > 0, then we obtain the parabolic equation such that the cor-
responding elliptic problems are introduced in Prandtl-Eyring fluids and plastic materials
with a logarithmic hardening law (see [6]).

2. Functional Spaces

In this section, we introduce functional spaces that are called Orlicz spaces and
Orlicz—Sobolev spaces. The spaces Lg(€2), called Orlicz spaces, are studied in depth
in the monograph by Krasnosel’'skii and Rutickii [7] and also in the doctoral thesis by
Luxemburg [10]. If the role played by L,(€2) in the definition of Sobolev space W*((2) is
assigned instead to an Orlicz space Lg(€2), the resulting space is denoted by W™ Lg(2) and
called an Orlicz—-Sobolev space. Many properties of Sobolev spaces have been extended to
Orlicz-Sobolev spaces, mainly by Donaldson and Trudinger [5].

Let ¢ be a real-valued function defined on [0, c0) and having the following properties:

(@) ¢(0) =0, ¢(t) >0if t >0, tlim o(t) = oo;
—00
(b) ¢ is nondecreasing;
(c) ¢ is right continuous.
Then, the real-valued function ®(¢) is defined on [0, c0) by:

£
B(e) = /0 o(t)dt,

which is called an N-function. It can be proved that any N-function is continuous, strictly
increasing, and convex.
We set:

(1) = max(&n — 2(¢)).

If ® is an N-function, then ®* is also an N-function. The function ®* is called the polar
function.

An N-function ® is said to satisfy Ay-condition near infinity if there exists & > 0
and a positive constant M such that for every & > &q:

D(26) < MO(8). (3)

Let ©2 be a bounded domain and ® be an N-function. The Orlicz class is the set of
all (equivalence classes modulo equality a.e. in €2 of) measurable functions u(z) defined on
Q2 and satisfying:

/Qcp(yu(x)\)dx < 0.

[f Q is a bounded domain, then the Orlicz class is a linear space (under pointwise addition
and scalar multiplication) if and only if ® satisfies As-condition near infinity. Below, we
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consider only the case where ® satisiies Aj-condition near infinity. Note that the case
where ® does not satisfy A,-condition near infinity is more complicated.

[f the Orlicz class is a linear space, then we can consider it as the Orlicz space
Ly () with the norm:

|| £y () = inf {k; : /QCID (L]:”) dr < 1} : (4)

(this norm is due to Luxemburg [10]). The space Lg(£2) is a Banach space.

We also introduce the space W!Lg(Q) as completion of C*°(£2) with respect to the
norm:

[ullwrra@ = llullo@ + VUl La@)- ()

By W'Le (), we denote completion of C°(€2) with respect to the norm (5). Here, C>(Q)
is the set of infinitely differentiable functions in ©Q and C§°(§2) is the set of infinitely
differentiable functions in € with compact support. The space W!Lg () can be called an
Orlicz-Sobolev space, but in our case, W'Lg(2) C Ly(2). In the general case, it is not
true (for example, see [1, Chapter VIII]).

3. The First Initial-Boundary Problem

Let Q be a bounded domain in R™ (n > 2) with Lipschitz boundary 02 and 7" > 0.
We denote Qr = Q x (0,7) and ' = 9Q x (0,7). We consider the following parabolic
equation

— div MVU =0 in Qp, (6)
[V
with the initial-boundary conditions
ul,=0 onT, (7)
u(x,0) = ug(x) in . (8)

here ®: R — R, is an N-function, ®': R — R is the derivative of the function ®(¢) with
respect to &, and Vu is the gradient of the function w(z,t) with respect to the spatial
variables z. Problem (6)—(8) is called the first initial-boundary problem for a nonlinear
equation.

Our main assumption is that ®(¢) and ®*(§) satisfy the As-condition. We study
the existence and uniqueness of a strong solution for problem (6)-(8). We assume that
Ug € LQ(Q)

Definition 1. The function w(z,t) is called a strong solution of problem (6)-(8) if the
following conditions are met:

(1) w € Ly(Qr) N Ly (0, T; W),
and u|.= 0;

/ / (IVu|)|Vu| dzdt < +o0,
(2) Uy € LQ(QT),

(3) for every v € C'(Q) such that v|;—r = 0 and v|r = 0, we have:

"(IVul)
/ / [é‘lvu” Vu-Vv—uvt] dﬂﬂdt:/guo(:v)v(x,())dx_ 9)
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Remark 1. If u(x,t) is a strong solution of problem (6)—(8), then:

div [%w} € Ly(Qr)

as well and the function u(z,t) satisfies equation (6) a.e. in Q7 and the initial condition (8)
(in the sense of trace).

In [3], the uniqueness and existence of the weak solution were proven. In [18], the
uniqueness and existence of the entropy solution were proven. These results were obtained
if the function ® satisfies weaker conditions than A,-condition.

Now we formulate the result concerning the strong solution.

Theorem 1. Let (&) and *(&) satisfy the Ay-condition near infinity. Then problem (6)-
(8) has a strong solution if and only if

Ug € Wqu)(Q> (10)

The strong solution of problem (6)—(8) is unique.
Proof.

1. It is easy to show that the solution of problem (6)-(8) is unique (because the
function ®(¢) is convex).

2. To prove an existence of a strong solution, we use the Faedo—Galerkin method.
Let the system of functions {e;}32,, ex € C1(), ex|r = 0 be linearly independent and full
in W'Le(9) (and in Ly(9) respectively).

N
We set wy(z,t) = > enp(t)er(x) (N =1,2,...). The functions wy(z,t) are called
k=1

the Faedo-Galerkin approximations and the coefficients cn(t) can be found from the
corresponding relations.
We obtain the following estimate for wy(x,t):

/Q (e, 7) Pz < Junl2, 0 (7 € (0.T)), (11)

T , 1
| [ 9wy Vs dedt < 5 luol, o (12)
0 Q
Using (11), we also have:

lwn 17,00 < TlluollZ, - (13)

From (12), (13) it follows that we can choose a subsequence (we also denote it by wy for
simplicity) such that:

wy —u  weakly in Ly(0,T; W' Lg(2)).
Moreover:
[ull?, 00 < Tlluoll?, @),

B 1
| [ @ (vupivuldeat < Sl o
0 JQ ’

We also have the following estimate for ||wn¢|z,0.):

el < / B(Vuwn(z,0))dz.
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We have that wy(z,0) — ug(z) as N — oo weakly in Ly(€2). Therefore, Vwy(z,0) —
Vug(x) as N — oo weakly in Ly(Q2), i.e.:

/VwN(x,O)n(x)dx%/Vuo(x)n(x)dx,
Q Q

as N — oo for an arbitrary function n € C(2). Since the functions ®(¢) and ®*(¢) satisfy
the Ay-condition, we obtain that wy(z,0) — ug(z) as N — oo weakly in W!Lg(Q2). Thus:

/ O(Vwy(x,0))dz < C,
Q
where C' does not depend on N, and:
lwnel 7,0, < C.
Therefore, we can choose a subsequence (we also denote it by wy for simplicity) such that:
wyy — ug  weakly in La(Qr).

3. Now we need to verify that u(x,t) is a solution for problem (6)-(8). This can be
done by using the standard technique for the Faedo—Galerkin method.

4. We need to prove that if there exists a strong solution u(x,t) of problem (6)—(8),
then the function ug(z) satisfies condition (10). It follows from these estimates:

T
0|2, 0 < o<||u||%mT> 4 / / <1>’<rw|>|wrdxdt>, (14)

2 2 [ 2'([Vu]) ’
®(Vug(z))dz < C | w7, 00 + ullz, 00 + [|dIV | —5 5 Vu : (15)
Q [Vl Lo (Qr)
where the constant C' does not depend on u(z,t).
Theorem 1 is thus proved. O

4. The Second Initial-Boundary Problem

Let Q be a bounded domain in R™ (n > 2) with Lipschitz boundary 02 and 7" > 0.
We denote Qr = Q x (0,7) and ' = 9Q x (0,7). We consider the following parabolic
equation:

uy — div MVU =0 in Qp (16)
[Vul
with the initial-boundary conditions:
Ou =0 onT, (17)
on .
u(z,0) = ug(x) in Q. (18)

Here, ®: R — R, is an N-function, ®': R — R is the derivative of the function ®(¢&)
with respect to &, and Vu is the gradient of the function w(z,t) with respect to the spatial
variables x, n is the unit normal vector of I'. Problem (16)—(18) is called the second
initial-boundary problem for nonlinear equation.

Our main assumption is that ®(§) and ®*(¢) satisfy the Ay-condition near infinity.
We study the existence and uniqueness of a strong solution for problem (16)-(18). We
assume that uy € Lo(92).
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Definition 2. The function u(x,t) is called a strong solution of problem (16)-(18) if the
following conditions are met:

(1) u € Ly(Qr) N L1 (0, T; WHQ)),

T
/ /CI)’(|Vu])|Vu]dxdt < +00;
0o Jo
(2) w € Lo(Qr);

(3) for every v € C*(Qy) such that v|,—r = 0, we have:

/ / {®/||Vvul|b| Vu- Vo - uvt] drdt = /Quo(x)v(x, 0)dx. (19)

Remark 2. If u(x,t) is a strong solution of problem (16)-(18), then:
[P (|Vu
div {%VU} € Ly(Qp),

as well and the function wu(x,t) satisfies equation (16) a.e. in Qr and the initial condi-
tion (18) (in the sense of trace).

In [17], the uniqueness and existence of the weak solution were proven if the
function ®(&) = &log(1 + &). This problem is related to image analysis.
Now, we formulate the results concerning the strong solution.

Theorem 2. Let ®(&) and ®*(€) satisfy the Ay-condition. Then problem (16)-(18) has a
strong solution if and only if:
Uy € Wqu)(Q) (20)

The strong solution of problem (16)—(18) is unique.
Proof.

1. It is easy to show that the solution of problem (16)-(18) is unique (because the
function ®(¢) is convex).

2. To prove an existence of a strong solution, we use the Faedo—Galerkin method.
Let the system of functions {e;}32,, ex € C*(2), ex|r = 0 be linearly independent and full
in W!'Lg(Q2) (and in Ly(Q) respectively).

N
We set wy(z,t) = > enp(t)ex(z) (N =1,2,...). The functions wy(x,t) are called
k=1

the Faedo-Galerkin appro;cimations and the coefficients cny(t) can be found from the
corresponding relations.
We obtain the following estimate for wy/(x,t):

/Q (e, 7) Pz < Jusl2, 0 (7 € (0.T)), @1)

T , 1
| [ @ 0vunhivuy]dedt < 3l o (22
0o Ja
Using (21), we also have:

||U)N||%2(QT) < T||U0||%2(Q)- (23)

From (22) and (23) it follows that we can choose a subsequence (we also denote it by wy
for simplicity) such that:

wy — u  weakly in Ly(0,T; W' Lo ().
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Moreover:

ullZ, @) < TlluollZ, ).

T 1
| [ @ uIvul dodt < 3wl
0 Q 2

We also have the following estimate for ||wn¢| 1,00

leonell2 ) < / &(Vuwn(z,0))dz.

We have that wy(z,0) — ug(z) as N — oo weakly in Ly(Q2). Therefore, Vwy(z,0) —
Vug(z) as N — oo weakly in Ly(Q2), i.e.

/ Yy (z,0)n(z)de — / Vo (z)n(z)de

as N — oo for an arbitrary function n € C(Q2). Since the functions ®(¢) and ®*(¢) satisfy
the A,-condition, we obtain that wy(x,0) — ug(z) as N — oo weakly in W!Lg(Q). Thus:

/ B(Vwn (z,0))dz < C,

where C' does not depend on N, and:
||th||%2(QT) <C.
Therefore, we can choose a subsequence (we also denote it by wy for simplicity) such that:
wyy — ug  weakly in La(Qr).

3. Now we need to verify that u(z,t) is a solution of problem (16)—(18). This can
be done using the standard technique for the Faedo—Galerkin method.

4. We need to prove that if there exists a strong solution u(x,t) for problem (16)-
(18), then the function wy(z) satisfies condition (20). It follows from these estimates:

T
0|2, < c(umw%mﬂ T / / <I>'<rwr>|wdxdt>, (24)

2 2 [ 2 Vul) ’
O(Vug(z))de < C | [luellz, o + [ullz, 0 + || div | —5 7 Vu , (25
Q [Vl Lo (Qr)
where the constant C' does not depend on wu(z,t).
Theorem 2 is thus proved. OJ

5. The Initial Data Space

We define the initial data space as the space of the initial data such that there
exists a strong solution only for them.

Theorem 3 (Main Result). If ®(&) and ®*(€) satisfy the Ay-condition, then:

(1) Wqu)(Q) is the initial data space for the first initial-boundary problem (6)—(8);
(2) W'Lg(RQ) is the initial data space for the second initial-boundary problem (16)-
(18).

Proof. The proof clearly follows from Theorems 1 and 2. O
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