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Professor Boris Pavlov passed away on 30 January 2016.

Boris Pavlov was born in Kronshtadt, Russia, 27 July 1936. He graduated from Physical faculty of Leningrad
State University in 1958 and continued to work at the Department of Mathematical Physics. His PhD thesis (1964,
Supervisor — M. S. Birman) was devoted to investigation the spectrum of non-self-adjoint operator —y”’ + qy. Ten
years later, his PhD Thesis was followed by a Doctoral dissertation in Mathematical Analysis: “Dilation Theory
and Spectral Analysis of Nonselfadjoint Differential Operators”. He was a Vice-rector (Research) of Leningrad
University [1978-1981 and at the same time [1978-1982], he had a Chair of Mathematical Analysis at the Faculty
of Mathematics and Mechanics of Leningrad State University. Later [1982-1995] he worked as a Professor at the
department of Higher Mathematics and Mathematical Physics, Physics Faculty. The year 1995 was a branching
point for him. He held a Personal Chair in Pure Mathematics at the University of Auckland from 1994 to 2007,
however, he did not break his connections with Russia. From 1995 he was a Chief of Complex Systems Theory
Laboratory at Physical Faculty. Since 2009, he was a member of the then newly formed Institute for Advanced
Study at Massey University Albany.

B.S. Pavlov was well known for his high level of scholarship in diverse areas of analysis. He became a
Fellow of the Royal Society of New Zealand in 2004 and a member of the Russian Academy of Natural Sciences
in 2010. B.S. Pavlov leaves behind his wife Irina, a daughter and a son.

The highest scientific achievements of B. S. Pavlov (as he himself felt) are:

Spectral theory of singular differential non-selfadjoint operators, 1962.

Riesz-basis property of exponentials on a finite interval, 1979.

Operator-theory interpretation of critical zeros of the Riemann zeta-function, 1972.

Symmetric Functional Model for dissipative operators, 1979.

Zero-range potentials with inner structure and solvable models, 1984.

Theory of the shift operator on a Riemann surface, jointly with S. Fedorov. 1987.

Modified analytic perturbation procedure (“Kick-start”) for operators with eigenvalues embedded into

continuous spectrum, 2005.

e Fitting of zero-range solvable model of a quantum network based on rational approximation of the Dirichle-
to-Neumann map of the original Hamiltonian, 2007.

e Fitted solvable model of the stressed tectonic plate, in connection with prediction of powerful earthquakes,
jointly with L. Petrova, 2008.

e Quasi-relativistic dispersion and high mobility of electrons in Si-B sandwich structures, jointly with
N. Bagraev, 2009.

e Theoretical interpretation of the low-threshold field emission from carbon nano-clusters, jointly with

Y. Fursey and A. Yafyasov, 2010.
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He supervised more than 30 students. Among them were:

1. V.L. Oleinik, Master,PhD student 1965-1971 (Associate Professor, St. Petersburg University)

2. S.V. Petras, Master,PhD student 1965-1970 (Associate Professor, St. Petersburg University of Economics)

3. M.G. Suturin, Master,PhD student 1966-1971 (Associate Professor, St. Petersburg Institute for Airspace
devices)

4. S.N. Naboko, Master, PhD student 1969-1976 (Full Professor, St. Petersburg University)

5. S. A. Avdonin, Master,PhD student 1969-1980 (Full Professor, the Univ. of Fairbancs, Alaska)

6. M. A.Shubova, Master,PhD student 1969-1982 (Full Professor, the University of New Hampshire, USA)

7. S.A. Ivanov, Master, PhD student 1972-1978 (Research worker at the Institute of Terrestrial Magnetism
RAS, St. Petersburg)

8. L. Yu. Popov, Master, PhD student 1974-1978 (full Professor, Chair of Higher Mathematics, ITMO Univer-
sity, St. Petersburg)

9. Yu. A. Kuperin, Master student 1975-1978 (Doctor of Science, Full Professor, St. Petersburg University)

10. Y. E. Karpeshina, Master,PhD student 1975-1985 (Full Professor, Birmingham University, Alabama, USA)

11. K. A. Makarov, Master, PhD student 1976-1982 (Full professor, Univ. Missouri-Columbia)

12. S.E. Cheremshantsev, Master, PhD student 1976-1982 (Full Professor, Chair of Higher Mathematics,
Orlean University, France)

13. A.V. Rybkin, Master, PhD student 1977-1982 (Full Professor, Univ. of Fairbancs, Alaska)

14. A.V. Strepetov, Master, PhD student 1978-1986 (St. Petersburg Institute of Airspace devices, St. Peters-
burg, Russia)

15. M. D. Faddeev, PhD student 1982-1985. (Associate Professor in St. Petersburg University)

16. P.B. Kurasov, Master, PhD student 1981-1987 (Associate Professor, Doctor of science, now in Lund
University, Sweden)

17. A.E. Ryzhkov, Master, PhD student 1974-1980 (Associate Professor, ITMO University, St. Petersburg)

18. V. A. Evstratov, Master, PhD student 1984-1992 (Assistant Professor St. Petersbufg University till 1994.
Now in business)

19. A.A. Shushkov, PhD student 1984-1987 (Assistant Professor St. Petersbufg University till 1991, now
somewhere in Canada)

20. N.I. Gerasimenko, PhD student 1985-1987 (Associate Professor at the Higher Military School, St.
Petersburg)
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21. M. M. Pankratov, Master, PhD student 1987-1991 (Insurance Company, Switzerland.)

22. S.V. Frolov, Master, PhD student 1988-1993 (Doctor of Technology, Full Professor, ITMO University,
St.Petersburg)

23. A.A. Pokrovski, Master, PhD student 1990-1995 (Research worker at the Institute for Physics of St.
Petersburg University, St. Petersburg, Russia)

24. R. Killip, Master, PhD student, the Univ of Auckland 1994-1996 (Associate Professor, UCLA, Los-
Angeles, USA)

25. J. Mac-Cormick, Master student, the Univ. of Auckland 1994-1995 (Research worker in Computer Design
Laboratory UCLA)

26. A. Kraegeloh, Master thesis, the Univ. of Auckland 1995-1997 (Insurance company, Germany)

27. M. Harmer, Master,PhD student Auckland 1996-2000 (Post Doc., Prague)

28. A.B. Mikhailova, Master student 2000-2001, St-Petersburg Univ. (Research worker at the Institute for
Physics of St. Petersburg University)

29. S. Mau, Master student, 1999-2002, the Univ of Auckland (PhD student, New York Univ., USA)

30. S. Marshall, Master student, the Univ of Auckland 2004-2006 (PhD student at Princeton)

31. S. Dillon, Master thesis, the Univ of Auckland, 2005-2007 (PhD at Massey Uni. NZ)

The scientific interests of B.S. Pavlov were very wide, ranging from quantum physics to earthquakes. But
were not his only interests. He liked kayak travels and alpine skiing. Everybody knew him as a good painter. In
this article, you can see his self-portrait. For his students, if they had a problem, they could visit Boris Sergeevich,
as his door was always open and he would help them using all his abilities and talents. He was kind and wonderful
person, a teacher in science and in life. We will never forget him.

To show particular remarkable features of B.S.Pavlov, we include here a few memories from his former
students.

A. Kiselev. I had the good fortune to study with Boris Sergeevich Pavlov for several years after I transferred
from LITMO to SPbGU in 1989. Boris Sergeevich had set my early direction in mathematics, suggesting problems
to work on and topics to study. However, he did much more than that; he truly cared about his students, and
provided support and advice not only professionally but in other aspects of life. More than anything, though, he
influenced me through his personal example of doing mathematics. For him, mathematics was something to live
and breathe, something to enjoy with friends and students. Boris Sergeevich treated his classes as performances,
including a bit of occasional improvisation, making those instances some of the most inspiring moments I saw.
He liked to say that mathematics is an experimental science. This way of thinking about mathematics — that one
should build models, experiments, tirelessly explore the entire landscape surrounding the problem of interest — has
become part of my mathematical DNA.

Boris Sergeevich was very generous and gentle with me, but he did not hesitate to provide precise feedback
when something needed fixing. I remember my first ever presentation of research paper which I read in order to
start working on my own problem. Within five minutes of the start Boris Sergeevich yawned and stopped me and
explained that he does not need me to faithfully reproduce all the details. I am not at an exam now — what is the
idea? This way my boring report quickly turned into a lively discussion. I am afraid that I could not tell the main
idea, however Boris Sergeevich did not let us fail and helped me formulate it in the end (I am pretty sure now he
figured it out long before I did but made me discover it myself). Every one of such interactions has been priceless
for me. The friendly, supportive and wise guidance of Boris Sergeevich came at a key time in my education and
truly helped me grow as a mathematician.

P. Kurasov. I would like to mention B. S. Pavlov’s precepts for young scientists:

Do other things than other researchers;

Use other ways than other researchers;

Look sharp during your research;

Read, but do not read much, otherwise you will not be read,

Do not disregard negative results;

Do not “cram your results into explanation” before you have checked it carefully.

This article bibliography contains the papers of B. S. Pavlov in Refereed Journals.
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We consider the self-adjoint Smilansky Hamiltonian H. in L2 (RQ) associated with the formal differential expression —3926 ~3 ((95 + y2) -
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1. Introduction

In this paper we investigate resonances and bound states of the self-adjoint Hamiltonian H. acting in the
Hilbert space L?(R?) and corresponding to the formal differential expression

S %(85 +92) — V2eyd(x) on R, (1.1)

in the sub-critical regime, € € (0, 1). The operator H. will be rigorously introduced in Section 1.1 below. Operators
of this type were suggested by U. Smilansky in [1] as a model of irreversible quantum system. His aim was to
demonstrate that the ‘heat bath’ need not have an infinite number of degrees of freedom. On a physical level of
rigor he showed that the spectrum undergoes an abrupt transition at the critical value ¢ = 1. A mathematically
precise spectral analysis of these operators and their generalizations has been performed by M. Solomyak and
his collaborators in [2-8]. Time-dependent Schrodinger equation generated by Smilansky-type Hamiltonian is
considered in [9].

By now many of the spectral properties of H. are understood. On the other hand, little attention has been
paid so far to the fact that such a system can also exhibit resonances. The main aim of this paper is to initiate
investigation of these resonances starting from demonstration of their existence. One of the key difficulties is that
this model belongs to a class wherein the resolvent extends to a Riemann surface having uncountably many sheets.
The same complication appears e.g. in studying resonances for quantum waveguides [10-13], [14, §3.4.2] and for
general manifolds with cylindrical ends [15,16].

In this paper, we prove the existence and obtain a characterization of resonances of H. on a countable subfamily
of sheets whose distance from the physical sheet is finite in the sense explained below. On any such sheet we
characterize a region which is free of resonances. As ¢ — 0+, the resonances on such sheets are localized in the
vicinities of the thresholds v, = n + 1/2, n € N. We obtain a description of the subset of the thresholds in the
vicinities of which a resonance exists for all sufficiently small ¢ > 0 and derive asymptotic expansions of these
resonances in the limit € — 0+. No attempt has been made here to define and study resonances on the sheets
whose distance from the physical sheet is infinite.

As a byproduct, we obtain refined properties of the bound states of H. using similar methods as for resonances.
More precisely, we obtain a lower bound on the first eigenvalue of H. and an asymptotic expansion of the weakly
coupled bound state of H. in the limit ¢ — 0+.

Methods developed in this paper can also be useful to tackle resonances for the analog of Smilansky model
with regular potential which is suggested in [17] and further investigated in [18, 19].
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Notations

We use notations N := {1,2,...} and Ny := NU{0} for the sets of positive and natural integers, respectively.
We denote the complex plane by C and define its commonly used sub-domains: C* := C\ {0}, C4 := {\ €
C: £ImA >0} and D, (Ag) :i={A € C: A= Xo| <7}, DX(Xo) :i={A € C: 0 < |XA—Xo| <7}, D, :=D,(0),
D) := DX(0) with » > 0. The principal value of the argument for A € C* is denoted by arg A € (—m,w]. The
branches of the square root are defined by:

C* 2 A (W)}2 = N2/ Darsxtim =1,

If the branch of the square root is not explicitly specified, we understand the branch ()(1)/ 2 by default. We also set
0 = (0,0) € C%

The L2-space over R, d = 1,2, with the usual inner product is denoted by (L?(R%), (-, -)ga) and the L?-based
first order Sobolev space by H* (Rd), respectively. The space of square-summable sequences of vectors in a Hilbert
space G is denoted by ¢*(No;G). In the case that G = C we simply write £%(Ng) and denote by (-,-) the usual
inner product on it.

For ¢ = {¢,} € (*(Ny), we adopt the convention that £ ; = 0. Kronecker symbol is denoted by G,
n,m € Ny, we set e, := {0nm fmen, € EQ(NO), n € Ny, and adopt the convention that e_; := {0}. We understand
by diag({g,}) the diagonal matrix in ¢*(Ny) with entries {g, }nen, and by J({a,}, {b,}) the Jacobi matrix in
¢%(Ny) with diagonal entries {ay, }nen, and off-diagonal entries {b,, },en'. We also set Jo := J({0}, {1/2}).

By o(K), we denote the spectrum of a closed (not necessarily self-adjoint) operator K in a Hilbert space.
An isolated eigenvalue A € C of K having finite algebraic multiplicity is a point of the discrete spectrum for K;
see [23, §XI1.2] for details. The set of all the points of the discrete spectrum for K is denoted by o4(K) and the
essential spectrum of K is defined by cess(K) := o(K) \ 04(K). For a self-adjoint operator T in a Hilbert space, we
set Aess(T) := inf 0ess(T) and, for k& € N, A\, (T) denotes the k-th eigenvalue of T in the interval (—oo, Aess(T)).
These eigenvalues are ordered non-decreasingly with multiplicities taken into account. The number of eigenvalues
with multiplicities of the operator T lying in a closed, open, or half-open interval A C R satisfying cess(T)NA = &
is denoted by N (A;T). For A < Aess(T) the counting function of T is defined by N\ (T) := N ((—o0, A); T).

1.1. Smilansky Hamiltonian

Define the Hermite functions:
Xn(y) = e_y2/2Hn(y)7 n € Ny. (1.2)

Here, H,,(y) is the Hermite polynomial of degree n € Ny normalized by the condition ||x,|[zr = 12 For more
details on Hermite polynomials see [20, Chap. 22] and also [21, Chap. 5]. As it is well-known, the family
{Xn}nen, constitutes an orthonormal basis of L?(R). Note also that the functions Y, satisfy the three-term
recurrence relation:

Vit T (8) = V2uxn () + Vixn1(y) =0, n €N, (13)
where we adopt the convention x_; = 0. The relation (1.3) can be easily deduced from the recurrence relation [20,
eq. 22.7.13] for Hermite polynomials. By a standard argument any function U € L?(R?) admits unique expansion:

Uz,y) = D> un(@)xn(y),  un(z) = /U(w,y)xn(y)dy, (1.4)

neNy R

where {u,} € ¢*(Ny; L?(R)). Following the presentation in [7], we identify the function U € L?(R?) and the
sequence {u,} and write U ~ {u,}. This identification defines a natural unitary transform between the Hilbert
spaces L?(R?) and H := ¢*(Ny; L*(R)). For the sake of brevity, we denote the inner product on H by (-, -). Note
that the Hilbert space # can also be viewed as the tensor product ¢*(Ny) @ L*(R).
For any ¢ € R, we define the subspace D. of H as follows: an element U ~ {u,} € H belongs to D, if, and
only if
(i) u, € H'(R) for all n € Ny;

(i) {—(upy y Dy )+ vpun} € H with uy + = uy|r, and v, = n+1/2 for n € No;

I'We do not distinguish between Jacobi matrices and operators in the Hilbert space £2 (No) induced by them, since in our considerations all
the Jacobi matrices are bounded, closed, and everywhere defined in ZQ(NU).

2This normalization means that Hy(y) is, in fact, a product of what is usually called the Hermite polynomial of degree n € N with a
normalization constant which depends on n.
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(iii) the boundary conditions
l (04) — 1, (0=) = (Vi + Tuns1(0) + v/n—1(0))
are satisfied for all n € Ny. For n = 0 only the first term is present on the right-hand side.
By [7, Thm. 2.1], the operator:
domH, := D, Ho{un} = {—(up, y ®uy; )+ vyun}, (1.5)

is self-adjoint in . It corresponds to the formal differential expression (1.1). Further, we provide another way of
defining H. which makes the correspondence between the operator H. and the formal differential expression (1.1)
more transparent. To this aim, we define the straight line ¥ := {(0,y) € R?: y € R}. Then, the Hamiltonain H.,
£ € (—1,1), can be alternatively introduced as the unique self-adjoint operator in L*(R?) associated via the first
representation theorem [22, Thm. VI.2.1] with a closed, densely defined, symmetric, and semi-bounded quadratic
form:

1 1 .
belu] = 10sulfe + 5 10,ullEe + 5 (v, yulss + V2 (sin W)y 2uls, [y 2uls) . e
domb, = {u e HY(R?): yu € L2(R?), |y (ulx) € L?(R)} .

For more details and for the proof of equivalence between the two definitions of H., see [7, §9]. Since H.
commutes with the parity operator in y-variable, it is unitarily equivalent to H_.. We remark that the case ¢ = 0
admits separation of variables. Thus, it suffices to study H. with € > 0.

In the following proposition, we collect fundamental spectral properties of H., ¢ € (0,1), which are of
importance in the present paper.

Proposition 1.1. Let the self-adjoint operator He, € € (0,1), be as in (1.5). Then the following claims hold:
(1) Oess(He) = [1/2, 4+00);

1—¢
5

(i) 1 < Nyja(He) < oo;

@iv) Nl/g(Hs) =1 for all sufficiently small € > 0.

Items (i)—(iii) follow from [6, Lem 2.1] and [7, Thm. 3.1 (1),(2)]. Item (iv) is a consequence of [6, Thm. 3.2]
and [7, §10.1]. Although we only deal with the sub-critical case, ¢ € (0, 1), we remark that in the critical case,
e = 1, the spectrum of H; equals to [0, +0c0) and that in the sup-critical case, ¢ > 1, the spectrum of H. covers
the whole real axis. Finally, we mention that in most of the existing literature on the subject not € > 0 itself but
o = V/2¢ is chosen as the coupling parameter. We choose another normalization of the coupling parameter in order
to simplify formulae in the proofs of the main results.

(ii) inf o(H.) >

1.2. Main results

While we are primarily interested in the resonances, as indicated in the introduction, we have also a claim
to make about the discrete spectrum which we present here as our first main result and which complements the
results listed in Proposition 1.1.

Theorem 1.2. Let the self-adjoint operator H., € € (0,1), be as in (1.5). Then the following claims hold.

1
i) M(Ho) >1-— 1 +e* forall € € (0,1).

4

(i) A (Ho) = vo — % + O as £ — 0+

Theorem 1.2 (i) is proven by means of Birman—Schwinger principle. The bound in Theorem 1.2 (i) is non-trivial
for e* < 3/4. This bound is better than the one in Proposition 1.1 (ii) for small £ > 0.

For the proof of Theorem 1.2 (ii) we combine Birman-Schwinger principle and the analytic implicit function
theorem. We expect that the error term ((¢%) in Theorem 1.2 (ii) can be replaced by O(<%) because the operator
H. has the same spectral properties as H_. for any ¢ € (0,1). Therefore, the expansion of A;(H.) must be
invariant with respect to interchange between € and —e. In Lemma 4.1 given in Section 4 we derive an implicit
scalar equation on A;(H.). This equation gives analyticity of ¢ — A;(H.) for small e. It can also be used to
compute higher order terms in the expansion of A\;(H.). However, these computations might be quite tedious.
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Our second main result concerns the resonances of H.. Before formulating it, we need to define the resonances
rigorously. Let us consider the sequence of functions:

rn(A) == (v = N2, neN. (1.7)

Each of them has two branches r,(\, 1) := (v, — /\)ll/ 2 = 0,1. The vector-valued function R(\) =
(ro(A),r1(A),r2(A),...) naturally defines the Riemann surface Z with uncountably many sheets. With each

~

sheet of Z we associate the set £ C Ny and the characteristic vector 1¥ defined as:

0 n¢E
12.=0F B F 1F.=0 ’ 1.8
{07152a }7 n 1’ TLEE. ( )

We adopt the convention that [Z 1 = 0. The respective sheet of 7 is convenient to denote by Zg. Each sheet Zg

of Z can be identified with the set C\ [vg, +o0) and we denote by Z}S the parts of Zg corresponding to C. With
the notation settled, we define the realization of R(-) on Zg as:

Re(\) = (ro\ I8, riONIE), ma (N 12,0, (1.9)

The sheets Zp and Zp are adjacent through the interval (v,,vn41) C R, n € Ny, (Zg ~, Zp), if their
characteristic vectors [Z and I¥ satisfy:

F=1-1F,  fork=0,1,2,....,n
=1k, for k > n.

We set v_1 = —oo and note that any sheet Zg is adjacent to itself through (v_1,19). In particular, the function

~

A= Rg()\) turns out to be componentwise analytic on the Riemann surface Z.
The sequence € = {E1, Es,...,Ex} of subsets of Ny is called a path if for any k = 1,2,...,N — 1 the
sheets Z, and Zg, ,, are adjacent. The following discrete metric:

p(E,F):=inf{N € Ng: ¢ ={Ey,FEs,...,En},E1 = E,ENy = F}, (1.10)
turns out to be convenient. The value p(E, F') equals the number of sheets in the shortest path connecting Zg
and Zp. Note that for some sheets Zr and Zp a path between them does not exist and in this case we have
p(E, F) = co. We identify the physical sheet with the sheet Z (for E = &). A sheet Zg of Z is adjacent to the

physical sheet Z, if p(E, @) = 1 and it can be characterised by existence of N € Ny such that I¥ = 1 if. and
only ifn < N. Also, we define the component:

Z:=UpeeZp CZ, &:={ECNy: p(E,2) < oo}, (1.11)

of Z which plays a distinguished role in our considerations. Any sheet in Z is located on a finite distance from the
physical sheet with respect to the metric p(-,-). The component Z of Z in (1.11) can alternatively be characterized
as:

Z =UperZp,  F:={F CNy: sup{n € Ng: If' =1} < oc}. (1.12)
The number of the sheets in Z is easily seen to be cgvuntable. In order to define the resonances of H. on Z, we
show that the resolvent of H. admits an extension to Z in a certain weak sense.

Proposition 1.3. For any u € L*(R) and n € Ny the function:

A=l ()= (H: =N u®en,u®ey) (1.13)

E
n,e

admits unique meromorphic continuation t,, _(-;u) from the physical sheet Zy to any sheet Zg C Z.

The proof of Proposition 1.3 is postponed until Appendix. Now we have all the tools to define resonances of
H. on Z.

Definition 1.4. Each resonance of H. on Zg C Z is identified with a pole of tf’e(-;u) for some u € L*(R) and
n € No. The set of all the resonances for H. on the sheet Zg is denoted by Rg(e).

Our definition of resonances for H. is consistent with [23, §XII.6], see also [14, Chap. 2] and [24] for multi-
threshold case. It should be emphasized that by the spectral theorem for self-adjoint operators the eigenvalues of
H. are also regarded as resonances in the sense of Definition 1.4 lying on the physical sheet Z. This allows us to
treat the eigenvalues and ‘true’ resonances on the same footing. Needless to say, bound states and true resonances
correspond to different physical phenomena and their equivalence in this paper is merely a useful mathematical
abstraction.
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According to Remark 2.5 below, the set of the resonances for H. on Zg is symmetric with respect to the
real axis. Thus, it suffices to analyze resonances on Z,. Now, we are prepared to formulate the main result on
resonances.

Theorenl 1.5. Let the self-adjoint operator H., € € (0,1), be as in (1.5). Let the sheet Zr C Z of the Riemann
surface Z be fixed. Define the associated set by:
S(E):={neN: (I5_,1¥,17.,)€{(1,0,0),(0,1,1)}}.
Let Rg(e) be as in Definition 1.4 and set Ry (¢) := Rg(e) N C_. Then, the following claims hold:
(i) Rp(e) CU(e) :={N€C_: [vp_1 — Al|lvn — A| < 'n?, Vn e N}
(ii) For any n € S(E) and sufficiently small £ > 0 there is exactly one resonance AL (H.) € C_ of H. on Z,

lying in a neighbourhood of v,,, with the expansion

64

16
(iii) For any n € N\ S(E) and all sufficiently small ,r > 0

Re(e)NDy(vy) = 2.

)\E(Ha) =, [(Qn +1)+2n(n+ l)i] + (’)(55), e—=0+. (1.14)

A V3 Vi Vs w w Vs w 151 M "2 "3
R S S S S S S S SO/ 2 TS

15+

25

FiG. 1.1. The region 4(0.12) (for ¢ = 0.12) from Theorem 1.5(i) (in grey) consists of 6
connected components. The components located in the neighbourhoods of the points v, v1, vs,
vs, are not visible because of being too small. The plot is performed with the aid of Sagemath.

In view of Theorem 1.5 (i) for sufficiently small € > 0, the resonances of H. on any sheet of 7 are located in
some vicinity of the thresholds v, (see Figure 1.1). Such behavior is typical for problems with many thresholds;
see e.g. [11,13] and [14, §2.4, 3.4.2]. Note also that the estimate in Theorem 1.5 (i) reflects the correct order in &
in the weak coupling limit £ — 04 given in Theorem 1.5 (ii). However, the coefficient of ¢* in the definition of
U(e) can be probably improved. Observe also that R () C U(1) for any € € (0,1).

According to Theorem 1.5 (ii)—(iii), the existence of a resonance near the threshold v,,, n € N, on a sheet Zg
for small € > 0 depends only on the branches chosen for 7,1 (), 7, (A\), 711(N\) on Zg. Although, one cannot
exclude that higher order terms in the asymptotic expansion (1.14) depend on the branches chosen for other square
roots. By exactly the same reason as in Theorem 1.2 (ii), we expect that the error term O(£”) in Theorem 1.5 (ii)
can be replaced by (’)(56). Theorem 1.5 (ii)—(iii) are proven by means of the Birman-Schwinger principle and
the analytic implicit function theorem. The implicit scalar equation on resonances derived in Lemma 4.1 gives
analyticity of £ — A (H.) for small € > 0 and, as in the bound state case, it can be used to compute further terms
in the expansion of A\Z(H.).

We point out that according to numerical tests that we performed, some resonances emerge from the inner
points of the intervals (v,,,vn41), n € Ny, as € — 1—. The mechanism for the creation of these resonances is
unclear at the moment.

Example 1.6. Let E = {1,2,4,5}. In this case ¥ = {0,1,1,0,1,1,0,0,0,0,0,...} and we get that S(E) =
{1,4,6}. By Theorem 1.5 (ii)—(iii) for all sufficiently small € > 0 there will be exactly one resonance on Zy, near
V1, vy, Vg and no resonances near the thresholds v, with n € N\ {1,4,6}. We confirm this result by numerical
tests whose outcomes are shown in Figures 1.2 and 1.3.
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0.0000 [ - - i 7 0.000 0.000
—0.001 | 1 -0.002[
-0.0001
0002f -0.004 |
—0.0002 |
o003k -0.006 |
~0.0003 008t
-0.004 | !
-0.0004 ] —0.010f
~0.005} ]
000051 -0.012f
—0.006 |
-0.014f
~0.0008 1, . . . ; —0.007, ‘ ‘ . E . . . . .
14990 14995 15000 15005  1.5010 4,490 4495 4500 4,505 4,510 6.490 6.495 6.500 6.505 6510

FIG. 1.2. Resonances of H. with ¢ = 0.2 lying on Z; with E = {1,2,4,5} are computed
numerically with the help of Mathematica. Unique weakly coupled resonances near the thresholds
vy = 1.5, vy = 4.5, vg = 6.5 are located at the intersections of the curves.

To plot Figure 1.2, we used the condition on resonances in Theorem 2.4 below. The infinite Jacobi matrix
in this condition was truncated up to a reasonable finite size. Along the curves, respectively, the real and the
imaginary part of the determinant of the truncated matrix vanishes. At the points of intersection of the curves the
determinant itself vanishes. These points are expected to be close to true resonances®. We have also numerically
verified that resonances do not exist near other low-lying thresholds v,, with n € N\ {1,4, 6}, which corresponds
well to Theorem 1.5. In Figure 1.3 we summarize the results of all the numerical tests.

Im A
) V] V) V3 vy Vs Y6 Re A
1 ° 2 3 4 5 6
AE(H.)
-0.002 |-
-0.004 | [}
E
AF(H.)
-0.006 |-
-0.008 |- ™
Alf(H f)

0.01 1

-0.012 |

FIG. 1.3. Resonances of H. with ¢ = 0.2 lying on Z; with £ = {1,2,4, 5}.

Finally, we mention that no attempt has been made here to analyze the multiplicities of the resonances and to
investigate resonances lying on Z \ Z.

Structure of the paper

Birman-Schwinger-type principles for the characterization of eigenvalues and resonances of H. are provided
in Section 2. Theorem 1.2 (i) on a lower bound for the first eigenvalue and Theorem 1.5 (i) on resonance free
region are proven in Section 3. The aim of Section 4 is to prove Theorem 1.2 (ii) and Theorem 1.5 (ii)-(iii) on
weakly coupled bound states and resonances. The proofs of technical statements formulated in Proposition 1.3 and
Theorem 2.4 are postponed until Appendix.

2. Birman-Schwinger-type conditions

The Birman—Schwinger principle is a powerful tool for analyzing the discrete spectrum of a perturbed operator
in the spectral gaps of the unperturbed one. This principle also has other various applications. Frequently, it
can be generalized to detect resonances, defined as the poles of a meromorphic continuation of the (sandwiched)

3The analysis of convergence of the numerical method is beyond our scope.
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resolvent from the physical sheet to non-physical sheet(s) of the underlying Riemann surface. In the model under
consideration, we encounter yet another manifestation of this principle.

In order to formulate a Birman-Schwinger-type condition on the bound states for H., we introduce the sequence
of functions:

nl/2
bn(A) = , N, 2.1
( ) Q(Vn _ )\)1/4(1/”71 — )\)1/4 n e 2.1
and the off-diagonal Jacobi matrix:
JA) =J({0},{bn(N)}), A€ (0,00). 2.2)

Recall that we use the same symbol J(\) for the operator in £*(Nj) generated by this matrix. It is straightforward
to check that the operator J(\) is bounded and self-adjoint. It can be easily verified that the difference J(\) — Jg is
a compact operator. Therefore, one has gess(J(A)) = gdess(Jo) = [—1, 1]. Moreover, the operator J(A) has simple
eigenvalues £y, (1, > 1, with the only possible accumulation points at p = +1.

Theorem 2.1. /6, Thm. 3.1] Let the self-adjoint operator H., € € (0,1), be as in (1.5) and let the Jacobi matrix
J(X\) be as in (2.2). Then, the relation:

N((0,A);He) = N ((1/e, +00); J(N)), (2.3)
holds for all X € (0,vyp).

Remark 2.2. A careful inspection of the proof of [6, Thm 3.1] yields that Theorem 2.1 can also be modified,
replacing (2.3) by:

N((O,)\];H5> :N([1/57+OO)§J()‘>)' (2.4)
In other words, the right endpoint of the interval (0,\) and the left endpoint of the interval (1/e,+00) can be
simultaneously included.

The following consequence of Theorem 2.1 and of the above remark will be useful further.
Corollary 2.3. Let the assumptions be as in Theorem 2.1. Then the following claims hold:
(i) € = A\i(Hc) are continuous non-increasing functions;

(i) dimker (H. — \) = dimker (I +J(X)) for all X € (0,10). In particular, since the eigenvalues of J(\) are
simple, the eigenvalues of H. are simple as well.

Proof. (i) Let £1 € (0,1). For A = A\;(H¢, ), k € N, we have by Theorem 2.1 and Remark 2.2
N([1/e1,+00); J(N)) = N((0, Al He,) = k.
Hence, for any e2 € (1, 1), we obtain:
N((0,A];He,) = N ([1/e2, +00); J(N)) 2 N ([1/e1,+00); J(N)) = k.

Therefore, we get Ap(H-,) < A = Ag(H.,). Recall that H. represents the quadratic form b, defined in (1.6).
Continuity of the eigenvalues follows from [22, Thms. V1.3.6, VIII.1.14] and from the fact that the quadratic form:

domb. 3 u s V2 (signy|y|1/2u|g7 \y|1/2u|g>R, e € (0,1),
is relatively bounded with respect to

1 1
domb. > u — ||0,ul|Z: + §||ayu||§2 + =

3 (yu, yu)ge

with a bound less than one; ¢f. [6, Lem. 2.1].
(ii) By Theorem 2.1, Remark 2.2, and using symmetry of o(J(\)) with respect to the origin we get:
dim ker (He — ) = N((0, \l; He) — N((0, A\); He)
= N([1/e, +00); J(N)) = N((1/e,400); J(N)) = dimker (I + £J(})). O

For resonances of H., one can derive a Birman- Schwmger-type condition analogous to the one in Corol-
lary 2.3 (ii). For the sheet Zg C Z of the Riemann surface Z we define the Jacobi matrix:

Je(N) == J({0},{Bf(N)}), A€ C\ [, +0), (2.5)

where

E(N) = n v eN (2.6)
N OB Y NIy ) e '

1 'n—1
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The Jacobi matrix Jz(\) in (2.5) is closed, bounded, and everywhere defined in ¢?(Np), but in general non-
selfadjoint. For E = @ and A € (0, 1) the Jacobi matrix Jz () coincides with J(A) in (2.2). In what follows it is
also convenient to set b5 (\) = 0. In the next theorem, we characterize resonances of H. lying on the sheet Zp.

Theorem 2.4. Let the self-adjoint operator H., € € (0,1), be as in (1.5). Let the sheet Zp C Z be fixed,
let Rp(e) be as in Definition 1.4 and the associated operator-valued function Jg(\) be as in (2.5). Then, the
following equivalence holds:

NeRp(e) e  ker(l+elp(N) £ {0} 2.7)

For E = @, the claim of Theorem 2.4 follows from Corollary 2.3 (ii). The proof of the remaining part of
Theorem 2.4 is postponed until Appendix. The argument essentially relies on Krein-type resolvent formula [7] for
H. and on the analytic Fredholm theorem [25, Thm. 3.4.2].

Remark 2.5. Thanks to compactness of the difference Jg(A)—Jo we get by [23, Lem. XII1.4.3] that 0ess(eJp(N)) =
oess(€Jo)) = [—¢, €]. Therefore, the equivalence (2.7) can be rewritten as:

A€ Rg(e) < —1 € o4(eJe(N)).
Identity Jz(\)* = Jg(\) combined with [22, Rem. I111.6.23] and with Theorem 2.4 yields that the set Rg(e) is
symmetric with respect to the real axis.
3. Localization of bound states and resonances

In this section we prove Theorem 1.2 (i) and Theorem 1.5 (i). The idea of the proof is to estimate the norm of
JE()) and to apply Corollary 2.3 (ii) and Theorem 2.4.

Proof of Theorem 1.2 (i) and Theorem 1.5 (i). The square of the norm of the operator Jg(A) in (2.5) can be esti-
mated from above by:

HeIP< s UM< sup (Z|b£<A>§n_1+bf+1<A>§n+1|2>

§€£2(No),|I€lI=1 ge?(No)sligll=1 \ e,
< sup (2 (Pl + bf+1(A>|2|5n+12)) 3.1
£et2(No),||€ll=1 n€eNg
<d4sup [by(N*  sup [l¢]* = 4sup by (V)]
n€Ng £el2(No),||€ll=1 neN

where b2 ()\), n € Ny, are defined as in (2.6).

If |leJg(A)]] < 1 holds for a point A € C_, then the condition ker (I +Jg(\)) # {0} is not satisfied. Thus, A
cannot by Theorem 2.4 be a resonance of H. lying on Z in the sense of Definition 1.4. In view of estimate (3.1)
and of (2.6) to fulfil ||eJg ()] < 1, it suffices to satisfy:

n 1
< —, VneN,
Vn1 = NP2, — A2 = &2 "
or, equivalently,
[Vn = Al |vne1 — A > e'n?,  VneN.

Thus, the claim of Theorem 1.5 (i) is proven. If ||eJz(A)|| < 1 holds for a point A € (0,1/2) then the condition
ker (I + eJz (X)) # {0} is not satisfied. Thus, by Corollary 2.3 (ii), A is not an eigenvalue of H.. In view of (3.1)
and (2.6) to fulfil |[eJg(N)|| < 1, it suffices to satisfy:

(Vn1=A)(vn = A) =N =2nA+n® —1/4>n’", VneN (3.2)

The roots of the equation A\* — 2n\ 4+ n? — 1/4 — n%c* = 0 are given by \X(e) = n & /1/4 + n2e. Since
A () > 1/2 for all n € N, the condition (3.2) yields A (H.) > milr\]l A, (€). For n € N we have:
ne

2 1)e* 2 1)e*
ni1(8) = A (e) =1— 1/2( nt e 1/22177(n+ )52:1752>0.
(3 +n24) " + (2 + (n+1)24) (2n+1)e

Hence, m€1§ A, (€) = A] (¢) and the claim of Theorem 1.2 (i) follows. O
n
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4. The weak coupling regime: ¢ — 0+

In this section, we prove Theorem 1.2 (ii) and Theorem 1.5 (ii)—(iii). Intermediate results of this section given
in Lemmata 4.1 and 4.3 are of an independent interest.

First, we introduce some auxiliary operators and functions. Let n € Ny and the sheet Zr C Z be fixed. We
make use of notation Py := e, 1x—2(-, epti—2) with k,1 € {1,2,3}. Note that for n = 0 we have Py; = Py, =0
for k = 1,2, 3. It will also be convenient to decompose the Jacobi matrix Jg(\) in (2.5) as:

JE(/\) = Sn,E(A) + Tn,E(A)a (4.1
where the operator-valued functions A — T,, g()), S, () are defined by:
Thne(N) = b2 1(A) [Pas + P2] + b5 (A) [Po1 + Pia],  Sne(A) :=Jg()\) — Tup(N). (4.2)

Clearly, the operator-valued function S, g(-) is uniformly bounded on D;/5(v,). Moreover, for sufficiently
small » = r(n) € (0,1/2) the bounded operator | + €S,, g()) is at the same time boundedly invertible for all
(g, € Q.(n) := D, x D,.(v,). Thus, the operator-valued function:

1

Rn,e(e,A) == (1+eSn,5(N) (4.3)
is well-defined and analytic on €, (n) and, in particular, R,, £(0,v,) = |. Furthermore, we introduce auxiliary
scalar functions Q,.(n) 3 (g, \) — ff (e, \) by:

fii(e ) = (Rop(e, Nenyi—2,ens1-2), k1€ {1,2,3}. (4.4)
Thanks to R, (0, v,) = | we have f,ﬁ(O, Vp) = 0y Finally, we introduce 3 x 3 matrix-valued function:

3,3

D, x DS (v) 3 (£,0) = A p(e, A) = (afy (e, A))M:1

4.5)
with the entries given for k,1 = 1,2, 3 by:
agz (e, ) == by (N (fiz (€. Nt + fai(e, M)an) + by 1 (V) (far, (€, Nt + f3i(e,X)d21). (4.6)

We remark that rank A,, (e, A) < 2 due to linear dependence between the first and the third columns in A, g (e, ).

In the first lemma, we derive an implicit scalar equation which characterizes those points A € C \ [, +00)
near v, for which the condition ker (14 eJg (X)) # {0} is satisfied under additional assumption that £ > 0 is small
enough. This equation can be used to characterize the ‘true’ resonances for H. as well as the weakly coupled
bound state if n =0 and F = @.

Lemma 4.1. Let the self-adjoint operator He, ¢ € (0,1), be as in (1.5). Let n € Ny and the sheet Zr C Z be
fixed. Let v = r(n) > 0 be chosen as above. Then for all ¢ € (0,7) a point A € D,.(vy,) \ [vo, 00) is a resonance
of He on Zg if, and only if

det (I + €A, (e, \)) =0.

Proof. Using the decomposition (4.1) of Jg(\) and the auxiliary operator in (4.3), we find:
dimker (I +eJg(N)) = dimker (1 4+¢eS, g(A) + €Ty g(N) = dimker (14 &R, (e, \)Tr (V). 4.7
Note that:
rank (R, g(e, \) T, g(N)) < rank (T, g(N)) <3
and, hence, using [26, Thm. 3.5 (b)], we get:
dimker (I + &Ry, g(e,\)Tp () >1 = det (I +eRy, g(e, )Ty 2(A)) =0. (4.8)

For the orthogonal projector P := P11 + Pay + P33 the identity T,, g(A) = T, g(A)P is straightforward. Hence,
employing [27, IV.1.5] we find:

det (I + eRy 5 (e, N Tr.e(\) = det (I + eRp. 5 (e, )T 5 (AP) = det (I + ePRy 5 (e, VT s(\) . (4.9)
For k,1 € {1,2,3} we can write the following identities:
PrkPRu, (2, ) T s (NP = PR (2, A) (B (A) [Par + Pra] + b1 (A) [Pas + Paa] ) Pu
= PykRn, 6(g,A) (bf()\) [Poid1y + P1idar] + by 1 (A) [Podsr + P3152l])
= PibZ(\) [f2.(e, )01 + f(e,\)821] + PibZ 1 () [f42.(e, N3t + far (e, \)dai]

= aﬁ(&‘, /\)Pkl
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with f,f; as in (4.4), and as a result we get
3

PR, E(e,\)T Zzal€>\Pkl,

k=11=1
with afl(s, A) as in (4.6). Hence, the determinant in (4.9) can be expressed as:
det (I +eRp g(e, \)Tp 2(X)) = det(l + €Ay g (e, N))

where on the right-hand side we have the determinant of the 3 x 3 matrix | + €A, g(e,A); ¢f (4.5). The claim of
lemma then follows from (4.7), (4.8), and Theorem 2.4. g

In the second lemma, we establish the existence and investigate properties of solutions of the scalar equation in
Lemma 4.1. To this aim it is natural to try to apply the analytic implicit function theorem. The main obstacle that
makes a direct application of the implicit function theorem difficult lies in the fact that A — det(l+¢A, (e, A)) is
not analytic near v, due to the cut on the real axis. We circumvent this obstacle by applying the analytic implicit
function theorem to an auxiliary function which is analytic in the disc and has values in different sectors of this
disc that are in direct correspondence with the values of A\ — det(l 4+ €A, (e, A)) on the four different sheets in

Z which are mutually adjacent in a proper way.

Assumption 4.2. Let n € Ny and the sheet Zp C Z be fixed. Let the sheets Zp, Zg and Zy be such that
Zg ~op1 Zp, Zp ~n Zg and Zg ~n—1 Zg. For v > 0 let the matrix-valued function D, x DX 3 (g,k)
B, (e, k) be defined by:

A (e, vn — kY, argk € Op := (—F,—%]U(O,% ,

Bn.r(e, k) = An,r(g,vn — kY, argk € Op 1= (_STW’ -31U (%, 3],

A Ancl(e, unf/#), argk € &g := (—g,—g]u(g,%’f],
A, u(e, vy, ,%4), argk € &y := (—%,O]U(%,w]

Tracing the changes in the characteristic vector along the path Zg ~,_1 Zp ~, Zg ~n—1 Zg, one easily
verifies that Zg ~,, Zg. Thus, B, g is analytic on D, x D for sufficiently small > 0 which is essentially a
consequence of componentwise analyticity in ID,. of vector-valued function:

K+ Re(vy — k%), ec{E F,G,H} for argk€ ®,,
where R, is as in (1.9).
Lemma 4.3. Let n € Ny and the sheet Zy, C Z be fixed. Set (p,q,t) := (17 LI ). Let the matrix-valued
Sunction B,, g be as in Assumption 4.2. Then the implicit scalar equation:

det (I +eBy (e, k) =0

has exactly two solutions kK, pj(-) analytic near ¢ = 0 such that knp;0) = 0, satisfying
det(l + By, g(e, kn,g,;(€))) = 0 pointwise for sufficiently small € > 0, and having asymptotic expansions:
1/2
Zn,E);
kn,E,j(€) = 5% +0(e?), e — 0+, (4.10)

where zp, p = (—1)97 (n + 1) + (—1)PT9Hni
Proof. First, we introduce the shorthand notations:
u(k) = b5 (v — KY), (k) = b (vn — K, ec{E ,F,G,H} for argk € P,.
Let by, with k,1 € {1, 2,3} be the entries of the matrix-valued function B,, . Furthermore, we define the scalar
functions X = X (e, k), Y =Y (¢, k), and Z = Z(g, k) by:
X = b1y + baa + b33,
Y = b11b22 + ba2b3z + b11b33 — b13b31 — b12ba1 — bagbsa, (4.11)
Z := b11b22b3s + b13b32021 + b12b23bs1 — b13b31022 — b12b21b33 — b11b23bs2.

Employing an elementary formula for the determinant of 3 x 3 matrix, the equation det(l + ¢B,, g(e,x)) = 0 can
be equivalently written as:
1+eX(e, k) +€%Y(e,n) +e3Z(e, k) = 0. (4.12)
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By a purely algebraic argument, one can derive from (4.6) that Z = 0. Hence, (4.12) simplifies to 1 + X (e, k) +
£2Y (¢, k) = 0. Introducing new parameter ¢ := ¢/k, we can further rewrite this equation as:

1+ tkX (g, k) + t26%Y (e, k) = 0. (4.13)

Note also that the coefficients (g, k) — kX (g, x), x*Y (g, k) of the quadratic equation (4.13) are analytic in D?.
For each fixed pair (g, k) the equation (4.13) has (in general) two distinct roots ¢;(e, x), 7 = 0,1. The condition
det(l 4+ €B,, g(e, k) = 0 with x # 0 holds if, and only ifat least one of the two conditions:

file, k) :=e—kt;(e, k) =0, j=0,1, (4.14)
is satisfied. Using analyticity of u(-) and v(-) near k = 0, we compute:
i i 1/2 reiﬂ/g nl/QeiTr/S
. — in/8 /8 — i _ |
K1_>H10 RrU r_l>%1+’f'€ u(re ) T_I>I(I)l+ 2 ((_1 +i7‘4)‘13/2(i7“4)é/2)1/2 2((_1)p+qiem—/4)1/27
i _ 1 ir/8 in/8\ 1+ (n+ 1)1/2 reim/8 7 (n+ 1)1/2€i7r/8
lllg%nv —T1_1>r(1)1+7"e BBy (rei™ )*Tl_lf& 2 - n1/2 S22 2((—1)atren/A)i/E
((irt)g" (L +ir%) 7)Y/ e

Hence, we get:

lim Tei”/sbkl(a,rei”/g) = lim rei”/su(rei”/s)(fﬁ(O)(Sgg + f:{%(O)(Sgl)

e,r—0+ r—0+
+ rli%ﬂr rei™ Su(rel™/8) (flEk (0)6; + f5 (0)61;)
2 (60031 + G3k0a)  (n 4 1) 28 (814621 + dard1)
C 2((—1)PHaiein/4)1/2 2((—1)a+rein/4)1/2 :

Combining this with (4.11) we end up with:

lim <X = lim rei”/SX(E,rei”/s) = lim re™/8 [bu + boo + 633] (E,rei”/S) =0,

(e,5)—0 e, r—0+ e, r—0+
(€,lliil)li>0 kY = 6’Tlig%Jr r2e™1Y (e, rel™/®)
= E’Tli_%_k r2elt/4 (11622 + basbss + b11bsz — bizbsy — brabay — basbas] (e, rel™/®)
= a,rh—>n10+ 7“261”/4[ — biobyy — bggbgﬂ (e, rei”/s)
nl/2¢im/8 2 (n + 1)1/2im/8 2
-~ (i) -~ (aarn)
N i B LR I
4 4 4

Hence, the roots ¢;(e, k) of (4.13) converge in the limit (¢,x) — O to the roots 2[(zn7E);/2] 71, j=0,1, of the
quadratic equation zy, gt? —4 = 0. Moreover, analyticity of the coefficients in equation (4.13), the above limits,
and the formula for the roots of a quadratic equation imply analyticity of the functions (¢, k) — ¢;(e, ) near 0.
Step 2. The partial derivatives of f; in (4.14) with respect to € and s are given by 0.f; = 1 — k0-t; and
0x fj = —tj — KOkt;. Analyticity of ¢; near 0 implies (0 f;)(0) =1 and (0, f;)(0) = —t;. In particular, we have
shown that (0, f;)(0) # 0. Since the functions f;(-) are analytic near 0 and satisfy f;(0) = 0, we can apply the
analytic implicit function theorem [25, Thm. 3.4.2] which yields existence of a unique function x,(-), analytic near
¢ = 0 such that x;(0) = 0 and that f;(e, k;(¢)) = 0 holds pointwise. Moreover, the derivative of x; at ¢ = 0 can
be expressed as:

K (0) = —( J = . (4.15)
! (0xf5)(0)  t;(0)
Hence, we obtain Taylor expansion for x; near ¢ = 0:
1/2
/ 2 € 2 (2n,5); 2
Kj(e) = k;(0) + K;(0)e + O(e”) = £(0) +0(e%) = ey + O(e%) e—>0+.
J

The functions x;, j = 0, 1, satisfy all the requirements in the claim of the lemma. d

Now we are prepared to prove Theorem 1.2 (ii) and Theorem 1.5 (ii)—(iii) from the introduction.
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Proof of Theorem 1.2 (ii). By Proposition 1.1 (iv) we have N 5(H:) = 1 for all sufficiently small £ > 0. Recall
that we denote by \;(H.) the corresponding unique eigenvalue. Thus, we have by Lemma 4.1:

det(l —+ €A07g(€7 Al(Hs))) = O
Using the construction of Assumption 4.2 for the physical sheet and n = 0, we obtain
det (1 + B,z (e, (vo — A1 (H:))*)) = det(I + eAg 5 (e, M (H:))) = 0,

where we have chosen the principal branch for (-)'/4

(o= M(H)) =S+ 06, == 04,

. Thus, by Lemma 4.3, we get:

where we have used the fact that z5 o = 1. Hence, taking the fourth power of the left and right hand sides in the
above equation we arrive at:
4
€

)\1(Ha) =V — 173

+0(%), e—=04. O
Proof of Theorem 1.5 (ii)—(iii). Let n € N and the sheet Zp C Z be fixed. Let us repeat the construction of
Assumption 4.2. By Lemma 4.3 we infer that there exist exactly two analytic solutions «, g, j = 0,1 of the
implicit scalar equation det(l + eB,, (e, k)) = 0 such that k, g ;(0) = 0. It can be checked that both solutions
correspond to the same resonance and it suffices to analyze the solution x, g := kn, g0 only.

For all small enough £ > 0 the asymptotics (4.10) yields:

1
arg(kn,g(€)) = 3 arg(zn.g) € Pg, if, and only if n € S(E).

Hence, if n € N\ S(F), Lemmata 4.1 and 4.3 imply that there will be no resonances in the vicinity of the point
A = v, lying on Z for sufficiently small € > 0. Thus, we have proven Theorem 1.5 (iii). While if n € S(E) we
get by Lemmata 4.1 and 4.3 that there will be exactly one resonance

/\E(HE) =UVp — (K:’IL,E(E))47

in the vicinity of the point A = v, lying on Z for sufficiently small € > 0 and its asymptotic expansion is a
direct consequence of the asymptotic expansion (4.10) given in Lemma 4.3. Thus, the claim of Theorem 1.5 (ii)
follows. 0

APPENDIX

A. Krein’s formula, meromorphic continuation of resolvent, and condition on resonances

In this appendix, we use Krein’s resolvent formula for Smilansky Hamiltonian to prove Proposition 1.3 and
Theorem 2.4 on meromorphic continuation of (H. — \)~! to Z. The proposed continuation procedure is of an
iterative nature wherein, we first extend (H. — A\) ™! to the sheets adjacent to the physical sheet, then to the sheets
which are adjacent to the sheets being adjacent to the physical sheet and so on.

To this aim, we define for n € Ny the scalar functions C\ [y, +00) — y,,(A) and (C\[vg, +00)) XR — 1, (A; )
by:

yn()\) = rn(A)\/’Tna 77n(/\7$) = V711/4 eXp(—’/‘,,L(A”J)D, (Al)

where 7,,(+), n € Ny, is as in (1.7). Next, we introduce the following operator-valued function:

T(\): 2(No) — H, T(M{en} = {eamm (X 2)}.
For each fixed A € C \ [vg, +00) the operator T()\) is bounded and everywhere defined and the adjoint of T())
acts as:

TV {tn} ~ (o (Nttn) bnergs Tn(Ats) = / (A )u(z)da.

R
With these preparations, the resolvent difference of H. and Hy can be expressed by [7, Thm. 6.1] (see also [4, Sec.
6]) as follows:

(He =X = (Ho = )"+ TOOYW) [(1+eJa(V) T = 1]YW)TR)*, A€ C\ [w, +), (A2)

where Hy is the Smilansky Hamiltonian with & = 0, Y(\) = diag{(2y,(\)) "'/} and J5()) is as in (2.5). The
formula (A.2) can be viewed as a particular case of abstract Krein’s formula (see e.g. [29-31]) for the resolvent
difference of two self-adjoint extensions of their common densely defined symmetric restriction.
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Proof of Proposition 1.3 and Theorem 2.4. Let us fix n € Ny and a sheet Zp C Z. We denote by R,.(\) the
resolvent of the self-adjoint operator H?(R) > f — —f” 4 v, f in the Hilbert space L?(R). We can express the
function v, 2 _(-;u) in (1.13) using Krein’s formula (A.2) as:

o) (Au)=((He = M) 'u®en,u®e,)
= <(H0 N u®e,u® en> + (Y(/\)[(l + ng()\))_l - I]Y()\)T(X)*u ®en, T *u® en>
(

R\, )i + L\ ) I (3 ( [(1+edo(V) " = I}Y(/\)en,Y()\)*en)

I, () )\ _

= Rau e+ PEIED ] (14 o) e, e0) - 1.
2y (A

Since (R (A)u, )g, ¥n(N), In(A;u), and I,,(\; %) can be easily analytically continued to Z, to extend ) (u)

meromorphically to the other sheets of the component Z it suffices to extend:

570 1= ((1+edo(0) " ensen)

meromorphically from Zg to Z. The poles of the meromorphic extension of 55,5(') can be identified with the
resonances of H. in the sense of Definition 1.4.
To this aim, we set by definition:

s2 (N = ((| telp) ! en,en) ,

for any A € C\ [vo, +00) such that —1 ¢ o(J()\)). In what follows, we let Zg and Zp be two sheets of Z such
that Zg ~,,_1 Zp with n € N04. Suppose that A — 55,5(') is well defined and meromorphic either on Z;C or on
Zg. Next, we extend \ — 55,5(') meromorphically from Z;Et to Zj. Without loss of generality, we restrict our
attention to the case that A\ — 555() is meromorphic on ZE and extend it meromorphically to Z5. On the open
set 2, := C4 UC_ U (¥y—1, V), the operator-valued function:

Jpr(\) = Je(N), AeCy,
SO ldE(N), A €Q,\Cy,

is analytic which is essentially a consequence of analyticity on §2,, of the entries b}, (\) (with ¢ = E for A € Cy
and e = F' for A € C_) for the underlying Jacobi matrix. Thus, the operator-valued function:

Q3 A= AFF) = (I4+edo) " Jpr(N) — Jo)

is also analytic on Q,, because of the analyticity of Jgr(\). Furthermore, the values of AZ¥(.) are compact
operators thanks to compactness of the difference Jgr(A) — Jo. Taking into account that:
sh.(N),  AeCy,

EF -1 -1 =
((l—&-AE ()\)) en, (I +¢Jo) en) = {55,5(/\)’ Ae,\C,,

we obtain from the analytic Fredholm theorem [28, Thm. VI.14] that C_ > X + s} _(\) is a meromorphic

continuation of C4 3 A — 55)5()\) across the interval (v,_1,1;,) and that the poles of C_ 3 A — 55)5()\) satisfy
the condition:

ker (I +eJp(N)) # {0}, reC_.

Starting from the physical sheet Z,, we use the above procedure iteratively to extend s2 _(-) meromorphically to

n,e

the whole of Z thus proving Proposition 1.3 and Theorem 2.4. O
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In this note, we continue our analysis (started in [1]) of the isotropic three-dimensional harmonic oscillator perturbed by a pair of identical
attractive point interactions symmetrically situated with respect to the origin, that is to say, the mathematical model describing a symmetric
quantum dot with a pair of point impurities. In particular, by making the coupling constant (to be renormalized) dependent also upon the
separation distance between the two impurities, we prove that it is possible to rigorously define the unique self-adjoint Hamiltonian that,
differently from the one introduced in [1], behaves smoothly as the separation distance between the impurities shrinks to zero. In fact, we
rigorously prove that the Hamiltonian introduced in this note converges in the norm-resolvent sense to that of the isotropic three-dimensional
harmonic oscillator perturbed by a single attractive point interaction situated at the origin having double strength, thus making this three-
dimensional model more similar to its one-dimensional analog (not requiring the renormalization procedure) as well as to the three-dimensional
model involving impurities given by potentials whose range may even be physically very short but different from zero. Moreover, we show
the manifestation of the Zeldovich effect, known also as level rearrangement, in the model investigated herewith. More precisely, we take
advantage of our renormalization procedure to demonstrate the possibility of using the concept of ‘Zeldovich spiral’, introduced in the case of

perturbations given by rapidly decaying potentials, also in the case of point perturbations.
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1. Introduction

The main purpose of this note is to extend the results of [1] by fixing the problematic behavior of the
Hamiltonian Hyg z,, studied therein in the limit xg = | £ Zo| — 0, that is to say as the distance between the two
twin point perturbations shrinks to zero. As was noticed in [1], the Hamiltonian Hyg z,, the self-adjoint energy
operator of the three-dimensional isotropic harmonic oscillator perturbed by a pair of identical point interactions
symmetrically situated around the origin defined rigorously by means of a ’coupling constant renormalization’, does
not converge to Hyg, the one of the three-dimensional isotropic harmonic oscillator perturbed by a single point
interaction situated at the origin having double strength. Such a singular behavior manifested by singular double
wells with point interactions in three dimensions is in sharp contrast with conventional double wells generated
by potentials, whose range may even be very short but non-zero. By citing [1] it is important to recall that
‘as is well known to Quantum Chemistry students, three-dimensional interactions with a nonzero range do not
manifest this singular behavior in the limit of the distance between the two centers shrinking to zero, as the
classical textbook example of W smoothly approaching He' in the limit R — 0 clearly shows’ (see [2-4]).
The same phenomenon had been observed in [5] (see also [6-10]) dealing with another model involving a pair
of identical point interactions symmetrically situated around the origin defined rigorously by using a ’coupling
constant renormalization’ as well, namely the one-dimensional energy operator in which the kinetic component is
given by the Salpeter free Hamiltonian \/p? + m?, m > 0.

As was fully proved in [10], this singular behavior does not occur in the one-dimensional analog of the model
given that the Dirac distribution is an infinitesimally small perturbation of the Laplacian in one dimension, which
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implies that the renormalization procedure is not required at all in that case to define a self-adjoint Hamiltonian
(obtained instead by means of the KLMN theorem, see [11]).

Here, in the next section, we adopt the same strategy used in [5] to regularize the behavior in the limit
xo — 04: we make the coupling constant to be renormalized dependent also on z, in addition to the two standard
parameters, namely the positive integer labeling the ultraviolet energy cut-off and the real number whose reciprocal
represents the extension parameter (see [5-7]). The new self-adjoint Hamiltonian Hyg z,y, clearly dependent on xg
and obtained as the norm resolvent limit after removing the energy cut-off (Theorem 2.1), is shown to approach
smoothly Hyg in the norm resolvent limit as o — 04 (Theorem 2.2). We would like to stress that, although
this is exactly the strategy employed also in papers such as [12-14] to obtain the self-adjoint operator with the §’-
interaction perturbing either the negative Laplacian or the Hamiltonian of the harmonic oscillator in one dimension
as the norm resolvent limit of Hamiltonians with the perturbation consisting of a triple of J-interactions, the
dependence on g is completely different.

We also carry out the detailed spectral analysis of the lowest lying eigenvalues of Hyg 7.} as functions of a,
the parameter labeling the self-adjoint extensions. Although the analysis could be extended to higher eigenvalues at
the conceptual level, we have decided to restrict our investigation because of its increasing operational complexity
(the same restriction had also been adopted in [1,8-10,15,16]). The latter analysis shows that the spectrum of
Hyg,z,}, similarly to that of the operator Hypg z,1 investigated in [1], exhibits the rather remarkable phenomenon
of having a range of values of the parameter where the 25 state is more tightly bound than the 2P one.

In the third section, we revisit the spectral analysis of the lowest lying eigenvalues by regarding them as
functions of 3, the parameter appearing explicitly in the coupling constant to be renormalized. Our main motivation
for this further analysis has been the fact that, following [17], the latter parameter is the conventional one used to
study the manifestation of the Zeldovich effect (see [18]), widely known also as level rearrangement. We are going
to show that the phenomenon, studied by the authors of that article when the perturbation of the three-dimensional
isotropic harmonic oscillator is represented by a potential whose range is physically very short but different from
zero, does manifest itself also in the case of point perturbations. In particular, it is our intention to demonstrate that
the structure of the discrete spectrum of operators like Hap and Hypg z,) can be better understood by adopting the
cylindrical mapping based on the Cartesian product R x S, with E, the energy parameter, drawn along the real line
(the symmetry axis of the cylinder) and the extension parameter along the unit circle identifying +o0, instead of the
traditional R?. This alternative representation was first introduced in [19], in which the rather intriguing concept
of ‘Zeldovich spiral’ was proposed investigating the 3D-isotropic harmonic oscillator perturbed by three rapidly
decaying potentials, even though their plots are of the type £ vs. a = 1/5. In the third section of the current
note, we will show that, as a result of our renormalization procedure (which is different from the one adopted
in [20] and leads to the spectral requirement Ey(cv = 0,29) = 0 = Ey(8 = +00,x¢) for the ground state energy
of Hyg z,1), the Zeldovich spiral can also be visualized in the case of point perturbations of the three-dimensional
isotropic harmonic oscillator directly on plots of the type E vs. .

Finally, in the last section we review the key results of this note and outline prospective avenues of further
research work.

2. The regularized three-dimensional isotropic harmonic oscillator perturbed by two twin attractive
point perturbations symmetrically situated with respect to the origin

Given that all the steps preceding the introduction of the coupling constant are identical to those from (3.1)
up to (3.10) in [1], we omit them here and refer the reader to that paper. As anticipated earlier and following the
strategy used in [5], the coupling constant will be made dependent on the magnitude of the position vectors of the

twin point impurities, namely z¢ = | & Zo|, zo = (%0, 0,0), 29 > 0, as follows:
1 (Zo)
+ 2.1
oS! lzorz +¥ =

or equivalently
-1

p(l, By o) = B |1+28 Z (2.1b)

#(%o)

197] + 3

|7|=0 ‘2 ‘ t 2
with 3 € R*\{0}.

In perfect accordance with the use of the term ‘attractive’ in [1,5,8,9], it is clear that u(¢, 8;z9) > 0 for

the large values of ¢ involved in the limit £ — 400 regardless of the sign of 3, making the singular interaction

attractive because of the presence of the negative sign in the second term in (3.2) in [1].
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Hence, for any E < 3/2:

1 o a1 s P2(F) = U2(F)
20l Frag) (o~ BN (@0 o) = w*,; Pl +3 2 pA+I-E @2

and

(mo)%n1+1w%n2 (O)w%ng (0)
n1—|—2n2—|—2n3—|—%—E '

: —a (To, T 1 W35 (o) ‘
m_(Hg_E)asl(l‘o,xo) Y e N

CIRSS

2.3)

Therefore, we need only mimic what was done in [1] to get that, after removing the ultraviolet cut-off, i.e. in
the limit ¢ — +o00, the norm resolvent limit of our net of Hamiltonians

(Hiep.z0y — B) = (Ho— E)~!

1
+ T |(Ho — B); ' (-, %0)){(Hf — E); (%o, -)
m*(HS*E)sl(ffo,ilio)| ’ |
1
+ (Hg — E)oi (20)){(Hg — E)oi (To,-)|  (24)
2“(5715;_%0) (H E)as ($Oa$0)| * “ ’
is given by:
(Ho—E)' +

0
Z0))((Ho — E) 34 (%o, )|

+ ’(HO - E)_sl(
4 4
- \Ijgﬁ(_’o) _ w(x0)2n1+1w%n2 (0)7/)%% (0)
283 ﬂim Z_:O |271) + 2 WZ_:O 2n1 +2ns + 2n3+ 5 — E
— (Hy— By o =PI 0))((Ho — ), (o, )

= \IIQn(xO)
25 |ﬁz_o (27 1 3/2)(|271 + 3/2 — E)

|(Ho — E)3 (-, %0)){(Ho — E) 34 (Zo,-)|

2.5)

1 > P3a(Fo) | g Y01, (045, 0)
|2 | 5 \n|:0 2711 —|— 2712 —|— 2713 —|— % — E

As can be immediately noticed, the series in the denominator of the second term on the right hand side is
convergent for any fixed 9 > 0 and any E' < 3/2 as an easy consequence of an estimate similar to (3.8) in [1] (see
also (2.2) in [9)).

We can also analyze the limits appearing in both denominators in (2.5) by means of a suitable modification
of the method used in [1] (essentially based on the properties of the semigroup of the three-dimensional harmonic
oscillator, as seen in [1,9,20]). In fact, for any E' < 3/2, the limit in the first denominator of (2.5) is given by:

- - 4 N
_E i ‘I’gﬁ(%) Z (Zo) Z ‘1’35( 0) _
G (127 + 3/2)(127] + 3/2 - = A, e \2n\ |27 + 2 a2 127+ 3_F
1 b [omsbist | b
2773/2 / 52 3/2 / (1—€2)3/2 g =
0 0

dé < 00, (2.6)
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The second one, well defined even for any E < 5/2, is instead equal to:
2L

| [ feb [t g oo gho"
273/2 / [ (1 — 52)3/2 d§ / 1 — 52)3/2 d€| < oo. 2.7
0

Hence, for any E < 3/2, the norm limit of the resolvents for £ — +oco (i.e after removing the ultraviolet
cut-off) can be written as:

o : |
=Bt 1 1 (52*52*]3){ Tnge_”g%}
25 + 2572 ) (1- £2)3/2 dg§
+ ‘(HO iE);sl('7t_'0)><(H0 - E)g;(f‘)? )‘ - : (2.8)
1 1 1 g% [e*“’é%g + 67“"‘2’%} 1 fé_E {6713% _eTTIE
wiwn |l e T aer ®

The final part of the proof meant to show that the limiting operator (2.8) is indeed the resolvent of a self-adjoint
operator is omitted, as was also done in the case of its counterpart in [1], since it is exactly along the same lines
of its analogs in the aforementioned papers [5,8,9].

The results obtained so far can thus be summarized in the following theorem.

Theorem 2.1. The Hamiltonian of the three-dimensional isotropic oscillator perturbed by two identical at-
tractive point interactions situated symmetrically with respect to the origin at the points +%y = (%x0,0,0),
xo = |£Zo| > 0, making sense of the merely formal expression

Hu(siwe),201 = Ho — 1(B; w0) [0(F — Zo) + 6(% + 7o)]
with .

i (@o)
w(Bswo) = B |1+28 Z ¥3a(%0)
127] + 3
|7i]=0
is the self-adjoint operator Hyg z,\ whose resolvent is given by the bounded operator (2.8). The latter is the limit
of the resolvents of the Hamiltonians (with the energy cut-off ¢ defined by (2.4)) in the norm topology of bounded
operators on L*(R®) once the energy cut-off is removed, i.e. for { — +oo. Furthermore, Hyp z,) regarded as a
function of B is an analytic family in the sense of Kato.

Before moving forward, it may be worth noticing the close analogy between the denominator of the second
term in (2.5) (and its other representation in (2.8)) and its counterpart in the case of the spherically symmetric
quantum dot with a single point impurity centered at the origin appearing in (2.4) in [1] (see also (2.5) in [9]).
As a result of this analogy, even before getting into the detailed spectral analysis of the operator, we can already
anticipate that, as was pointed out in [1,9] for the spectrum of the Hamiltonian of the isotropic harmonic oscillator
perturbed by a single point impurity, also in the case of the operator introduced in Theorem 2.1 the ground state
energy for a = 0, where o = 1/ (corresponding to the limiting case of point impurities of infinite strength), is
equal to zero for any g > 0 (« is sometimes called, in the literature on point interactions, see e.g. [6], ‘extension
parameter’).

The ground state energy of the operator Hyy /4 7,1, denoted by Ey(a; o), can be determined for any fixed
value of zy > 0 by solving the equation:

a:Ei U34(7o) (2.9)
2 aT=o (|2n|+3/2)(|2n|+3/2— E)’
solving with respect to F, or equivalently
G ] G T
>= 32 / (1—¢2)3/2 dg. (2.9a)
0

The plot of Ey(a;xo = 0.2), shown below in Fig. 1, can be compared with both Fig. 1 in [1], the one of
the ground state energy of the Hamiltonian of the 3D-isotropic harmonic oscillator perturbed by a single point
impurity centered at the origin, and Fig. 3 in the same paper, the corresponding one of the ground state energy



Spectral properties of a symmetric three-dimensional quantum dot 807

of the operator with the symmetrical configuration of point impurities investigated therein obtained for the same
value of the separation distance (r¢o = 0.2). As was to be expected, the anticipated similarity of the ground state
energy of the Hamiltonian introduced in the above theorem with the one considered in the second section of [1]
and in [9] is rather striking: both curves intersect the vertical axis at the origin, in agreement with the spectral
requirement mentioned earlier at the end of the introduction.

The asymptotic approach to Ey = 3/2, as a« = 1/ — +00, is a straightforward consequence of the fact that
the operator converges to the Hamiltonian of the unperturbed harmonic oscillator in the norm resolvent sense.

In the graph shown below (Fig. 2), we also provide the analogous graph for the other value of the distance
between each center and the origin considered in [1], that is to say zg = 0.4.

st/ 0.5

0.5 10 15 2.0 2.5 30 35

F1G. 2. The ground state energy Fy of
the operator Hyy /4 7,3, With 2o = 0.4,
as a function of the extension parame-

F1G. 1. The ground state energy F of
the operator Hyy /4 7,3, With 2o = 0.2,
as a function of the extension parame-
tera =1/ tera=1/p

In Fig. 3, in order to make more evident the role played by the separation distance x(, we provide a visual
comparison between Ey(a;zo = 0.2) and Ep(a;x9 = 1).
Finally, we show the comparison between Eqy(«;zo = 0.2) and Ey(«;xo = 0)) in Fig. 4.

N 1 s L L L . N X
-02 i 02 0.4 0.6 08 10 ; 0.5 1.0 1.5

F1G. 4. Comparison between
Eo(a;z9 = 0.2) (blue curve)
and Fy(«o;x9 = 0) (violet curve)

F1G. 3. Comparison between
Eo(a;zg = 0.2) (blue curve)
and Fy(a;xg = 1) (violet curve)

As can be noticed from the last two graphs, the behavior of the ground state energy Fo(a;xo) as a function
of zy changes remarkably in the vicinity of &« = 0 (E = 0): whilst for positive parameter values, the energy
increases as the distance increases, conforming to the expected pattern in terms of the ‘positional disorder’ (see [1,

20]), the opposite occurs for negative values of «.
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Therefore, it is worth computing the derivative of Fy(a;xo) with respect to xg in order to get a better
understanding of this phenomenon. By means of implicit differentiation, we can write for any E < 3/2:

o 1 —gh) e %T%w%iﬂd
dE 37(){ (1—¢2)3/2 ¢
ak _ 1 1 - e (2.10)
dxg o 1 5— —¢32) [ei T+e*woﬁ}
73! 1 -e)pre “
3/2.

having simplified the factor 1/7
After computing the two partial derivatives (by moving the derivatives inside the integrals, using dominated
convergence) we get:

L (€378 —¢h) [%e—wﬁ% i %e—xéi#]
ap _ "] (1- )3 " @.11)
dro 1 £27F [e_ T L e xg}%ﬁ} In¢ . .
d
! 1o ‘

Given that In¢ < 0 over the interval (0, 1], the denominator is always negative. With regard to the sign of
the numerator, we notice that for o > 0 (resp. « < 0) the energy belongs to the interval (0,3/2) (resp. (—o0,0)),
so that the integral, and therefore the numerator, is positive (resp. negative). Hence, the whole expression on the
right hand side is positive for o > 0 and negative for a < 0.

The lowest antisymmetric eigenvalue of the operator Hyy/q z,), created by the twin point perturbations and
emerging out of the eigenvalue 5/2 (which stays in the spectrum but with its degeneracy lowered to two) will be
denoted by E(a;xg) < 5/2. It can be determined for any fixed value of 2y > 0 by solving the equation:

. 1(5%7}3_5%)6 x01+£_<£2 E ¢} ) —a21Eg
/ d€ (2.12)

3/2 (1—¢£2)3/2
0

o =

with E = F1(a; xp).

The resulting graph of F; («; zg = 0.2) is provided below in Fig. 5.

As can be noticed, the asymptotic approach to the unperturbed antisymmetric energy level E = 5/2, as
the parameter & = 1/8 — oo, is a straightforward consequence of the fact that the operator converges to the
Hamiltonian of the unperturbed harmonic oscillator in the norm resolvent sense.

The lowest excited symmetric eigenvalue of the operator Hyy /4 3}, created by the twin point perturbations
and emerging out of the eigenvalue 7/2 (which stays in the spectrum but with its degeneracy lowered to five) will
be denoted by Eo(a; ) < 7/2 (see [1,9]).

By essentially mimicking again what was done in [1] to determine the equation enabling us to compute the
second symmetric eigenvalue, which was in turn based on the techniques used in [8-10, 15, 16], we get that
Es(a; xg) is the solution of the following equation:

AEe—%o L 55— — 5 *Ié% + e*ﬁ%% _ Qe—mg(l _ 52)3/2}
- d 2.13
3(3—2F)m3/2 71'3/2 / (1—g2)3/2 £ (2.13)

0
with E = FEs(a; x0).

In Fig. 6 shown below, we have plotted the three lowest eigenvalues created by the twin point perturbations,
namely Ey(c;0.2), F1(a;0.2) and E2(«;0.2), as well as the two other eigenvalues £ = 5/2 and E = 7/2
still present in the spectrum but with their degeneracy lowered by one due to the emergence of F7(«;0.2) and
E5(c;0.2). The energy level E' = 3/2 is no longer in the spectrum but has nevertheless been plotted since it is the
lower horizontal asymptote of F5(«;0.2) in addition to being the upper one of the ground state energy Ey(a;0.2).

As is evident from the graph, the striking spectral feature observed in [1] for the Hamiltonian Hy /4 5.}
studied therein, that is to say the existence of a range of values of the extension parameter for which the lowest
excited symmetric eigenstate is more tightly bound than the lowest excited antisymmetric one due to the double
level crossing between F(a;0.2) and Es(«;0.2), is present also in the spectrum of our ‘regularized’ operator
H{1/a,z,)- We avoid producing the analog of Table 1 in [1] since it would be perfectly identical apart from the
numerical values of the points «;,% = 1,2, 3,4. However, it is certainly worth making a comparison between the
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F1G. 6. The ground state energy and
the next two eigenenergies of the
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as functions of the extension parameter
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interval [aw, 3] (the range of values of the parameter over which 25 < 2P, adopting the widely used notation
adopted in atomic physics, as is done in [17]), for o (H{l/a70_2}) investigated in [1] and for o (H{l/a70_2}) being
studied here: whilst in the former case the interval was approximately [—0.126478,0.309201], here the interval has
expanded to become [—0.462637,0.339]. We will come back to this point in the next section of this note.

On the other hand, as was the case for the operator Hyy /4 z,) studied in [1], the increase of the separation
distance between the two centers leads to the ‘disentanglement’ between the two spectral curves in the sense that
the two level crossings disappear and F1(«;0.2) < Es(«;0.2) for any value of the extension parameter « and any
value of zy beyond a certain threshold Xy. In Fig. 7 shown below we provide the reader with the visualization of
the latter spectral phenomenon for xy = 0.45.

Therefore, in complete analogy with what was done in [1], it is entirely possible to determine the solution of
the system:

E1 (Ot, .’EQ) = EQ(O{, wo),

(2.14)

Oa
in order to locate the value of zy and the corresponding coordinates («, E) of the point where we have the tangential
contact between the two spectral curves. The numerical solution of (2.14) is the point with coordinates £ = FE;
(approximately equal to 2.17509732), x¢o = X, (approximately equal to 0.31558276), and o = o (approximately
equal to 0.04957412). The plot of the tangential contact between the two spectral curves for xg = X; is provided
below in Fig. 8.
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F1G. 7. The ground state energy and FiG. 8. The curves of the two
the next two eigenenergies of the eigenenergies Ei(a, X3) and

Hamiltonian Hyy /o 2,3, with 7o =
0.45, as functions of the extension pa-
rameter « = 1/

Es(a, X:) (X: being approximately
equal to 0.31558276) intersecting
each other tangentially at @ = «
(approximately equal to 0.04957412)
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We can also visualize the intersection between the two eigenenergies as three-dimensional surfaces (Fig. 9).

0.23

FIG. 9. The two eigenenergies F1(a;xo) and Fy(«;xg) as three-dimensional surfaces

Before ending this section, we wish to state and prove the theorem showing that the singular double well
Hamiltonian, defined in the previous theorem, differently from the one considered in [1], behaves smoothly as the
distance between the two attractive point interactions shrinks to zero, which fully explains our extensive use of the
term ‘regularization’ throughout this note.

Theorem 2.2. The resolvents of the self-adjoint Hamiltonians

Hip i

converge, as the distance xo — 04 (the magnitude of the vectors giving the location of the centres of the twin
point impurities), in the norm topology of bounded operators on L*(R?) to

|(Ho— E)71(, 0)){(Ho = B)71(0,)]

(Hyp—E)" = (Ho— E)™ '+ , (2.15)

zl: (1272 + 3/2)( 2|2n|—i—3/2 E)

namely the one of the self-adjoint Hamiltonian of the three-dimensional isotropic harmonic with an attractive
point interaction centred at the origin having double strength.

Proof. We start by noting that, because of the local nature of the limit procedure, it is not restrictive at all to
consider only those values of x in a suitable right neighbourhood of zero, i.e. (0, Xy]. Moreover, without any
loss of generality, we may also restrict the proof to 5 > 0.

As shown earlier, for any S > 0, FEo(0;x¢) is an increasing function of xg, which implies that Ey(3;0) <
Ey(B; o). Furthermore, given that for both operators Eg(+00;0) = 0 and Ep(o0;xg) = 0, any negative E will
belong to the resolvent set of both operators.

Therefore, by referring to (2.5), what is to be shown here for all £ < 0 is simply:

|(Hag — B)™! = (Hypz,y — B) 7|, < [[(Hap — B) ™ = (Hyp g — B) ||, =
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|(H0— E)~(-,0))((Ho — E)~1(0, )] B |(H0—E)Zl( )><(H0—E) Y(@o, )|
= v35(0) — 57 (%0)
Z (127 + 3/2)(|271] + 3/2 — E) Z (|27 |+3/2 \n|+3/2— E)

!(Ho E)d (-, %0))((Ho — E) 3 (T, )|

2n 1‘0 1/1(170)§n1 +1¢%n2 (O)wgna (O)

28)7" + i
( ﬁ) +£Jiﬂm Z |2n|—|—3/2 7%_:0 2n1+2n2+2n3+5/2—E

2]

—0, (2.16)

P

as xg — 04, for any Schatten norm of index p > 3 (the fact that the resolvent of Hy belongs to any Schatten ideal
with index p > 3 is shown in [9]). Since both direct summands inside the norm are operators of finite rank, the
left hand side of (2.16) is bounded from above by:

‘(HO* E)=(-,0))((Ho — E)~1(0, )] B ‘(HO*E)il(' 70)){((Ho — E); ' (%0, )|
= 3;(0) 35 (7o)
Z (2 +3/2)(127] + 32— F) EZ (27 = 3/2) (127 + 32— E)

’(Ho — )2 (-, %0)){(Ho — E) 34(Zo, )|

U(F) o~ Y(@0)dn, 1%, (08, (0)

28)7" + i
(ﬁ) +Zﬁlinoo |ZO |2n|+3/2 ; 2n1+2n2+2n3+5/2—
n 1

(2.17)

Let us deal with the limit of the first summand. Of course, if we can prove that the second term inside the
norm converges to the first one in 7 (L*(R®)) (the norm on the trace class operators acting on L?(IR?)), then the
norm of their difference will necessarily converge to zero.

As can be guessed, the proof is bound to be rather similar to the one of Theorem 2.2(b) in [10] for the
one-dimensional analog of the model since the behavior of the following series will play a crucial role:

1y T 2(%o)
((Ho); M (&o, ), (Ho — E);(-,40)) = |ﬁz—0 o 3/2)32%' ey (2.18)
|(Ho — B); (&, )5 = Z (|2ﬁ|i2’§§§°1 Ty = (o= B) (00, 70). (2.19)

|7i]=0

As a consequence of the estimate (3.8) in [1], it is evident that, in order to take advantage of the dominated
convergence theorem, it will not be possible to use the square of the uniform norm [[4a, ||, as was done in the
one-dimensional case, since the latter decays only like 1/ (2n)1/ 6 (see [21,22]), a decay not sufficiently rapid to
ensure the convergence of

e} 2
3 [[¥2n |5
2/3"
o (2n+1/2)
However, given that the limit procedure involves only those z(’s in (0, X] for some suitable Xy > 0, we
need not use the global maximum of 9, in our quest for a dominating ¢;-sequence but rather the one over such a

right vicinity of zero. Then, we can take advantage of the estimates (21) in [23] in order to state that, by choosing
any Xo < v/3 — 1, we are guaranteed that there exists a constant C' such that:

E B E < 00, (2.20)
= (2n+1/2)%/3 “— (2n)1/2 2n+1/2)2/3
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which ensures, together with the fact that

93,00
3 (0)

0 <
2n + 1/2)2/3 =%

n=0
the possibility of exploiting the dominated convergence for the three-dimensional series (2.18) and (2.19). Having
established this technical subtlety, the remainder of the proof can mimic the aforementioned one for the one-
dimensional analog almost word by word. As to the second summand of (2.17), since
=g (@R, (002, (0)

H _E (;sl f ye 2 =
H( 0 ) ( 0 )H2 ﬁlz_o (2n1+2n2+2n3+g_E)2

= (Ho — E),2(Z0, %), 2.21)

it is clear that a dominating ¢;-sequence can be found also in this case such that:
|(Ho — E),} (-, %0))((Ho — E) . (o, )| = 04
in 7} (L?(R®)) as w9 — 0, . The latter convergence to zero is further enhanced by the divergence of the denominator

since, as ¢y — 04, we have:

21+¢€ 1+¢€

! é-% [eimg% + eimé 1*§:| L gé_E {eixgﬁ — eix%q} 1 6%
/ d§—/ d§—>2/(d§=+oo,
0 0 0

(1—g2)3/2 (1—€2)3/2 1—£2)3/2
differently from its one-dimensional counterpart which stays finite. This concludes the proof of the theorem.

3. Manifestation of the Zeldovich effect (level rearrangement)

Although we might return to the issue in a separate paper in the near future, we cannot help anticipating here
that it is possible to reinterpret the results of the spectral analysis carried out in this note from a slightly different
point of view in order to discuss the manifestation of the Zeldovich effect (see [18]) in the case of the three lowest
eigenvalues of the self-adjoint operator being analyzed in this note taking account of the results outlined in [17,19].

By citing [17], ‘in 1959, Zeldovich discovered an interesting phenomenon while considering an excited electron
in a semiconductor. The model describing the electron-hole system consists of a Coulomb attraction modified at
short-distance. A similar model is encountered in the physics of exotic atoms: if an electron is substituted by a
negatively charged hadron, this hadron feels both the Coulomb field and the strong interaction of the nucleus’.
Moreover, Zeldovich and later Shapiro and his collaborators look at how the atomic spectrum evolves when
the strength of the short-range interaction is increased, so that it becomes more and more attractive. The first
surprise, when this problem is encountered, is that the atomic spectrum is almost unchanged even though the
nuclear potential at short distance is much larger than the Coulomb one. When the strength of the short-range
interaction reaches a critical value, the ground state of the system leaves suddenly the domain of typical atomic
energies, to become a nuclear state, with large negative energy. The second surprise is that, simultaneously, the
first radial excitation leaves the range of values very close to the pure Coulomb 2S energy and drops towards (but
slightly above) the 1S energy. In other words, the “hole” left by the 1S atomic level becoming a nuclear state is
immediately filled by the rapid fall of the 2S. Similarly, the 3S state replaces the 2S, etc. This is why the process
is named level rearrangement’.

In their paper, the authors extend their analysis from exotic atoms to quantum dots which are mathematically
modelled by Hamiltonians with the harmonic confinement perturbed by an attractive interaction whose action is
strong only in the short range.

Although only attractive perturbations of the 3D-isotropic harmonic oscillator represented by square wells are
considered, the authors of [17] observe, in addition to the aforementioned level rearrangement (Zeldovich effect),
the same remarkable spectral phenomenon noticed by us in this note and its predecessor [1] dealing with point
perturbations, namely the double level crossing because of which the level ordering becomes 15 < 25 < 2P over
a certain range of values of the appropriate parameter, the coupling constant (resp. the extension parameter) in the
case of [17] (resp. our model with point interactions).

Therefore, in order to investigate the manifestation of the Zeldovich effect in our model, it makes sense to plot
the curves representing the energy levels as functions of the parameter 5 instead of «, the extension parameter. By
citing [1], we wish to remind the reader that the latter ‘is physically characterized by being proportional to the
inverse scattering length’.

We first plot the equivalent of Fig. 2 in [1], that is to say the graph of the ground state energy and the
eigenenergy pertaining to the next symmetric bound state (2.5) created by the point perturbation of the Hamiltonian
Hg, the one of the 3D-isotropic harmonic oscillator perturbed by a single attractive point perturbation centred
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at the origin, as functions of the parameter 5. Of course, if § = 0, we have the unperturbed Hamiltonian H
of the 3D-isotropic harmonic oscillator. We have also plotted the horizontal lines £ = 3/2, no longer in the
spectrum except for 5 = 0, and E = 5/2, the eigenenergy of the 2P state, clearly not affected by the central point
perturbation.

Furthermore, we draw the reader’s attention to the two horizontal asymptotes appearing in the plot, the lower
one for the ground state (15) energy obviously situated at £ = 0, and the upper one for the energy of the next
symmetric bound state (25) located approximately at 2.307876 (Fig. 10(a)).

By comparing the above graph to Fig. 2 in [1], in which the energy is plotted against the extension parameter «,
we cannot refrain from pointing out the analysis carried out in [19] to the interested reader. Although the spectral
analysis therein pertains to three Hamiltonians with potentials whose range is short but different from zero (the
finite square well, the modified Poshl-Teller potential and an exponential one), the ideas put forward in that article
are relevant also in the case of point perturbations of the isotropic harmonic oscillator in three dimensions.

First of all, as is stressed in that note, from the point of view of the experimental observation of this
intriguing physical phenomenon ‘currently available experimental techniques in cold-atoms research offer an
exciting opportunity for a direct observation of the Zeldovich effect without the difficulties imposed by conventional
condensed matter and nuclear physics studies’.

It is important to remind the reader that the typical graphs used to describe the level rearrangement phenomenon
are drawn assuming the presence of the negative sign multiplying the coupling constant in the interaction term
of the Hamiltonian so that the interaction becomes increasingly attractive as the coupling goes from negative to
positive infinity, which might look a bit unusual since it is exactly the opposite of the standard plots based on the
presence of the positive sign in front of the coupling constant in the interaction term of the Hamiltonian.

By looking at the above graph, it is crucial to realize that, differently from the plots in [17,19] and because
of our renormalization, the manifestation of the Zeldovich effect occurs in the vicinity of 8 = 0 whilst the left
boundary of the graph is instead 8 = —oc.

As stated at the beginning of this section, here, it is not our intention to dwell on an extensive discussion
of the level rearrangement phenomenon based on the ideas proposed in [19]. We simply wish to stress that we
certainly agree with the authors that the Zeldovich effect implied by the plots of the energy versus either « or 3
can be better understood by adopting the cylindrical mapping based on the Cartesian product R x S;, with the
energy E drawn along the real line (the symmetry axis of the cylinder) and either parameter along the unit circle
identifying +o00, which naturally leads them to the introduction of the denomination ‘Zeldovich spiral’.

In order to show the ‘flow’ of the spectrum along the Zeldovich spiral, we plot again the above graph with the
arrows showing that in the E' vs. (8 plot the spectral flow goes from top to bottom vertically and counter clockwise
along 57 (Fig. 10(b)).
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F1G. 10. The ground state energy and the next eigenenergy of the Hamiltonian Hg as functions
of the strength parameter

The analogous graph of Hyg 7,3, with zg = 0.2, shows, in addition to similar features, the presence of the
curve pertaining to the 2P eigenenergy with its horizontal asymptote located slightly below the energy level 5/2
at approximately 2.450008. The horizontal asymptote of the curve of the 25 eigenenergy is situated instead at
approximately 2.058391.

Furthermore, as pointed out in the comments on the F vs. « plot, there is a range of values of the parameter
over which the 25 eigenenergy falls below the 2P eigenenergy, namely (—oo, 82) (with 82 = 1/«s approximately
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equal to —2.161522) along the negative semiaxis and (33, +00) (with 53 = 1/«3 approximately equal to 2.949853)
along the positive one.

Hence, we can infer that, as we rotate counter clockwise along the Zeldovich spiral from the angle correspond-
ing to 33 to the one corresponding to 32, the 25 state is more tightly bound than the 2P one (Fig. 11).
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FI1G. 11. The ground state energy and the next two eigenenergies of the Hamiltonian Hyg z ),
with zg = 0.2, as functions of the parameter

4. Final remarks

The main goal of this note has been to show that, by renormalizing the coupling constant in a way that is
dependent on z (the distance between each point interaction center and the origin), the self-adjoint Hamiltonian
modeling an isotropic three-dimensional harmonic oscillator perturbed by two twin attractive point interactions
symmetrically situated around the origin can be rigorously defined in such a way to avoid the problem encountered
in our previous paper [1]: the self-adjoint Hamiltonian investigated therein did not converge to the one with a
single point interaction located at the origin having double strength.

By citing [1], it is important to recall that ‘as is well known to Quantum Chemistry students, three-dimensional
interactions with a nonzero range do not manifest this singular behavior in the limit of the distance R between
the two centers shrinking to zero, as the classical textbook example of Hj smoothly approaching He™ in the
limit R — 04 clearly shows’ (see [2-4]). Hence, the regularization being proposed here should make such singular
double wells more similar to conventional double wells generated by rapidly decaying potentials.

We remind the reader that this singular behavior seems to be a general feature of models with double singular
wells represented by point interactions requiring the renormalization of the coupling constant, as has also recently
been noticed in the case of the one-dimensional Salpeter Hamiltonian studied in [5].

Furthermore, we have carried our spectral analysis not only in terms of «, the extension parameter physically
related to the inverse scattering length, but also in terms of 3, the strength parameter directly involved in the
renormalization procedure. Our main motivation for this further analysis has been the fact that, following [17], the
latter parameter is the conventional one used to study the manifestation of the Zeldovich effect, known also as level
rearrangement. We have been able to show that the phenomenon, studied by the authors when the perturbation
of the three-dimensional isotropic harmonic oscillator is represented by a potential whose range is physically very
short but different from zero, does manifest itself also in the case of point perturbations.

We wish to stress that a remarkable advantage resulting from our renormalization procedure, uniquely as-
sociated to the fundamental spectral condition Eg(a = 0,z9) = 0 = Eo(8 = +00,x0), is that the Zeldovich
spiral, introduced by Farrell et al. in [19] by adopting the cylindrical mapping based on the Cartesian product
R x S, with F along the real line (the symmetry axis of the cylinder) and the parameter o along the unit circle
identifying +o00, can be visualized directly in a plot of the energy vs. § as well.
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1. An example: resonance concepts of the low-threshold field emission

In numerous recent experiments, see for instance [1-7] extremely low-threshold field emission from metallic
cathodes under carbon deposit was observed for electric fields (10* — 105V /em). This is a surprisingly strong
effect, because the field initiating a noticeable emission (1071° — 1079 A) from these materials is by 2-3 orders
of magnitude less than the field required for the field-emission from the traditional metals and semiconductors.
Despite an obviously unusual nature of the effect, numerous authors, see for instance [5,6] attempted to explain
the low-threshold phenomenon trivially with use of the classical Fowler-Nordheim techniques, based on enhancing
of the field at the micro-protrusions. They assume that the local field F; near the emitting center is calculated as
Fy = vFy, where ~y is the field enhancement coefficient, defined by the micro-geometry, and Fj is the field of
the equivalent flat capacitor. This completely classical explanation of the low-threshold emission phenomenon is
not universal, and certainly non-valid for deposit, considered in our recent papers [3,7] because the surface of the
carbon flakes, obtained by the detonation synthesis, are perfectly smooth, see the flakes (see Fig. 1) under maximal
magnifications.

with rare and relatively small protrusions. These protrusions are able to lower the threshold 5-fold, while
10? times lowering is observed in our experiments. We suggested in in [3,7] an alternative explanation of the
threshold lowering (field enhancement) based on the dimensional (size-) quantization in the under-surface space-
charge region. The classical Fowler-Nordheim techniques for calculating the transmission coefficient 7" for simple

rectangular potential barrier, see [8], gives an exponentially small value 7' ~ e~9% with ¢ = \/v — 2mEh ™2 for the
under-barrier tunneling with v >> 2mEh ™2 and the width of the barrier equal to a. The resonance modification
of the classical Fowler-Nordheim algorithm for calculating the transmission coefficient across a rectangular barrier,
in presence of the energy levels of the size-quantization, meets some technical complications which can be
avoided while substituting the rectangular barrier with delta-barrier supplied with an inner structure, attached to the
barrier by Datta and Das-Sarma boundary condition, see [9, 10] for discussion of this phenomenological boundary
condition and the derivation of it from the first principles in [11]. The program of resonance interpretation of the
low-threshold field emission, based on zero-range model barrier with an inner structure, is developed in [7]. Where
the zero-dimensional metal-carbon interface is substituted by the 140 solvable model for electron transmission
from the metallic cathode to vacuum through the 0D barrier, supplied with an inner structure, emulation of
the discrete levels of the size quantization is interpreted as the Tamm surface state. Based on this model, we
developed a resonance version of the classical Fowler-Nordheim machinery, considering the complex Tamm levels
as resonances which serve as bridges helping electrons with Fermi energy to exit from the metallic cathode into
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F1G. 1. Images of carbon Nano-clusters obtained via scanning electron microscope

vacuum across the carbon deposit. The role of the field enhancing factor in [7] was played by the small effective
mass of electron in the carbon structure. Indeed, the field is measured by the steepness of the potential slope.
But the effective steepness is calculated with respect to the De-Broghlie wavelength which is m/m. times bigger
than the conventional De-Broghlie wavelength at the same energy. The corresponding formula for the transmission
coefficient was derived for the general 1D model of the space-charge region, with complex discrete spectrum of
Tamm surface levels. The presence of these resonance details in the barrier may result in much larger value of
the transmission coefficient values 7" for electrons with certain energy. In [7] we substitute the inner structure by a
finite matrix, which is fit based on experimental data on size quantization, emulating the barrier barrier with inner
structure by equivalent T-junction with the generalized Datta and Das Sarma boundary conditions, see [9-11]. The
1D model of the contact zone of the emitter in the form of a T-junction consisting of the cathode (1) —oco < z < 0,
the vacuum (2) 0 < = < oo, and the deposit (3) attached at the origin. The components ugs, s = 1,2,3 of the
wave-function of the electron satisfy on the intervals (—oo,0), (0, 00) the Schrodinger equations with appropriate
potentials, see [7]:

up(xr) = e T 4 ReP1® —oo <1 <0

u(z) = { ug(x) = Te~ P2, a <z <oo. O

In [7], we model the component u? of the wave-function on the barrier by the finite vector and, correspondingly,
substitute the barrier by a zero-range model with an inner structure, see [12,13], defined by the finite Hermitian
matrix A. Interaction between components wuq,us,us is defined via imposing boundary conditions onto the
boundary data u;(0.u}(0)) and uz(0.u5(0)) and abstract boundary data & s of the inner structure, with regard of
vanishing of the sum of corresponding boundary forms with u = u3 3

, V=0
n? [dul_l_uldvl} n? [du2_2_u2dvl}

oy |dz U Y T +

x=+40

2m1 0 2m1

r=—

+§g§_: - Esugg = Jl(ula Ul) + JQ(’LLQ, ’02) + Jg(uv U)'
see Appendix 1 and [12]. In particular, the sum vanishes while Datta-Das Sarma boundary conditions are imposed
at the contact z = 0 between the deposit and vacuum ( on the barrier). Those boundary conditions are defined,
similarly to Datta-Das Sarma, [9], by the vector parameter 8 = (51, B2, 53) as:

1 2 u 2 2

U U & he o, - ht o, - _

== At s —ubf+ €L =0 @)

B B B 2my 2my * ’
The quantum-mechanical meaning of the similar parameter j in the case of the T-junction is revealed in [11]. It
is defined by the spectral properties of the inner structure and the corresponding eigenfunction, [11]. Assuming
that the wave-function of the electron in the carbon layer and in vacuum is a scattered wave, we represent the
components of it in the deposit and in vacuum as u! = 1% 4 =121 Ry ()), u? = Te~ 222, Substituting this
scattering Ansatz into the above boundary conditions, we obtain an expression for the transmission coefficient T’
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from the deposit into vacuum T'(\) =:
152 m1—1/2
—1°
B3l =1/2 + | B3{ma =12 + i|Bs|? [ MV2E]

3)

In the non-resonance situation, M = Const, the Datta-Das Sarma parameter (1,1, eda/ 2) defines the exponential
small transmission rate 7"~ e~ %9, Then, in the resonance situation, M = M (A) the transmission is exponentially
small on the complement of the set of poles of M, but is essentially greater at the poles A, M(),) = oo, where
M~ = 0. In particular, for m; << msy we have at the poles, that

_ Bipymy B
B2 -2 + |BaPra-12 By

—2av

T

which can be essentially greater than exponential estimate T ~ e . Then, in the resonance situation, M =
M()) based on 33 ~ ¢’? we see the peak of the transmission coefficient at the eigenvalues of the matrix A which
play a role of the levels of the size quantization on the barrier (with special boundary conditions on the contact of
the barrier with the inner part of the deposit and the vacuum. This condition is compatible with unitarity of the
full scattering matrix on the interface deposit-vacuum, if the weights mfl, My 1 are taken into account.

In our case, we have:

2o / Bi B mi " [f(E) — f(E +eV)] BdE

n2 S 18P 4 |Baf2my M | Bo 2 [V EM] Y

where M = M(E), is the Weyl-Titchmarsh function of the inner structure, see Appendix 1. just the value of 7" at
the Fermi level, with a trivial coefficient.

But in fact, the estimation of the emission current requires taking into account the density of states \g—zrl
which requires continuity of the spectrum of surface states, while the 1D model of surface state provides only
discrete resonances.

One more competing viewpoint on field emission presented , in particular, in [14] is essentially quantum,
but not trivially spectral as one in [3,7]. In [14], the field emission from negative electron affinity sites on the
atmosphere-GaAs interface is accompanied by optically stimulated process of oxygen adsorption. The correspond-
ing optically induced pinning of the Fermi level leads to quenching and subsequent regeneration of the emission,
which is connected in [14] with the presence of antisite defects in GaAs, formed due to the reconstruction of
gallium dangling bonds on the GaAs - atmosphere interface. A possibility of the optical manipulation (monochro-
matic irradiation) the charges of the metastable antisite defects formed by the Ga dangling bonds is an extremely
interesting aspect of the electron emission from GaAs, including enhancing the emission current due to monochro-
matic irradiation of the cathode under fixed exterior field. One may guess that the resonance optical excitation
may generate beats of the oscillation modes which may help electrons energy to overcome the limits laid by the
work function for given exterior field.

In fact, the emission current depends on the density of states — the inverse derivative of the energy
with respect to the quasi-momentum, which does not arise in the 1D model. Fortunately, the spectrum of the
size quantization in the quasi-2D periodic space charge layer is not discrete, but continuous, and consists of
a sequence of spectral bands ‘;—)‘ ~ 0 with a nontrivial dispersion. Attempting to explain the low threshold
phenomenon, we have to develop the spectral approach for 2D periodic lattices , with regard of calculation the
dispersion A(pl = A(p1,p2)) on the spectral bands responsible for the transmission electrons from the space-
charge region 3 to vacuum 2, involving, together with the orthogonal to the interface (2,3) component p* of
the momentum, the tangential component pll. Planning to develop the scattering machinery for calculation of
the corresponding transmission coefficient, we call the ultimate modification of the Fowler-Nordheim technique,
involving the continuous spectrum with 2D quasi- momentum pll (1 + 2), contrary to the original Fowler-Nordheim
scattering approach (1 + 0) based on scalar Schrodinger equation with 0D interface. We speculate that the continuity
of spectrum arises due to the contribution of the electron flow in the carbon layer to the ultimate current. While
the structure and period of the crystalline lattice in metal M may differ from the period and (hexagonal) structure
of the carbon (graphene) G- layer, the problem becomes too difficult mathematically. But fortunately in our
case, the metal can be considered as a bath filled with electrons, with some of natural orbitals disrupted on the
metal/carbon interface. It is known, that the disrupted orbitals — the dangling bonds, see for instance [14], are
restructured, transforming the interface into a quasi-2D lattice parallel to the GM interface, with a period defined
by the graphene (G)-lattice , see (see Fig. 2). The calculation of resulting band-gap structure for the interacting

Fa
dp
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F1G. 2. Due to exterior electric field, the space-charge layer (SC) on the interface of the carbon
and metal is restructured into periodic quasi-2D lattice with a rectangular period, as shown. The
horizontal periodicity of the structure is not affected by the exterior electric field, normal to the
interface, but the total band-gap structure is perturbed due to interaction of two periodic lattices,
with equal periods, on the interface: one in metal M, another in carbon, G , resulting in the
arisal of flat thin spectral bands of the size quantization

quasi-2D M and G lattices requires special analytical techniques using the Dirichlet-to-Neumann map, which is
presented in section 3 below.

2. Interpretation of recent experimental findings for saturation of the field emission

Contrary to the basic (2 + 1) model of the cathode, see Fig. 2. DN formalism, see below, section 4, allows
us to calculate the dispersion function of the spectral band of the size quantization in terms of the structure of the
space-charge region and the electric field applied.

But in fact the estimation of the emission current requires taking into account the density of states |%|’1,
which can’t be introduced properly in the 1D model. Fortunately, the spectrum of the size quantization in the quasi
2D periodic space charge layer is continuous, and consists of a sequence of flat spectral bands, with nontrivial
dispersion A = A(p). The ultimate version of explanation of the low threshold phenomenon, we suggest in this
paper, takes into account both size quantization of electrons in the space-charge layer cv due to perturbation of
the periodic structure in the space-charge layer in 1D vertical direction p* and the continuity of the corresponding
spectrum due to periodicity of the quasi 2D structure in horizontal direction p!l = (pi,ps). We call the ultimate
modification the “2+1” model of the cathode, see Fig. 1.

DN formalism, see below, section 4, allows calculation of the dispersion function of the spectral band of the
size quantization in terms of the structure of the space-charge period and electric field applied. We are able to
calculate the the gradient of the dispersion function dE = |V,E(p)|dp, with E = p?/2m. Then, for the 2-D
system, the density of states in the 2-D is calculated as an integral on the surface S of the cathode [15]:

1 ds 1 »p m

P(E) = Gamye VoEl ~ 27h? 92~ 2n 2 @

Recent experiments done by our group confirm the continuity of spectrum 2D-size quantization and allow us
to estimate the effective mass m* and the de Broglie wavelength in space-charge region depending on electron’s

1 T
concentration ne, = — [ J(t)dt, where j = I/S, I = 80 A is the current and S ~ 0.75 cm? — the area of the
do

cathode, 7 ~ 2 x 10~ s. Monitoring of the current density allows us to estimate the experimental density of
charges Q = 2.4 x 10~7 Coul/cm?, which corresponds to density of electrons n =~ 1.3 x 10'? cm~2.
On another hand, from the size-quantization theory [15] the 2D density of electrons is estimated as:

m*kT Ey— EFr
D= 2 n( texp ) )
Here, m* is the effective electron mass, Fy—the size-quantization level, Fr—the Fermi level. In our case
m* kT
Ey =~ EF, Nexp = N2D = W In2 (6)
The de Broglie electron wavelength [15] in graphene flakes is:
21h
N e )

V2m* (kT
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Based on the preceding Equations (6) and (7), we estimate the electron effective mass and the de Broglie
electron

. (27h)?
" T kD) ®

At room temperature, we have A =~ 18 nm, m* < 1072 my.

The potential on the space-charge region of the cathode, covered with carbon flakes is defined by the electric
double layers formed by the electric field applied on the metal-carbon and carbon-vacuum interface and oriented
by the outer normal looking toward vacuum. The horizontal periodicity of the cover is not affected by the field, but
the vertical periodicity is perturbed by the potential well defined by the electric field, see Fig. 2. We assume that
the depth of penetration of the field into the carbon layer defines the width of the potential well and the steepness
of its wall. The hexagonal lattice can be represented as a periodic lattice with rectangular periods, 4 carbon atoms
in each minimal period.

3. Resonance scattering on a low-dimensional superlattice and field emission from the metal-carbon
interface

The above criticism of the resonance 0+1 scenario of the low-threshold field emission may be resolved based
on a combination of Bagraev’s findings in [14] on the periodic reconstruction of dangling bonds and recent results
of our experimentalists [16], revealing the role of the continuous spectrum of the size quantization. Hereafter,
we construct a solvable (2 + 1) model of a periodic 2D lattice on an interface of the Luttinger bath in metal
and vacuum and calculate the scattering amplitude depending on resonance properties of the lattice period. The
model can be used not only for analysis of the low-threshold emission, but also for studying the properties and
dynamics stability of electric contact as a detail of a nano-device, or, generally, a quantum network. While simplest
zero-range models of 2D lattices in 3D have been thoroughly investigated neglecting the “inner structure” see [17],
the use of similar models with inner structure allows to interpret various instabilities of the contacts based on
resonance properties of the of the inner structure.

Consider a flat 2D periodic lattice situated on the plane z = 0. Periods Q7 = {ap < 2' <ap +a} x
{alz <z? <ap+ a} in model problem [17] contain a singular points in the corners. The lattice of singular

points is invariant with respect to the shifts by al. According to [17], the Laplacian restricted onto the domain
Dy of smooth functions vanishing near singular points {af} can be extended to Laplacian with singular zero-range
potential defined by a boundary condition at the singular points imposed onto elements from the union of the domain
Dy of the restricted operator Ay and deficiency elements selected as Green functions G(z,a;, Ag), SAg # 0 of
the Laplacian. Disregarding the inner structure, one can find the scattered waves and the waveguide eigenfunction
based on the Ansatzes:

U (2,1, \) = ePPo) 4 Z G(z,ap, /\)A?, )

ap
W (z,v,\) = Z G(z,ap, )\)AIKV. (10)

ar
The above ansatzes possess the asymptotics at the singular points:

AS
A N =u’=—"—— 4 B +0(1). 11
() =0 = L+ BY o) (1

AW
AL N =u" = —L— 4+ BY +0(1). 12
(z,v,\) =u 47T|.T—af|+ 7 to(l) (12)

They define the boundary forms on the domain D{ of the adjoint operator —A{:

J(u,v) = (=Afu,v) + (u, Afv) = Z [(B{u), A{v)) — (A{u), B{v))], (13)
r
which vanish under “local” boundary condition, see [17] (with &« = —47G):
Bf+ gA;: 0. (14)

with an Hermitian (real) parameter G . The eigenfunctions (9, 10) are found in [17] from equations obtained via
substitution of the coefficients A}g = f(v, \)ePai), A}’V = ¢997) | The quasi-momentum ¢()\) for flat square
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lattice ay, see [17]:

'L\/>La o
Q+—“f Ml it
47r|La\

= 0. (15)

Similarly, the scattering amplitude is found from the Ansatz (9 substituted to the above boundary condition:

\I/S(xv v,A) = e'Pir) + (v, A) Z Gz, ar )\)eiﬁ(u,aﬁ

which implies an equation for the amplitude f:

-1

f:_ g—|——+ZGxa* z\ﬁl/aL) (16)

In [17], the ultimate formulae are simplified, for flat rectangular lattices, based on the Poisson identity 3 ., el =
2w ), c, 0(1T + 2mn) and explicit calculations of the lattice sums are involved. Notice that the resonance features

of the amplitude at the waveguide spectral bands arise when v/A(v, aE> = (g, aE). For the square flat lattices with
no inner structure, the resonance properties and effective masses on the waveguide spectral band are defined only
by the geometry of the lattice, see [17] .

In this paper, we consider flat periodic square lattice situated on the plane z = 0, with inner structure. The
presence of the inner structure defines the resonance properties of the lattice and may help to interpret instabilities
of the scattering amplitude depending of properties of atoms filling the period. Consider countable set of equivalent
finite-dimensional spaces Kj = K and a virtual lattice © ) 7 A of equivalent operators Ay = A. We use the
virtual lattice, based on operator extension procedure, to emulate the inner structure of the set of periods ;.
Selecting non-overlapping deficiency subspaces %Ni = N_;, we introduce in the defect N = N; + N_; a
basis {W/, W} , see Appendix 1, and calculate the boundary form of the (formal) adjoint operator A in terms
of the decomposition coefficients u,v € D(AZ):

T T T T A —_r I =T
u=uo+XT:WC £ 4+ Wrer :“O+ZT:A—¢I:C_ e
with =/, € N;, ug € D(Ap) and the boundary form for u = up+ A w1 =vo+ A o
Eer 2% i, Uo 0 ry U0 e A—I 0t AT e
I =v.
A—il ™
T4 (u,0) = (AFu,0) — (u, A v) = (Y, EY) — (E¥(u), E2). (17)
I
The components of the solution u = ug + 1 IEg T EY of the homogeneous equation AO u—Au=0
IT+)A
are connected by the Weyl-Titchmarsh function M = P, ﬁPNﬁ
I+2XA
Py, ——Pn, EV +EY =0. 18
Ni N e+ 0 (18)

Self-adjoint extensions of the restricted operator Ay are parametrized by Hermitian matrices G : N; — N;, which
define the domain of the corresponding extensions as restriction of D(ASF) onto the Lagrangian plane:

A I
LB = {uo + [A — UE? By E;‘)} } , where Z (u) + BE.(u) =0, (19)

see Appendix 1 and more details in [12]. The spectrum of the extension is defined from the dispersion equation:
M~ B]=" — 0. (20)

Attaching the quantum dots A; to the periods € of the lattice { af} we supply the lattice in Lo(R3) with an inner
structure so that we could consider the corresponding resonance scattering problem in Lo(R3) @ > K, with
regard of the waveguide branch of spectrum, associated with the inner structure.

vecL
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4. Local spectral analysis of multidimensional periodic lattices: dispersion via DN-map

The Bloch function and dispersion of the one-dimensional periodic Schrodinger operator is found based on
transfer matrix constructed of standard solutions of the Cauchy problem on the period.
X" +ql@)x =X q@+a)=q(), x(@+a)=px),
p=e? A= \p).
x=0+my, 60)=1, 6(0)=0, ¢0)=0, ¢ (0)=1.
—0"+ g0 =N, —¢" +qp=Ap. (21)
The spectral bands o, are defined by the condition —1 < £7(A) < 1 imposed on the trace TrT(\) =
0(a) 4+ ¢'(a) of the transfer matrix:

_ [ @) ¢la) . x(0) ) _ [ x(a) ) _ x(0)
T‘(@@ w@>' T(wm)‘(xw)‘“(xw)‘

The dispersion A = \(p) and the positions of the spectral bands o : |u| = 1 are defined -2 < p+pu~ ' =Tr T < 2,
see Fig. 3.

TT

0
9 \/% A
-1

F1G. 3. The spectral bands o of the 1D periodic problem are found from the condition —1 <
Tr 7/2<1.

One can also obtain Bloch solutions from analysis of a boundary problem, by considering, instead of the
standard solutions 6, ¢ of the Cauchy problem, another pair of solutions g, ¥, of the same Schrodinger equation
—" 4+ qip = M), with the boundary data ¢y(0) = 1,v0(a) = 0 and, respectively ¥,(0) = 0,%,(a) = 1. These
solutions g, ¥, of the Schrédinger equation are linearly independent if A is not an eigenvalue of the corresponding
Dirichlet problem on the period (see Fig. 4):

W (%0, %a)| = —tha’ (0) = W (to,%a)| =o' (a) = W (o, tha)

0 a a
Then the Bloch solution can be found as a linear combination of g, ¢, in the form:
X(@) = x(0)o(x) + x(a)vha(@) = x(0) [to(x) + P*u ()] (22)

which implies: 4 4 4
X' (@) = x(0) [¢5(a) + P4y (a)] = e x(0) [¢5(0) + P4, (0)] .
The quasi-momentum exponential e??® = ;. is found from the quadratic equation:
[1ho(a) + g (a)] = e [106(0) + uep, (0)]

which can be re-written as:

PO RTAC T
¥(0) ¥(0)
Here, the coefficient in front of —p is equal again to the trace Tr 7 of the transfer-matrix:
In the multidimensional case the roles of the basic solutions vg,, of the boundary problems for the
Schrédinger equation on the square 2D period are played by solutions associated with the boundary data forming
an orthogonal basis {¢f} € Ly(T") on the boundary of the period  : 0 =T

=0. (23)

—Aws‘H]?/Js :)\%7 ws :7/}57 <w£7w{>L2(F) :6st~
T
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% Yo

5@ T )

FI1G. 4. Standard solutions ¢y (1) of the 1D boundary problem. Standard solutions ¥o: of the
2D boundary problem on the square.

Due to the uniqueness theorem for these elliptic equations the solutions {¢;} are linearly independent, and their
linear combinations approximate a solution of any boundary problem with the boundary data ur decomposed on
the boundary basis.

Ou

DN tupr — —| .

on |

Then, the Green’s formula allows us to transform the matrix element into the bilinear form of the Schrédinger
operator:

24

(ug, DNuy,) = / [V, Vg, + qg ty, — A U] dS2. (25)
Q
Beginning from the solution of a sequence of Neumann problems for a smooth orthogonal basis {ps} in Lo(T):
— A vs + qus = g, % = Ps;
on |
we obtain the following expression for the matrix elements of the Neumann-to-Dirichlet map:
0
ND: 2 Ly ,
on | r
<NDpla pm> = / [V’UZV’Um + qU v — A 'Um} as. (26)
Q
gU 2
e | T
0 | [y =
—d
(e L3 | >0
0 3" g

./Jl'

F1G. 5. Two-storied period of the periodic quasi-2D sandwich lattice

Consider the quasi-2D periodic lattice with a cubic period and the Schrodinger operator:
Lu=—-Au+q(x)u, 27

on the lattice, with periodic potential g(z',2?) = q(a! + ma,2® + na), m,n = +£1,£2,..., zero boundary
conditions on the lower and the upper lids T'3 : 2% = 0, I'} : 23 = h of the lattice (see Fig. 5).
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In this way, the whole spectral problem on the lattice is reduced to the spectral problem on the period, with
the same boundary conditions on the lids I'j ,, and the quasi-periodic conditions on the vertical walls I‘é:i. The
positive normal on I‘}I’Q is defined by ej, ez, and the positive normals on the walls Fé’Z are —e1, —es. The

quasi-periodic boundary conditions permit us to eliminate the boundary data u’rl,z, g—z 1,2 on the walls 1"(1)’2:
0

ey

ou

F}l’z’ on

ou

_e~iP1,20
N 0
Fé‘z n

u = e P12y,

1,2 1,2
r rl

Then, the quasi-periodic boundary conditions on the walls I‘(l):i are reduced to a linear system with respect to

. . . ou ou . .
the “independent variables” u = (u}l, 2. o , with a matrix composed of the components of the DN
n n
e r3
on the walls:
ou
— u
on |y )
o 9, "
n |2
'y = on,_ _, =DN ra (28)
ou o1 ’
—e~ 1,20 _M—lia e~ tp1ay,
on | on 1
F{l a
_e—ip1,2a87u e—iP20y,
5'71 r2 Fg
u
T
u —
U
DN r =DN| " ). (29)
e—ipiay, M Ug
T
e~ P20y,
T2

Here, (1 = [u1, o] = [e", €'72%] is a diagonal matrix. The DN-map DA can be represented in matrix form with
2 x 2 blocks DN ffﬂ connecting the Dirichlet data on Fg to the Neumann data on I',.

Matrix elements of the DN map connect the Dirichlet data on Fff with Neumann data on Fg,, a,a’ =o,a:

D 11 D 12 D 11 D 12
NS? NSS = DN 4a, N;? Ngg = DN 0.
DNZ, DN DN?, DNZ%

D 11 D 12 D 11 D 12
Vo | =P [ P8 DU ) = DA
D Oa DNOa DNOO DNOO

Then the DN-map is represented by the block-matrix:

DN:<DNaa DN(L()).

. . L . ... 0u, Oty
with blocks mapping the data ,, @y onto the positive normal derivatives an’ on
n’ on
. . - . L 0t
In particular, the 0-components of the Bloch function can be eliminated based on Wy = p~til,, % =
n
Ot Co L L Ot, .
—ut GL’ which implies the following linear homogeneous system for the data (ua, ;) of the Bloch-function:
n n
0, " "
D. aa D a ﬁa
a”aﬂ = 0 - (30)
—10Ua DNoa DNoo K U



Resonance scattering across the superlattice barrier and the dimensional quantization 825

—

Eliminating —~ we conclude that a nontrivial solution of the equation (30) exists if and only if zero is an
n

eigenvalue of the operator:

[WDNoop ™" + DN oo + DN aa + DN gop™ '] g = 0. (31
Then, the Bloch function is obtained as a solution of the boundary problem for the Schrodinger equation:

1,2
12—ua ) X
Ay

7’&[)1'2& 1,2

=€ U,

1,2
A

—Ax+aqx=Ax, X

Equation (31) is an analog of the quadratic equation (23), however questions on the existence of the corresponding
solution of it in the general case is not trivial, because we can’t use the classical determinant condition of existence
of non-trivial solutions of the homogeneous equation (31).

F1G. 6. 2D periodic lattice with romboidal periods

5. Examples of iso-energetic surfaces associated with solvable models of periodic lattices

Consider a typical example of a 2D lattice generated by a non-dimensional Schrédinger operator with real
periodic potential obtained via restriction of Yukawa potential on the romboidal period (see Fig. 6) framed by the
arcs of circles radius 0.05 centered on the corners of the square 1.1 x 1.1 and by the central intervals ', length &
on the sides of the period. We choose the contacts I'Y, in form of intervals 0 < v < &° centered at the mid-points
0%, of the corresponding sides of the square period and span the contact spaces by 1/2/6sinlry/6¢ and use the
basic equation (31). The direction of vector v is defined by the angle ¢ = 0,15, 30°, 45° between the orth e; and
V.

For strong Yukawa potential the dispersion function A(|p|) with 3D contact spaces I = 1,2,3 on the on
the contacts is calculated for selected angles and is represented based on straightforward computing for the
corresponding DN-map.

Our numerical experiments showed that beginning from dim N = 3 the shape of the dispersion function in
the domain of low energy reveals clear features of stability, which gives a good reason to assume that the finite
dimension of the contact subspace already allows to construct a realistic soluble model of the Schrodinger operator
with Yukawa potential on the above square lattice (see Fig. 7, Fig. 8, Fig. 9).

Interesting resonance properties are revealed by Heine-Abarenkov potential constructed on a period as a
potential well surrounded by the thick wall. The Dirichlet problem on the “romboidal” period for the corresponding
Schrodinger operator has a single simple eigenvalue represented by an isolated pole of the DN-map plus a regular
correcting term.

The rational approximation of the corresponding DN-map bordered by the projections on the corresponding
1D contact spaces Ny, No , spanned by /2/8%sinlmvy/d§%, [ = 1, for low temperature on the corresponding small
temperature interval centered at the lowest resonance eigenvalue A; has the form:

By, Boo

( Qaa QaO
Q B Qoa Qoo Baa Bao
AA—A1+B_A1 A— M\ + ’

with an one-dimensional orthogonal projection () and a constant Hermitian matrix.
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Energy

53020 a 1 2
Quasi-momenturn

F1G. 7. Sections of the dispersion surface of the Yukawa lattice.

. 1 I/1> <l/1 0 . _ 1 0 l/1> <I/2 .
Qaa—2< 0 O)a Qa0—2<0 0 )7 (32)

1 0 0 1[0 0
QOG:?(W)(M O>; Qoozeo><€0:2(0 1/2><u2>’ (33)

see Fig. 8. The regular term B depends on the upper eigenvalues and eigenfunctions.
We consider an example selecting the regular term as:

B = Baa BaO ’
By, O

0 0 1 0
Bog = Baa = )

0 vy) (v 0 Vo) (V
Ba() = ba() 1> < ? ) B()a = b()a 2> < ! .
V2> <1/1 0 V1> <V2 0

Elimination of the variables uy, u/,, ug gives an equation for the 2-vector u,:

We select:

where:

[1QF, + pQu™" + QN + QNu™] dat

A—AD
(1B + uBoou ™" + Bhy + Baop ™' e = (34)
ADo (M, ;
{Q(Dm + DB()\,p)} iy =0,
A AL

The corresponding equation (34) has a nontrivial solution , if the determinant of the corresponding 2 x 2

matrix:
ADQ + ()‘ - )‘ID)DB()‘ap)v

vanishes. This condition yields the dispersion equation A = A(p), with the quasi-momentum p’ defined by the
quasi-momentum exponentials p = diag (1, p2) = diag (e”’l, e”’z).

In the case when the Heine-Abarenkov potential well is deep enough, there may be several eigenvalues with
eigenfunctions localized in the well.

In particular, there is an eigenfunction symmetric with respect to reflection in the line connecting the mid
points of T'3, T'L and antisymmetric with respect to reflection in the line connecting the mid-points of '3, T'2, or
vice versa. The corresponding eigenvalue is non-degenerated if the potential is not symmetric with respect to the
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B =0°
18} a

o ¢’=‘,150
16}
14p al| un

0.8} o SRR
v e,

06

04r

4 2 0 2
Quasi-marmenturn

F1G. 8. Sections of the dispersion surface of an abstract model emulating Heine-Abarenkov
potential with the lower resonance eigenvalue A\; = 1 (punctured line)

change of the variables 1 — 2,2 — 1. The corresponding DN-map is characterized by the polar term AQ with the
projection:

1) (1 0 —v1) (1 0
1 0 0 0 —u1) (1
@=3 1) (1 0 0 0
0 —vp) (1 0 1) (1

If the correcting term is selected as above, we obtain the dispersion curves in various direction as shown one
Fig. 5:

0.8H
0BF
0.4r

a

02r

02
0.4}

Energy

06
08}

Guasi-momenturm

FI1G. 9. Sections of the dispersion surface of the abstract model emulating Heine—Abarenkov
potential with resonance eigenvalue A > \;

In fact, our proposal has a softer nature ( in the sense of V. Arnold), due to the freedom of selection of the
rational approximation ( probably a multi-pole- approximation) for the real material lattice or sandwich on the
resonance domain:

DN~y Asfi‘} £ PN, (35)

s
s<m
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the choice of the contacts/contact subspaces and temperature (interval of admissible values of energy). We speculate
that this problem, although it appears to be a mathematical one, lies outside of mathematics, on the interface with
quantum chemistry, with its specific system of notions (covalent bonds, etc...) and methods.

Appendix 1: Lagrangian version of the operator extension algorithm

John von Neumann - nearly 90 years ago — tried to attract attention of physicists to the basic difference
between symmetric and self-adjoint operators, see [18], and proposed a geometrical solution to the most important
problem of construction of a self-adjoint extension of a symmetric operator. Unfortunately, this solution was not,
at that time, properly recognized by physicists. A few years later, E. Fermi, attempting to describe scattering of
neutrons by nuclei, considered the Laplacian on a domain of smooth Ly(Rj3) functions with typical singularity at

u

A
the origin u = e + B* + O(]z|) and discovered that the boundary form of the Laplacian:
|z

J(u,v) = %ig% [~Atv + aAv] d3x = AB” — B*AY (36)
|z| >0

vanishes under the boundary condition B = A with real . Later probably used another approach to the problem
of extending of a symmetric operator to the corresponding self-adjoint, which yields a convenient formula for
the scattered waves, see [19]. Though the conventional proof of self-adjointness of the Laplacian under the
above boundary conditions was proposed 25 years later, see [20], the approach to operator extension based on
the boundary form proved to be extremely efficient, see for instance [12,13,21] 'In 1970’s, it was modified
by introducing the inner structure into zero-range potential, see [12, 13], that allowed consideration of resonance
interaction, which allows admission of fitting based on asymptotics Dirichlet-to-Neumann map of the corresponding
unperturbed problem, see [22]. This approach allows one to develop an analytic perturbation technique for
embedded eigenvalues, based on two step analytic perturbation procedure - a quantum Jump-Start analog of the
corresponding classical techniques developed by Poincare [23] and, in particular, to propose a convenient solvable
model for Quantum Networks, supplied with inner structure on the nodes, see [24] 2.

Hereafter, we produce a brief review of the Lagrangian operator extension techniques for an abstract operator,
presenting the corresponding symplectic boundary form in terms of appropriate analog of boundary values, and
imposing the corresponding boundary conditions, to select a domain of the relevant self-adjoint extension as a
Lagrangian plane of the symplectic boundary form.

Consider a finite Hermitian matrix A in a finite-dimensional Hilbert space A : K — K, dim K = k. Select
A+l
a deficiency subspace N; € K, dim N; < k/2, such that does not overlap with N_; = ﬁNi and consider
—1
the restriction Ag = A|  onto the subspace Dy = (A — il)~* [K © N;]. The restricted operator is not densely

defined, but its formal g&joint can be defined by J. von Neumann formulae on the defect N = N; + N_; as
Atn; +in; =0, n; € N;, ATn_; —in_; = 0, n_; € N_;, see [25], where the operator extension procedure is
developed for Ag. In [12,13], see also references therein, a simplectic version of the operator extension procedure
was proposed for Ay, which is convenient for manufacturing zero-range perturbations with inner structure for
differential operators, see for instance [12, 13,24]. In particular, a quantum dot attached to the star-graph I' = Uy;
is modeled in [24] based on zero-range potential with inner structure while reducing L — Lg the Schrédinger
operator by the condition of vanishing elements of the domain D(Lg) near the knot = 0 of the star, such that the
adjoint opeartor Lar has the boundary form represented as a sum over all branches ; of the star graph I', meeting
at the node x = 0:

1 0

J (u, v) = Z/ [—a o + W, | dz = Z [ + oy | (37
]
i

1 M. Gelfand attracted attention of mathematicians to importance of development a Lagrangian approach to operator extensions, based
on selecting a Lagrangian plane in the domain of the adjoint operator, which would serve an alternative to the J. von Neumann geometrical
construction, [26].

2Notice, that 1. Prigogine in 1973 formulated the hypothesis on the validity of the Poincare two-step algorithm of analytic perturbation
procedure for quantum problems, see [27], but could not prove it, because selected an incorrect anzsatz was selected for the corresponding
Intermediate operator. The hypothesis was later proved for Quantum Networks based on the correct ansatz, [22], for the intermediate operator,
presented in the form of zero-range model with an inner structure, constructed with use of Lagrangian technique of operator extension
procedure [23]
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with differentiation in an outgoing direction at the node. The boundary form of the inner Hamiltonian A is
calculated in a special representation of the boundary form J!(u,v), constructed based on an orthogonal basis

{e1} C N;:
{Wi}:{;{el—kﬁjgel]}—{flf el} and {Wl}:{;{ ﬁfzﬁ ”—{—Aiuel}. (38)

J (u,v) = Z/ [—ﬁl v+ alvl Z — vy + U]
!

l

; (39
0

with differentiation in an outgoing direction at the node. The boundary form of the inner Hamiltonian A is
calculated in a special representation of the boundary form J*!(u,v), constructed based on an orthogonal basis
{el} C N;:

ot =33 () o - ) o

1
—l

§" and the vectors §i € N; play roles of the boundary data. The boundary form of the formal

Then, each element from the defect N = N; + N_; can be represented as v = Zz A 5 L= §l,
A

A— ZI€+ A—
adjoint operator A is calculated on elements u,v € N from the defect as:
T, 0) = (Atu,v) — (u, ATo) = (6, ) — (€, €)). (41

The ultimate formula is valid tot only on the defect, but on the whole space K = Dy + N with A extended from
N onto Dy as Ay, that is , for u = ug + uy:

At (up + un) = Agug + Ad un,

so that the addendum Agug does not contribute to the boundary form J***(u,v), and J**(u,v) = (AT un,vN) —
(un, ATvy). In particular, the boundary data £} for a solution of the homogeneous adjoint equation:

A+(UO + UN) — )\(UO + UN) =0
I+ XA
A— NI My

. |
SN

are connected by the Krein function M (\) = Py,———| as:

£ =0. (42)

A self-adjoint extension of the restricted operator Ay on the defect is constructed as a part of the extended
adjoint operator onto the Lagrangian plane NZ in the defect, submitted to the boundary condition:

€+ BE =0, (43)

with an Hermitian operator B : N; — N; The boundary form (41) vanishes on the plane. Then, the corresponding
self-adjoint extension of an original restricted operator Ag is defined as a sum Ay + AP acting according to the
von Neumann formulae respectively in Dy and in N” C N on elements:

I _’u
—is

with the boundary values connected by the above boundary conditions .
The spectrum of the extension is defined by the Krein function:

I—l—)\A
NA TN

=k gt

- Pv = M), (44)

which connects the boundary values 5;; of the solution u of the homogeneous adjoint equation ATu — \u = 0:

&+ ML =0. (45)
and the spectrum of the extension AP is defined by the singularities of the corresponding ratio
I

B- M)’ (46)
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which serves the inner factor in the Krein formula for the resolvent of the extension:
I I A+l I A—il
B = + N; N; :
AB XTI A-X A-) B— M()\) A— X

(47)

Appendix 2: Solvable models of selected one-body spectral problems

In this section we construct a one-body model of a quantum dot €2 attached to the node of a 1D quantum
star-graph I' = 'y UT', UT'3...T, and a one-body model of 1D periodic chain. Despite selection of simplest
algebraic parameters for the corresponding solvable models, they have rich spectral propeties which can be easily
monitored due to the algebraic nature of the parameters selected. Both models are constructed via Lagrangian
version of the operator extension procedure, with regard of the symplectic boundary forms J balancing to zero on
Lagrangian planes, selected based on the corresponding boundary conditions.

Quantum dot attached to the node of a quantum graph

On a star-graph I' = I’y UTy UT's... T, of straight shoulders I's attached to a compact domain 2 with a
smooth boundary, we consider a spectral problem for a the 1D Schrédinger equation L' = —ﬁ; in Ly(T, E') with
ET = C,,, with regard of appropriate boundary condition connecting it with the Schrédinger operator Louq =
—Aug + Vug on the domain €2 supplied with the zero boundary condition Lo(9€) © E*. A bond B is imposed
on the contact £ x ET with the projection P = Pga. This was done with the consideration of the boundary
forms calculated on both sides of the contact I' N 92 in the corresponding contact subspaces C,, = E', B, with
P = P
8119

87.LQ 7>
on "’

Jr(ur, vr) = (i}, i) — (v, 77), Jo(ug,ve) = —(——, PPvq) + (PPuq,

o (48)

and a boundary condition imposed with an Hermitian matrix:

0 be; u U
BZ(a ﬁ>’<_ﬁ%m>+B<P@Q>=& (49)
€ 11 an

with an Hermitian operator a;; : E® -5 E® and b,; : E© — ET, by = b;. We denote by M = —PODN PO =
pRoe ) O¢1
> )\—a/\" the framed DN-map * of the quantum dot:
l

ou
—Aug + Vug = \ug, DN :uq — — Q@ ,
on |pq
and rewrite equation (49), for the scattering Ansatz e’?*& + e~ P*S¢ = i, p? = \:
ip(I — S)e+ be; PPug = 0 (50)
M + ai] Pug+  bie(I +S)e= 0.
Eliminating P2y and introducing beimbie =N b(A), we obtain an expression for the scattering matrix:
Zp — Nb . b
S(p) = ————, with SN” S\ > 0, 51

in terms of the framed Neumann-to-Dirichlet map N,

Though the Dirichlet-to-Neumann map of the 3D domain 2 can be computed with standard programs, see
for instance [28], yet it is also convenient to substitute it by perturbation analysis [] using finite-dimensional
approximation, taking into account only a finite number of eigenvalues ); or substituting the quantum dot by
zero-range potential with inner structure, see [12,13]. In particular, for a 1D framed DN map, the framed ND-map

N =bojo— 1 +a b;. has generally has asymptotes at infinity A — co:

k
R R A
NP = AN+ Ao+ ﬁ (52)
-
=1

with A > 0, Ag = Ag, A; > 0. It is possible to select a finite-dimensional self-adjoint operator A : Kk — K
and an interaction B, with non-overlapping deficiency subspaces IV;, N_; such that, being attached to node of the

3The above formal series is actually divergent, but may be properly regularized, see for instance [29].
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above star-graph I', plays a role of an inner Hamiltonian of a quantum dot with the scattering matrix (51) on the
star-graph, with the boundary conditions .

A solvable model of a discrete lattice

Consider a 1D periodic lattice ( a chain) of equivalent quantum dots 2 = € arising of equivalent finite-
dimensional operators A; = A : K; — K;, with equivalent non-overlapping 1D deficiency subspaces N},Nl_i.
Each quantum dot is substituted by the zero-range potential with an inner structure as described in Appendix 1:

8u£2
& ~ Pguf| | &~ —Pp—

, -+ MEL =0, (53)
r on |p *

and a pair of infinite-dimensional vectors 5} =3 &, E_ =3, fi_, which play a role of the boundary values
for the whole chain. We choose the simplest translation - invariant boundary conditions, connecting the nearest
neighbors in the chain as:

e+ bJr Yybo+0 5”1 =0, or, alternativelyfﬂr +e e g+ et =0. (54)

Denoting the sequence &' shifted one step to the left as T*g = {5 l“} and, similarly the sequence shifted one step
to the right 7€ = {€'~1}, we represent the above boundary conditions respectively as:

E 4 [bTF + b0 +bT) &, =0=€_ + BE,,

E+ [ctTH 4o+ cT) & =0=¢&, + CE, (55)
Regarding the periodicity of the chain of quantum dots, the corresponding sequences of their Weyl-Titchmatsh or
Krein finctions diag M = @ 5 M, are also periodics:

T*diagMT = TdiagMT™" = diagM.
With 1D contact subspaces F; = E and the interaction BorC between the boundary data on the chain, the bound-
ary values of the relevant Bloch functions = are quasi-periodic =4, = ¢! 29, with regard to the quasimomentum
p:

MES — [bTe ™ + by + be™] ES. = 0, for the boundary codition B, and

2 —Mcte ™ +eo+ce?] E) =0 (56)
for the boundary condition C'. In the case of the quantum dot substituted by the zero-range boundary condition
with an inner structure, as in Appendix 1:

I+ XA I+ A2 Pg(I + A?)Pg
P Pg = —PgAP P Pg ~ —-PgAPp — ———————
M = Ty 5 APg + N e APE \

For a special choice of the boundary parameters — Py APg = by with regards to M + by — 0 or, correspondingly,
coPrAPg = 1 with regards to I + Mcy — 0 while A — oo, we get for the special choice of the boundary
parameters:

L0/ (57)

I+ A? -
Py——— X PrES + 2[b] cos(p + )= =0, (58)
and correspondingly:
- I+ A? -
(I + coPpAPg)EY — PE(A—i)\I)PEmc' cos(p + ¢.)E% = 0. (59)
The Nevanlinna function PAi)PE is invertible on real axis, and the innverse is also a Nevanlinna function

arising from a pair £, G with a ﬁmte dimensional operator G : K — K with selected deficiency subspace N; = £
4

(I+4%) 17" ) I+G?
— |Pg————P, =A|Pg(I+ A*)P — PrGPg + P P 60
{EA_)\ E [Pp(I+ )E] eGPg + B gl B (60)
. PN (I+A2) -1 .
hence first addendum in (59) multiplied by [PEﬂPE] yields:
2 —1 =0 I+6°
(I + coPgAPg) )\[PA(I-FA )PE] :+_PEGPE+PEG )\IPE (61)

4The operators A and G are connected similarly to Laplacean with Dirichlet and Neumann boundary conditions on a domain with a smooth
boundary.
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This allows one to rewrite the dispersion equation (59) as:

2
(I + coPgpAPEg) {)\ [Pa(I + A%)Pg] ' B9 — PeG Py + PE%PE E9 +2|c|cos(p + ¢)EL = 0. (62)
The equations (58, 62) show typical dispersion functions of 1D periodic lattices.
The most important characteristics of periodic lattices are the quasimomentum and the effective mass, which are
calculated from the dispersion function as the inverse of the derivative of energy with respect to the quasimomentum
oA
|:apsat
of the relevant Krein function ( abstract analog of the Weyl-Titchmarsh function) and the boundary parameter (.
Assuming that the dispersion equation for the chain is M —bcos p = 0, we differentiate the dispersion equation
twice with respect to quazimomentum:

-1
] = mg . For a 1D discrete periodic chain of “quantum dots”, we calculate the effective mass in terms

M(A)—Bcossz—)% %+Bsinp:0—>

BM [d\]?  dM _ d?\
W |:dp:| TdATIﬂ+6COSp_O’
2

-1
and use the 1D the 1D formula for the effective mass m = [d?] . This implies:
p

dM
dA

2
2
B COSP dii/\z/[ (dd)\p>

m=—

dA
In experiment, the effective mass is usually measured at the ends of the spectral bands sinp = 0, where — = 0.

dp
Then the second term in the denominator vanishes and we get at the ends of spectral bands:
aM aM
Y > N »
B cosp M(N)

Spectral structure of a 1D superlattice via analytic perturbation procedure

We consider a couple of two non-enteracting 1D discrete periodic lattices with typical dispersion equations
similar to above (58,62) and the corresponding weakly perturbed pair:

A 245\
—71614—31/\614—0161—[31 cosp, e; =0, 1_72)\262—62C08p es =0
A 245
_Tl e1+ BiAeg+Cre; —cosplBrer +de] =0, ﬁeg —cosp|faes+de] =0. (63)

Hereafter we assume, with regard of the diagram (10) that B; > 0, A; o > 0 are small, and §; 2 > 0 are much
smaller and f; 2 > 0. The perturbed dispersion equation is reduced to the determinant condition for the above
linear system:

(64)

0 cosp fff\é‘ —cos p B

A
det( S+ BiA+C1 —cospf 0 cosp ) —0.

The perturbed spectral bands are found from the determinant condition with regard of real quasimomentum
p:—1 < cosp < 1. The determinant condition is presented as:

2A1A 2A5B1\? A 245
R | e [5G+
+(B1 P2 — 0%) cos’ p= — K — cos pK + Ky cos?p = 0, (65)

which implies:

|Ko + 4/ K} + 4K Ks| < 2Kj. (66)

The ultimate condition corresponds, depending on the choice of parameter, to various physical conditions and the
corresponding different physical properties of the perturbed superlattice.
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-
-

FI1G. 10. The spectral structure of the perturbed superlattice with regards to quasi-crossings
of terms of the underlying unperturbed lattices. The typical quasi-crossing for terms of the
Nevanlinna-class dispersion equations. The unperturbed spetral bands are shown as thin rectangles
marked by numbers 1, 2
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1. Introduction

This paper concerns the control and inverse problems for differential equations on quantum graphs. By
quantum graphs, we understand differential operators on geometric graphs coupled by certain vertex matching
conditions. B.S. Pavlov and his former student N. I. Gerasimenko were among the first researchers to develop a
mathematically rigorous approach to differential operators on metric graphs in the 1980’s [1,2].

Network-like structures play a fundamental role in many scientific and engineering problems. The classical
problem here that aries from applications is the problem of oscillations of the flexible structures made of strings,
beams, cables, and struts. These models describe bridges, space-structures, antennas, transmission-line posts, steel-
grid reinforcements and other typical objects of civil engineering. More recently, the applications on a much
smaller scale have come into focus. In particular, hierarchical materials like ceramic or metallic foams, percolation
networks and carbon and graphene nano-tubes, and graphene ribbons have attracted much attention.

Papers discussing differential and difference equations on graphs have been appearing in various areas of
science and mathematics since the 1930’s, but in the last two decades, their numbers have grown enormously.
Quantum graphs arise as natural models of various phenomena in chemistry (free-electron theory of conjugated
molecules), biology (genetic networks, dendritic trees), geophysics, environmental science, disease control, and
even in the internet (internet or network tomography). In physics, interest in quantum graphs arose, in particular,
from applications to nano-electronics and quantum waveguides. On the other hand, quantum graph theory gives rise
to numerous challenging problems related to many areas of mathematics from combinatorics to PDEs and spectral
theory. Work on quantum graph theory and its applications have truly interdisciplinary character, and a series of
meetings on this topic has stimulated collaboration of researchers from different areas of science, engineering and
mathematics. A number of surveys and collections of papers on quantum graphs have appeared recently, and the
first book on this topic by Berkolaiko and Kuchment [3] contains an excellent list of references.

Control and inverse theories constitute important parts of this rapidly developing area of applied mathematics
— analysis on graphs. It is tremendously important for all aforementioned applications. However, these theories
have not been sufficiently developed. Control and inverse problems for DEs on graphs appear to be much more
complicated than similar problems on an interval (see, e.g. [4,5] and references therein).

A new effective leaf-peeling method for solving inverse problems for differential equations on graphs without
cycles has been proposed in [5] and developed further in [6,7]. The main goal of the present paper is to extend
this method to DEs on graphs with attached point masses.

Let I' = EUV be a finite compact metric graph without cycles, where E = {e; }5\;1 is a set of edges and

V={y };y:ﬁl is a set of vertices. We recall that a graph is called a metric graph if every edge e; € FE is identified

with an interval (ag;j—1,as;) of the real line with a positive length I; = |agj—1 — as;|, and a graph is a tree if it
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has no cycles. The edges are connected at the vertices v; which can be considered as equivalence classes of the
edge end points {a;}.

Let {y1,...,Ym} = OT C V be the boundary vertices, i.e. if the index (or multiplicity) of a vertex, id(v), is
the number of edges incident to it, then O' = {v € V|id(v) = 1}. A nonnegative mass M, is attached to each
vertex v € V' \ OT.

In Fig. 1 we give an example of a star graph (a graph with one internal vertex). Such graphs play an important
role in the leaf peeling method described below in Sec. 3. A tree with m =9 and N = 12 is presented in Fig. 2.

Fi1G. 1. A star graph FI1G. 2. A metric tree

Let q be a continuous function on I'. Our initial boundary value problem is:

Ut — Uge + q(x)u=01in {T'\ V} x (0,T) (L.1)

Zejwlauj(yj t) = Myuy(v,t) at each vertex v € V' \ 9T, and ¢ € [0, T (1.2)
u(+,t) is continuous at each vertex, for t € [0,T]

w=f on dL x [0,T] (1.3)

uly—o = 0in T. (1.4)

In (1.2) (and below), Ju;(v) denotes the derivative of w at the vertex v taken along the edge e; in the direction
outwards from the vertex. Also, e; ~ v means edge e; is incident to the vertex v, and the sum is taken over all
edges incident to v. Since OI' consists of m vertices, f can be naturally identified with a function acting from
[0,7] to R™.

The metric graph T’ determines naturally the Hilbert space of square integrable functions H = L?(T"). We
define the space H* of continuous functions v on I such that v, € H"(e) for every e € E.

The f appearing in (1.3) is the (boundary) control for the problem (1.1)-(1.4), and a solution to (1.1)-(1.4) will
be denoted u/. One can prove that for f € F7 := L2([0, T]; R™), the generalized solution v/ of (1.1)-(1.4) belongs
to C([0,T);H) (see Theorem 1 below), and the control operator WT : FT — H, given by WT f := u/(-,T) is
bounded.

The response operator (Steklov-Poincaré operator) for the system, RT = {RZ; i1, defined on F T is defined
by:

(RTf)(t) = 0w (-, t)|or, O<t<T. (1.5)
Our dynamic inverse problem is to recover the unknown coefficient ¢(x) on each edge of the graph from the
response operator RT. We can also recover the graph topology, all M,,v € V \ 9T, and the lengths of all the
edges. We can actually do this with the reduced operator {Rz; ?fj_:ll. That is, the method has the flexibility of not
needing the control and observation at one of the boundary vertices. We prove the dynamic inverse problem has a
unique solution for sufficiently large 7" (see Theorem 2 below) and give a constructive method for finding it.
Applying formally the Fourier-Laplace transform

o0

g /g(t)ei”tdt

0
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to equations (1.1)-(1.3), we obtain the following boundary value problem depending on a complex parameter
A=w?:

— ¢z (2, A) + q(x) p(a,N) = Ad(z,A) on {T'\ V}, (1.6)

ZEJNV 00;(v,\) = =AM, ¢(v, \) at each vertex v € V' \ IT,
¢(-, \) is continuous at each vertex,

(1.7)

The system of differential equations (1.6), (1.7) with zero Dirichlet boundary condition has only a trivial solution
for A ¢ R. Therefore, for any o € C™, this system of equations has a unique solution, ¢*(z, \), satisfying
non-zero boundary conditions:

o“(v,A) =a, 7=1,2,...,m, a= col{a,...,an}, (1.8)

The m x m matrix M(X) defined by M(X\) o = 0¢*|or is called the Titchmarsh-Weyl matrix function, or the
TW-function. The TW-function is also known as the (spectral) Dirichlet-to-Neumann map. The TW-function M ()
known for A > 0 will play the role of the spectral data for solving boundary inverse problems on graphs.

2. Main results

In the case of a string with loaded masses it was noticed [8,9] that the wave transmitted through a mass is
more regular than the incoming wave. A similar effect also occurs for networks of strings. To formulate the result,
we need the following definition. Among all paths from edge e; to the boundary vertex +;, let the degree, d;, of
the edge e; be the minimal (with respect to j) number of nonzero loaded masses on the path. For the following
theorem we assume that ¢z € C% (€5).

Theorem 1. Assume M, > 0 for all v. If f € F7, then for any t € [0,T], v/ (-,t) € H and u! € C([0,T]; H).
Furthermore, for each e; € E, u'|., € C([0,T]; H% (e )).

The proof of the theorem is based on the analysis of the waves incoming to, transmitted through and reflected
from an inner vertex, taking into account the conditions (1.2). For the simplest graph of serially connected strings
with attached masses such a result was obtained in [8].

The next theorem describes the solution of the dynamic inverse problem.

Theorem 2. Let T, = 2max;zy, dist{~;,Ym}. The operator {R[; Tj;ll known for T > T, uniquely determines

gon T, {M,: veV\ITr}, {l;: j=1,...,N} and the graph topology. If the topology is known, all other

parameters can be found from the main diagonal {R% ;’;1 of the reduced response operator.

We also extend to our networks the leaf peeling method proposed in [5] (and generalized for strings with

attached masses in [10]) and develop a constructive algorithm solving the inverse problem.
A spectral analog of Theorem 2 reads as follows.

Theorem 3. The reduced TW matrix function {./\/lij(/\)};z_:ll known for A > 0 uniquely determines q on T,
{M, :veV\or}, {l;: j=1,...,N} and the graph topology. If the topology is known, all other parameters
can be found from the main diagonal {M;;(\)}Y7" of the reduced TW matrix function.

K2

3. Proof of Theorem 3

The response operator R? and TW-function M()) are connected with each other by the Fourier-Laplace
transform (see, e.g. [5]). Therefore, knowledge of M()) allows one to find RT for all T > 0, and knowledge of
RT for all T > 0 allows one to find M(X).

In this section, we prove Theorem 3. We will give a brief description of an algorithm which allows us to
recalculate the TW matrix function from the original graph to a smaller graph by “pruning” boundary edges.
Ultimately, doing so allows us to reduce the original inverse problem on the graph to the inverse problem on a
single interval.

Our reduction algorithm combines both spectral and dynamical approaches, i.e. uses M()) and RT. As we
mentioned above, the TW matrix function determines the response operator for the system (1.1)-(1.4). Therefore,
under the conditions of Theorem 3 the entries RiTj, 1,7 =1,...,m —1 are known for 7" > 0.

Step 1. Knowledge of RJ-T]- for sufficiently large 7" allows one to recover the length of the edge e € F incident
to ~y;, the potential ¢ on e and the mass M,,, where v € V' \ OI is an inner vertex to which e is incident. We can
also recover id(v), the total number of edges incident to v. The proof of these statements is based on the analysis
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of the waves incoming to, transmitted through and reflected from vertex v. Similar analysis was presented in [5]
without the loaded masses; this was based on the boundary control method in inverse theory.

Step 2. We determine the boundary edges which have a common end point using the non-diagonal entries Rg;-
of the response operator. Since the speed of wave propagation in the system (1.1)-(1.4) equals one, two boundary
edges, say, e; and e;, incident to the boundary edges -; and ~; with the lengths /; and /; have a common end
point if and only if:

RT — { 0 for T < I; +1; 6.

#0, forT >1+1;.

Definition of a sheaf. We consider a subgraph of I which is a star graph consisting of all edges incident to an
internal vertex v. This star graph is called a sheaf if all but one its edges are the boundary edges of I'. It is known
that any tree has at least two sheaves.

Step 3. Leaf peeling. We consider now a sheaf consisting, say, of several boundary edges eq,...,e,, p <m,
incident to boundary vertices 71,...,7, are connected at the vertex v, (see, e.g. vertices 71, 72,73, 1 on Fig. 2).
From Step 1, we know the potential on these edges, their lengths and the index of the vertex v,.

The index of the vertex v, is p + 1 and there is exactly one internal edge incident to 5. We denote by M N
the TW matrix function associated with the reduced graph f, i.e. the original graph I' without the boundary edges
ei1,...,ep and vertices yi,...,Vp.

We denote by Mo;(A), Mio(A) and Moo()) the entries of M()) related to the “new” boundary point v, of
the graph T. The other entries of M (M) are denoted by Mij, 1,7 =p—+1,...,m. We demonstrate now how to
find the entries of M(\).

First, we recalculate the entries Mvoo(A) and /\A/l/m'(/\), i=p+1,...,m— 1. we choose a boundary point, say
~1, of the star-subgraph. Let ¢(z, A) be the solution to the problem (1.6), (1.7) subject to the boundary conditions:
o(v1,A) =1, ¢(y;,A) =0, j=2,....,m—1m. 3.2)

We notice that on the boundary edge e; the function ¢ solves the Cauchy problem:
—¢" +q(x)p=Xp, z€Ee, (3.3)
o(11,A) =1, ¢'(m1,A) = M1 (N). (3.4)

On the other edges of the star subgraph it solves

—¢" +q(x)p=Np, TE€ECH 1=2,...,p, (3.5)
¢, A) =0, ¢'(7i, A) = Mu(A), i=2,....p. (3.6)

Since the potential on the edges eq,...,e, is known, we can solve the Cauchy problems (3.3), (3.4) and (3.5),
(3.6) and use the matching conditions (1.7) at the internal vertex v, to recover the values ¢(vs,\) and ¢'(vs, A)
on the “new” boundary edge at the “new” boundary point v. Thus we obtain:
A (v, A
Moo(A) = 7@((%,\)),
3.7)

MVOi(A) = g/(l;’(;\)), i=p+1,...,m.

We recall that here S\ # 0, and so, ¢(vs, A) # 0. Otherwise, A would be an eigenvalue of a selfadjoint operator.
To find M;o(A) and M;;(X) ,i=p+1,...,m —1 we fix v; (¢ > p) and consider the solution (z, \) to
(1.6), (1.7) with boundary conditions

Vi, A) =1, ¥(y;,A) =0, j#i. (3.8)
The function v then solves the following Cauchy problems on the edges eq,...,¢ep:
" +q@)p =X, z€e;, j=1,...,p, (3.9)
V(3 N) =0, ¢ (35, 0) = My (V). (3.10)
Since we know the potential on the edges eq,...,e,, we can solve the Cauchy problems (3.9), (3.10) and use the

conditions at the internal vertex v to recover the values ¥ (vs, A) and ¢’(vs, ) at the “new” boundary edge with
the “new” boundary point v,.
Now, we consider the following linear combination of the solutions ¢ and :

e, A) = ¢(x,A) — z((ss’;))¢(w7k)- (3.11)
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It is easy to verify that on the subgraph [ the function  satisfies the boundary conditions:

Thus, from (3.11), we obtain that:

/S/lv/io()\) =Y (vs, A) — Y(vs, )\)54/000\), (3.13)
M;j(A) = Mij(A) — ¥ (vs, \) Mo; (A).
To recover all elements of the reduced TW matrix function, we need to use this procedure for all ¢,j = p +
1,....,m—1
We conclude that the (reduced) TW-function for the graph I' determines the (reduced) TW-function for the
graph I'. The inverse problem is reduced to the inverse problem for a smaller graph. Since the graph T is finite,
this procedure may be continued, but it ends after a finite number of steps.
The proofs of Theorems 1 and 2 for arbitrary tree will be presented in a forthcoming paper. The quantum
graph with the simplest topology — a network of serially connected strings — is considered in the next section.

4. Network of serially connected strings

We consider the wave equation on the interval [0, ] with N masses M; > 0 attached at the points a;, j =
1,...,N, where 0 =ap < a1 < ... < ay < any41 = £. This is modeled by:
u 0%*u

p(a:)ﬁ— 92 =0, t€(0,T), z€Q:=(0,a1)U(a,a2) U...U(an,¥),

u(ay ,t) = u(a;,t), Mj ugi(aj,t) = uw(aj,t) — ug(aj 1),
u(z,0) = u(z,0) =0,
u(0,t) = f(t), f € FL:=L*0,T), u((,t)=0.
Here p is a positive function on [0,€] and plq; q,,,] € C?2[aj,a;41], 7 =0,...,N.
We show that the wave transmitted through a mass is more regular than the incoming wave. We define the
spaces W, W7 :
W ={¢ e L*0,a1) x H'(a1,a2) x ..HY (an,0) :

$aj) = d(a)), ¢'(a;) = ¢'(a]) — M; ¢"(a])/p(a]), ¢(¢) =0},
Wh ={peW:¢(x)=0 for > X(T)},

where
X(T) l
T= / Vp(z)de, L:/\/p(x)dx.
0 0

The following result on the regularity of the solution of the initial boundary value problem stated above and
on the controllability of this dynamical system has been proved in [8].
l
Theorem 4. Suppose T < L := [ +/p(z)dx. For any f € FT, u/ € C(0,T;WT) and for any ¢ € W7, there
0
exists a unique f € WT such that v/ (z,T) = ¢(x). Furthermore,
lu? (- T)llw = || fll 7=

ForT > L,
{uf(-,T): f€L*0,T)} =W.

Our dynamical inverse problem is to recover unknown parameters of the system from the response operator
R : F'— F', Dom(R")={f e H'(0,T), f(0) =0},
(RTf)() = ul(0,1), t € (0,T).
The main result is this section is:

Theorem 5. Let T' > 2L. Given R, one can find p(z), 1, aj, and Mj, j=1,...,N.
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We prove this theorem in several steps. First, we consider the spectral boundary value problem corresponding

our dynamical system:
—¢"(2,0) = Xp(a)p(z,\), ©€Q,
@(0,A) = o(6,X) =0, (a;,\) = @(a],N),
—M; Np(aj,\) = ¢'(a], \) = ¢'(aj , A) V).
The eigenvalues A2 of this problem are simple and the eigenfunctions ¢,, form the orthonormal basis in the space
H :=L2(0,1) & RN with the inner product:

l
= [ ot oa)de + 3" Myp{ayi(ay).
0

Jj=1
We set
T:{¢EHS¢(I):O for x> X(T)}.

The connecting operator is defined as:
CT-FT — FT, (CTf,9)5r = <uf(~,T),u9(~,T)>
The connecting operator can be written in the form CT = (UT)*(UT) where
U FT s wT, UTf =/ (7).
The exact controllability (see Theorem 4) implies that CT is bounded and boundedly invertible.
Our second step is:

T

Theorem 6. Operator CT can be explicitly expressed through the response operator on the double interval:
CT = -3 (ST IPTR* ST, where:

NE el t
(STf)(t)_{ —f@T —t) if te (T,2T), Sl O/f

Sketch of the proof of Theorem 6. Set w(s,t) := (u’(-,5),u9(:,1)),, .
We notice that (C7 f, g) zr = w(T,T and
!
wiy(s,1) — wes(s,t) = /[Uf(xa s)ufy(w, 1) — ul(z, s)u? (z, 1)]p(x)dx
0

+ Z M a]7 utf (a]a t) - ugs (aja S)UQ (ajv t)] = (USing pPUtt = UT’I')

= [uf(% syuf (1) — uf (z, s)u? (z,1)],_, = (RF)()g(t) — [(s)(Rg)(1).
We use w(s,0) = w(s,0) =w(0,t) =0 to find w(T,T) by D’Alembert’s formula.
The next step is the construction of special bases in spaces 7 and HT. Let T < L and {f,}, n € N, be
a basis in F7' such that:

feC?0,T), f(0)=f(0)=0, (CTfrsfn)rr = Okn
Due to controllability, {u/"(-,T)} is an orthonormal basis in H7.

Next, we introduce two functions: ¢°(z) =1, ¢'(z) =z, z € [0,1] and let ¢J. and ¢1. be their restrictions
to the interval [0, X (¢)].

Theorem 7. The coefficients in the series representations of the functions ¢%, ¢ with respect to the basis
{ufi(-,T)} have the form
T
= (@ ul (D == [(T = ()0

0

o
Il

L w%wwﬂwﬂz/@—wnmﬁ
0
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Sketch of the proof of Theorem 7. By the definition of the connection operator, we have:

l
(@l (D= [ (o Dypla)da + 30 M5 ¥ (03, T)
0

J

= [@-v | [ uli@ip@ds+ Y00y 0,0 dt
0

J

0 J
T T

= - /(T — t)ul(0,)dt = — /(T —t)(RY f,,)(t) dt.
0 0
This proves the first statement of Theorem 7. The second one can be proved in a similar way.
Now, we are ready to complete the solution of the dynamical inverse problem. We introduce two functions:

0
T X(T)
= /(T —t) / uln (z,t)dx + ZMj u{g’(aj,t) dt
) 4

X(T)
w(T) = / plryde+ > M,
0 jt a;<X(T)
X(T)
v(T) = /ajp(x)da:—i— Z M;a;.
0 jt a;<X(T)

They can be found using the theorem:

WT) = ($F, 07 n = D I0*, v(T) = (dF, 6F)m =Y chen.
Separating the singular and regular (integral) parts, we find M; and a; from the singular parts. From the regular
parts, we have: ) )
ir(T) = p(X(T)) X(T), v, (T) = X(T)p(X(T)) X(T).
From these relations, we find X (T) and, finally, p(x).
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1. Introduction

The theory of dynamical inverse problems is a wide area of modern mathematics, by now for all or almost
all linear nonstationary equations of mathematical physics there exist an inverse theory more or less developed.
Theories mostly covers the case of continuous problems, at the same time just a few attention is paid to discrete
ones. The primary goal of the paper is to improve this situation.

Let N be the set of positive natural numbers, Ny = N U {0}. We fix the infinite sequence of real num-
bers (b1, be,...), which we call the potential and consider the dynamical system with discrete time which is a
natural analog of dynamical systems governed by the wave equation with potential on a semi-axis:

Un,t41 + Unt—1 — Unt1,t — Un—1,t + bnlne =0, n,t € Ny,
Un,—1 = Un,0 = 0, ne N7 (11)
Uo,t = ft7 te NO.

By analogy with continuous problems [1], we treat the real sequence f = (fo, f1,...) as a boundary control. The
solution to (1.1) we denote by u,f;t.

Having fixed 7 € N, with (1.1) we associate the response operators, which maps the control f = (fo,... fr—1)

to uit:
(R f), ==uf,, t=1,...7 (1.2)
The inverse problem we will be dealing with is to recover from R” (part of the) potential (bq, bo, ..., b,) for some

n. This problems is a natural discrete analog of the inverse problem for the wave equation where the inverse data
is the dynamical Dirichlet-to-Neumann map, see [1].

We will be using the Boundary Control method [1] which was initially developed to treat multidimensional
dynamical inverse problems, but since then was applied to multi- and one- dimensional inverse dynamical, spectral
and scattering problems, problems of signal processing and identification problems [2,3].

In the second section, we study the forward problem: for (1.1) we prove the analog of d’Alembert integral
representation formula. Prescribing the Dirichlet condition at n = N + 1, we consider the second dynamical system
with boundary control at n = 0 (which will be an analog of the problem on the finite interval) and develop the
solution of this system in Fourier series. We analyze the dependence of two solutions on the potential, which lead
us to the natural set up of the inverse problem. In the third section, we introduce and prove the representation
formulae for the main operators of the BC method: response operator, control and connecting operators. In the
fourth section, we derive two types of equations for the inverse problem and give a characterization of the inverse
data. In the last section, we highlight the connections between the different types of inverse data.

The case of the Jacobi matrices of general type as well as the studying of the inverse spectral problem, i.e.
recovering the semi-infinite matrix from the spectral measure, will be the subject of forthcoming publications.
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2. Forward problems

We fix some positive integer 7. By F! we denote the space of controls: F! :=R”, f e FT', f = (foy---y fr—1).
First, we derive the representation formulas for the solution to (1.1) which could be considered as analogs of
known formulas for the wave equation [4].
Lemma 1. The solution to (1.1) admits the representation:

t—1

Un,t = ftfn + Z wn,sftfsflv nvt € NO~ (21)

S=n

where wy, s satisfies the Goursat problem:
Wn,t+1 + Wn,t—1 — Wn41,t — Wn—1t + bnwn,t = 07 n,s € NOv s>mn,
n
Wop=—Y bp, nEN, (2.2)
k=1
Wo,t = 0, te Np.

Proof. We assume that uﬁjt has a form (2.1) with unknown w, s and plug it to equation in (1.1):

t—1

t—1 t t—2 t—1
0= bnft—n + § bnwn,sft—s—l + § wn,sft—s + E wn,sft—s—Q - § wn,s.ft—s—l - § wn—l,sft—s—l-
s=n s=n s=n

s=n+1 s=n—1

Changing the order of summation, we get:

t—1
0= bnftfn + wnJrl,nftfnfl - wnfl,nflftfn + Z ftfsfl (bnwn,s — Wn41,5 — wnfl,s)
s=n
t—1 t—1
+ Z wn,s+1ft—s—1 + Z wn,s—lft—s—l = ft—n—l(wn—i-l,n - wn,n—l) + bnft—n
s=n—1 s=n+1
t—1
+ Z ftfsfl (wn,erl + Wn.s—1 — Wn+1,s — Wn—1,s + bnwn,s) + ftfn(wn,n - wn717n71)~
s=n
Counting that w, s = 0 when n > s and arbitrariness of f € FT we arrive at (2.1). g

We fix N € N. Along with (1.1) we consider the analog of the wave equation with the potential on the
interval: we assume that (b,,) is finite: n = 1,..., N and impose the Dirichlet condition at n = N + 1. Then for
a control f = (fo, f1,...) we consider:

Un,t+1 + Un,t—1 — Un41,t — Un—1t + bnvn,t = 07 te NOa n e 07 LERE) N +1
Up,—1=Un0=0, n=12...,N+1 2.3)
vot = ft, vn41,: =0, t€Np.

We denote the solution to (2.3) by v?.
Let ¢,,(\) be the solution to:

(2.4)

i1 + i1 — bpndi = Ay,
¢$0=0, o1 =1.

We introduce the Hamiltonian:

b 1 0 0
Hy e 1 —by 1 0
0 ... 0 1 -—by

Let {gpk, /\k}kN:l be eigenvectors chosen such that <pr = 1 and eigenvalues of H . Introduce the numbers pj by:

(", ") = Gripr, (2.5)

where (-, -)- is a scalar product in R,
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Definition 1. The set
{ M, i s (2.6)
is called the spectral data.

On introducing vectors ¢™ € R by the rule ¢7 := ¢;(\,), n,i =1,..., N, we have
Proposition 1. The solutions of ¢n11(A) =0are Ay, n=1,...,N,; and ¢} = o', n,i=1,...,N.

Proof. Take eigenvector " corresponding to eigenvalue \,, and compare it with ¢™. By the definition of ¢©" and
condition in (2.4): ¢} = ¢ = 1. On the other hand, comparing the first line in the equation on eigenvalues
Hy™ = A""™ and (2.4) for i = 1 we have:

—p101 + 5 = Anet,
¢y — b1y = Aoy,
which implies 5 = ¢35, for k < N comparing k—th line in Hye" = A"¢" and (2.4) for i = k, we arrive at
©Ori1 = Ppy1- And for k=N :

—ONON + ON_1 = AN,
PN+ ON_1 —ONOK = AndR,

which holds if and only if ¢}, ;(\,) = 0. O

We take y € RY, y = (y1,...,yn), for each n we multiply the equation in (2.3) by y,,, sum up and evaluate
the following expression, changing the order of summation:

N
0= Z (Un,t+1y7z + Unt—1Yn — Un+1,tYn — Un—1,tYn + bnvn,tyn) =
n=1

N
Z (Un,t—i-lyn + Un,t—1Yn — Un,t(yn—l + y'rH—l) + bnvn,tyn) — UN+1,tYN — Vo,tY1 + U1,tY0 + UN,tYN+1- (27)
n=1

Now, we choose y = ¢!, I = 1...,N. On counting that ¢}, = QO{NJrl =0, ¢, =1, v = fi, vnt1: = 0 we
evaluate (2.7) arriving at:

N
0= Z (U’n,t-‘rlwln + Un,t—l(pil — Unyt (9051_1 + 90514-1 - bn(pil)) - ft = 0. (28)
n=1
Definition 2. For a,b € I°°, we define the convolution ¢ = a b € [*° by the formula:

t
c = Zasbt,s, teN.

s=0

We assume that the solution to (2.3) has the form:

N
k, _k
: cGion, n=1,...,N
v, = ; ! (2.9)
ft; n = 0.
Proposition 2. The coefficients ¢* admits the representation:
1
=T (\) * f, (2.10)
Pk

where T'(2X) = (T1(2X), T2(2)), T5(2)), . . .) are Chebyshev polynomials of the second kind.

Proof. We plug (2.9) into (2.8) and evaluate, counting that <pfl_1 + cpf1 i1 bngoil = /\lcpiz:

N
Z (Vnt41 F Vnt—1 — NUnt) @Y = fr,
=

n
N N
E k. kK k. K\
Z Z (Ct+1‘Pn + ¢ 1Pm — g <Pn) On = [t-
n=1 k=1
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Changing the order of summation and using (2.5), we finally arrive at the following equation on ¢, k =1,..., N:
1
k k k
S W
Ciy1+ Gy kCt o fts Q.11
Clil = Cg =0.
We assume that the solution to (2.11) has the form: ¢* —T x f, or
Pk
ZTlft I 2.12)
Pk s
Plugging it into (2.11), we get:
t+1 1
<Z JiTip1—1 + Zfth 1-1 = Ak Zfth z) = ﬁfta
Z fi(Tpr+ T — M Tr) + fiTy — fraTo = fr
1=0
We see that (2.12) holds if T" solves:
Tip1+ 11— NIy =0,
Ty =0, Ty =1.
Thus T (2)) are Chebyshev polynomials of the second kind.
O

3. Operators of the the BC method

As inverse data for (1.1), we use the analog of the dynamical response operator (dynamical Dirichlet-to-
Neumann map) [1].

Definition 3. For (I.1), the response operator R” : FT s RT is defined by the rule
(RTf) —ult, t=1,...,T.

Introduce the notation: the response vector is the convolution kernel of the response operator, r = (g, r1,...,rr—1) =
(1,wq,1,w1,2,...w1,r—1). Then, in accordance with (2.1):
t—1
(RTf), =, = fir + > wisfiios, t=1,....T; 3.1)
s=1

(RTf) =rx*f_1, whererg=1.
For system (2.3), we introduce the response operator by:
Definition 4. For the system in (2.3) the response operator R? : FL s R is defined by the rule:
(RTf), =vf, t=1,...T (3.2)

The corresponding response vector we denote by (r%,r%,...). More information on this operator and on the
inverse spectral problem one can find in the last section.

We introduce the inner space of dynamical system (1.1) #7 := R, h € HT, h = (h1,...,hp). For (1.1)
The control operator W' : FT' — HT is defined by the rule:

wWTf.= uﬁ,T, n=1,...,T.
Directly from (2.1), we deduce that:

T-1
WTF), =ulp=fron+ > wnsfros1, n=1,..T. (33)

S=n

The following statement imply the controllability of the dynamical system (1.1).
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Theorem 1. The operator W' is an isomorphism between F' and HT.

Proof. We fix some a € H' and look for a control f € F* such that W’ f = a. To this aim we write down the

operator as:

u1,T 1wy wip w1,T-1 fr—1
Uo, T 0 1 1w Wa,T-1 fr—2
wrhr=| | = ' (3.4)
U, T 0 1wk Wk, T—1 fr—r—1
up,T 0 0 0 0 1 fo
We introduce the notations:
Jr: Fr s F (Urf), = fr-1-n, n=0,....,T -1,
K e RTXT, kij = O, 7> j, kii = ]., kij = Wij-1, 1< j

Then, WT = (I + K) JT. Obviously, this operator is invertible, which proves the statement of the theorem.  [J
For the system (2.3) the control operator W} : FT — H is defined by the rule:
Wrf.= vfz_’T, n=1,...,N.

The representation for this operator immediately follows from (2.9), (2.10).
For the system (1.1) we introduce the connecting operator C* : F©' — FT by the quadratic form: for arbitrary
f,g € FI' we define

(CTF.9) pr = (ulgiuly) = (WL WTg) (3.5)
We observe that C7 = (WT)* W7, so CT is an isomorphism in FT. The fact that CT can be expressed in terms
of response R?T is crucial in BC-method.

Theorem 2. Connecting operator admits the representation in terms of inverse data:

T—max1,j

T T T
c* =0y, C;= Z Tli—jl+2k,  To = L. (3.6)
k=0
l+ro+...4+1r97—0 r1+7r3+...4+7r97_3 rr+rr—o TT_1
ri+r3+...+ror_3 l+ro+...4+197_4 rT_9
ct =
rr—3+7T7-1+ 741 IT+rot+ry 71473 To
T+ T2 1+ 73 1+ 71
rTT—1 rT—2 ce T1 1
Proof. For fixed f,g € FT, we introduce the Blagoveshchensky function by:
T
- g _ fo.9
wn,t = (ufna u‘,t)’}.[T - Zukmuk,t'
k=1
Then, we show that 1), ; satisfies some difference equation. Indeed, we can evaluate:
Y1 + Vnji—1 — Vng1,t — U1 =
T T
f g g f f g _
Z“k,n (“k,t+1 + uk,t—l) - Z (“k,n+1 + uk,n—l) Upp =
k=1 k=1
T T
f g g f f g _
Z Uk n (“k+1,t + ukfl,t> - Z (“k+1,n + Ukﬂ,n) Ut =
k=1 k=1
T T
g f f g f fo,9 g f f g g f f _
Z U ¢ (“k+1,n + uk—1,n) T UG ULy — U0, UT e T Uy (U — U n Uy — Zuk,t (“k+1,n + uk—l,n) =
k=1 k=1

gt(Rf)n - fn(Rg)t



Dynamical inverse problem for the discrete Schrodinger operator 847

So, we arrive at the following boundary problem for 1, ;:

Vi1 + V=1 — Vg1t — Yn—1e = hny, 1t € No, 3.7)
wo,t = 07 wn,o = 07
hn,t = gt(Rf)n - fn(Rg)t
We introduce the set:
K(n,t) = {(n,t) U{n—1,t—1),(n+1,t — 1)} U{(n—2,t—2),(nt —2),(n+2,t —2)} U...
t T
U{(n—t,O),(n—t+2,O),...,(n+t—2,0),(n+t70)}} ~JUm—r+2kt-7).
7=0 k=0
The solution to (3.7) is given by:
Une= > (k7).
k,7eK(n,t—1)
We observe that 7.7 = (C7 f, g), so:
C"f9)= >, hlk7). (3.8)

k,r€K(T,T—1)

Notice that in the r.h.s. of (3.8) the argument & runs from 1 to 27— 1. We extend f € FL, f = (fo,..., fr—1) to
f e F*T by:
fr=0, frex=—fr—x, k=1,2,...,T -1
Due to this odd extension, Z f(RTg); =0, so (3.8) gives:
k,reK(T,T—1)

(CTha) = X g (BTF), =g [(BT4), + (R f), 4o+ (BT ),

k,7eK(T,T—1)
+ 5 {(RQTJI)Q + (Rsz)4 +..F (RQTf)szz} ot gra (RQTf)T :

Finally, we infer that:
CTf = ((R¥F), 4o (R )y (RET L)y o (B2 Sy (RET) )
from where the statement of the theorem follows. 0
One can observe that C’Z-:';- satisfies the difference boundary problem.
Corollary 1. The kernel of CT satisfy:

T T T T _
Ci,jJrl + Ci,jfl B Ci+1,j - Cifl,j =0,
T T
Ci,T =Tr—i, CT,j =Tr—j, To = 1.

For the system (2.3) the connecting operator CZ-T : FT'— FT is introduced in the similar way: for arbitrary
f,g € FT we define:

(CT£.9) pr = (v00%) = (W W g), 0 (3.9)

More information on C} one can find in the final section.

4. Inverse problem

The dependence of the solution (1.1) u’ on the potential (bq, ba, . ..) resembles one of the wave equation with
the potential: take some M &€ N. From the very equation, one can see that the term uf;t with smallest {n,t},
which depends on by, is u{w a41- Thus, u{t becomes dependent upon by, starting from ¢ = 2M. This is an
analog of the finite wave propagation speed effect in the wave equation. Consider (2.3) with NV = M. We see that
the solution to (2.3) v{)t does not ‘feel’ the boundary condition at n = M + 1: u{t = v{)t fort=1,...,2M. Or
in other words, that means that R*M = R?M . This leads to the following natural set up of the inverse problem:
By the given operator R?M to recover the (part) of the potential (by,...,bys). In what follows, we will be dealing
with the IP for the system (1.1), only in the last section we comment on the system (2.3).
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4.1. Krein equations

Let o, 8 € R and y be solution to:

Yk+1 + Ye—1 — bryr = 0, @.1)
Yo=a, y1 =P.
We set up the following control problem: to find a control f7 € FT such that:
W), =wk, k=1,...,T. 4.2)
Due to Theorem 1, this problem has unique solution. Let s’ be a solution to
M+ =0, t=0,...,T, 43
wh =0, b =1. '
We show that the control f7 satisfies the Krein equation:
Theorem 3. The control fT, defined by (4.2) satisfies the following equation in F*:
CTfT = Bx" —a (RT)" 5. (4.4)
Proof. Let us take f7 solving (4.2). We observe that for any fixed g € F':
T—1
W=D (tfas +ufs) 4.5)
t=1
Indeed, changing the order of summation in the r.h.s. of (4.5), we get:
T—1 T—1
Z (“i,tﬂ + “z,tfl) = (541 + 71) uj , + “i,o”lT - uz,T%%—l'
t=1 t=1
which gives (4.5) due to (4.3). Using this observation, we can evaluate:
T T-1
CTfT Zykuk - Z Z (ui,tﬂ + Ui,t_1> %tTyk
k=1 t=0
T-1 T
=> % (Z (UZH,tyk UGy Yk — bk”i,#/k))
t=0 k=1
T—1 T
= %tT (Z (Ui,t(ykﬂ + Yr-1— bkyk> + ug,tyl + ugT+1,tZ/T - Uf,tyo - ugT,tZ/TH)
t=0 k=1
T-1
=" (Bor—(RT9),) = (7.8 — a (RTg)) = (8" —a ((BT)" ") .g).
t=0
From where (4.4) follows. O

Having found f" for 7 = 1,...,7, we can recover the potential b,, n = 1,...,7 — 1. Indeed: by the
constructions of f” we have (W7 f7) = y,, on the other hand, from (3.3) we can infer that (W7 f7)_ = f{, thus
y (4.1) can be recovered by:

yr=fg, 7=1,...,T. (4.6)
And the potential can be found by:

Yn+1 + Yn—1
Yn ’

by = T —1. 4.7)
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4.2. Factorization method

We make use the fact that matrix C” has a special structure — it is a product of triangular matrix and its

. . =T
conjugate. We rewrite the operator W7 =W .J as:

1 w1 wi2 ... W1,T-1 0 0 0o ... 1 fo
0 1 wg’g N U)27T_1 O 0 0 e 0 f2
wTf = '
f 0 1 e WE,T-1 0o ... 1 0 0 fokfl
o 0 0 .. 1 1 0 0 0 0 fr_1

Using the definition (3.5) and the invertibility of W7 (cf. Theorem 1), we have:
CT = (W) W, or (WT)T) cT (W) =1

We can rewrite the latter equation as:

NN\ 1 _
((WT> ) c" (WT) -1, ¢ =Jcy. (4.8)
Here the matrix éT has the entries:
1 T1 T2 e T
— —T r 1+7r rL+r . .
Cij=Cry1—jrs1—i» C = ° 2o T , (4.9)

r3 r1+ryg 14141y

SN
and operator (WT) has the form:

1k E12 T
-1 1
(WT) _ |V ka2 (4.10)
- : kT 1,71
0
where Ea’a = —Wa,a, «=1,..., 7 — 1. So we can rewrite (4.8) as:
1 o . O ¢11 .. .. CT 1 k'll k‘21 0
k11 1 0 . e e 0 0
kT—l,l . . 1 CcT1 .. crT 0 1
In the above equation C” are given (see (4.9)), the entries k;; of T are unknown. We denote by

S —1
K; = ki, Kio, ..., ki, 1,0,...,0) the (i + 1)—th row (i = 0,...,T — 1) in ((WT) ) , then we have

7’1" «
KlO Kj = 5i,j-

We use this equality in the form:

=T . . .
K;C" K; =0, i<j. 4.11)
Notice that Ky = (1,0, ...,0). The second row K can be recovered from KOGTK T =0, which is equivalent to:
[
C11k11 +¢1 =0, or k1 = —Cﬂ = —Ca21. (4.12)
11

The third row K3 we recover from the pair of equations KoéTKg =0, K 16TK 5 = 0, which are equivalent to:

k
1 0\ (¢ €2 ©i3 ]:1 (0
kin 1) \Ca1 ©Co2 ©Co3 iz 0/
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1
Due to the invertibility of
kl,l 1

), we can rewrite the latter equation as:

c c k c
‘G ) __(Gs) (4.13)
€21 C22 k2o €23
. . . . . —=T
We introduce the notation, by ¢ we denote the i-th column in the matrix C" truncated by first & elements:
k *
c; = (Eli Coi ... agi) .

Since C7 is invertible, (4.13) has a unique solution, moreover, we can infer that:
c C
det (11 13)
C21 (23
2 2
———L = —det(¢7,).

€11 C12
det | _ B
C21  C22

Assume that we have already recovered Ky, K, ..., K, to recover K;;; we need to consider the equations
—T —T —T . .
KoC" Kf, =0, KiC" K{;, =0,..., K;C" K, =0, which are equivalent to:

koo = —

1 0 .. 0 C11 A Ci,142 kl+1,1 0
k11 1 0 .. . A .. :ZCH_LQ
ki ki .01 Ciy1,1 - - Clyli42 1 0

We can rewrite the latter equation as:

i1 - - Clitl ki1 C1,142
kiy1,2 n Cotv2 | 0 (4.14)
Ciy1,l - - Clgli4l k141 Cly1,i42

Due to the invertibility of C7 the latter equation has unique solution, moreover

kiprae1 = —det(ei™, @ gt e ty), 1=0,...,T—2. (4.15)
Having recovered ko, = —Wq,q, We recover the potential by (see (2.2)):
by, = Wn—-1,n—-1 — Wnn = kn,n *kn—l,n—la n= 17~--7T7 1. (416)

4.3. Gelfand-Levitan equations

If we introduce C7 by

c'=1+0", 4.17)
(see (3.6),(4.9)), then we can rewrite (4.14) for | =T — 2 as:
kr_1,1 leTT
~ ~ ke ~ T
(I + CT) Kr + Cr =0, where Ky = =12 Cp = Cor
kr—171-1 5%—1,1“
or as a system:
T-1 N
kr—1,6 + ZCl{jkT*Lj +Clp=0, B=1,....T—1 (4.18)
j=1

o\ —1
If we pass to (more standard) entries of (WT)

ko, = kg,as (4.19)
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then (4.18) can be rewritten as:
ksr1+» Chikjra+Che=0, B=1,....,T—1 (4.20)
j=1
The last equation is an analog of Gelfand-Levatan equation for continuous problem [4,5]. We conclude this section
with

__ 1 ~
Theorem 4. The kernel of the operator (WT) (see (4.10)) satisfies equation (4.20), where the entries C}:j are

defined in (4.17), (3.6).

The equation in (4.18) has a unique solution due to the invertibility of C'. The potential can be recovered by
(4.106).

Now, we make some remarks on the dependence of the connecting operator C” and the solution of the inverse
problem equations (i.e. the potential) on the inverse data. As a direct consequence of (3.6) we can formulate the
following:

Remark 1. The operator CT depends on R** =2, i.e. it depends on the potential (by,...,by_1), so the results

obtained from CT via Krein-type equations (4.4), (4.6),(4.7), factorization method (4.15), (4.16) and Gelfand-
Levitan type equations (4.20), (4.16) are the best possible.

In the subsection on the factorization method, we used the fact that det C™ =1, 7 = 2,...,T. More precisely,

we used it in the form det(¢],¢5,...¢.) = 1. That fact actually says that not all elements in the response vector

i
are independent. Indeed: the element ki; we recovered (see (4.12)) from ¢o1, i.e. from r;. The element koo
we recovered from €1, €13, C21, Co3, that is from 71, ro, r3. But since det(E?,Eg) = 1, we have that ro = rf,
so in fact koo was recovered from r; and r3. Arguing in the same fashion, we see that 79, depends on rg;41,
1=0,...,k—1. So we recovered (k11, ..., kr—1,7—1) from the response vector (g, 71,...,72—2), 7o = 1, whose
components with even numbers depend in explicit form on the components with odd numbers. That observation
plays an important role in the next subsection.

4.4. Characterization of the inverse data

In the second section, we considered the forward problem (1.1), for the potential (by,...,br_1) we constructed
the matrix W7 (2.1), (2.2), the response vector (1,71,...,797—2) (see (3.1)) and the connecting operator cT vy
formula (3.6). It will be more convenient for us to deal with the rotated matrix GT defined in (4.9). From the
representation o= (WT)*WT and triangularity of W' we know that

detC' =1 Wi=1,...,T.

Also, we have proven that if coefficients 71, ..., 79— correspond to some potential (by,...,br_1), then we can
recover the potential using (4.15)-(4.16).

Now, we set up a question: can one determine whether a vector (1,71, 72,...,727_2) is a response vector for
the dynamical system (1.1) with a potential (by,...,br_1) or not? The answer is the following theorem.

Theorem 5. The vector (1,71,72,...,197—_2) is a response vector for the dynamical system (1.1) if and only if
the matrix CT (3.6) is positively definite and detC' =1,1=1,...,T.

Proof. First we observe that in the conditions of the theorem we can substitute C* by c’ (4.9). The necessary
part of the theorem is proved in the preceding sections. We are left to prove the sufficiency of these conditions.
Let there be a vector (1,7r1,...,727_2) such that the matrix 6T constructed from it using (4.9) satisfies
conditions of the theorem. Then we can construct the potential (bq,...,br_1) using (4.15)—(4.16) and consider
the dynamical system (1.1) with this potential. For this system, we construct the connecting operator C,  and its

rotated 6:%) using (2.2), (3.1), (3.6) and (4.9). We will show that the matrices éT and 6:% coincide.

First, we note that we have two matrices constructed by (4.9), one comes from the vector (1,71,...,7r27_2)
and the other comes from (1,77, ..., r57",). Also they have a common property that det C' = det éﬁww =1
forall [ =1,...,T (one by theorem’s condition and the other by representation éz:ew = (W,Tww)*W:ew).

Secondly, we note that if we calculate the potential (by,...,br_1) using (4.15)-(4.16) from any of éT and

C

new Matrices, we obtain the same answer.
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Therefore we have two matrices of the type (4.9) with the unit principal minors and the property

det(e, ...t E1)) = det(Crew - - - Crcwy s Crewi ) VI=0,...,T —2. (4.21)

If we look at (4.21) for [ = 0, we see that r; = 77““. From the fact that for both matrices o’ Cnew the principal
minors of the second order are equal to one, we infer that o = r3°*. We continue this procedure and from (4.21)
with [ = n, we infer that ro,41 = 73,y and from equality to one of principal minor of the order n + 2 of c,
—T
C

new?

we can infer that 73, 1o = 75,5 for all n = 2,...,T — 2 by induction. This finishes the proof. O

5. Spectral representation of CT and r,

In this section, we consider the inverse spectral problem and show the connection of the spectral (2.5), (2.6)
and dynamical (3.1), (3.2) inverse data. If we introduce the special control § = (1,0,0,...), then the kernel of
response operator (3.2) is:

= (Ri6), = 01, (5.1)
on the other hand, we can use (2.9), (2.10) to obtain:
1
0, =Y =T ). (5.2)
i1 Pk
So on introducing the spectral function:
1
M= (53)
(k1 ey PP
from (5.1), (5.2) we deduce that:
o0
i — / T\ dp(\), teN.

Let us evaluate (C f, g) for f,g € FT, using the expansion (2.9):

N

N N N
1 1
() Z =3 —Tr(\) * ok > —Tr(\) * g,
n=1 n=1k=1 Pk =1 P
N 1 01 T—1
=Y —Tr(M) * [Tr(M) x g = / Z Tr (N fir Y Trom(N)gm dp™ (V).
k=1 Pk s m=0
From the equality above, it is evident that (cf. (3.6)):
{CT Y i1my1 = / Troi(N)Tr—m(N) dp™(N), I,m=0,...,T — 1. (5.4)
— 00

Let us consider the spectral problem:

{@H+m4m@mh7zoqu+L

¢0 =0, ¢n+1 =0. (5.5)

In the second section, we construct the spectral data for this problem — eigenvalues of the corresponding Hamilton-
ian and norming coefficients (2.5), (2.6). Now we answer the question how to recover the potential (by,...,bn)
from this data.

Our strategy will be to use the dynamical approach from the fourth section to treat this IP. First, we observe
that to know (2.6) is the same as to know the spectral function (5.3). Consider the system (1.1) with the same
potential b, for n = 1,...,N. We notice that as explained in the beginning of section four, R?" = REN and
correspondingly, r, = ri ,t=1,...,2N. Due to this, we deduce that CT = CiT for T'= N + 1. Thus, the inverse
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problem can be solved in the following way: from the spectral data (2.6), we construct the spectral function
by (5.3). Then, we construct:

Ty =1 = / T,(\)dp™()\), t=1,...,2N,
—o0
oo
Cho ={C higtmer = / Tr—i(N)Tr—m(N) dp™ (), 1,m=0,...,N—1.
After we have in hands the connecting operator, we can use the methods of section four to find (by,...,bn).
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1. Introduction

Linear water wave theory is a widely used approach for describing the behavior of surface waves in the
presence of rigid boundaries. In particular, this theory is a common tool for determining sloshing frequencies
and modes in containers occupied by a homogeneous fluid, that is, having constant density. The corresponding
boundary spectral problem, usually referred to as the sloshing problem, has been the subject of a great number of
studies over more than two centuries (a historical review can be found, for example, in [1]). In the comprehensive
book [2], an advanced technique based on spectral theory of operators in a Hilbert space was presented for studying
this problem.

In the framework of the mathematical theory of linear water waves, substantial work has been done in the
past two decades for understanding the difference between the results valid for homogeneous and two-layer fluids
(in the latter case the upper fluid occupies a layer bounded above by a free surface and below by a layer of fluid
whose density is greater than that in the upper one). These results concern wave/structure interactions and trapping
of waves by immersed bodies (see, for example, [3-5] and references cited therein), but much less is known about
the difference between sloshing in containers occupied by homogeneous and two-layer fluids. To the author’s
knowledge, there is only one related paper [6] with rigorous results for multilayered fluids, but it deals only with
the spectral asymptotics in a closed container. Thus, the first aim of the present paper is to fill in this gap at least
partially.

Another aim is to consider the so-called inverse sloshing problem; that is, the problem of recovering some
physical parameters from known spectral data. The parameters to be recovered are the depth of the interface
between the two layers and the density ratio that characterizes stratification. It is demonstrated that for determining
these two characteristics for fluids occupying a vertical-walled container with a horizontal bottom, one has to
measure not only the two smallest sloshing eigenfrequencies, which must satisfy certain inequalities, but also to
analyze the corresponding free surface elevations.

1.1. Statement of the direct problem

Let two immiscible, inviscid, incompressible, heavy fluids occupy an open container whose walls and bottom
are rigid surfaces. We choose rectangular Cartesian coordinates (x1, 22, y) so that their origin lies in the mean free
surface of the upper fluid and the y-axis is directed upwards. Then, the whole fluid domain W is a subdomain of
the lower half-space {—oco < 21,22 < +00, y < 0}. The boundary OW is assumed to be piece-wise smooth and
such that every two adjacent smooth pieces of QW are not tangent along their common edge. We also suppose
that each horizontal cross-section of W is a bounded two-dimensional domain; that is, a connected, open set
in the corresponding plane. (The latter assumption is made for the sake of simplicity because it excludes the
possibility of two or more interfaces between fluids at different levels.) The free surface F' bounding above the
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upper fluid of density p; > 0 is the non-empty interior of OW N {y = 0}. The interface I = W N {y = —h},
where 0 < h < max{|y| : (x1,22,y) € OW}, separates the upper fluid from the lower one of density pa > ps.
We denote by W, and W5 the domains W N {y > —h} and W N {y < —h} respectively; they are occupied by
the upper and lower fluids respectively. The surface tension is neglected and we suppose the fluid motion to be
irrotational and of small amplitude. Therefore, the boundary conditions on F' and I may be linearized. With a
time-harmonic factor, say coswt, removed, the velocity potentials u(" (z1, z5,%) and u® (1, x5, y) (they may be
taken to be real functions) for the flow in W; and W5 respectively must satisfy the following coupled boundary
value problem:

w4 +ul) =0 W, j=1,2, )
uz(ll) =wvu) onF, ()
p (uf) — uu(2)) = ug/l) —vu™  on I, 3)
u?(f) = ul(ll) on I, 4)
oujon=0 on B; j=1,2. (5)

Here, p = pa/p1 > 1 is the non-dimensional measure of stratification, the spectral parameter v is equal to (.32 /9>
where w is the radian frequency of the water oscillations and ¢ is the acceleration due to gravity; B; = 0W;\ (FUI)
is the rigid boundary of W;. By combining (3) and (4), we get another form of the spectral coupling condition (3):

(p— 1)u§}2) =v (pu(2) - u(1)> on I. (6)
We also suppose that the orthogonality conditions
/u(l) dr=0 and / (pu@) — u(l)) dx =0, dx=dzidzs, 7
F 1

hold, thus excluding the zero eigenvalue of (1)—(5).

When p = 1, conditions (3) and (4) mean that the functions (") and u(?) are harmonic continuations of each
other across the interface I. Then, problem (1)-(5) complemented by the first orthogonality condition (7) (the
second condition (7) is trivial), becomes the usual sloshing problem for a homogeneous fluid. It is well-known
since the 1950s that the latter problem has a positive discrete spectrum. This means that there exists a sequence of
positive eigenvalues {v/V }$° of finite multiplicity (the superscript W is used here and below for distinguishing the
sloshing eigenvalues that correspond to the case, when a homogeneous fluid occupies the whole domain W, from
those corresponding to a two-layer fluid which will be denoted simply by v,,). In this sequence the eigenvalues
are written in increasing order and repeated according to their multiplicity; moreover, v}V — 0o as n — oo. The
corresponding eigenfunctions {u,,}$* C H*(W) form a complete system in an appropriate Hilbert space. These
results can be found in many sources, for example, in the book [2].

2. Variational principle

Let W be bounded. It is well known that the sloshing problem in W for homogeneous fluid can be cast into
the form of a variational problem and the corresponding Rayleigh quotient is as follows:

[ |Vul?*dzy
F

®)

In order to obtain the fundamental eigenvalue v}V one has to minimize Ry (u) over the subspace of the

Sobolev space H'(W) consisting of functions that satisfy the first orthogonality condition (7). To find v}V for

n > 1, one has to minimize (8) over the subspace of H!(W) such that each of its element u satisfies the

first condition (7) along with the following equalities [ wu;dx = 0, where u; is either of the eigenfunctions
F

Uy, ..., Uup_1 corresponding to the eigenvalues v}V, ... WV .
In the case of a two-layer fluid, we assume that the usual embedding theorems hold for both subdomains W,
j = 1,2 (the theorem about traces on smooth pieces of the boundary for elements of H' included). This imposes

some restrictions on W, in particular, on the character of the intersections of F' and I with OW N {y < 0}. Then
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using (6), it is easy to verify that the Rayleigh quotient for the two-layer sloshing problem has the following form:
S/ |Vu(1)]2 dedy+p [ !Vu(2)|2 dzdy
Wy Wa

f [u(l)}2 d$+ (p _ 1)*1 f [pu(Q) — ’U,(l)]2 dCU
F I

RuW, u®) = )

To determine the fundamental sloshing eigenvalue v, one has to minimize R(u("),u(?)) over the subspace of
HY(Wy) @ H' (W) defined by both orthogonality conditions (7). In order to find v, for n > 1, one has to
minimize (9) over the subspace of H'(W;) & H*(W,) such that every element (ul), u(?)) of this subspace
satisfies the equalities:

1),,(1) _ 2) (1 2 @ _ T _
/u()uj dr=0 and /[pu( u()} [puj u; ]d:ch7 j=1...,n—-1,

F I

)

along with both conditions (7). Here, (uj u§-2)) is either of the eigensolutions corresponding to vy, ..., v, _1.

Now we are in a position to prove the following assertion.

Proposition 1. Let v}V and v, be the fundamental eigenvalues of the sloshing problem in the bounded domain
W for homogeneous and two-layer fluids respectively. Then the inequality vy < v}V holds.

The restriction that W is bounded is essential as the example considered in Proposition 4 below demonstrates.
Proof. If u; is an eigenfunction corresponding to v}V, then
[ 1Vui|? dzdy

W W

1 = 2
Juidx
F

Let ") and u(? be equal to the restrictions of pu; and u; to W and W, respectively. Then the pair (u(!), u(®)
is an admissible element for the Rayleigh quotient (9). Substituting it into (9), we obtain that:

[ [Vur|? dedy + p~' [ |Vur|? dady
W1 W2

[ uidz
P

R(pui,uy) =

Comparing this equality with the previous one and taking into account that p > 1, one finds that
R(puyi,uy) < v}¥V. Since vy is the minimum of (9), we conclude that v; < v}V, O

3. Containers with vertical walls and horizontal bottoms

Let us consider the fluid domain W = {z = (21,22) € D, y € (—d,0)}, where D is a piece-wise smooth
two-dimensional domain (the container’s horizontal cross-section) and d € (0, o] is the container’s constant depth.
Thus, the container’s side wall 9D x (—d, 0) is vertical, the bottom {x € D, y = —d} is horizontal, whereas the
free surface and the interface are F = {x € D, y =0} and I = {a € D, y = —h} respectively, 0 < h < d.

For a homogeneous fluid occupying such a container, the sloshing problem is equivalent to the free membrane
problem. Indeed, putting

u(z,y) = v(z)coshk(y +d) (u(z,y) =v(z)e™ when d=o0),

one reduces problem (1)—(5) with p = 1, complemented by the first orthogonality condition (7) to the following
spectral problem:

Vo4 kv =0 in D, Ov/dn, =0 on 9D, /vdsz, (10)
D

where V,, = (0/0z1,0/0x2) and n, is a unit normal to dD in R2. It is clear that ©"V is an eigenvalue of the
former problem if and only if &2 is an eigenvalue of (10) and

vW = ktanhkd when d < co (VW:k: Whend:oo), k> 0. (1)

It is well-known that problem (10) has a sequence of positive eigenvalues {k2}$° written in increasing order and
repeated according to their finite multiplicity, and such that k2 — oo as n — oo. The corresponding eigenfunctions
form a complete system in H'(D).
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Let us describe the same reduction procedure in the case when W is occupied by a two-layer fluid and d < oc.
Putting

u(x,y) =v(x cos Y+ h)+ bsin y+ h)l,
W(a,y) = v(z) [Acosh k(y + h) + Bsinh k(y + )] (12)

u®(z,y) = v(x) C cosh k(y + d), (13)
where A, B and C' are constants, one reduces problem (1)—(5) and (7), p > 1, to problem (10) combined with the
following quadratic equation:

v? cosh kd — vk [sinh kd + (p — 1) cosh kh sinh k(d — h)]
+ k?(p — 1)sinh kh sinhk(d — h) =0, k>0. (14)

Thus v is an eigenvalue of the former problem if and only if v satisfies (14), where k2 is an eigenvalue of (10).

Indeed, the quadratic polynomial in v on the left-hand side of (14) is the determinant of the following linear
algebraic system for A, B and C":

A=C [cosh k(d—h) —v~'(p—1)k sinhk(d — h)] , B=C sinhk(d—h), (15)

A (k sinh kh — v cosh kh) + C sinh k(d — h) (k cosh kh — v sinh kh) = 0. (16)

The latter arises when one substitutes expressions (12) and (13) into the boundary condition (2) and the coupling
conditions (3) and (4). This homogeneous system defines eigensolutions of the sloshing problem provided there

exists a non-trivial solution, and so the determinant must vanish which is expressed by (14).
Let us show that the roots v(*) and (=) of (14) are real in which case

S bEVD

Ny coshkd ~ 0, 17

where the inequality is a consequence of the formulae:
b=sinhkd+ (p — 1) cosh kh sinh k(d — h), (18)
D =b?—4(p— 1) cosh kd sinh kh sinh k(d — h). (19)

Since D is a quadratic polynomial of p — 1, it is a simple application of calculus to demonstrate that it attains
the minimum at
- 2 cosh kd sinh kh — sinh kd cosh kh
P coshZ kh sinh k(d — h) ’
and after some algebra one finds that this minimum is equal to
4 cosh kd sinh kh sinh k(d — h)
cosh? kh

which proves the assertion. Thus we arrive at the following.

>0,

Proposition 2. If W is a vertical cylinder with horizontal bottom, then the sloshing problem for a two-layer fluid
occupying W has two sequences of eigenvalues

{fo)}oo and {V,(L_)}OO
1 1
defined by (17) with k = k,, > 0, where k2 is an eigenvalue of problem (10).

The same eigensolution (u(l),u@)) corresponds to both V,(L+) and 1/7(1_), where uY) and u(® (sloshing modes

in Wy and Wy respectively) are defined by formulae (12) and (13) with v belonging to the set of eigenfunctions
of problem (10) that correspond to k2; furthermore, C is an arbitrary non-zero real constant, whereas A and B
depend on C' through (15).

) as a function of p.

(=)

Next, we analyze the behavior of V»,(Lj:

(+)

Proposition 3. For every n = 1,2,... the functions vy, ' and vy, ' are monotonically increasing as p goes from

1 to infinity. Their ranges are:
(0, kptanh k,h) and  (k, tanh k,d, co)

respectively.
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Proof. In order to prove the proposition, it is sufficient to show that:

o(b+ VD
(aiﬂ = sinh k(d — h){ cosh kh = D~'/?[cosh kh sinh kd
0

+(p — 1) cosh? kh sinh k(d — h) — 2 cosh kd sinh khl } >0. (20)

Since

o(b+VD)

. 2 o .
' _ 2sinh®k(d — h) © 0 and A(b—D)
0

sinh kd ap

p=1
inequality (20) is a consequence of the following one:
ia2(b ++vD) 4 coshkd sinhkh sinh® k(d — h)
dp> - D3/2
The second assertion immediately follows from the first one and formulae (17)—(19). O

p—00

>0 forall p>1.

Combining Proposition 3 and formula (11), we arrive at the following assertion.
Corollary 1. The inequalities W) < W< 1/7([’_) hold for each n=1,2,... and every p > 1.
Dividing (17) by k and letting k& = k,, to infinity, it is straightforward to obtain the following.

Lemma 1. For every p > 1, the asymptotic formula:

1+p-3
yE) p+ 4|P |kn

holds with the exponentially small remainder term; here k2 is an eigenvalue of (10).

as n — oo,

In other words, there are three cases:
(i) if p =3, then v*) ~ k, as n — oo;
(i) if p > 3, then v\ ~ k, and v ~ (p — 1) k, /2 as n — oo;
(iii) if p € (1,3), then v ~ (p — 1)k, /2 and v") ~ k, as n — occ.
Combining these relations and the asymptotic formula v}V ~ k,, as n — oo (it is a consequence of formula (11)
defining v}V when a homogeneous fluid occupies W), we obtain the following.

(+)

=) W when p > 3, whereas vy, ' ~ Z/TI;V provided p € (1, 3].

Corollary 2. As n — oo, we have that vy, ~ ~ v,

Another corollary of Lemma 1 concerns the distribution function N'(v) for the spectrum of problem (1)—(5)
and (7). This function is equal to the total number of eigenvalues v,, that do not exceed v. An asymptotic formula
for A/ (v) immediately follows from Lemma 1 and the asymptotic formula for the distribution of the spectrum for
the Neumann Laplacian (see [7], Chapter 6).

Corollary 3. The distribution function N (v) of the spectrum for the sloshing of a two-layer fluid in a vertical
cylinder of cross-section D has the following asymptotics:

4 |D| 2
(p—1) A

as v — oQ.

N(w) ~ {

Here,

D| stands for the area of D.

It should be also mentioned that in [6] the asymptotics for /() was obtained for a multi-layer fluid occupying
a bounded closed container.

It follows from Lemma 1 and Corollary 2 that the asymptotic formula for the distribution function of the
spectrum {v," }C;o is similar to the above one, but the first term in the square brackets must be deleted. Moreover,
in the case of homogeneous fluid the same asymptotic formula (up to the remainder term) holds for arbitrarily
shaped fluid domains (see [2], Section 3.3). Since the first term in the square brackets tends to infinity as p — 1,
the transition from the two-layer fluid to the homogeneous one in the asymptotic formula for A'(v) is a singular
limit in the sense described in [8]. A similar effect occurs for modes trapped by submerged bodies in two-layer
and homogeneous fluids as was noted in [4].

In conclusion of this section, it should be noted that in the case of an infinitely deep vertical cylinder it is easy
to verify that v = k is an eigenvalue of the sloshing problem for a two-layer fluid if and only if k2 is an eigenvalue
of problem (10). Comparing this assertion with that at the beginning of this section, we obtain the following.
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Proposition 4. In an infinitely deep vertical-walled container, the sloshing problem for a two-layer fluid has the
same set of eigenvalues and the same eigenfunctions of the form v(x)e*, k > 0, as the sloshing problem for a
homogeneous fluid in the same container; here, k? is an eigenvalue and v is the corresponding eigenfunction of
problem (10).

4. Inverse problem

Let a given container W be occupied by a two-layer fluid, but now we assume that the position of the interface
between layers and the density of the lower layer are unknown. The density of the upper layer is known because
one can measure it directly. The sequence of eigenvalues {u,‘iv }(1)0 corresponding to the homogeneous fluid is also
known because it depends only on the domain W. The inverse problem we are going to consider is to recover the
ratio of densities p and the depth of the interface h from measuring some sloshing frequencies on the free surface.
Thus, we let the fundamental eigenvalue 1y be known along with the second-largest one.

The formulated inverse problem is not always solvable. Indeed, according to Proposition 4, it has no solution
when W is an infinitely deep container with vertical walls. Moreover, the inverse problem is trivial for all domains
when v; = v}V, In this case, Proposition 1 implies that the fluid is homogeneous, that is, p = 1 and h = d.
Therefore, we restrict ourselves to the case of vertically-walled containers having a finite depth d in what follows.

4.1. Reduction to transcendental equations

In view of what was said above, the inverse problem for W = D x (—d,0) can be stated as follows. Find
conditions that allow us to determine p > 1 and h € (0,d) when the following two eigenvalues are known: the
fundamental one v; and the smallest eigenvalue vy that is greater than v4. Thus, N is such that k2 = k? for
alln = 1,..., N — 1, which means that the fundamental eigenvalue k7 of problem (10) is of multiplicity N — 1
(of course, v; has the same multiplicity). For example, if D is a disc, then the multiplicity of k7 is two (see [9],

Section 3.1), and so vy = v3 in this case.

According to formula (17), we have that v, = yi_). Hence the first equation for p and % is as follows:

P
by — /Dy = % cosh k1 d. Q1)
1

Here, b; and D; are given by formulae (18) and (19) respectively with k = k.
To write down the second equation for p and h, we have the dilemma whether

VN = ) or VN = V£+) ? (22)

Let us show that either of these options is possible. Indeed, Proposition 3 implies that vy = ) provided p — 1

is sufficiently small. On the other hand, let us demonstrate that there exists a triple (p, d, h) for which vy = u£+).

For this purpose we have to demonstrate that the inequality
) _ by —vDn . b +vDr _ ()
YN N 2coshkyd — 12coshk1d gl
holds for some p, d and h. As above b; and D;, j = 1, N, are given by formulae (18) and (19), respectively, with
k=k;.
Let h = d/2, then we have:

i = RkigWwp a J P 2 7 p cosh k;d ’
and so
4[V(*)_V£+):|_>kN(p+1_|p_3‘)—k;1(p+1—|—|p—3|) as d — 00.

The limit is piecewise linear function of p, attains its maximum value 4(ky — k1) at p = 3 and is positive for
p€(1+2(ki/kn), 1+2(kn/k1)).

Summarizing, we arrive at the following.
Proposition 5. Let k3, be the smallest eigenvalue of problem (10) other than k%, and let V](\;) be the sloshing

eigenvalue defined by (17)—-(19) with k = ky. Then

(1) l/j(v_) < 1/£+) when p — 1 > 0 is sufficiently small (of course, its value depends on d, h and the domain

D);
(i) 1/](\,_) > 1/§+) when p € (142 (ki/kn), 1+2(kn/k1)), h = d/2 and d is sufficiently large (of course, its
value depends on p and D).
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Obviously, assertion (ii) can be extended to values of h that are sufficiently close to d/2.

4.2. Options for the second equation

Let us develop a procedure for determining which of the two equalities (22) can be chosen to complement
equation (21) in order to find p and h. Our procedure is based on an analysis of the free surface elevations
corresponding to the measured values v; and vy. Indeed, when a two-layer fluid oscillates at the frequency
defined by some v;, the free surface elevation is proportional to the trace ugl)(m:()) (see, for example, [10],
Section 227).

(1)

According to formula (12), the trace uy ’(z,0) is a linear combination of linearly independent eigenfunctions

v1(z),...,vy_1(z) corresponding to the fundamental eigenvalue k7 of problem (10); of course, its multiplicity
is taken into account. By Proposition 2 the free surface elevation associated with 1/£+) is also proportional to a
linear combination of vq,...,vx_1. Since these functions are known, one has to determine whether the measured
free-surface elevation corresponding to v can be represented in the form of such a combination and only in such
a form. If this is the case, then vy = 1/§+) < I/J(V_) and the following equation:
2v N
by + /D) = - cosh kyd (23)

forms the system for p and h together with (21).

Besides, it can occur that the measured free-surface elevation corresponding to vy is representable in two
forms, one of which is a linear combination of v1,...,vx_1, Whereas the other one involves the function vy as
well as other eigenfunctions corresponding to the eigenvalue k% of problem (10) along with vy,...,uy_1. It is
clear that this happens when vy = 1/£+) = V](\,*). Indeed, if all coefficients at the eigenfunctions of k% vanish,
then the profile is represented by w1, ...,vn_1, otherwise not. In this case, equation (21) can be complemented by

either equation (23) or the following one:

2
by — /Dy = k”N cosh knd. 24)
N

Of course, it is better to use the system that comprises equations (21) and (23) because the right-hand side terms
in these equations are proportional.

If the measured free-surface elevation corresponding to v cannot be represented as a linear combination of
V1,...,UN_1, then vy = u](\f) < u£+), in which case the elevation is a linear combination of eigenfunctions that
correspond to the eigenvalue k% of problem (10) the second largest after k7. In this case, equation (21) must be
complemented by (24).

Thus, we arrive at the following procedure for reducing the inverse sloshing problem to a system of two
equations.

Procedure. Let vy,...,vN_1 be the set of linearly independent eigenfunctions of problem (10) corresponding to
k3. If the observed elevation of the free surface that corresponds to the measured value vy has a representation as
a linear combination of vy, ...,vN_1, then p and d must be determined from equations (21) and (23). Otherwise,
equations (21) and (24) must be used.

The simplest case is when the fundamental eigenvalue of problem (10) is simple, that is, N = 2. Then
the above procedure reduces to examining whether the free surface elevations corresponding to v; and vy are
proportional or not. In the case of proportionality, equations (21) and (23) must be used. Equations (21) and (24)
are applicable when there is no proportionality.

5. Solution of the transcendental systems

In this section, we consider the question how to solve systems (21) and (24), and (21) and (23) for finding p
and h.

5.1. System (21) and (23)

Equations (21) and (23) can be easily simplified. Indeed, the sum and difference of these equations are as
follows:

by = ”NTM coshkid and Dy — (”N_”l

k1

2
) cosh? kid.
1



Direct and inverse spectral problems for sloshing of a two-layer fluid 861

Substituting the first expression into the second equation (see formulae (18) and (19)), we obtain:
(p— 1) sinh ki h sinh ey (d — h) = ”127%”1 cosh k1d, (25)

whereas the first equation itself has the following form:

(p— 1) coshkih sinhky(d — h) = VN + 11

cosh k1d — sinh kqd . (26)
1

The last two equations immediately yield:

tanh k1h =

VN V1
kl(VN—i—ul—us)’

where formula (11) is applied. Thus we are in a position to formulate the following.

Proposition 6. Let vy and vy # vy be the smallest two sloshing eigenvalues measured for a two-layer fluid
occupying W = D x (—d,0). Let also:

0<

VUN V
Al 7y < tanhkd,

kv (vn +v1— v

where k? is the fundamental eigenvalue of problem (10) in D and v}V is defined by formula (11) with k = ky. If
Procedure guarantees that p and h satisfy equations (21) and (23), then:

1 _ VN V1
h = — tanh™* ,
k1 kl(l/N—i—Vl—V}’V)

whereas p is determined either by (25) or by (26) with this h.

We recall that tanh™' z = £ In 4= (see [11], Section 4.6).

5.2. System (21) and (24)

Since equations (21) and (24) have the same form, we treat them simultaneously. Eliminating square roots, we
get:

(p—1) sinh k;(d — h) (vj coshkjh — kjsinh kjh) = Z—j (vjcoshk;jd — kjsinhk;d), j=1,N,
J
which is linear with respect to p — 1. Taking into account formula (11), we write this system in the form:
(p—1) sinh k;(d — h) (k; sinhkjh — vj cosh kjh) = Z—] (VJW —vj;)coshk;d, j=1,N, (27)
J

where the right-hand side term is positive in view of Corollary 1. We eliminate p — 1 from system (27), thus
obtaining the following equation for h:

% ()Y —11) cosh kid sinh ky (d — h) (ky sinhknh — vy cosh kyh)
1
N v — un) cosh knd sinh ky(d — h) (kg sinh kyh — vy cosh kyh) = 0. (28)
i N
N

Let us denote by U (h) the expression on the left-hand side and investigate its behaviour for ~ > 0, because solving
equation (28) is equivalent to finding zeroes of U (k) that belong to (0, d).
It is obvious that U(d) = 0, and we have that:

vV — 1 . v —un .
U0)=—-vnu1n B cosh k1d sinh knd — By— cosh kyd sinh kd | .

After applying formula (11), this takes the form:

U©0) = W vy — vy ") % cosh knd cosh kyd, (29)

and so U(0) is positive, negative or zero simultaneously with v\ vy — vy v}V,
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We have that
v1 kn cosh kid

U'(h) = W (v}Y —vy) [kn sinhky(d — 2h) + vn coshky(d — 2h)]
f%fh’md (vN —vy) [k1 sinh ki (d — 2h) + vy coshkp(d — 2h)] ,
U”Q(h) _ v hi ]‘;’jh PN W ) Ty cosh by (d — 2h) + v sinh ky (d — 2)]
—M?VIETShkld (v} —v1) [kn coshkn(d — 2h) + vy sinhky(d — 2h)] .

Then, formula (11) yields the following asymptotic formula:

mky vnk

U(h) ~ (d—h) (vN —vn) (1] — 1) { ] cosh kyd coshkid as d—h — +0. (30)

ky N

Since equation (28) is obtained under the assumption that vy = y](\,f) and 1, = uff), Corollary 1 yields that each

factor in the asymptotic formula is positive except for the difference in the square brackets.
The next lemma gives a condition providing a relationship between the value U(0) and the behavior of U(h)
for h < d and sufficiently close to d.

Lemma 2. If the following inequality holds:

mky vk

L (1)
then U(0) < 0 and U(h) < 0 when h < d and sufficiently close to d.
Proof. Let us prove the inequality U(0) < 0 first. Since
Z/X[// V|, — UN I/I/V = ky tanh kyd — vy k1 tanh kqd,
according to formula (11). Furthermore, it follows from (31) that:
VX,V V1 — UN l/fv <vn kf d tar;}]lVZNd — tarlljijld <0, (32)
because 2z~ !tanh z is a monotonically decreasing function on (0,+o00) and k; < kx. Then (29) implies that

U(0) < 0.
If inequality (31) is strict, then the second assertion immediately follows from the asymptotic formula (30).
In the case of equality in (31), the asymptotic formula (30) must be extended to include the second-order term
with respect to d — h (see the second derivative above). Thus we obtain that:

VN k% cosh knd

’ (vN — vn) [k1 coshkyd — vy sinh kd]
N

wm~w—m{

! k'lzv cosh k1d

’ (V' — 1) [kn coshkyd — vy sinh kyd] } as d — h — +0.
1

Applying the equality v = vy (ky/k1)? along with formula (11), we write the expression in braces as follows:
v ky kit coshkyd coshkid [(v) —vn) (kF —vai)") — (1Y — 1) (k3 —vwvwy)]
and we have in the square brackets:
Bl — k% v + ol vl oy — vl vV o+ un v — o vy v
Substituting vy = 11 (kn/k1)?, we see that this expression is the following quadratic polynomial in v;:
(Y —vN) (kn/k1)? vf + v v [(kn/k1)? — 1] v + o8 kT — v kR

Its first and third coefficients are negative (for the latter one this follows from formula (32) because it is equal to
the expression in the square brackets multiplied by a positive coefficient). On the other hand, the second coefficient
is positive. Therefore, the last expression is negative when v; > 0, which implies that the right-hand side of the
last asymptotic formula is negative. This completes the proof of the second assertion. O

The immediate consequences of Lemma 2 are the following two corollaries.
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Corollary 4. If inequality (31) holds, then equation (28) for h (and the inverse sloshing problem for a two-layer
Sfluid occupying W) either has no solution or have more than one solution.

Proof. Inequality (31) implies that U(0) < 0 and U(h) < 0 for h < d, but sufficiently close to d. Hence U(h)
either has no zeroes on (0, d), or has more than one zero. O

Corollary 5. Let vy and vy € (v1, v) ) be the smallest two measured sloshing eigenvalues for a two-layer fluid
occupying W = D x (—d,0). Then a necessary condition that equation (28) has a unique solution h is the
simultaneous validity of the following two inequalities:

vikn  vnkr

k1 kn

Proof. Let equation (28) have a unique solution on (0, d). According to Corollary 4, inequality (31) contradicts to
this assumption, and so the first inequality (33) must hold. Then the asymptotic formula (30) implies that U(h) > 0
when h < d and is sufficiently close to d. Hence, the assumption that equation (28) has a unique solution on
(0,d) implies that either the second inequality (33) is true or VK,V vy = vy v}V, Let us show that this equality is
impossible which completes the proof.

Indeed, according to formula (29), the latter equality means that U(0) = 0, and so

>0 and v¥ v —vnv <O. (33)

k k

U(h) ~h (VX[V VYV —UN 1/1) (Vlk N _ V]]: 1) cosh knd cosh kid as h — +0.
1 N

Here, the formula for U’ is used along with (11) and the fact that VX,V v1 = vn v}V, Since the first inequality (33)

is already shown to be true, we have that U(h) > 0 when h # 0, but is sufficiently close to +0. Since we also

have that U(h) > 0 when h < d and is sufficiently close to d, we arrive at a contradiction to the assumption that

equation (28) has a unique solution on (0, d). O

Now we are in a position to formulate the following

Proposition 7. Let vy and vy € (11, v} ) be the smallest two sloshing eigenvalues measured for a two-layer fluid
occupying W = D x (—d,0). If inequalities (33) hold for v1 and vy, then either of the following two conditions
is sufficient for equation (28) to have a unigue solution h € (0,d) :

(1) U'(h) vanishes only once for h € (0,d);

(i) U”(h) < 0 on (0,d).

Proof. Inequalities (33) and formulae (29) and (30) imply that U(0) < 0 and U(h) > 0 for h < d and sufficiently
close to d. Then, either of the formulated conditions is sufficient to guarantee that equation (28) has a unique
solution on (0, d). O

It is an open question whether equation (28) can have more than one solution (consequently, at least three
solutions), when inequalities (33) are fulfilled.

6. Conclusions

We have considered the direct and inverse sloshing problems for a two-layer fluid occupying an open container.
Several results obtained for the direct problem include:

(i) variational principle and its corollary concerning inequality between the fundamental sloshing eigenvalues
for homogeneous and two-layer fluids occupying the same bounded domain.

(i1) Analysis of the behavior of eigenvalues for containers with vertical walls and horizontal bottoms. It
demonstrates that there are two sequences of eigenvalues with the same eigenfunctions corresponding to eigenvalues
having the same number in each of these sequences. The elements of these sequences are expressed in terms of
eigenvalues for the Neumann Laplacian in the two-dimensional domain which is a horizontal cross-section of the
container.

(iii) In the particular case of infinitely deep container with vertical boundary, eigenvalues and eigenfunctions
for homogeneous and two-layer fluids are the same for any depth of the interface. This makes senseless the inverse
sloshing problem in a two-layer fluid occupying such a container.

Inverse sloshing problem for a two-layer fluid, that occupies a container of finite constant depth with vertical
walls, is formulated as the problem of finding the depth of the interface and the ratio of fluid densities from
the smallest two eigenvalues measured by observing them at the free surface. This problem is reduced to two
transcendental equations depending on the measured eigenvalues. There are two systems of such equations and to
obtain these systems one has to take into account the behavior of the observed free surface elevation. Sufficient
conditions for solubility of both systems have been found.
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1. Introduction

Rapid development of research in the field of nanostructures and complex molecules is not possible without
computer modeling and simulations. Over the last two decades, a few algorithms and codes have appeared for
computer modeling of such systems. These approaches allow researchers to predict properties of nanosystems and
to construct nanostructures and molecules with predetermined properties without expensive experimentation. Some
of the most popular programs of such type are HyperChem [1], Gamess [2], Gasussian and Molden.

In most cases, codes for nanostructure calculations do not use the direct solution to the Schrodinger equation
due to difficulties (or even impossibility) of obtaining explicit formulas and numerical approach complications. Even
the use of the Hartree-Fock-Roothaan method in many cases cannot give results in a timely fashion. The complexity
of calculations growths exponentially if the number of atoms in the basic cell increases. One faces this problem
when calculating the spectrum of periodic arrays of quantum dots or nanotubes, graphene, etc.

This paper is devoted to describing the algorithm and code for the spectrum calculations of periodic nanostructures
in an homogeneous magnetic field [3], based on the operator extensions theory [4,5]. This approach leads to an
explicitly solvable model.

2. Model construction

Let us construct a model of spinless charged particle of mass m and charge e in a 2D-periodic nanostructure
with the Bravais lattice A in a homogeneous magnetic field B. Let K be a set of atoms in the basic cell of A. The
whole structure is described by the set:

'=A+K={k+X: keK, e A}

Consider the free particle magnetic Hamiltonian (Landau operator),

h e 2
Hy = ( _faA ) , |
0=5, P72 (r) 6]
where p = ihV is the momentum operator in R?, A(r) = %B x r is the vector potential of the field B in

symmetric gauge. The Hamiltonian of the particle in 2 D-periodic lattice is constructed as a perturbation of operator
(1) by zero-range potentials posed at nodes of lattice I'. This can formally be written as:

H=Hy+ Y Y axd(r—A-k), ©)
A€A keK
where &y, related to the interaction of the particle with the atom posed at k € K. If the structure is homogeneous,
then &y, = & for any k € K. Examples of such structures include graphene and carbon nanotubes.
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We use “restriction-extension” procedure (see, e.g., [6—8]). Consider symmetric operator .S, being a restriction
of H on the space of functions from D(H) are vanishing at v € I'. We seck the model Hamiltonian as a self-adjoint
extension of the operator S. Resolvents of such operators are described by Krein’s formula:

RA(¢) = R°(Q) = T(QIQ(¢) = AI7'T*(0), ©)

where T'(¢) is Krein I-function, Q(¢) is the Q-function, correspondingly. Self-adjoint operator A, defined in the
space of boundary values (the dimension of the space coincides with the deficiency index of .S), parameterize self-
adjoint extension H 4 of S. We choose a diagonal A Relation [9] leads to an expression of the Green function G 4
of Hyu:

Ga(r,x';¢) = Go(r,x'; Q) — > [Q(0) — ALY, Go(r, 71 Q)Go(v/,r':C) . 4

vy €D

Here:
Go(r,r’;() = @(r,r")Fi(r —r';{) = @(r,r") Fo(r —r';();

O(r,r') = §exp[ ﬂif(rxr’)—ﬁf(rL—rl’P/Z], (5)

m
2h2

T ixi2-cjanE

Cxp{ (r /(et—l)—krz/tﬂ dt
falric f/ e oo (2= G Vi "

In (5-7), r is a projection of r on the plane of lattice A, r)j =r —r, Ly(v) is the Laguerre polynomial, £ is the
density of the magnetic field B flux in units of flux quanta ®; = 2xwhc/|e|. The @Q-function in (4) has the form of

matrix Q(C) = (Q(7,7)), ,ser With entries:

Ly(mér?), (6)

Go(7,75¢), v#
Q(1,7'5¢) = m\/?Z 11 ¢ _ ®)
2h2 - 272 47_(_5 9 7_77

where Z(s,v) Hurvitz ¢ [10].

The spectrum of H 4 consists of two parts: the spectrum of H,y (well-known) and points in which the operator
Q(¢) — A is not invertible or its inverse operator is bounded.

It is known ( [11]) that for rational number of the magnetic flux n = N/M values that (N € Z, M € N) does
not change A when seeking of the spectrum for H 4. The spectrum is determined by:

det [Q(p; ¢) — Alp)] =0, ©)

for each p € T2 = [0,1/M) x [0, 1). Matrices Q(p; ¢) is known and:

Q(p;m, k;m’, k' ¢) = explmi(m — m'){(k x az)]x

oo

> QMar+ (MM +m—mag + K,k () x (10)

)\1,/\2:700
. . n /
exp {mf [k x (A1a1 + AaMag)] — 2mi <)\p + 5)\1()\2M +m+m ))} ,

k,k' € Knum,m' =0,... M — 1.Matrix A(p) is block-diagonal with identical |K| x |K| blocks. The diagonal
block is in turn diagonal with constants characterizing the point-like interactions as the diagonal entries.

For each p € T%, equation (9) has |K|M solutions. The continuous branches of equation (9) solutions z;(p)
(I =1,...,|K|M) give one the bands of the operator spectrum. The dispersion equation can be solved numerically.
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3. Code description

The most interesting problem in the field is construction of “flux-energy” diagrams, i.e. to find the spectrum for
each magnetic flux value 7. The most remarkable diagram of such type is “Hofstadter butterfly” [12]. To construct
the diagram, it is necessary to solve equation (9) for different 7 values. For each 7, we should find |K|M bands.
Calculations for different 1 and different bands are independent, and can be performed simultaneously, i.e., it is
natural to use parallel computation methods. Independence of computing with respect to the data allows one to use
interface MPI [13]. Testing showed that organization of the following parallelization using of OpenMP is not useful
and leads to decreased calculation performance due to increase processor cores cache-misses.

The initial data for the code are:

e basic vectors of the Bravais lattice A,

e coordinates of atoms from K, belonging to basic cell of the lattice A,
e “interaction constants” for each atom from K,

e vector B of the applied magnetic field.

The following instruments were used: compiler Free Pascal, libraries AlgLib and MPI Chamelion. Such a choice
allows one to use clusters of various architecture, controlled by operational systems such as Microsoft Windows HPC
Server, Linux, FreeBSD.

After initiation, the code, using MPI, creates one control and a few calculating processes. The control process
reads (from an input file) values of » = N/M and the bands numbers, distributes those among calculating processes
and then collects the results. The calculating processes receive tasks from the control and send results to the control.
For data exchange, the blocking functions MPI Send and MPI Recv are used. Due to the small amount of data
transfer, the speed of calculations is, really, independent on the interconnection and grows linearly with respect to
the number of cores used.

The code was used for for computing the spectrum of multi-layered graphene in a magnetic field [14] and
periodic arrays of nanotubes.The results are in agreement with other models [15]. In the case of nanotube array
calculations, the code works with | K| = 224 carbon atoms in a basic cell. Using of codes analogous to HyperChem,
leads to operation with hundreds of basic cells (correspondingly,tens of thousands atoms), and it gives one only
small part of the periodic array. Our approach gives an essential acceleration but, of course, cannot simulate edges
of the real nanostructure.
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1. Introduction

This work is devoted to considering the Cauchy problem on a half-plane for some fourth-order nonstrictly
hyperbolic linear equation with constant coefficients. The operator appearing in the equation involves a composition
of first-order differential operators. The Cauchy problem for such an equation was previously considered in [1,2]
in the case of a strictly hyperbolic equation (a Petrovskii hyperbolic equation [3,4]). The general solution for
both strictly and nonstrictly hyperbolic equations of arbitrary order was constructed there as well. The case of a
nonstrictly hyperbolic equation with the coincidence of all characteristics was considered in [5], and the solutions
of the Cauchy problem in all cases of a nonstrictly hyperbolic third-order equation of such a form were obtained
in [6].

Unique solvability of the problem and the construction of solution for the Cauchy problem is one of the
classical problems in the theory of differential equations. Differential equations arise in the modelling of several
natural phenomena, and the Cauchy problem is one of the first and most important.

The Cauchy problem for hyperbolic partial differential equations was studied by many mathematicians for a
long time, mostly by methods of functional analysis. In this paper, we suggest the following analytical methods for
solving the Cauchy problem. First, we find the general solutions using the characteristics of the equation. Next,
from the general solution, we determine the solution which satisfies the Cauchy conditions. The latter step is the
main difficulty for the determination of the required analytical solution. The general solution of the homogeneous
equation depends on a number of arbitrary functions. To determine them, we use Cauchy differential conditions.
This leads to the corresponding system of differential equations. In each particular case, solving this system
requires a different method and approach. In addition, the solutions depend on a number of arbitrary constants. In
order to prove the uniqueness of the solution for a given Cauchy problem, it is necessary to prove that all these
arbitrary constants are cross-eliminated after substitution into the general solution.

Partial differential equations of fourth order are encountered when studying mathematical models for certain

natural and physical processes. An example of such type of equations, is the fourth-order governing differential
equation for nanorod based on nonlocal second-order strain gradient model [see [7,8]]:
5 0%u(t, ) Ou(t, x) Q%u(t,x)
gt TEAT e e =0 W
and the flexural wave equation for an Euler-Bernoulli beam has a fourth order derivative in space and is given as
[see [9,10]]:

EA(GQG,)

O*u(t, x) ou(t, ) O?u(t, x)
oz* n4 a1 P 4 ot?
On the plane R? of two independent variables ¢ and z, we introduce the half-plane @ = [0, +oc) x R on

which we consider the following partial differential equation of fourth-order, for a function u : R> 3 Q D (t,z) —
u(t,z) e R:

EI =0. @)

£Du(t,2) = [T (80— a®o, + b0 ) u(t0) = f(t,2),  (t,2) €Q, 3)

k=1



870 V.I. Korzyuk, N.V. Vinh

together with the initial conditions:

ou 0%y O3y
ul —o — ¥0o (.%') ) a7 = ¥1 (:L‘) ) YD = 2 (m) ) a3 = ¥3 (CL‘) ) “4)
=0 Ot |,—g ot t=0 ot? t=0
where 9; = %, Oy = 97 are the first derivatives with respect to ¢, z and a(k), b*) are given real numbers,
x

f:Q — R with @ = [0, +00) x R, the closure of Q.
Consider the fourth-order homogeneous equation:

LD (t,z)=0, (t.z)€Q, (5)
with
p r(k)
£®@ =TT (2 = W, +0) ", (©)
k=1

where p and %) are positive integers such that p < 4 and rM 4@ P =g, By [2], the general solution
of Eq. (5) has the form:

p r(k)
u(t,z) = Z evMt Z tsflf(ks) (x + a(k)t) . (7
k=1 s=1

In this paper, we study five cases of fourth-order non-strictly hyperbolic equations, in particular:

Case 1: vV =4 and rV) =0, j =2,4.

Case 2: V) =37 =1 and +(™ = 0 with m = 3,4.
Case 3: ¥ =23 =2 and (m) = 0 with m = 3, 4.
Case 4: 1!
Case 5: ) =1Vi=1,4.

2. Main results

In this section, we consider the some cases for fourth-order non-strictly hyperbolic equations of the form (5).

Case 1: V) =4 and ) = 0, j = 2,4. Assume that the coefficients of (5) satisfy a'® = a, b*) = b, Vk =T, 4.
Then, according to (7), the general solution of (5) can be written in the following form:

u(t,z) =e b (filz +at) + tfa(z + at) + £ f3(z + at) + 2 fa(z + at)) . ®)
By plugging (8) into (4), after simplifying, we obtain:
(@) = po();
—bfi(z) + fa(x) + afi(x) = p1(2);
b fi(w) + 2f3(x) — 2b(f2(2) + afi(2)) + 2af3(z) + a®f)'(z) = pa(2);
—0° f1(x) + 6 fa(x) + 36*(fa(x) + afi(x)) + 6af;(x)
(z)

—3b (ng(:z:) + 2afy(z) + asz(m)) + 3a? 7(x) + a3f{" T

p3();

or equivalently:

f1(w) = po(z);
fa(z) = p1(x) 4+ bpo(z) — apy(z);
f3(z) = % (p2(2) 4 b*po(x) + 2bp1 (x) — 2a¢) (x) — 2abpi(x) + a’ef () ;
a(2) = 5 (93(0) + Bpo(e) = 3 (2) + bpo())
a(ph(x) + 2bg) (z) + b0} (x) — 209 () — 2abgy (z) + a’f ()

+ 3b(pa() + oo () + 2opa(2) — 3a2 (] (2) + bl () — gl (1)) — a0} (1))
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Substituting f1(z), f2(x), f3(z), fa(x) into (8), finally we have:

1 ,
u(t,z) = éefbt(((i + 6Bt + 3b%t2 + b33 o (z + at) + t(3(2 + 20t + b*t) 1 (x + at)
+ 3t(1 + bt)pa(z + at) + t2p3(x + at) — 6ap)(x + at) — 6abtp)(x + at) — 3ab*t> o} (x + at)
— 6at (x + at) — 6abt*p} (z + at) — 3at*ph(x + at) + 3a*te] (z + at)
+ 3a®bt% 9y (x + at) + 3a*t* (x + at) — a®t>¢]) (x + at)).

Case 2: The coefficients of (5) satisfy a® =q, b = b with k = 1,2,3 and a® # a, bk — arbitrary constants.
According to (7), the general solution of equation (5) has the form:

u(t,r) =e (fi(z +at) + tfo(x + at) + £ f3(z + at)) + e_b(4>tf4(x +a™t). 9
Similarly, due to (4), we get the following system of differential equations for the functions fy(z) with k = 1,2, 3, 4:
fi(@) + fa(x) = @o(x);
~bfi(x) + fola) = b fa(x) + afi(z) + a'? fi(x) = 1 (2);
D f1(2) + 2f3(x) + (02 fa(x) = 20(fol) + afi (@) + 2af3(x) — 22D fi(z)
+a® f{ (@) + (@) f{ () = pa(2);
=0 fi(@) = (B fa(@) + 36 (f2(2) + af{(x)) + 6afs(x) + 3aW (BN fi(x) + 30 f5 ()
=3b(2f3(x)) + 2af3(x) + @ f () = 36 (aW)2 £ (@) + a® f1" (2) + (a)* 1" () = ().

For the sake of convenience, we introduce the following notations Qf differential operators: di = ad/dx — b,
dy = aWd/dz — b™® and &! = (ad/dz — b)Y, &’ = (a(4)d/dx — b(4))j. The system of differential equations for
the unknown function fi(x), fa(z), f3(x), fa(z) becomes:

fi(@) + fa(x) = po(2);

dif1(@) + fa(2) + dafa(z) = 1(2);
di fr(x) + 2dy fo(x) + 2fs(z) + di fa(z) = @2();
di f1(x) + 3d3 fo(x) + 6du f3(x) + di fa(x) = p3(x).

Observe that the preceding system can be reduced to the one of differential equations with diagonal matrix.
To this end, we apply the operator d4 to the first three equations in the system and subtract every other equation
of the resulting system from the preceding one. As a result, we obtain:

fi(@) + fa(z) = po(z);
(di — da) f1(z) + f2(2) = @1(x) — dapo();
(di — dida) f1(z) 4+ (2dy — da) fo(x) + 2f3(2) = @2(2) — dapr ();
(df — didy) fi(x) + (3d} — 2d1ds) fo() + (6dy — 2d4) f3(x) = p3(x) — dapa()

By continuing transformations in a similar way, we receive:

Ji(x) + fa(z) = po(w);
(di — da) f1(x) + fa(z) = p1(x) — dapo(z);
(df — dida) f1(2) + (2d1 — da) fo(2) + 2f3(2) = @a(x) — dagr (2);
(d‘;’ — d%d4 — (d% —dydy)(3dy — dy)) f1(z) + (3d% —2dydy — (2dy — dy)(3dy — dy)) fo(z) =
p3(x) — dapa(x) — (3d1 — da)(p2(2) — dapr(2)),

instead of f(z) by fi1(z), we obtain third-order ODE for f;(z)
(3d} — 2dyds — (2dy — dy)(3dy — da)) (1(x) — dapo(x) — (di — da) f1(2))
+ (d} — didy — (d} — dida)(3dy — du)) f1(x) = ps3(x) — dapa(x) — (3dy — ds) (pa2(x) — dapr (x))

or

(di — da)* fr(z) = D(x), (10)
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where
O(x) = p3(x) — 3d1p2(z) + Sd%pl(x) —dy (3d% — 3dids + di) wo(x).

After solving (10), we have:

b—b@
Fi(@) = ea—aD (O 4 20y + 22C5) + V(), (11
1 T b—b(4)
with U(z) = 3o —a@) /@(z)ea—a(“) (x_z)(x — 2)%dz,

where C7,Cs and C5 are arbitrary integration constants. Then, using (11) and the first three equations of
system of differential equations, it is easy to find three other functions for the solution of (9):

b—b(4)

fa(x) = @o(z) — ea=a™*(C} + 20y + 22C3) — U(z),
ala) = e1(2) = (ds — ) V(&) = dgeo(x) — (0 — a D)o (Cy + 22C),
r) = © (pale) — (@) — 21 o) — 2 (x)
= S02(a) — 5(& — B)V() — Sdigo(a) — dyo(z) + da(d — d)U(@) + drdapo()

b—b(4)

teoe®” ((a(4))203 — ba® Cy — 200D O3z — a2C3 + abD Oy + 2ab(4)03m)

b—b(4)

+eaa®” (—Zaa(4)03 +baD Oy + 2ba'Y Cs2 + 2a%C5 — ab™ Cy — 2ab(4)03m) .
Now, substituting f1(x), fo(x), f3(x), f4(z) into 9, we get the solution:
u(t,z) = e " (U(x + at) + t(p1(z + at) — (dy — dy)¥(x + at) — dypo(x + at)))
+ e~ bt¢2 <;gp2(x +at) — %(d2 d))V(z + at) — 7d4g00(x + at)>
+ e*btt2< —dyp1(z + at) + di(dy — dg)¥(x + at) + d1dapo(z + at))
+ et (gao(a: +aWt) - U(z+ a(4)t)> .
Case 3: We have coefficients of equation (5) satisfy a'® = a, b*) = b with k = 1,2, a'® = ¢, b*) = d with

k=3,4, c # a and b, d — arbitrary constants. According to equation (7), the general solution of equation (5) in
this case has the form:

u(t,z) = e P (fi(z + at) + tfo(z +at)) + e % (fa(x + ct) + tfa(z + ct)), (12)

we compute partial derivatives of first,second and third order in t and substitute them into the initial conditions
(4), we get the following system of differential equations on the functions fj(z) with k = 1,2,3,4:

f1(@) + f3(z) = po(w);
—bf1(x) + fa(x) — dfs(x) + fa(x) + afi(z) + cf3(x) = w1(2);

b* fi(x) + d* fa(x) — 2bfa(x) — 2abfi(x) + 2af5(x) — 2dfs(x) — 2edf3(z) + 2cf4(x)
+a® fi' () + A f (x) = pa();

—b3 f1(x) — &3 f3(x) + 30 fo(x) + 3b%af] () + 3d> fu(x) + 3dcfi(x) — 6abf2(x)
3ba’ f1' (x) + 3a® f3 (x) — 6edfy(x) — 3de® 3 (x) + 3¢ [ (x) + a® 1" (z) + & 3 (2) = p3(2).

- We introduce the following notation for differential operators: dy = ad/dr — b, do = cd/dzr — d and
&} = (ad/dx —b)’, &} = (cd/dx —d)’. 1In this notation, we rewrite system of differential equations for the
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unknown function f1(x), fo(z), f3(z), f4(x) in the form:

fi(@) + f3(z) = po(2);

difi(z) + f2(x) + daf3(z) + fa(z) = p1();

di f1(x) + 2di fo(x) + d5 f3(2) + 2da fa(x) = pa(2);
d3 f1(x) + 3d7 fo(x) + d5 f3(x) + 3d3 fa(x) = p3(x),

instead of fy(z), f3(x), fa(x) by fi(x), we obtain third-order ODE for f;(z):
—1 3 1 3
<2d? + §d2d§ + §d§ - 2d1d§) filz) =

p3(r) — gdzw(w) - gdupz(x) + 3didap1 () + dz‘PO( ) — %dldgtpo(@,
or
(df — 3dad? + 3dyd3 — d3) fi(z) = ®(x), (13)
where ®(z) = —2p3(z) + 3dap2(z) + 3d1p2(x) — 6d1daspr () — dypo() + 3d1d3po ().
Solving the third-order differential equation from (13), we get:

1 [ b—d
- | a=e(T=2) (p _ )2
+ a—c) / (2)e (z — 2)%dz,

0

fl(a:) = egz (Cl + 2Cy + .%‘203)

1 x
with U(z) = 2((1—0)3/(1)(2)ea =1 ) (z — z)%dz, we obtain:
0

filz) = game® (C1 + 2Cs + 2°C3) + U(z), (14)

where C7, Cy and C are arbitrary integration constants. Then, using function 14 and the first three equations of
system of differential equations it is easy to find three other functions for the solution of (12):

f3(@) = po(x) — =5 (Cy + 2Cy + 22Cs) — U(),
fox) = Chea=c™ — (a — ¢)Ceac"x

] (¢2(2) — 2dagp1(2) — (df — 2dad1)¥(2) + d3po(z) — d3¥(2)) o=t (@—2)
2(a —¢)

+

dz,
0

fa(@) = p1(x) — ¥ (z) — dapo(x) + da¥(x) — Caea=c” + (a — ¢)Cyen=c’a

/ — 2dap1(2) — (di — 2dad1) ¥ (2) + d3po(2) — d3¥(2)) paze(@=2)
2(a —¢)
0

dz

—(a— )ea < (Cy 4+ 2C52) .

Now, substitute f1(z), f2(z), f3(x), fa(z) into (12), we get the solution:

u(t,x) = e "W (x + at) + te P'Q(x + at) + e Ppo(x + ct) — eV (x + ct)
+te” M (—Q(z + ct) + o1 (z + ct) — dyV(z + ct) — doo(x + ct) + daV(z + ct)),

where

_ /”” (2(2) — 2dap (2) — (&% — 2dad) W (2) + d3po(2) — dBU(=)) =22

2(a—c)
0
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Case 4: We have coefficients of equation (5) satisfy a® =a, b® =bwithk =1,2,a® = ¢, b® =d, ¥ =¢,
bV = f c#a+#eand (b—d)(a—e) # (b— f)(a—c). According to equation (7), the general solution of
equation (5) in this case has the form:

u(t,x) = e (filw +at) + thr(v +at)) + e~ fa(z +ct) + e fula + et), (15)

we compute partial derivatives of first,second and third order in ¢ and substitute them into the initial conditions
(4), we get the following system of differential equations on the functions fj(z) with k = 1,2, 3,4:

fi(z) + f3(x) + fa(x) = po(x);
=bfi(z) + fa2(x) — dfs(z) — ffa(z) + afi(x) + cfi(z) + efi(z) = p1(2);
b fi(x) + d® fs(z) + [ fa(x) — 2bf2(x) — 2abfi(x) + 2af2(w)
—2cdfy(x) = 2ef fi(x) + a® f{'(x) + S f3 (x) + € [ () = pa(2);
—0 fi(x) — & f3(x) — £ fa(x) + 36% fa(2) + 3b%a f] () + 3ed® f5(x) + e f? fi(x) — 6abf2(w)
—3ba® f{'(x) + 3a® 3 (x) = 3c2df3 (x) — 3e> [ f1 (x) + a® ["(2) + 15" (2) + €* 1 (2) = p3(2).

We introduce the following notation of differential operators: d; = ad /dx —b, d3 = cd/dx — d, dy = ed/dx — f
and d] = (ad/dx — b)Y, d} = (cd/dx — dY, &} = (ed/ dxz — f)’. In this notation, we rewrite system of differential
equations for the unknown function f1(z), fo(x), f3(x), f in the form:

4()
fi(@) + f3(z) + fa(z) = po(z),
difi(z) + fa(z) + d3f3($) + dafa(z) = @1 (
di f1(x) + 2dy fo () + d3 f3(x) + di fa(x) = pa(z
&} f1(2) + 33 fo (@) + d5 f3(x) + di fa(x) = @3(

fi(z) + f3(z) + fa
(di — da) f1(2) + fao(x) + (d3 — d4) f3
(&} = dadh) f1(2) + (2d1 — da) fa () + (
(d} — dad?) f1(2) + (3d} — 2dady) fo () + (dF —
or
() (
(di — da) f1(z) + f2(x) + (d5 — da) f3(2) (
(di — dydy — d3dy + dds) f1(x) + (2d1 — dy — d3) fa(z) = pa(x
(d3 — dyd? — dzd3 + dzdydy) f1(z) + (3d3 — 2dady — 2d3dy + dzdy) fo() (
instead of f;(z) by f2(x), we obtain second-order ODE for fo(x):

(d2 — dydy — dzdy + dsdy) fo(z) =
©3(2) — dapa(2) — d3p2(2) + dsdapr () — dipa(2) + didapr () + didsipr(z) — didsdapo(),

e1(x) + dzdspo(x),
3p2(7) + dadspr (),

or
(d2 — dydy — d3dy + d3dy) f2(z) = D(x), (16)
where

O(x) = p3(7) — dap2(x) — dzp2(x) + dsdspr () — dipa(x) + didapr (v) + didzi(z) — didzdapo(x).
Solving the second-order differential equation from (16), we get:
—f

T @(Z) (eg(z—z) 6‘1 C(r z))
Fo(z) = Crev=t7 4 Che™t +/b(c—e)+d(e—a)+f(a—c)dz’
0

dz, we obtain:

| fB(2) (20— ei=t )
w1thQ(£E):)/b(Ce)+d(ea)+f(aC)

fa(z) = Clea c +CQ€‘ £ +Q( ), 17
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Then, using function (17), we find three other functions for the solution of (15):

i - 3 e, x (2d1 — dy — d5)(2) (eZ:Z (x—z) eziﬁ (m—Z)) )
fl(aj‘) = Ugea—«c + qeae—e” — / b(C _ 6) + d(e — a) =+ f(a — C) ?

H(z—z)

F (2(2) = dagpi (=) — dapa (2) + dadapo (2)) (€57 — 2= =2))
n d
/ b(c—e)+dle—a)+ fla—c)

z

0
b—d

r ((a - 6)016%2 —(a— C)Czegz> (ea—ﬂ(m_z) _eae ("”_Z))
_/ (a—c)(a—e) dz
0

b—d b—f

b—d b—f T ((a - e)clez%iz - (a - C)CQQ%Z) (eﬁ(x—z) - e”’_"‘(x_z))
=0O(z) + Csee=<® + Cpea=e® — / d
) (a—c)(a—e)

z

with

z

T (2d1 - d4 — dg)Q(z) (e%(w—z) _ ez:ﬁ (w_z))
@(33)__/ blc—e)+d(e—a)+ f(a—c) d

z bod (g2 =S (-2
(#2(2) = dapr(2) = dapa (2) + dadagpo (2)) (575079 = ei=t o))
—|—/ dz,
0

blc—e)+d(e—a)+ fla—c)

and
d—f [ 1(2) — dapo(2) — (A1 —da) f1(2) — fa(2 eeme (@=2)
o) = Cretote 4 [ (0200 = damnls) <d( f){() f2(2) .
) c—e
_ ei:c{fﬂ w (spl(z)—d4(p0(2)—(d1 —d4)@(z)_Q(z))ei:£(mfz) .
,C5 +O/ (C_e) d

=1 (z—2)

z (Cle%z _|_ CQQ%Z — (b — f)(Cge%Z + C46HZ> ec—e

-/ =0 o

b=f dif(azfz)

0
22— f) ((a—e)C e%ti(aic)c pomtt) (pa=iz—t) _ o=t (z-1)) J =L
0/ 0/ | | <a—c>2<a—e))<c< —0) ) iz

((a =) (EtCger=ss 4 oloyen=er) ) er=i )

a
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—(dy — - =L (z—2)
fa(z) = pola / p1(2) = dapo(2) — (d — d1)O(2) — Q(2)) e* .
(c—e)
0
((a’ )Clea c? (G—C)CQG%Z) (62 ‘i(x z) _ ez:é(zfz))
+/ dz
(a—c)la—e)
0
z (Clea c +C’26a < — (b f)(c3ea . +C4ea b=ty )6”;:5(35%)
+/ dz
(c—e)
0

() ((af e)Crea=c! — (a— 6)02621&) (ei St biﬁ(Z*t)) =t (@=2)

(a—c)(a—e)(c—e)
MZ — ﬂz I r—z

j((ae) (Z:ZCSW’C +%C4eafﬁ ))ec e(2=2)

+ dz
(c—e)

0

/ (a—e€) C’1ea et (afc)C'zea ét) (Z ‘Zez St b_feiiﬁ(z_t)>ec f@=2)
—c

J - ac—o

dtdz

+
o
o

o\

After substitution of fi(x), fa(z), f3(x), fa(z) into equation (15), we get a solution of the Cauchy problem in
this case :

u(t,z) = e O (x + at) + te 'Q(z + at) + e oo (x + et) — e 1O (x + et)

et 7at<so1<z> — dugpo(2) = (dy — d)O() = Q) et 2
/ (c=o)
et 7%(901(2) — dugpo(2) = (dy — d0)O(z) = Rz)) e )
J (=) |

Case 5: We have coefficients of equation (5) satisfy a'? # a\9) with Vi, = 1,4 and (b — @) (aM — a®)) £
O — B3 (@® —a@), B — @) (@D —a®) £ B — s (0D — @), According to equation (7), the
general solution of equation (5) in this case has the form:

u(t,e) = et f(@ 4+ aV) + e o+ a@t) + e (x4 a®t) + eV fu(z +aWr),  (18)

we compute partial derivatives of first,second and third order in ¢ and substitute them into the initial conditions (4),
we get the following system of differential equations on the functions fj(x) with k = 1,2,3,4 and we introduce
the following notation for differential operators: d; = a(i)d/ dz — b, and d{ = <a(i)d/ dx — b(i)) with i = 1,4
and j = 1,3. In this notation, we rewrite the system of differential equations for the unknown function fi(z),

f2(z), f3(x), fa(z) in the form:

fi(@) + fa(@) + f3(z) + fa(z) = po(2);
difi(z) + da fo(x )+d3f3($)+d4f4(56) e1(2);
di f1(2) + &5 o) + d5 f3(x) + di fa(x) = p2();
A3 fr(x) + d5 fo() + d5 f3(2) + di fa(x) = p3(2);

or
fi(@) + fa(z) + f3(2) + fa(@) = @o(z);

(di — da) f1(w) + (dg — da) f2(x) + (d3 — da) f3(x) = ¢

(d} — dvdy — dsdy + dady) f1(z) + (d5 — dady — dsda + dsds) f2(x) = ¢

N =
8 8
~
(.
L X
= >
€ €
— o
—~
& &

— dg1(z) + dsdapo(x),
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instead of fa(z) by fi(z), we obtain third-order ODE for f;(z)
(d3 — dyd? — d3d? + dsdydy) fr(z) + (d5 — duds — dsd3 + dzdady) fo(x) =
@3(x) — dap2(x) — dap2(x) + dadaepr (2);

(df — dyd} — d3d; + dsdids — dad] + dodydy + dodsdy — dadsdy) fi(z) =
@3(x) — dap2(x) — dzp2(x) + dzdsp1(x) — dawa(x) + dadspr (x) + dadspr (v) — dadsdapo(z);
where
®(x) = ps(z) — dapa(2) — d3p2(x) + dsdapr(z) — dap2(2) + dadapr () + dadsipr(z) — dadsdapo().
After solving this equation, we receive

(1) _p(2) p(1) _p(3) p(1) _p(4)

fi(z) = Crea@=a® T4 CeeaM—a®@” 4 Chea@—a@”

p(1) _p(k) zfz)

4 T = (
P(2)eaM—a®
S dz

=/ p/ am a(m ((1)fa<2>)(a<1>fa<3>)(a<1>fa<4>)

p(1) _p(2) p(1) _ b(3) p(1) _ b(4)

= Cres@—a®@ " 4 Chea®—a® " 4 Cyea® @ 4 ((z),

p(1) _ p(2) p(1) _ p3) b — p*)
where P()) = (A - a(l)_a(Q)) (A - a(1>—a<3>> (A B a<1>_a(4>> and

T p(1) _p(k)

4 (x—2)
P(2)ea®—a®
Q) =3 / — (2)e dz.
= P (s(l):zw) (@D — a@)(a® — a®)(a®) — o)
Then, using function f;(x), we find three other functions for the solution of (18):
b(2) _p(3) = p(2) _p(4) -
fo(z) = U(z) + Crea@ @ " 4 Cgea®@—at®
i/m (@® — a®)(@® — a®)Cy_, (bD — b*))2(z, 2) .
o 1) — ,(k)\2(,(4) (p(2) _ (3 2)(H(3) _ p(4 3)(h(4) _ p(2
. i D — 53 (a® — a®)Cp_y (B — b0 (z, 2) o
2s ) (- a(k @@ (@ — @) 1 a@ (G — 6@) 1 a® (6@ — b))
-0
. 4 / D — b®) (@@ — ¢®)Cp_1 (M) — pNI(z, 2) ©
2] (@ = a®)(@® (R @)+ a® (B — ) + (50 — b))
B 24:/ M — @)D = p®)Cy,_1T1(x, 2) ©
2 3 2 3) _ K4 3 4) _ KH(2 ’
2 @R —5®) a0 —50) + a0 — b))
. Yty @-2) 3y
_ [ (p1(2) = dapo(2) = (dy — da) f1(2) = (da — da) f2(2)) e~ dz + Cee%w
a®) — g4 ’
0
fa(@) = po(z) — fo(z) = fi(z) — f2(2) — f3(2),
where
b(2) _p(4) ((L Z) b(2) b»(3) (2—2)
T ((d% —dydy — dsdy + d3d4)Q(2’)) ( a@ —a® a(? —a() >
V() =- / a® (@ — @) + a@ (6 — @) + o (b@ _ p@) dz
0
p(2) _p(4) (z—2) 5(2) _p(3) (z—2)
2 (p2(2) — dap1(2) — dsp1(2) + dzdapo(2)) (6“(2)“(4) —ea®-a® >
* / a® 0@ — b)) + a® (B0 — b)) + aB® (b _ ) 4z,

0
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p(1) _ b(k) p(2) _p(4) b(2) _3(3)
(2, 2) = o < D= 7 _ e (7 Z>>.

After substitution of fi(x), fa(x), f3(z), fa(x) into equation (18), we get a solution of the Cauchy problem
in this case:

u(t,z) = e_bmtﬂ(x +aMt) + e_b(z)t\ll(x +a@t)

z+a®t O b @)y
+ —p®)y (p1(2) — dagpo(2))ea® —a® ) J
¢ 2@ —a® z
0
wae M(L-ﬁ-a )t—Z)
b3y ((di — da)2(2) + (d2 — dyg)¥(2))ea®-a® J
‘ a®) — g ?
0
+ e (pola+ ) — Qe+ V) — (@ + )
w+a®t B® b L@y
b (¢1(2) = dago(=))er@ =@ D
a® — g
0
z+a®t »(3) _p(4) (e+a®i—z)
e ((d1 — dg)Q(2) + (do — dg) TV (2))ea® -a® J
¢ a(3) — a(4) -
0

We obtain the following theorem:

Theorem 2.1. The Cauchy problem (4) — (5) has a unique classical solution in 04(@) for arbitrary functions
©;(j =0,3) in the class C*7/(R), j =0,3.

Now, consider the Cauchy problem for the inhomogeneous equation. Since the considered problem is linear,
it follows that its solution u can be represented as the sum of two functions w = uw + v, where @ is a solution of
problem (4) — (5), and v is a solution of following equations:

LB ()= f(t,z), (tz)eq, (19)
with the homogeneous Cauchy conditions:
v 0%v v
U‘t:o ) 3t —o ’ 6t2 —o ) 6t3 —o ( )

We define the function v(¢,z) via the function w(t, 7, z) with a parameter 7 € [0, c0) by the relation:
¢
v(t,x) = /w (t —7,7,2)dr.
0

The function w treated as a function of the independent variables ¢ and = is a solution of the homogeneous
equation (5) with the Cauchy conditions:

ow 9w Bw
:0 —_ = _— = _— = .
wWhier =0 o, o) T (r.)
Indeed, we have:
0
v, O:/w( T, T,x)dT =0,
0 08
t_
v 00x+/” TTx)d -0,
ot,_, )
0
@ B 0096 / t—Tva)d _o
2 P 7
0
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o
ot3

dr =0,

o or? BIE

0
B 0%w(0,0, ) N / Pw(t —7,7,1)
0

4 ¢
LBy (t,z) = H (8t —a®a, + b(k)) v(t,z) = f(t,z) + / (5(4)w (t—r,7, x)) dr = f(t,x).
k=1 0

Theorem 2.2. If the right-hand side of Eq. (3) belongs to the set C**(Q) and the functions v;i(j =0,3)
occurring in condition (4) belong to the class C377(R), then for such arbitrary functions, there exists a unique

classical solution uw = u + v of problem (3), (4) in the class C4(Q), where  is the classical solution for problem
(4), (5) and v is the solution for problem (19), (20).
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1. Introduction

Lattice two-particle Hamiltonians have been investigated in [1-3]. In [1], the problem of the two-particle
bound states for the transfer-matrix in a wide class of Gibbs fields on the lattices in the high temperature domains
of (¢t > 1), as well in [2] the appearance of bound state levels standing in a definite distance from the essential
spectrum has been shown for some quasi-momenta values. The spectral properties of the two-particle operator
depending on total quasi-momentum have been studied in [3].

In [4], it was proven that if the operator h(0) has a virtual level at the lower edge of essential spectrum, then
the discrete spectrum of (k) lying below the essential spectrum is always nonempty for any k € T¢\ {0}. In [5],
assuming that dispersion relations £1(-) and e5(+) are linearly dependent, it was proven that the positivity of i (0)
implies the positivity of h(k) for all k.

In recent work [6], conditions were obtained for the discrete two-particle Schrodinger operator with zero-range
attractive potential to have an embedded eigenvalue in the essential spectrum depending on the dimension of the
lattice. In [7], the discrete spectra of one-dimensional discrete Laplacian with short range attractive perturbation
were studied.

In [8], a system of two arbitrary particles in a three-dimensional lattice with some dispersion relation was
considered. Particles interact via an attractive potential only on the neighboring knots of lattice. The existence
and absence of eigenvalues of the family h(k) depending on the energy of interaction and quasi-momentum
k € T3 (T® - three dimensional torus) have been investigated. Moreover, depending on the interaction energy, the
conditions were found for h(0) to have a simple, two-fold, or three-fold virtual level at 0. In [9], the two-particle
Schrddinger operator h(k), k € T3, associated with a system of two particles on the three-dimensional lattice, was
considered. Here, some 6/N-dimensional integral operator is taken as the potential and the dispersion relation is
chosen depending on . In this work, the existence or absence of eigenvalues has also been studied for the family
h(k) depending on the interaction energy and total quasi-momentum k. Moreover, dependending on the interaction
energy, conditions were found for the operator /(0) that has 3N-fold eigenvalue and a 3N-fold virtual level.

The current work is a generalization of [8]. In this work, we consider the system of two arbitrary quantum
particles moving on the d-dimensional lattice and interacting via an attractive potential. For all values of k € T¢
(T — d-dimensional torus) the dependence of the number of eigenvalues of the family h(k) on the interaction
energy is studied. The conditions for that 4(0) has simple or multifold virtual level (eigenvalue) at 0 are found for
d=3,4(d>5).

2. Statement of the Main Result

Let Lg(']I‘d) be the Hilbert space of square-integrable functions defined on d-dimensional lattice T¢.

Consider the two-particle Schrodinger operator h(k), k € T?, associated with the direct integral expansion of
Hamiltonian of the system of two arbitrary particles, interacting via short-range pair potential [8], acting in Lo (T¢)
as

h(k) = ho(k) — v,
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here ho(k) — multiplication operator by a function:

Ek(p) = e1(p) +e2(k — p)

and v is an integral operator with kernel
d
v(p—8) = o + Z tha €0S(Pa — Sa),  pa > 0.

a=1

Assumption 1. Additionally, we assume that €;, | = 1, 2 are real-valued, continuous, even and periodic functions
with period m in every variable.

Please note that the Weyl theorem on the essential spectrum [10] implies that the essential spectrum 55 (h(k))
of the operator h(k) coincides with the spectrum of the unperturbed operator hq(k):

ess(h(k)) = o (ho(k)) = [m(k), M (k)]
where m(k) = min & (p), M (k) = max E(p).
p€ET? p€eT?
Since v > 0, one has:
sup(h(k)f, f) < sup(ho(k)f, f) = M(K)(f, f), [ € La(T?),
and, thus, h(k) does not have eigenvalues lying above the essential spectrum:
a(h(k)) N (M(k),+o0) = 0.

We set:
£ (1) = ci(k; 2) + si(k; 2) £ /(ci(k; 2) — si(k; 2))? + 4€2 (k; 2)
SR 2ci (ks 2) i (ks 2) — €2(k3 2) ’
where , ,
cos® s; ds sin” s; ds
C; k; zZ) = —_ S; k;z = [
(k;2) | Er(s) — (ks 2) l Er(s) —
€l ) = [ SBSiCossids .

E(s)—2 7 -

Td
Recall that c;(k; 2)s;(k; 2) — &2 (k; 2) > 0
There exist (finite or infinite) limits:

h b(k; i i(k; 2), li i(k; 2), li ? k; z),
z—>7rllr(r]€1)—0 ( ’Z)’ z—>771?k1)—06( Z) z_},nlllgkl)_os( Z) Z%%I(%)_ng( Z)

ds
b(k; z) :T[gk(s)_z.

Lemma 1. For any k € T there exists finite limits:

where

1
k)= i 2.1
(k) zﬁnil(llg)fo b(k;2)’ @.1)
pr(k) = lim  pfk;2), i=1,...,d (2.2)
z—m(k)—0
Moreover,
w; (k) < pi(k) forall keTd i=1,....d
Let us define the functions:
0 if € (0;u (k)],
a(pu; k) = if o € ( H °(k)] 2.3)
1 f o € (10(k); 00),
0 if Wi € (O,Mz (k)]v
Bilpsk) = 1 if s € (py (k); pf (R)), (24)

i (
2 if p € (Mj_(k)voo)
foralli=1,...,d.
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Theorem 1. Let pn = (po, -+, fd) € R‘f‘l. Then, counting multiplicity, h(k) has exactly:

d
alus k) + Y Bilus k)
=1

eigenvalues below the essential spectrum.

Assumption 2. Assume that m(0) = min Eo (p) =0 and
peT

M={peT?: m0)=0}={p, - ,pn}, n<ooc.
Moreover, assume that around points of M Eo(p) is of order p > 0:
clp—ml? <&p) <ecilp—ml? as p—p, l=1,... n.

Let C(T%) be a Banach space of continuous periodic functions on T¢ and G(k;z) denote the (Birman-
Schwinger) integral operator in Lo(T?) with the kernel:

G(k;zp.q) = v(p — )(Ex()) ", pg € T
Definition 1. We say that the operator h(0) has a virtual level at O (lower edge of essential spectrum) if 1 is an
eigenvalue of G(0;0) with some associated eigenfunction 1) € Lo(T?) satisfying:

Y0 ¢ L (1) \ Lo(T).
Eo(+)
The number of such linearly independent vectors 1 is called the multiplicity of virtual level of h(0).
We set: ) )
0 = mi =1,...,d
e mm{cam;ow 5(050) } T

We define the following sets depending on ¢, (0;0) and s,(0;0):

1
Lo = 0 — >0 ,
1 {/u’oz ca(O;O) Ha

1

LaQZ{Mg: Ca(O;O):Mg7p?:gorp?:_g for all i:1,~-~,n},
1

Lag,:{ug: CQ(O;O):M&pf‘#gorp?#—g at least one izl,...,n},
1

Mo =412 > pul b

1 {:ua SQ(O,O) :u’a}
Mao = {2 1 =0 p¥=0o0rp® =7 forall i=1,...,np,
« SQ(O;O) (6% K3 K3

1

Magz{ug: . (O.O):pg,pf‘;«éOorpf’#w at least one i:l,...,n},

where p§* — a-th coordinate of minimum point p; of Eo(+).
Let us define the following functions:

0 if po € (0;°(0)),
Blu) = it p 7(0M( )

L if  po = p(0),
0 if po€ (O;Mg) Of g, € L1 U Lo,
Loif Ha € Loz37
0 if po € (0;4) or fig € La1 U Lys,
1 if Mo € Las,
0 if upa€ (OLUg) or pig € Ma1 U Mag,
Loif Ho € Ma?n

0 if Mue(mﬂg) or /-LaeMal UMa3a
1 if o € Mao.

=
£
I
—N —
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Theorem 2. (i) Let p = 2, po € (0; u°(0)], pto € (0,18], @ =1,...,d. Then
1) if d = 3,4, then 0 is

d
+ Y (@) +n(a
a=1

d
— fold virtual level of h(0). In addition, if U Loo N Mo # 0, then 0 is simultaneously
a=1
d
> hila
a=1
— fold eigenvalue of h(0).
2)ifd > 5, then 0 is
d
Bpo) + Y Iv(@) +n(a)]

Il
-

[e%

— fold eigenvalue of h(0).
d
(ii) Let p € (§,d), d >3, po € (0;u°(0)], pow € (0,°], a=1,...,d. Then 0 is at least

Blpo) + ) _[v(a) +n(a)]

M=

Il
-

[e3%

~fold virtual level of h(0).

Remark 1. 1) By definition of sets Loo and My for each a = 1,...,d one has Loz U My3 # (). Moreover, in
this case, the multiplicity of the virtual level of h(0) is always not less than d if o = ug, a=1,...,d
2) For p = 2 the function

d
Eo(-) = Eo(p) = e1(p) + £2(p),  €1(p) = £2(p) = cos’ p1 + Y _ (1 + cos2p;)
i=1
d
satisfies the assumptions of Theorem 2 with U Loo N Myo # 0. In addition, Lis # ).

a=1

d
3) For p € <27d> the function:

d p/2
Eo(p) = e1(p) +e2(p), e1(p) = e2(p) = (Z(l — cos 2pi))

satisfies the assumptions of Theorem 2.

3. Eigenvalues of h(k)

Proof of Lemma 1. Note that proof of (2.1) is obvious.
By definition p, (k; 2) < ul (k;2) for any z < m(k) and k € T%. Notice that:

cos? s,ds sin? t,,dt sin s, cos sads sin t,, cos tu dt

Ek(s)—z ) E(t) — 2 ) Er(s) — ) En(t) —

// 7cos 5o sin? t,, dsdt //smsa COS Sq Sint,, COS Ty dsdt // *COS to sin? sqdsdt
)= ) (&l ) — 2)(Ex(t) ) = 2)(Ek(t) — 2)

e,

Td Td

Ca(k; 2)sa(k; 2) — €4 (k; 2) =

Hence, c, (k; 2)sq(k; 2) — €2 (k; 2) > 0 for all z < m(k) and k € T
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The function .} (k; 2) we estimate as follows:

uimw>=C““”*”““Z*FV@AKA—wa%w?%+%amz

2[ca(k; 2)sa(k; z) — &2 (k; 2)
_ calk; 2) + sa(k; 2) + /(calk; 2) + 50 (k; 2))2 — 4[ca(k; 2)sa (k; 2) — E2(K; 2)]
Q[Ca(k; Z)sa(k; Z) - gg(ka Z)]

calk; 2) + sa(k; 2)

= Calh; 2)5alh; 2) — €2k 2)°

sin?(sq — tq)

D) > 0 for any z < m(k) and for a.e. k,s,t € T¢, there exists § > 0 such that:
k -z

sin?(sq — to)dsdt
. S5
mln/ AOEE >4

Since

From here and from (3.1) we get:

0 ds
(ks 2)s0 (ks 2) — €2 (k; -
culls2)sa(i2) = €2(0:2) > § [ =5
Td
Since
ds
olk; alk;2) = [ s—7<—
ki) +50(002) = [ 5
Td
from (3.2) we get uniform upper estimate:
1
(k- =
po (ks z) < 55"

From here we get (2.2).
Lemma is proved.

Lemma 2. z < m(k) is an eigenvalue of h(k) if and only if A(k;z) = 0, where

A(k; 2) = (1 — pob(k; 2))

E@.

(11 = pracalhs 2)][1L = prasa (ks 2)] = 122 (k: 2) ).

a=1

(3.2)

(3.3)

Proof. Let z < m(k) be an eigenvalue of h(k) with associated eigenfunction f # 0. Then h(k)f = zf and

SO:
f = TO(Z)Vfa

where r((z) is a resolvent of hy(k). Introduce the following notations:
oo = [ fs)ds.
Td

Vo = /cossaf(s)ds,

Td

Vo = /sinsaf(s)ds, a=1,2,3,..d.
Td
Then, (3.4) is rewritten as:

d
H0%0 1 .

= + a|COS PaPa + SIN P Wy |-

f(p) AOEE Ek(p)—zg:lﬂ [cos pap Patal

From the w-periodicity of & () in each argument, it follows that:

cos S,ds COS 54 COS 53d5s COS 54 Sin sgds sin s, sin sgds

= = = =0, a# .

Er(s) — 2 Er(s) — 2 Er(s) — 2 Er(s) — 2
Td Td Td Td

(3.4)

(3.5)

(3.6)

(3.7)

(3.8)

(3.9)
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Putting (3.8) in the relations (3.5)—(3.7) and using (3.9), we get that g, ©1, ..., 94, V1, P2, ..., Y4 satisfy the system
of (2d + 1)-linear equations:

wo = pob(k; 2)po,

Yo = ftaCa(k; 2)Pa + palal(k; 2)Ya, a=1,..,d (3.10)
1)1)& :,Ufocgoz(k;z)@a Jr#asa(k;Z)?/Jm a = 1>"'7d'
This system of equations has a nonzero solution (o, . .., ¥4, ¥1,...%4) if and only if its determinant is zero,

i.e. det D(k; z) = 0. It is easy to see that det D(k; z) = A(k; 2).

Conversely, let A(k;z) = 0, z < m(k). Then, at least one of the equalities 1 — pob(k;2) = 0, [1 —
taCal(k; 2)[1 — ptasalk; 2)] — u2€2(k;2) = 0, a € {1,...,d} holds. Thus, the vector ¢ = (co,--- , c2q) Where
co =1, Co = Yas Cdta = Ya, 1s a solution of (3.10). Consequently, one of the functions:

1 1
Eu(p) — 2" &(p) — 2
is an eigenfunction of h(k) associated with eigenvelue z < m(k).

Observe that A(k;-) is the Fredholm determinant of the operator I — ro(z)v, i.e. A(k;z) = det(l — ro(z)v).
Moreover, it is well-known [11] that geometric multiplicity of eigenvalue 1 of ¢ (z)v coincides with the multiplicity
of zero z of A(k;-). Since the multiplicities of eigenvalues 1 and z of operators respectively ro(z)v and h(k)
are the same, we get that multiplicity of zeros of A(k;-) is equal to the multiplicity of eigenvalues of h(k). The
lemma is thus proved.

Proof of Theorem 1. Notice that the function:

Aa(k;z) = [1 = paca(k; 2)][1 = pasa(k; 2)] — paa(k; 2),
is a Fredholm determinant associated with the operator I — r(z)v,, where v, — is an integral operator with kernel

Vo (P — 8) = fha €OS(Po, — Sa)-
Since v,, is a two-dimensional operator, number of zeros 8, (u; k) with multiplicities of the function A, (k;-),
lying below m(k), is not more than 2. Function A, (k;-) can be represented as:

Balki 2) = [ea ks 2)sa ks 2) = €20k: 2)) (1o = b (k:2)) (110 = 15 (ks 2)). (3.1)
Since:
i (ki 2) = iy ) < oo,
one has:

>0 if € (0,u k),
o~ ek = § =0 I e € Orgta ()

<0 if pa € (g (k),00).
Consequently, from (3.11) and (3.1) it can be deduced that:

0 if pa € (0, pq (F)],
Balpsk) =q 1 if pa € (g (k), ug ()],
2 if pa € (g (k), 00).

Observe that the function 1 — pob(k;-) is monotonously decreasing in (oo, m(k)). Thus for the number of
zeros a(p; k) of the function A, (k;-) below m(k) it holds:

0 if poe (0;u°(k),
a(,u;k): ' 0 ( ; ( )]
1 if po € (p(k); 00).
If 1°(k) = 0, then hr(%) Ob(k; z) = 400. Obviously, in this case a(u; k) = 1 for any o > 0.
z—m(k)—
The aforementioned facts imply that if: u = (po, g1, .-, fta) € Ri‘“, then the function A(k;-) has exactly:

d
a(puik)+ > Bilp k)

zeros (counting multiplicities) below m(k).
Then, from Lemma 1, we get that for = (uo, 1, - -, td) € Ri‘“ the operator h(k) exactly:
d

a(ui k) + > Bilpsk)

=1
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zeros (counting multiplicities) below m(k).
This finishes the proof.
Proof of Theorem 2. We shall study the equation:

G(0;0)¢ = ¢.

Notice that the function A(k; z), defined as (3.3) is the Fredholm determinant of I — G(k; z). From Hypothesis 2,
the function A(k; z) is defined for & = 0, m(0) = 0. Since £y () is even, the function

sin s; cos s;ds

£(0;2) s =0 S0
Consequently, the function A(0; z) can be represented as:
d
A(0:2) = (1= 10b(0;2)) [T (11 = paca(0:2)][1 = prasa(052)]).
a=1

The following lemma can be proved analogously to Lemma 2.

Lemma 3. The number \ = 1 is an eigenviue of G(0;0) if and only if A(u) = A(0;0) = 0. In this case if
1 — pob(0;0) =0 (1 — 1a€a(0;0) =0 or 1 — 145,(0;0) = 0), then the function ¢y =1 (cpa(p) = COSpy OF

Yo (p) = sin pa) is an eigenfucntion of the operator G(0;0), associated with 1.

Obviously, A(u) > 0 if uo € (0; u°(0)), pa € (0;12), a =1,...,d. By Lemma 3 \ = 1 is not eigenvalue of
G(0;0). Hence 0 is not an eigenvalue of h(0) for uo € (0; u°(0)), po € (0;12), a=1,....d.

Further, consider the equation G(0;0)¢ = ¢ for pg = p°(0), po = pl, a =1,...,d.

(i) a) Let p =2, g = p°(0).

According to Lemma 3, A = 1 is an eigenvalue of G(0;0), with associated eigenfunction ¢g(p) = 1.

It is easy to check that if d = 3,4, then:

Fo() € Ly(T) \ Lo(TY),
and if d > 5, then:
Fo(-) € Ly(T9),

where
1

Folp) = Eo(p)
It means that z = 0 is virtual level of h(0) for d = 3, 4, and eigenvalue for d > 5.
b) Let po = ug, a =1,...,d. Then pu, belongs one and only one of the sets Ly, La2, Loz Ma1, Mo,
Mes.
If fio € Lan (ua e Mal), then 1 — fiaca(0;0) > 0 (1 ~ fia5a(0;0) > 0). If fio € Lo (ua e Ma2>, then

EO‘) =0 (sinpgo‘) = O) forall i =1,...,d. In this case

cosp

Fol) € Lo(T%), (cpa(.) c LQ(’]I‘d)>, d>3,

where .

COS Pa, Sin pq,

Fap = 7¢ap = 7a:17"‘7d7
=) * W = S0

and, so, z = 0 is not virtual level of h(0) for d > 3, but is an eigenvalue of this operator.

If fio, € Lo3 (ua € Mag), then cospga) £0 (sinpga) £ 0) at least one of i = {1,...,d}. Consequently,

Fo()) € Ly(T9) \ Ly(T9), (@a(-) € Ly(T%) \ Lg(Td)) for d=3,4,

Fo() € Ly(T9), (%(-) ELQ(Td)) for d> 4,

i.e. z =0 is a virtual level (eigenvalue) of the operator h(0) for d = 3,4 (d > 4).
From a) and b) we deduce the following:
if 1o = p°(0), then z = 0 is virtual level (eigenvalue) of h(0) for d = 3,4 (d > 4);
if pto € Lo1 U Lyg, then z = 0 is not virtual level of h(0) for d > 3;
if po € Las, then z = 0 is virtual level (eigenvalue) of the operator h(0) for d = 3,4 (d > 4);
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if po, € Log, then z = 0 is eigenvalue of the operator h(0) for d > 3;

if po € My U Mg, then z = 0 is not virtual level of h(0) for d > 3;

if 1o € M,3, then z = 0 is a virtual level (eigenvalue) of h(0) for d = 3,4 (d > 4);
if 1o € M2, then z = 0 is eigenvalue of h(0) for d > 3.

Part (i) of Theorem 2 is proved.

Part (ii) of Theorem 2 is proved analogously.
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1. Introduction

The method used for the description of Gibbs measures on Cayley trees is the method of Markov random
field theory and recurrent equations of this theory, however, the modern theory of Gibbs measures on trees uses
new tools such as group theory, information flows on trees, node-weighted random walks, contour methods on
trees, nonlinear analysis. A very recently published book [1] discusses all above-mentioned methods for describing
Gibbs measures on trees. In the configuration of physical system is located on a lattice (in our case on the graph
of a group), then the configuration can be considered as a function defined on the lattice. There are many works
devoted to several kind of partitions of groups (lattices) (see e.g. [1-5,7]).

One of the central problems in the theory of Gibbs measures is to study periodic Gibbs measures corresponding
to a given Hamiltonian. For any normal subgroups H of the group G, we define H-periodic Gibbs measures.

In Chapter 1 of [1] several normal subgroups were constructed for the group representation of the Cayley
tree. In [6], we found full description of normal subgroups of index four and six for the group. In this paper, we
continue this investigation and construct all normal subgroups of index eight and ten for the group representation
of the Cayley tree.

Cayley tree. A Cayley tree (Bethe lattice) I'* of order & > 1 is an infinite homogeneous tree, i.e., a graph
without cycles, such that exactly k + 1 edges originate from each vertex. Let I'* = (V, L) where V is the set of
vertices and L that of edges (arcs).

A group representation of the Cayley tree. Let Gy be a free product of k£ 4+ 1 cyclic groups of the second
order with generators a1, as, ...ax+1, respectively.

A one to one correspondence is known to exist between the set of vertices V' of the Cayley tree I'* and the
group Gy(see [1]).

To obtain this correspondence, we fix an arbitrary element xy € V" and let it correspond to the unit element e of
the group Gg. Using aq, ..., a1, we numerate the nearest-neighbors of element e, moving by positive direction.
Next, we give the numeration for the nearest-neighbors of each a;,i = 1,....,k + 1 by a;a;,7 = 1,....k + L.

Since all a; have the common neighbor e, we give to it a;a; = a? = e. Other neighbors are numerated starting

1
from a;a; by the positive direction. We numerate the set of all the nearest-neighbors of each a;a; by words
a;a;jaq,q = 1,...,k + 1, starting from a;aja; = a; by the positive direction. Iterating this argument, one gets a
one-to-one correspondence between the set of vertices V' of the Cayley tree I'* and the group GJ.
Any(minimally represented) element z € G, has the following form: 2z = a;,ai,...a;,, where 1 < 4, <
k+1,m =1,...,n. The number n is called the length of the word x and is denoted by I(x). The number of letters

a;,i=1,...,k + 1, that enter the non-contractible representation of the word z is denoted by w,(a;).

Proposition 1. /8] Let @ be homomorphism of the group Gy, with the kernel H. Then H is a normal subgroup
of the group Gy, and ¢(Gy) ~ Gy /H, (where Gy /H is a quotient group) i.e., the index |Gy, : H| coincides with
the order |p(Gy,)| of the group ©(Gy,).

Let H be a normal subgroup of a group GG. The natural homomorphism g from G onto the quotient group
G/H is given by the formula g(a) = aH for all ¢ € G. Then, Kerp = H.



Characterization of the normal subgroups of finite index 889

Definition 1. Let My, Ms, ..., M,, be some sets and M; # M;, for i # j. We call the intersection N~ M;
contractible if there exists io(1 < 1o < m) such that:

Ay My = (M2 M) N (N, M)

Let N = {1, ...,k + 1}. The following Proposition describes several normal subgroups of GJ.
Put

Hy = {xeGk | ) walai) is even}, AC Ny. (1.1)
i€A

Proposition 2. [1] For any ) # A C Ny, the set Ha C Gy, satisfies the following properties: (a) H 4 is a normal

subgroup and |G, : Ha| = 2;

(b) Ha # Hp, for all A# B C Ny;

(c) Let Ay, As, ..., Ap, C Ni. If N2 Ha, is non-contractible, then it is a normal subgroup of index 2™.

Theorem 1. /6]
1. The group Gy, does not have normal subgroups of odd index (# 1).
2. The group Gy has a normal subgroups of arbitrary even index.

2. New normal subgroups of finite index
2.1. The case of index eight

Definition 2. 4 group G is called a dihedral group of degree 4 (i.e.,Dy) if G is generated by two elements a
and b satisfying the relations:

o(a) =4, o(b) =2, ba = a®b.

Definition 3. 4 group G is called a quaternion group (i.e.,Qsg) if G is generated by two elements a, b satisfying
the relation:

o(a) = 4,a® = b*,ba = a®b.
Remark 1. [8] Dy is not isomorph to Qs.

Definition 4. 4 commutative group G is called a Klein 8-group (i.c., Kg) if G is generated by three elements
a,b and c satisfying the relations: o(a) = o(b) = o(c) = 2.

Proposition 3. [8] There exist (up to isomorphism) only two noncommutative nonisomorphic groups of order 8

Proposition 4. Let p be a homomorphism of the group Gy, onto a group G of order 8. Then, ©(Gy,) is isomorph
to either D, or Kg.

Proof. Case 1 Let ¢(Gj) be isomorph to any noncommutative group of order 8. By Proposition 1, ¢(Gy)
is isomorph to either Dy or Qs. Let ¢(Gjy) ~ Qs and e, be an identity element of the group (Js. Then,
eq = ple) = p(a?) = (p(a;))? where a; € G, i € Ni. Hence, for the order of p(a;), we have o(¢(a;)) € {1,2}.
It is easy to check there are only two elements of the group Qg which order of element less than two. This is
contradict.

Case 2 Let p(Gy,+*) be isomorph to any commutative group (G, 1) of order 8. Then, there exist distinct
elements a,b € G such that o(a) = o(b) = 2. Let H = {e, a,b,ab}. It’s easy to check that (H,x*;) is a normal
subgroup of the group (G, *1). For ¢ ¢ H we have H # cH (cH = c¢*; H). Hence p(Gy, *) is isomorph to only
one commutative group (cH U H, ;). Clearly (cH U H, %) ~ K. O

The group G has finit generators of the order two and r is the minimal number of such generators of the
group G and without loss of generality, we can take these generators to be by, bo,...b.. Let e; be an identity
element of the group G. We define homomorphism from Gy onto G. Let Z,, = {A;, A,,..., A,} be a partition
of Ni\Ao, 0 <|Ap| <k +1—n. Then, we consider homomorphism u,, : {a1, as,...,ax+1} — {€1,b1..., b} as

un(@:{ er, if z=a;1i€ A @

bj, if l'zai,iEAj,j:l,Tl.
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For b € G, we denote that Ry [b1, ba, ..., by,] is a representation of the word b by generators by, ba, ..., b, r < m.
We define the homomorphism ~,, : G — G by the formula

e, if r=¢
Y(x) =< b, if x=0b,i=1,r (2.2)
Ry (b1, sby], if 7 =byi £ 1,7

We set:
HP (G) = {z € Gg| l(yn(un(x))) is divisible by 2p}, 2 <n <k —1. (2.3)

—=n

Let v, (un(z))) = . We introduce the following equivalence relation on the set G : @ ~ y if £ = ¢. This
relation is readily confirmed to be reflexive, symmetric and transitive.

Proposition 5. Let =, = {41, As, ..., A} be a partition of Ni\Ag, 0<|Ag| <k+1—n. Then Hg;)(G) is a
normal subgroup of index 2p of the group Gy.

Proof. For x = a;,ai,...a;, € Gy, it’s sufficient to show that x_lHé]i)(G) x C Hép)(G) Suppose that there exist
y € Gy such that [(7) > 2p. Let § = b;, bs,...b;,, ¢ > 2p and S = {b;,, b;, by, ..., bi, by, ...b;, }. Since S C G
there exist 1,25 € S such that 1 = x5. But this contradicts g, which is a non-contractible. Thus we have
proved that I(§) < 2p. Hence, for any = € Hép )(G) we have £ = e;. Next, we take any element z from the
set m_lHé’:L)(G) x. Then, z = x7'h z for some h € Hép)(G) We have Z = 7, (v,(2)) = 7y (vn (@7 h ) =
= T (vn(x_l)vn(h)vn(x)) = Y (vn(a:_l)) Y (Un (R)) Yn (v (2)) . From ~y, (v,(h)) = e1, we get Z = e i,
e HY l)(G). This completes the proof. g

Since A, Ay, A3 C Ni and ﬂi”le A, 1s non-contractible we denote the following set:

= {m?:1HA7’,

Al, Ay, Az C Nk}
Theorem 2. For the group Gy, the following statement is hold:

{H| H is a normal subgroup of Gy with |Gy : H| =8} =

= {Hgt)clcz (D4)| C1,C4 is a partition of Ni\ Co} UR.

Proof. Let ¢ be a homomorphism with |G, : Ker¢| = 8. Then by Proposition 2 we have ¢(Gj) ~ Kz and
¢(Gk) ~ D4.

Let ¢ : G, — Kg be an epimorphism. For any nonempty sets A;, Ao, A3 C Nj, we give a one to one
correspondence between
operatornameKer¢| ¢(Gy) ~ Kg} and R. Let a; € Gi,i € Ni. We define following homomorphism corre-
sponding to the set A;, Ay, As:

a, if i€ A\ (AU A3)
b, if i€ Ay \ (A U As)
¢, if i€ A3\ (AU Ay)
ab, if i€ (A1NAy)\ (A1 NAsNA;g)
Pa14245(0i) =\ ae, if i€ (A1 N As)\ (A1 N Ay N As)
be, if i€ (AaNA3)\ (A1 NAyN A;s)
abe, if 1€ Ay NAyN A;

e, if iGNk\(AluAQUAg).

If i € (), then we’ll accept that there is no index i € Ny for which that condition is not satisfied. It is easy to
check Ker ¢pa, 4,4, = Ha, N Ha, N Ha,. Hence {Ker ¢| ¢(Gy) ~ Kg} = R.
Now, we’ll consider the case ¢(Gy) ~ Dy. Let ¢ : G, — D4 be epimorphisms. Put

Co = {i| #(a;) = e}, C1 ={i| p(a;) = b}, Cy = {i| ¢(a;) = ab}.
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One can construct following homomorphism (corresponding to Coy, C1, C2)

a2, if z= b2b1b2b1

a3, if 2= b2b1b2b1b2b1
Poociea(® =9y e s,

ab, if T =by

a2b, if z= b2b1b2

G,Sb, if 2= beleblbg.

Immediately, we conclude Ker(¢c,c,c,) = H gt )01 0, (Da). We have constructed all homomorphisms ¢ on the
group Gj, which |Gy, : Ker ¢| = 8. Thus by Proposition 1, one gets:

{H| |Gy, : H| =8} C{HL, . (D4)| C1,Cs is a partition of Ny, \ Co} U R.
By Proposition 2 and Proposition 5, we can easily see that:
RU {Hgt)c o, (D4)| C1,Cy is a partition of Ny, \ Co} C {H| |Gy : H| = 8}.

The theorem is proved. g

Corollary 1. The number of all normal subgroups of index 8 for the group Gy, is equal to: 8F+1 — 6. 4F+1 4
L p 9.2kl 5

Proof. Number of elements of the set Ha C Gy, () # A C Nj is 281 —1. Then |R| = (2F+1)(2k+1 —2)(2k+2-3).
Let Cy C Ny, be a fixed set and |Cy| = p. If C1, C5 is a partition of N}, \ Cy then there are 28 ~P+1 — 2 ways to

choose the sets C; and Cy. Hence the cardinality of {Hgl0 )Cl 02(D4)| C4,Cy is a partition of N, \ Cy} is equal to
@M —2)00 + (2F —2)Chyy + . 205 = 3R —2F 2 4

Since R and {Hgl o0, (Da)}] C1,Cy C Ny, are disjoint sets, the cardinality of the union of these sets is 851 —
6.4k +l 4 3kH1 L g. okl 5, O
2.2. Case of index ten
Let the group Ry be generated by the permutations:
T = (17 2)(3a4)(51 6)7 T2 = (273)(47 5)

Proposition 6. Let p be a homomorphism of the group Gy, onto a group G of order 10. Then, p(GYy,) is isomorph
to Ryp.

Proof. Let (G, *) be a group and |G| = 10. Suppose there exist an epimorphism from Gy, onto G. It is easy to
check that there are at least two elements a,b € G}, such that o(a) = o(b) = 2. If a xb = b a, then (H,x*) is a
subgroup of the group (G, x), where H = {e, a,b,axb}. Then, by Lagrange’s theorem, |G| is divided by |H| but 10
is not divided by 4. Hence, a*b # bxa. We have {e,a,b,axb,bxa} C G If G is generated by three elements, then
there exist an element ¢ such that ¢ ¢ {e, a, b, axb,bxa}. Then, the set {e, a, b, axb,bxa, ¢, cxa, cxb, cxaxb, cxbxa}
must be equal to G. Since G is a group, we get a * b * a = b but from o(a) = 2 the last equality is equivalent to
a*b="b=xa. This is a contradiction. Hence, by Lagrange’s theorem it is easy to see:

G ={e,a,bjaxbbxa,axbxa,bxaxbaxbxaxbbxaxbxa,axbxaxbxa},

where o(a * b) = 5. Namely G ~ Rj,. This completes the proof. O

Theorem 3. For the group Gy, the following statement is holds:

{H| | H is a normal subgroup of Gj with |Gy : H| =10} =

{H(Bk:)Ble(Rloﬂ By, Bs is a partition of the set Ny \ Bo}.
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Proof. Let ¢ be a homomorphism with |G}, : Ker ¢| = 10. By Proposition 6 ¢(Gy) ~ Rjo and by Proposition 5
we can easily see:

{H](;’O)BIB2 (R10)| Bi, Ba is a partition of the set Ny, \ Bo} C {H| |Gy : H| = 10}.
Let ¢ : G, — R be epimorphisms. We denote:

By = {i[ p(a;) = e}, B1={i| p(a;) = a, B> = {i] p(a;) = b}
Then, we can show this homomorphism (corresponding to By, Bs, Bj), i.e.,
e, if T=¢e
a, if =0
b, if T =10bg
axb, if T =b1by
bxa, if T =0byby
axbxa, if T =>b1byby
b*a*b, if i':bgblbg
axbxaxb, if T=0b1bybiby
bxaxbxa, if T=0bybibyby
axbxaxbxa, if £ =0b1byb1baby.

¢Br)315’2 (LC) =

We have constructed all homomorphisms ¢ on the group G}, which |Gy, : Ker ¢| = 10. Hence:
{Ker | |Gy, : Ker ¢ = 10} € {HS) 5 . (Ri0)| B1, Bo is a partition of the set Ny \ Bo}.
By Proposition 1:
{H||Gy.: H| =10} = {H4 5 5. (Ru0)| By, Be is a partition of the set Ny, \ Bo}.
The theorem is proved. g
Corollary 2. The number of all normal subgroups of index 10 for the group Gy, is equal to 38+ — 2842 4 1.
Proof. The proof of this Corollary is similar to proof of Corollary 1. O
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1. Introduction

One of the central problems in the theory of Gibbs measures is to describe infinite-volume (or limiting) Gibbs
measures corresponding to a Hamiltonian. The existence of such measures for a wide class of Hamiltonians was
established in the ground-breaking work of Dobrushin. However, complete analysis of a set of limiting GMs for a
specific Hamiltonian is quite often a difficult problem.

In [1,2,6,9-11,14-16] for several models on Cayley tree I'* with the order k, using the Markov random field
theory, Gibbs measures are described. These papers are devoted to models with a finite set of spin values. In [8],
the Potts model with a countable set of spin values on a Cayley tree I'* is considered and it was shown that the
set of translation-invariant splitting Gibbs measures of the model contains at most one point, independently on
parameters of the Potts model with countable set of spin values on the Cayley tree. This is a crucial difference
from the models with a finite set of spin values, since those may have more than one translation-invariant Gibbs
measure.

In [12], a Hamiltonian with an uncountable set (a set with continuum cardinality) of spin values (with the set
[0, 1] of spin values) on a Cayley tree I'* is considered and it was shown that: the existence translation-invariant
splitting Gibbs measure of the Hamiltonian is equivalent to the existence a positive fixed point of some nonlinear
integral operator. For & = 1, the model with the continuous potential function was shown to have a unique
translation-invariant splitting Gibbs measure. In the case £ > 2, some models which have the unique splitting
Gibbs measure were constructed. In the paper [4], sufficient conditions were found for the potential function
of the model on a Cayley tree I'* with an uncountable set of spin values under which the model had unique
translation-invariant splitting Gibbs measure. In [3,5], several models were constructed, of which these models
had at least two translational-invariant Gibbs measures, i.e the existence of phase transition for some models on a
Cayley tree I'* (k > 2) was proven.

This paper is a continuation of previous investigations [3-5,12]. We shall construct model with a logarithmic
potential on a Cayley tree I'*. We reduced the studying of translation-invariant Gibbs measures to a description of
the fixed points for some nonlinear operator on R?. In the case k = 2,3, we shall prove that, for the Hamiltonian
on a Cayley tree I'* with logarithmic potential, there is a unique translation-invariant splitting Gibbs measure. In
the case k = 4, we show that, for the model on I'* with the logarithmic potential there are three translation-invariant
Gibbs measures, i.e. there is a phase transition.

2. Preliminaries

A Cayley tree T = (V, L) of order k € N is an infinite homogeneous tree, i.e., a graph without cycles, with
exactly k + 1 edges incident to each vertex. Here, V is the set of vertices and L that of edges (arcs).

Consider models where the spin takes values in the set [0, 1], and is assigned to the vertices of the tree. For
A C V, a configuration 04 on A is an arbitrary function o4 : A — [0,1]. We denote Q4 = [0,1]* the set of all
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configurations on A. A configuration o on V is then defined as a function z € V +— o(z) € [0, 1]; the set of all
configurations is [0,1]". The Hamiltonian of the model is :

o)=—J Z $o(z),0(y)y O € v, (2.1
(z,y)€L

where J € R\ {0} and ¢ : (u,v) € [0,1]* = &,, € R is a given bounded, measurable function. As usual, (z,y)
represents the nearest neighbor vertices.

Let A be the Lebesgue measure on [0,1]. On the set of all configurations on A, the a priori measure A4 is
introduced as the |A| fold product of the measure A. Here and subsequently, |A| denotes the cardinality of A.
Below, W, represents a ‘sphere’ and V,,, for a ‘ball’ on the tree, of radius m = 1,2, ..., centered at a fixed vertex
z° (an origin):

W ={z eV dx2°)=m}, V,,={zecV: dxaz")<m);
and
Lm = {<x7y> € L Y € Vm}
Here, distance d(z,y), z,y € V, is the length of (i.e. the number of edges in) the shortest path connecting x
with y. Qy;, is the set of configurations in V,, (and Qyy, that in W,,; see below). Furthermore, a‘v and w’W -

denote the restrictions of configurations o,w € Q to V,, and W,, 11, respectively. Next, o, : € V,, — o, (z) is a
configuration in V,,. For each o,, € Qv , we define:

=—J Z g(rn (x),0n(y)"

(z,y)ELR

We write © < y if the path from z° to y goes through z. Call vertex y a direct successor of x if y > x
and x,y are nearest neighbors. We denote by S(z) the set of direct successors of x. We observe that any vertex
x # 2° has k direct successors and x° has k + 1.

Leth: €V = hy = (hia,t € 0,1]) € R be mapping of z € V' \ {z°}. Given n = 1,2, ..., consider
the probability distribution p(™ on Qy,, defined by

pM (o) = Z;lexp< BH(0n) + > ha(a), ) 22)

zeW,

1
where 8 = T T > 0 is temperature. Here, as before, 0, : © € V,, — o(z) and Z,, is the corresponding partition

function:

Zp = / exp( ﬁH Jn Z ho(z z) )\Vn(dgn) (2.3)

Qv, zeW,

The probability distributions u(") are compatible [12] if for any n > 1 and 0,1 € Qv _,

/ ’u(n) (Unfl V. Wn))\W” (d(wn)) _ ,U/("_l)(O'nfl)- 2.4

an
Here, 0,,—1 V wy, € Qy, is the concatenation of o,,_; and w,. In this case, there exists [12] a unique measure

= = (n)
V. Un}) M (Un)

The measure p is called the splitting Gibbs measure corresponding to Hamiltonian (2.1) and function x +— h,

x # 20

Proposition 2.1. [12] The probability distributions 1™ (o), n = 1,2,..., in (2.2) are compatible iff for any
x € V\ {2} the following equality holds:

on Qy such that, for any n and o, € Qv , p ({0

H fo exp(JBEw) f(u y)du'
yeS(x) exp(‘]650u)f( y)du

Here, and below f(t,z) = exp(hy — ho ), t € [0,1] and du = A(du) is the Lebesgue measure.

2.5)
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From Proposition 2.1, it follows that for any h = {h, € ROz ¢ V'} satisfying (2.5) there exists a unique

Gibbs measure ;1 and vice versa. However, the analysis of solutions to (2.5) is not easy. Let &, be a continuous
function. We put

Cto,1] ={f € C[0,1] : f(z) >0}, CF[0,1] =C*[0,1]\ {6 = 0}.
We define the operator Ry, : C;[0,1] — C;[0,1] by

Jo K(t,mf(u)du)’“ ren
[ KO,u)f(u)du) ’
where K (t,u) = exp(JB&w,), f(t) >0, t,u € [0,1].

We will solve the equation (2.5) in the class of translational-invariant functions f(¢,z), i.e f(¢t,xz) = f(¢) for
any x € V. For such functions, equation (2.5) can be written as:

Ry (f)(t) = f(?)- (2.6)
Note that equation (2.6) is not linear for any £ € N. For every k¥ € N we consider Hammerstein’s integral
operator Hj, acting in the cone C[0,1] as

(Rif)(t) = (

(i f)(t) = / K(tu)f*(u)du, k€ N.
0

We denote
Mo ={feCT[0,1]: f(0)=1}.

Lemma 2.2. /4] Let k > 2. The equation

Rif=[, [€C[o.] 27)
has a nontrivial positive solution iff the Hammerstein s equation
Hef =M, feCH0,1] (2.8)

has a positive solution in My for some A > 0.

Let £ > 2. Then, we can easily verify that: if the number Ay > 0 is eigenvalue of the operator H, then an
arbitrary positive number is an eigenvalue of the operator Hy, (see [4]). Consequently, we obtain:

Lemma 2.3. Let k > 2. The equation (2.7) has a nontrivial positive solution iff the Hammerstein's operator Hj,
has a nontrivial positive fixed point. Moreover, the number of nontrivial positive fixed points of the operator Ry
is equal to the number of nontrivial positive fixed points of the Hammerstein's operator Hy,.

Note, that if there is more than one nontrivial positive fixed point for the the Hammerstein’s operator, Hy,
then there is more than one translation-invariant Gibbs measure for the model (2.1) corresponding to these fixed
points. We say that a phase transition occurs for the model (2.1), if the Hammerstein’s operator Hy, has more than
one nontrivial positive fixed point. The number of the fixed points depends on the parameters of the model (2.1)
and the order of Cayley tree I'*.

3. A model on Cayley tree with logarithmic potential

We consider Hamiltonian H on the Cayley tree I'* by rule:

In (1446 (o(x) — 1) (o(y) — &
H(o)=~- ) ( ( 3 2) 2)), o€ Qy, 3.1)
where 6 is a coupling constant and 0 < 6 < 1, i.e. in the (2.1) function of potential is defined by the formula:

€. = In(1+460(t—1) (u—13))

t,u — JB .

The main aim of this paper is to study translation-invariant Gibbs measures for model (3.1) on the Cayley
tree I*. We define Hammerstein’s operator Hj, on C[0, 1] by the equality:

(Hif)(t) = /1 <1 + 46 (t - ;) <u - ;)) *(u)du. (3.2)
0

(zy)EL




896 Yu. Kh. Eshkabilov, Sh. P. Bobonazarov, R. 1. Teshaboev

We set:
by — k, if k is even,
"7 ) k-1, ifkis odd,
and
k, if k is odd,
ko = o
k—1, ifk is even.

We define operator P on R? by the rule:
P(a,y) = («,y),

where
k1/2 2j
/ (20)% 25 k—2j 2j
— AJ d20
v Z::O 25 +1 Y
ka+1) _
Z ( 0)* A2 k=241, 2 -1
= 2( 2; +1)7k '
Here |
n!
Al = ————
" ml(n —m)!

Lemma 3.1. Let k > 2. The Hammerstein's operator Hy, (3.2) has a nontrivial positive fixed point iff the operator
1
P has a fixed point (xq, o), such that xq > 0 and fo(t) = xo + 460yo (t — 2) > 0 for all t € [0, 1], moreover
1
the function fo(t) = xo + 46yo (t — 2) is a positive fixed point of the Hammerstein's operator Hy.

Proof. Necessity. We set:
1

c1 = [ fF(u)du (3.3)
/
and )
1
cy = (u - > E(u)du. (3.4
G

It is clear, that ¢; > 0. Let the Hammerstein’s operator Hj, (3.2) has a positive fixed point f(¢). Then, for the
function f(t), the equality:

f(t) =c1+ 4902 <t - ;) (35)

is holds.
Consequently, for the parameter c;, from the equality (3.3), we have:

1 1 )
1 1\’
/(01+4002 <u2>) dufZA{fc’f J (40co)’ /(u2> du =
0 0

1/2 k1/2 (20)%
= ZAkc1 (46c3)? / ul du = Z 251 lAi]c’f_%cgJ.
—1/2 J=0

Analogously, for the parameter ¢y, by equality (3.4), we get:

1 k k 1 7
1 1 j
g = / (u — 2) (61 + 40co (u — 2)) du = ]E_O Aic 4902 J / (U - ) du
d = 0

k 1/2 (k2+1)/2 (20)%-1 . . .
Z 4902 uj‘H-du — Z %A?jflck72j+1cgjfl'
2j+1 k1
=0 = j

—1/2
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Therefore, the point (c1, ¢2) is a fixed point of the operator P.
Sufficiency. We assume that xg > 0 and the point (zo,yo) is a fixed point of the operator P, i.e. the following
equalities for numbers xy and yo numbers are satisfied:

k1/2 2 (k2+1)/2 2i-1

(20)%7 9j k—2j 2j (20)~ 2j—1_k—2j+1 2j—1
Z : A xg P yy” = o, Z AT T 2 T T = o
2 +1 2 22+ 1)

. 1\ . . .
We can simply prove that the function fo(t) = xo + 46yo (t — 2) is a fixed point of the Hammerstein’s
operator Hy, i.e. Hy fo = fo. This completes the proof. O
Proposition 3.2. For each k € N, the function fy(t) =1 is a fixed point of the Hammerstein's operator Hy,.

Proof. One can clearly see that:

o= [ (100 2) (- 2) o fawsao(s-2) [ waum1= i
0 0 ~-1/2

4. Uniqueness of translation-invariant Gibbs measures for the model (3.1)

In [12], a Hamiltonian with an uncountable set of spin values (with the set [0, 1] of spin values) on the Cayley
tree I'* was considered for a continuous potential & . For k = 1, it was shown that the model (2.1) with the
continuous potential function has a unique translation-invariant splitting Gibbs measure. This statement holds for
the model (3.1). We study translation-invariant splitting Gibbs measure for the model (3.1) for the case k > 2.

Theorem 4.1. The model H (3.1) on the Cayley tree of order two has a unique translation-invariant Gibbs
measure.

Proof. Let be k = 2. Then, the operator P assumes the following simple form:

4, 2
P = (2% +=v? ZOxy).
(z,y) <w +3y,3fcy>

For a fixed point (x,y) of the operator P, we have the following system of algebraic equations:

4
2?4y =,

2
—Ozy = y.
3 Y =Y

It follows that, the operator P has a unique nontrivial fixed point (1,0), as 6 € (0,1). By lemma 3.1, the
Hammerstein’s operator Hs has a unique nontrivial positive fixed point fy(t) = 1. Therefore, by lemma 2.3, the
model H (3.1) on the Cayley tree of order two has a unique translation-invariant Gibbs measure. O

Theorem 4.2. The model H (3.1) on the Cayley tree of order three has the unique translation-invariant Gibbs
measure.

Proof. Let k = 3. Then, the operator P assumes the following form:
P(z,y) = <x3 +40%xy?, 022y + 293y3> .
For a fixed point (x,y) of the operator P, we have the following system of algebraic equations:
2 + 40%xy? =z,
0%y + gﬂgy?’ =y.
It follows that, the point (1,0) is a fixed point of the operator P. Consequently, by lemma 3.1, the function

fo(t) = 1 is a fixed point of the Hammerstein’s operator H3. Conversely, for the case > 0, y # 0, the last
system of algebraic equations is equivalent to the following system of algebraic equations:

2 4 40%y% =1,
4
9.1'2 + 583y2 =1.
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We find 22 = 1 — 460%y>. Hence, for y, we have:
4
(1 — 492?/2) 0 + 593y2 = 1,
ie.
501
1663
This is impossible, as 6 € (0,1).
Thus, the operator P has a unique nontrivial fixed point (1,0). Therefore, by lemmas 3.1 and 2.3, the
model H (3.1) on the Cayley tree of order three has a unique translation-invariant Gibbs measure. 0

5. A phase transition for the model (3.1)

In this section, we consider the model (3.1) on the Cayley tree I'*. In the case k = 4, the operator P is acting
on R? by the rule:

1 4 . 16 .
P(z,y) = <x4 + 80%22y? + £G4y4, gexsy + 5693xy3> .

Theorem 5.1. Let k = 4. Then:

(a) for all 6 € (0,3/4] the model H (3.1) on the Cayley tree T* has a unique translation-invariant Gibbs
measure;

(b) for all 6§ € (3/4,1) the model H (3.1) on the Cayley tree T* has three translation-invariant Gibbs
measures.

Proof. Let k = 4. For a fixed point (z,y) of the operator P, we have the following system of algebraic equations:

16
.'L'4 + 892$2y2 + 794y4 =z,
4 16 >
— 023 — 03y =y
3 Ty + 5 Yy Y

In the case = > 0, y = 0, the above system of algebraic equations has the solution (1,0). We assume that
y # 0. Then, we have z # 0 and from the second equation of the last system of equations, we obtain:
5 5(3—4623)

LTV E (.1

3/ 3
—. 2
0<z < 10 (5.2)

From the first equation of the system of equations, for a fixed point of the operator P, we obtain:

This means that:

16 4 30-5 4 5
— ——x" — =0. 5.3
9" T3 " T Tee ©-3)
We set z = 2°. Then, z > 0 and for the unknown variable z, by the equality (5.3), we have the quadratic
equation:
16 , 30-5 5
it . = —0. 4
o7 T35 * 1oz " ©4)
One clearly sees that equation (5.4) has two roots:
—1+ 2 —+VD -1+ % +VD
n=zn)=—"3——<0, z=2n0)=—"5"—>0,
9 9
where ,
5 20
D=DO)=(1-— —.
(©) ( 39) MY

Therefore, for x, by the lemma 3.1 and the inequality (5.2), we obtain x = x1 = x1(6), where

z1(0) = v/22(0) < {/g
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The question then arises: does the inequality (5.2) hold for x;(6) for all values of the parameter 6 € (0,1)?

To this end, we consider the inequality o (#) < {/—. This is equivalent to the inequality:

46
—1+3%+\/5<33 (5.5)
82 Vo '

1
Hence, it follows that VD < 1+ =. It means

0
5\% 20 1\?
<1—39> +992<<1—|—9>.

. . 3 3 )
From the last inequality, we get 6 > T Thus, for the case 1 < 0 < 1, by equality (5.1), the operator P has
three fixed points:

(170)7 (xl(a)Jyl(e))7 (x1(9)7_y1(6))7
where

3
We note that if 0 < 0 < T then the operator P has a unique fixed point: (1,0). Consequently, by lemmas 2.3

3 . L . .
and 3.1, for all § € (O, 4} the model H (3.1) on the Cayley tree I'* has a unique translation-invariant Gibbs

measure. In the case 1 < 6 < 1 by the lemma 3.1, the Hammerstein’s operator H, has three positive fixed points:

O=1 A0 =06 +1000) (1-3 ). ) =a0) - 1600) (1-3).

Because f;(t) > 0 for all ¢ € [0,1], where ¢ = 1,2. Therefore, By lemma 2.3 for all § € (3/4,1) the
model H (3.1) on the Cayley tree I'* has three translation-invariant Gibbs measures. This completes the proof. [

Finally we note that in the case 0 € (i, 1) for the model H (3.1) on the Cayley tree I'* there is a phase

transition.
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