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OBPA3ZOBAHUE B 'MIPOTEPMAJIBHbBIX YCJTOBUAX
N OCOBEHHOCTHU CTPOEHUA HAHOYACTHUI]
HA OCHOBE CUCTEMBbI Zr0O,—Gd;>03

M. B. Tomkosuu', E. P. Annpuesckas®?, B. B. I'ycapos'*

! ®usnko-rexunuecknii uacTHTYT M. A.®. Uopdhe PAH
Nucturyt npobiem marepuanosenenus um. M.H. ®panuesnya HAH Yipauns

SHauuoHanbHBINH TEXHMYECKUI YHUBEPCHTET YKpauHbl « KHEBCKUH TIOIUTEXHUYECKHUIA
WHCTUTYT»

4Cankr-TleTepOyprekuii rocyapcTBEHHBI TEXHOIOIUYECKUH HHCTUTYT
(TEXHUYECKHI YHUBEPCHUTET)

mariya tom@mail.ru, victor.v.gusarov@gmail.com

PACS 61.46.-w; 81.07.-b

B runporepMainbHBIX YCIOBHSX MOTy4€HbI HAHOYACTHUIBI Ha 0cHOBE cucTeMbl ZrO2-GdoO3. [Tokazano, uto B obnactu
xoHnentpanuii ZrO»:GdO; 5 = 0.6 — 9.5 npu Temneparypax 250-450 °C u manenun oxomno 90 MIla o6pasyrorcs
HaHOKPHCTAIUTBI TBEPABIX pacTBopoB ZrOs (GdO; 5) ¢ dimroopurononobHoii cTpykTypoii. [TapaMeTpsl aJieMeHTapHON
staetiku ZrO2(GdO1 5) HENMMHEHHO BO3PACTAIOT C yBEIMYEHAEM KOHLICHTPALMH OKCHIA TaI0NHHIS B CHCTEME 10 45
Mo % GdO; 5. Taxoli xapakTep U3MEHEHUsI TapaMETPOB 3JIEMEHTApHOH STYEHKH 0OBSCHEH paclpeielIeHNEM OKCHIa
TaJIONIMHAS MEXITy aBTOHOMHOW (KPHCTaJUTMUECKON) M HEaBTOHOMHOU (a3oii.

KaroueBnle ciioBa: HaHO4YaCTHIIbI, FMﬂpOTepMaﬂbelﬁ CHUHTE3, IMOKCHUJ TUPKOHUA, OKCUJ T'aJ0JIUMHUA, HCABTOHOMHBIC

(assl.

1. BseneHue

Cucrema ZrO,-Gd,O3 nepcrnekTuBHA Ui pa3paOOTKU MaTEPUAIOB SAIEPHON SHEPTETHKU
IIPU CO3JaHUH AJIEMEHTOB CHCTEMbI O€30MaCHOCTH U HaJIS)KHBIX TEXHOJIOTHI YTUIN3AI[MH OTXO0I0B
aTOMHOH MPOMBIIIEHHOCTH, a TAaK)KEe TEIUIO3alIUTHBIX MOKPHITUNA U TOTUTMBHBIX siueek [1-11].

da3zoBbic B3aumozaeicTBus B cucteme ZrOs-Gd;O5 uccienoBansl B padorax [1, 12-24].
[TokazaHo, YTO B CUCTEME CYIIECTBYIOT 00JIACTH TBEPBIX PACTBOPOB Ha OCHOBE PA3IUYHBIX KPH-
CTaJUTMYECKUX MOAU(UKAIINI UCXOAHBIX KOMIIOHEHTOB, a Takke ynopsaaouenHas $aza GdyZr,O7,
KPUCTAJUTU3YIOMIAsICS B KyOUYECKOM CTPYKTYype THUIIA TUPOXJIOpa, ISt KOTOPOU XapakTepHa HeCTe-
XHOMETPUYHOCTH cocTaBa. Da30Bbie paBHOBECHS B CHCTEME B 00JIACTH BBICOKHX TEMIIEPATYP U3Y-
yeHs! [12, 13]. TepmoguHaMUUYECKH ONTUMM3UPOBAHHAs [Uarpamma COCTOSHUs cUcTeMbl ZrO,-
Gd, O3 moctpoena [25, 26]. IIpu Beicokux Ttemmeparypax B cucteMe ZrO,-Gd;O3 B mmpokoM
WHTEpBajie COOTHOIICHUH KOMIIOHEHTOB CYIIECTBYET pa3ylopsaodeHHas (aza Tuna (GroopHra.
[Tpu Gornee HU3KUX TeMIlepaTypax B OOJACTH COOTHOIICHHWI OKCHUIOB TaJlOIMHUS U IIUPKOHUSA,
6mu3kux k cocrtary GdyZr,0O7, dhaza nmpuolOpeTaer ynopsaoueHHOEe CTPOeHuE, TpaHchopMUpysch
B CTPYKTYpY THIIa TUPOXJIOPa, B KOTOPOH KaTHOHBI U KUCIOPOIHBIE BAaKAaHCHH YNOPSI04YeHBI [1].

Ynopsinouennas ¢a3za tumna nupoxiiopa Gds Zro O SBisieTcs IepCIEeKTUBHBIM MaTePHAIIOM,
KOTOPBIM XapaKTepU3yeTcs OTHOCUTENbHO HHU3KOHM TeruonpoBogHOocThio [27]. CoenuHeHus co
CTPYKTYpOU TUTIA MHPOXJIOPA MPEICTABISIOT TAaK)Ke 3HAUYUTEIBHBI HHTEPEC KaK JIFIOMHHO(DOPHI,
MaTepualbl ¢ BRICOKOM MOHHOW MPOBOAMMOCTHIO [28].
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He cmoTps Ha MHOrouucieHHble paboThl MO M3ydeHHUIO (pa3000pazoBaHUs B cCHCTEME
Zr03-Gd,03,B muTepaType OTCYTCTBYIOT CBEJCHUS O CUCTEMAaTHYECKUX UCCIIEOBAHUAX BIUSHUS
YCJIOBU CHHTE3a M pa3Mepa 4acTull GopMupyromuxcs $ha3 Ha UX CTPOCHHUE ¥ KOHLIEHTPAllMOHHO-
TeMIepaTypHble 00JacTH CyllecTBOBaHUs. Bmecte ¢ TeM, B psne paboT O6bu10 0OHapykeHO 00-
pa3oBaHME W OTHOCHUTEIBHO CTAaOWIBHOE CYIIECTBOBAaHME HAHOYACTHI[ C HEOOBIYHOM I pac-
CMaTpUBABLIMXCS TEMIIEPATYPHbIX 00acTeil cTpykrypoil. B wactHocTH, B [29-32] noka3aHo, 4TO
HAHOKPUCTAJIBI HA OCHOBE THOKCHIA IUPKOHUs ¢ (hrrooputonomoOHoi cTpykrypoit (c-ZrOs)
00pa3yroTcs U HaXOAATCSl B OTHOCUTEIBHO CTA0OMIIBHOM COCTOSTHUM IIPU TeMIIepaTypax Ha COTHU
U JJa)Ke TBHICAYM TpagyCcoB HIKE TeMIIepaTypbl UX PABHOBECHOI'O CYIIECTBOBAHUS B BUJE MaK-
pokpucraiuioB. B padorax [32-34] HaiineHsl TBepabie pacTBopbl ¢-ZrO5(InO; 5) B HaHOKpHCTAI-
JIMYECKOM COCTOSIHUM B OoJiee IIUPOKOM JMara3oHe KOHLEHTpAIHid, 4eM OblI0 3a()UKCUPOBAHO
paHee AJs Cilydas pPaBHOBECHBIX MaKpOKpUCTaUIMYeckux oOpasuoB [35]. HeoObluHO BbICOKas
YCTONYMBOCTH TBEPIBIX PACTBOPOB CO CTPYKTypoii Tuma ¢uooputa c-ZrOs(LnO; 5), toe Ln —
P33, xapakrepHas 11 HAHOKPUCTAJIOB, HHULMUPYET MPOBEICHUE UCCIEOBAHNN 110 U3YyUYEHUIO
oOpa3zoBanusi HaHodacTHIl B cucteme ZrO,-GdyOs, B KOTOpOW Hapsmy ¢ (IOOPUTONOAOOHOM
CTPYKTYpOH B TOM e 00JacTH COOTHOLIEHHS] KOMIIOHEHTOB, HO IpH Oojiee HU3KUX TemIlepa-
Typax, MOXKET CYLIECTBOBaTh (paza CO CTPYKTYypOH THIa NMupoxJopa. IlepcrnekTuBHBIM METO10M
JUIS TIOJTyY€HHsI OKCHAHBIX HaHOKpHcTaioB B cucteMe ZrO9-Gd2O3-HoO sBnsiercs ruaporep-
MaJIbHBI CHHTE3, NMO3BOJISIOIIMI MMOyyaTh c1a00aryioMepupoBaHHbIe HAHOYACTUIB! B IIMPOKOM
JIMara3oHe BapbHUPOBAHUS COOTHOILEHHSI KOMIIOHEHTOB U Temreparyp [29].

2. JKCcHnepuMeHTAJbHASl YaCTh

HcxonHpIMU BeliecTBaMU ISl THAPOTEPMAILHOTO CHHTE3a OKCUAHBIX (a3 B pabore ciry-
JKWIA COBMECTHO OCAXJI€HHBIE I'MIPOKCHU/BI LIUPKOHUA U rafgoiauHus. CoocakaeHne MpoBOIUIN
U3 pacTBOPOB OKCUXJIOPUAA LIMPKOHUS U XJIOPUAA TAIOTHHMSL.

PactBopsr coneit ZrOCl, - 8H,O u GdCls - 6H,0O B mucTHMpOBaHHOM BOJIE TOTOBHIIH B
pas3HbIX eMKocTsX. [locie uero, pacTBOpbI CMELIMBAIN B HEOOXOAMMOI MPONOPILMH U MPUITUBAIIH
K pacTBOpy ammuak. O6pa3oBaBILIMiics 0caoK (GMIBTPOBAIN U IIPOMBIBAIN JTUCTUIIMPOBAHHOM
Bomo# st ynanenust wonoB Cl- u NH, . KadectBennyto peakuuto Ha Cl HOH MPOBOAWIH C
nomotibio AgNQj3. [Tociie MpOMBIBKM OCaIOK CYIIMIN B CYIIMJILHOM IIKady MpH TeMIieparype
100°C B Teyenue 4 wacoB. Jlanee MpOBOIWIM THAPOTEPMAIBHYIO 0OpabOTKY COOCaKICHHBIX
TUAPOKCHI0B TIpu Temmeparypax 250, 300, 350, 400 u 450 °C B Teuenue 2 u 4 yacos npu
nmasieHun oxono 90 Mlla.

MHUKpPOCTPYKTYpy MOPOIIKOOOPa3HbIX 00pa3LoB M MX 3JIEMEHTHBIM COCTaB ONpeaessiiu
Ha CKaHUPYIOIIEM NIEKTPOHHOM MUKpockomnt Quanta 200 B KOMIUIEKTE C PEHTT€HOBCKUM MHKPO-
ananuzaropom EDAX.

da3oBbIil cocTaB 00pa3IoB, MapaMeTpPhl MIEMEHTAPHBIX S4YeeK, pa3Mep oliacTeil Kore-
pentHoro paccesnusi (OKP) ompenensiin mo gaHHBIM PEHTTEHOBCKOM IU(PAKTOMETPHUHU TTOPOII-
KOB, IOJIyY€HHBIM Ha peHTreHoBCckoM u¢pakTomeTpe Shimadzu XRD-7000. CbemMky audpakro-
rpamMM OCYIIECTBISUH ¢ ucrnonb3oBanueM CuK,-n3nydyenus B nuamazone yriios 26 ot 10 go 80°.

3. Pe3yabTarhl M UX 00Cy:KIeHHE

XUMHUYECKUI COCTaB MOJIYYEHHBIX 00pa3IoB MOCe THIPOTEPMaIbHON 00paboTKH cooca-
KIICHHBIX THIPOKCHIIOB TallofuHus W IupkoHUs B nepecyere Ha GdO; 5 u ZrO, mpuBeicH B
tabn. 1. Cnenyer oTMETUTD, UTO B 00pa3liax HapsAy C LUPKOHUEM, TaJ0JIMHUEM U KUCIOPOIOM
Ha6J'IIOI[aJII/I HE3HAYUTECIIBHOC KOJMYCCTBO XJIOpaA. yCTaHOBJ'IeHO, 4TO C YBCIIMYCHUCM KOHLCHTpA-
UM TAJO0JIMHUS KOJIWYECTBO XJIOpa BO3PACTAET, OHAKO BO BCEX HCCIICAOBAHHBIX 00pa3lax ero
coJlep>kaHue He mpeBbimaeT 2.7Moi. %.
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TABIMIA 1. Xumuueckuii coctaB o0pa3ioB cucteMbl ZrO,-GdO; 5 mocne ruapo-
TEepPMaJIbHOU 00padOTKH COOCAXKICHHBIX THIPOKCHUIOB TaIOIMHUS U IIUPKOHUS

WcxogHpIil XUM. COCTaB CUHTE3H- XWM. coCTaB MO JAaHHBIM 3JIEMEHTHOTO
O6pa3zen 6 %) Y ) 9
poBaHHBIX 00pa3noB */, mou.% ananuza **/, Mmon.%
ZI'OQ Gd 01.5 ZI'OQ Gd01.5
1 90.5 9.5 88.8 11.2
2 81.8 18.2 82.3 17.7
3 73.9 26.1 76.4 23.6
4 53.8 46.2 554 44.6
5 42.9 57.1 43.5 56.5
6 37.9 62.1 394 60.6

[Tpumedanue: *) pacder Ha OCHOBaHUHU cOOTHOIIEHUS Zr:Gd B UCXOHBIX CMECSX, B3ATHIX IS
CHHTE3a, **) nepecuer Ha cooTHomeHue ZrOy u GdO, 5 B oOpasiie ucxo/s U3 TaHHBIX
AJIEMEHTHOTO aHaJIu3a 1o coxepxkanuto Zr u Gd.

&
1700+

1200+

== 300°C
--- 350°C
-== 400°C

- 450°C

7004

ool nEn

Puc. 1. /Inarpamma coctosinus cuctembl ZrOs-GdO, 5. O603Hauenus ¢az: C —
TBEpJble PacTBOPHI Ha OCHOBE KyOuueckoil Mmoaudukauuu GdO, 5, P — ynopsno-
yeHHas ¢aza GdyZr,O; (cTpyKTypa THIa Upoxsopa), F — TBepbpie pacTBOPHI Ha
ocHoBe KyOmueckoit moaupuramuu c-ZrOy(GdO; 5) co cTpykTypoit Tuma ¢iroo-

puta, M — TBCPABIC PACTBOPBI HAa OCHOBE MOHOKJIUHHOU MOI[I/I(bI/IKaLII/II/I
ZrOQ(GdO]_.5)
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N3 cTpoennst quarpammel coctostHus cucteMbl ZrOy — GdO4 5 (puc. 1) [36] cienyer, uTo
715 UcclielyeMBIX cOCTaBoB (cM. Tabi1.) B uHTepBae Temneparyp 300450 ©C o6pasipl 1-3 momxk-
HbI OBITh IBYX(a3HbIMU (McKIroueHHue — oopaserr 3 nmpu 450 °C). B ykazaHHBIX 00pa3iiax JOJKHBI
IPHCYTCTBOBATh TBEP/IbIC PACTBOPHI HA OCHOBE MOHOKIMHHON Moauukaiu (m-ZrO,) u Kyoude-
ckoit mopudukarmu c-ZrO»(GdO; 5) auokcuaa mupkoHusi. B 00pasiie 4 10mKHBI COCYIIECTBOBATH
c-Zr05(GdOy 5) u ynopsmouennas daza GdaZr,O; co cTpyKTypoii TIa mupoxsopa. B o6pasmax
5, 6 — TBepaBIe PacTBOPHI Ha 0CHOBE KyOnueckor mogudukamun GdO; 5 1 ynopsgoueHHOH (a3bl
GdyZry07 tuna nupoxiopa. Bmecte ¢ Tem, Kak moka3anu pe3yabTaTsl peHTTeHO()a30BOro aHaJH-
3a (puc. 2) ans oOpasuos 2—4, conepxkamux 18, 25 u 45 mon. % GdO, 5 mocie runpoTepMaIbHON
o6pabotku npu 350, 400 u 450 °C B Teuenue 2 u 4 u, XapakTepHO OOPA3OBAHUE TBEPIOIO
pactBopa Ha ocHOBe ¢-ZrO,(GdO; 5). B obpasue 1, comepxamem ~ 10 mon.% GdO; 5 nocne
ruapoTepManbHoii 06padorku npu 450 ©C B Teuenue 2 u 4 4 ObUM OOHApyKeHbI ABE (Pa3bl:
TBEPJIbIC PaCTBOPHI HA OCHOBE MOHOKJIMHHON M KyOWdecKkol Momu(UKauid TUOKCH A ITUPKOHHS,
41O cortacyercs ¢ (a3oBoi auarpammoint (puc. 1).

JIT |V I, SO
| WO W "

A
| W V.

20 25 30 35 40 45 S50 55 60 65 70 75 80

Puc. 2. Pentrenosckue audpaxkrorpammsl 00pa3LoB 2-6, MOJyUYEHHBIX THIPOTEP-
ManbHEIM cuHTe30M mipu 1=450°C, P ~ 90MIIa, 7 = 4 u, HoMep IMPPAKTO-
rpaMMBbI COOTBETCTBYET HOMepYy oOpasia.

Ha puc. 3 a, 6 npeacrasiensl 3aBucumocty pazmepa OKP uvacTuil ot copepxaHus OKcH-
na ragonuuus. [logydeHHble JaHHBIE MOKA3bIBAIOT, YTO ¢ yBenudeHueMm koHueHTpauun GdO; 5
pasmep kpuctaumToB ¢assel c-ZrOy(GdO; 5) yMeHbIIaeTcs.

MunnmanbsHbiil pasmep kpucTauiuToB ¢-ZrOy(GdO; 5) Habmonaercs B 00pasiie, cozep-
xameM ~ 45 mon. % GdO; 5. C poctom conepxkanuss GdO; 5 B TBEpOM pacTBope HaOmOAa-
ercst yBenmmuerne pasmepa dactuil c-ZrO9(GdO; 5). YeTaHOBICHO, YTO [UIs TBEPIBIX PACTBOPOB
c-Zr05(GdO, 5), comepxamux < 45 mon. % GdO, 5 yBenuueHne Mpoa0HKUTEIEHOCTH THAPOTEP-
MaJIbHOH 00paboTKH ¢ 2 110 4 4acoB CKa3bIBAETCS HA POCTE HAHOYACTHI] CYIIECTBEHHO MEHBIIIE,
YeM MoBbIIIeHHE TemmepaTypsl cuaTesa ¢ 400 °C mo 450 °C (puc. 3).

[MTapamerpsl snementapHoii sueiiku c-ZrOy(GdO; 5) pacTyT ¢ yBeqTHYEHHEM KOHICHTpa-
Uy okcujia ragomHus 1o 45 moin. % GdO, 5 (puc. 4). Ilpu GonbIIMX 3HAYCHUSX KOHICHTPALIUU
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—a—T=350 h=2

—e—T=350 h=4

d, HM

0 10 20 30 40 50 60 70

¢, Mon.% GdO, 5

| —a—T=400 h=4
10 - —e—T=450 h=4

d, Hm

0 10 20 30 40 50 60 70

c, mon. % GdO, 5

Puc. 3. 3aBucumocTth pazmepa KpuUcTauuToB oT conepxkanust GdO; 5
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GdO; 5 B cucteme mapaMeTphl JIEMEHTApPHOHN A4YEKM OCTaIOTCs Ha OHOM ypoBHe. [Ipuyem, Ta-
KOIi XapakTep 3aBUCHMOCTH MapaMeTpOB dIeMeHTapHoi siueiiku c-ZrOo(GdO 5) oT comepkanus
GdO; 5B 00pa3ie xapakTepeH AJig BCero Auana3oHa UCCIeA0BaHHBIX PEKUMOB IHIPOTEPMAIILHOTO
cuHTe3a HaHouacTull. OObICHEHUEM TaKOTO MOBEICHHS 3aBUCMOCTHU MTapaMeTPOB 3JIEMEHTApHOU
STYEUKH OT COJCPKAHUS OKCUA TaI0OMHHS B 00pa3Iie MOXKET OBITh BIMSHUE IEepepacpeesiCHHs
KOMIIOHEHTOB MEX/1y KPUCTAITMYECKON aBTOHOMHOM (ha30if 1 AByMEepHO HEaBTOHOMHOM (ha3oif,
obmanatomieit amopdubiM cTpoeHreM [37]. BnepBeie Takoe mepepacrpenescHine KOMIIOHEHTOB
OBUTO PKCIIEPUMEHTAIFHO TOKA3aHO M TEOPETHUYECKU omucaHo B paborax [38, 39] mms makpo-
pa3MEpHBIX KPUCTAITMYECKUX 4acTHll. BrmociencTtBuu BIUSHHUS aMOPPHU3UPOBAHHOTO IMOBEPX-
HOCTHOTO CJIOSl Y HaHOYACTHII (JIByMEpHOI HEaBTOHOMHOM (a3bl) HA UX CBOWCTBA OTMEUaAIOCh
B paborax [40-42]. B paccmarpuBaecMoM ciiydae, MO-BHAMMOMY, UMEET MECTO (OopMUpOBaHHE
Ha MMOBEPXHOCTH HAaHOYACTHUIl TBepaoro pactBopa c-ZrOy(GdO; 5) AByMepHO# HEaBTOHOMHOI
¢da3pl, 00OraneHHOW OKCHIOM TaJOJuHUs, B BUJE TOHKOro cios (puc. 5). C yBelHUeHHUEM Co-
JiepKaHusl OKCHJIA TAJI0JIMHUS 32 TIPEIe]IaMi €0 pacTBOPUMOCTH B quoKcuae mupkoHus GdO 5
OyZeT JIOKaJIM30BaThCsl B JABYMEPHON HEaBTOHOMHOM (pa3e A0 Tex Hop, IoKa pa3Mephl ClIos He
IIPEBBICAT pa3Mep COOTBETCTBYIOLIEI0 KPUTHUECKOTO 3apojblllia, MOC]E YEro CTaHET TepMOIU-
HAMHYECKH BO3MOXXHO CYIIECTBOBAaHHE aBTOHOMHOW KPUCTAJUTMYECKOH (Da3bl HA OCHOBE OKCHA
ragonuuus (puc. 5). OTMeTuM, 4yTo MOoAO0OHOE GIOKMPOBAHUE MPOIIECcca 3apOAbIIIC00pa30BaHNUs B
HAaHOPa3MEPHBIX CHUCTEMax BCIEJICTBHE MPOCTPAHCTBEHHBIX OIpaHUYCHUN ObUIO 3a(UKCUPOBAHO
1 omucaHo B [43-44].

5.4

5.35

0 10 20 30 40 50 60 70 80 20
C, mon.% Gd°1_5

Puc. 4. 3aBucumMoCTh MmapaMeTpoB >IEMEHTAPHOM SYEHKH TBEPAOTO pacTBOpa C-
Zr05(GdOy 5) ot comepxkanust GdO, 5

VmenblieHne pazmepoB Hanodactull ZrO,(GdO, 5) ¢ poctom conepxkanus GdO; 5 mo-
XKeT OBITh CBS3aHO KaK C TEPMOJMHAMHYECKHMMH MPUYMHAMU — MPEXKJIE BCEro, MO-BUIUMOMY, C
YMEHBIIIEHUEM MMOBEPXHOCTHON YHEPTUU HAHOYACTHUIL C YBEITMYCHUEM COJIEP KaHUS HA TTOBEPXHO-
CTH OKCHJIa TaJI0JIMHUS U, KaK CJIEJICTBUE, YMEHBIIICHUEM Pa3MEPOB KPUTHUECKOTO 3apOJIbIIIIA, TaK
U C KHHETHYECKUMHU (paKTOpaMu, OCHOBAHHBIMHU Ha 3arpymHeHuH pocta dactuil c-ZrOy(GdO; 5)
MpU TUAPOTEPMAILHOM CHHTE3€ BCIIENCTBHE (DOPMHUPOBAHUS HA MX MOBEPXHOCTH, 0OOTAIICHHOM
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O003Ha4YeHHA: - HAHOKPHCTALT Ha OCHOBE ¢-Zr0,(GdO; 5):

- JBYMepHas HeaBTOHOMHas dasza, odoramenHas GdO; s:

- HOBaj aBTOHOMHas (KpHCTaLTHYecKas dasa,
oGoramenHas GdO; s.

h,, h. —paBHOBeCHad TONIIHHA ABYMEPHOH HEABTOHOMHOMH (hasbl;
h,, — TOTIHHA MeTacTa0HIbHOH, IBYyMEPHOH HeaBTOHOMHOH (a3bl:

he <hw< B+ he ;

h., —pa3Mep KpHTHIECKOTO 3apoasina HOBOH (a3sl, oforameHHOH GdO; 5

Puc. 5. Cxemarnueckoe NpeICTaBIEHUE W3MEHEHUS CTPOCHHS HAHOUYACTHUIIBI B
cucteme ZrO,-GdO;_ 5 ¢ yBenuuenuem conepkanus GdO, 5 (cneBa HampaBo)

GdO; 5 nBymMepHOIT HEaBTOHOMHOM (ha3bl, OJIOKUPYIOMIEH MMEPEHOC IUPKOHUN COAepKAIIEH KOM-
MOHEHTHI U3 THAPOTEPMAILHOTO PACTBOPA K HAHOYACTHIIC.

4. 3axiaoueHue

OO0OHapyKeHO, YTO B THAPOTEPMAIBHBIX yCIoBUsAX B cucteMe ZrOQy-GdOq 5-HoO B 06ma-
ctH koHeHTparmii ZrOy:GdO; 5 = 0.6 — 9.5 mpu Temmneparypax 250-450 °C u naBnenun oko-
10 90 MIla o0pa3yroTcss HAaHOYACTHUIBI HA OCHOBE TUOKCHIA LUPKOHUS € (PIrOOpUTONOn00HOM
cTpyKTypoii. PaBHOBecHOM 1i1s 3THX ycnoBui ¢a3el GdaZraO; O CTPYKTYPOM THIIA TUPOXJIOpA
(ZrO5:GdO, 5 = 1) 3adpuxcupoBano He Obut0. Comepxanue GdO; ; B HAHOYACTHUIIAX HA OCHOBE
JMOKCHJIa IIUPKOHUS CYIIECTBEHHO TpeBbiaeT obmacte koHieHTpanuid GdO; 5, XxapakTepHyio
JUTSL YCIIOBUH TEPMOJUHAMHYECKOTO PABHOBECHUSI B CUCTEME.

[TokxazaHo, 4YTO, MOJSy4YEeHHBbIE KAYECTBEHHBIC M KOJIMYECTBEHHBIE PE3YNbTaThl MO 3aBU-
CHMOCTH MapaMeTPOB DIICMEHTAPHOM stueiiku TBepAbIX pacTBOpoB ¢-ZrO9(GdO; 5) u pa3mepos
COOTBETCTBYIOIIUX HaHOYACTHUI[ OT coxepxkanus GdO; 5 B cucreMe HaXoAsIT OOBSCHEHHUE B paM-
KaxX KOHIEHIINH PEIAIOIeTo BIUSHUS Ha COCTaB, CTPOSHUE U CBOMCTBA HAHOYACTHI] JBYMEPHBIX
HEAaBTOHOMHBIX (ha3.
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KBAHTOBOE KOJIBIIO C TPOBOJHUKOM:
MOJIEJb JBYXYACTUYHOM 3AJTAUMN
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ITocTpoeHs! omepaTopsl, ONMUCHIBAIOLINE ITOBEACHUE BYX YAacTHL C J—B3aUMOICHCTBHEM Ha NPSIMON M B KOJIBIIC.
C IOMOIIIBIO MOTyYSHHBIX ONIEPATOPOB OIMCaHA JByX4acTHYHAsI MOJEIb IIPOBOIHUKA C KBAHTOBBIM KOJIBIIOM. CIIEKTp
MOJyYEHHOTO OIlepaTopa YHCICHHO HCCIIEA0BAaH Ha HaJIMYME IOTONHHUTENBHBIX TOYEYHBIX ypoBHEH. IIpoBeneHo
CpaBHEHHE pe3yibTara (IPU YCIOBHH Majoil MHTEHCHBHOCTH B3aUMOJCHCTBHS MEXKAY YacTHULIAMH) C PE3YIbTATOM

11 aHAJIOTUYHON OJHOYACTHUYHOM 3aJa4H.

KiroueBbie cioBa: ypaBHeHue Illpeaunrepa, cuMMeTpudeckue oneparopsl, Teopus KpeiiHa, camocomnpsiKeHHbIE
pacumpenus, ¢pyHknus ['puna.

1. BseneHue

CoBpeMeHHOE pa3BUTHE HAHOIIEKTPOHUKH JI€TIaeT HEOOX0JUMOM 3a/jauy TEOPETUUECKOTO
MCCJIEIOBAaHUS PA3IMYHBIX KBAHTOBBIX HAHOCHUCTEM. B HEKOTOPBIX Cilydasix aJIeKBaTHOW MOJIEIIBIO
TaKUX CHUCTEM SIBIISICTCSI KBAHTOBBIN rpad.

Maremarrnueckas TeOpHsi OAHOUYACTUYHBIX 3a/1a4 JJIsi KBAHTOBBIX I'padoB TOCTAaTOYHO XO-
poiio pa3Buta. B TO ke BpeMs, MHOTOYaCTHUYHbIE 33Ja4d PAacCMaTPUBAIUCH TOJIBKO ISl HEKO-
TOPBIX MPOCTHIX TUMOB cucteM. Tak, Hampumep, FO.b. MensnukoB u b.C. IlaBnoB u3yuanu
JIByX4aCTHYHOE paccessHue Ha Y -oOpaszHom rpade [1], a M. Xapmep B paborax [2,3] paccmar-
pHBaJl MOBEJCHHUE JIByX YAacTHUI[ C )-B3aMMOJICHCTBHEM Ha «3Be3IHOM» Tpade ¢ n pedpamu. B
MEPEUNCIICHHBIX CTAThAX aBTOPHI UMEJIH JIENIO C COCIMHEHUEM CTPYKTYP OJMHAKOBOM T€OMETPHH.

[TocTpoenue u uccneg0BaHNE MHOTOUYACTUYHBIX MaTEMaTHUYECKUX MOJENel sBisieTcs 00-
Jiee CIIOKHOM 3a7aueil o CPaBHEHUIO C OJHOYACTHUYHBIMU, IMMOCKOIBKY pa3MEepHOCTh KOH(pUTYpa-
[IMOHHOTO MPOCTPAHCTBA MHOTOKPATHO BO3PACTaeT B 3aBUCUMOCTH OT uucia dactuil. C apyroit
CTOPOHBI, 03 yueTa B3auMOJCHCTBHSI YAaCTHI] HEBO3MOXKHO 3(h()EKTUBHO MOAEIUPOBATh MHOTHE
HAaHOYCTPOWCTBA, B YACTHOCTH, JIEMEHTbl KBAHTOBOT'O KOMITIBIOTEPA.

B nmanHOli paboTe cTpouTcs MaTemaTudeckas MOJENb ISl JBYXYaCTUYHOM 3a7adul B
YCTPOWCTBE, COCTOSIIEM W3 KBAaHTOBOI'O KOJIbLIA M NMPOBOJAHUKA. VCIob3yeM TEXHHKY TEOpHH
pacIiMpeHnii CHMMETPUYECKHIX oreparopoB. [Ipu 3ToM HEOOXOMUMO CHaJalla OmUcarh MOBEe-
HUE JIBYX B3aHMMOJICHCTBYIOIIMX YaCTUIl B IIPOBOJHUKE U B KOJIBIE OTACIBHO.

2. IloBeaenme OBYX B3aMMOJEHCTBYIOIIUX YACTHIl HA MPAMOi

I'amMmunbTOHHAH CUCTEMBI ABYX HCBBaHMOHeﬁCTBYIOHlHX qaCTull Ha HpHMOﬁ MOJKET OBLITH

3aIKcaH B BUJIE
o 0* 0
Ho=—— (£ 4 &

0 2m <8x2+8y2)7
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¢ mpoctpancTBoM coctosiunii D(Hy) = H?(R?). lns yno6cTBa BOCIONB3YyEMCS CHCTEMOM €11-
HUII, B KOoTOpoii h =1, m = 1.
®ynkuus ['puna oneparopa [ npeacraBuma B BUIE

Gola,y,70,m52) = =Ko (V2@ 2P + (7~ wP ), 2€C\0:400), (1)

snech Ky — dyakmms Maknonanbaa.
Oneparop [, onuCHIBaIOIUI NOBEIEHUE JIBYX B3aUMOJEHCTBYIOIUX YaCTUL] Ha MPSIMOM
(B3aMMOJEICTBUE CUNTACTCS TOUCUHBIM), (POPMATBHO MOXKET OBITh 3alMCaH B BHUJIE

Hy = Hy+15(y — z),

rJe | — MHTEHCUBHOCTH B3aWMOJICUCTBHS YaCTHUI MEXKIY COOOM.

Oneparop H; cTpouM C MOMOIIBIO TEXHUKU TEOPUU PACUIMPEHUN orepaTopoB [4], mo3-
BOJISIIOIIEH MaTeMaTHueCKH KOPPEKTHOOIUCHIBATH B3aUMOJICHCTBHE, COCPEIOTOUEHHOE Ha MHO-
’KECTBE HYJIEBOW Mepbl, B HAaIlleM cilly4yae — Ha JUHHUH. B mocreaHee Bpems IS MOIOOHBIX B3a-
UMOJICHCTBHIA 3aKPETIIIOCh Ha3BaHUE <«JIUTMKHUE» KBaHTOBBIC Tpadbl [5]. OHM paccMaTpUBaIUCh
MHOTHMH aBTOpamu [6—16].

PaccmarpuBaem cyxxenue S omneparopa Hy Ha MHOXeCTBO (DyHKIMI, paBHBIX HYNIO Ha
JUaroHaiy KOHQUTypallmOHHOTO MPOCTPAHCTBA, TO €CTh

D(S) ={v € D(Hy) : Y(z,x) =0}.

OnepaTop S — CHMMeTqueCKHﬁ, OH OITMCBIBACT IBC HM30JIUMPOBAHHBLIC YaCTUIbLI HA IIPs-
Moi. BBeneM BcmoMorareinbHOe FI/IJ'IB6epTOBO IIpOCTPaHCTBO g

G=H(R).

Teopema 1. [-none u Q-gynxyus napwr onepamopos (S, Hy) oeiicmgyrom no npaguiy

Vieg T(2)f = /Go(l“ayaﬂfo,ﬂ?o;Z)f(ﬂ?o)dﬂ?o,
R
Q2)f = /(Go(x,x,xo,xo; z) — Go(z, z, g, xo; —1)) f(z0)dxo.
R

Hokazamenvcmeo. [IpoBepuM MocCIeI0BaTeIHLHO Bee yCIoBUs Ha ['-mone u (Q-(hyHKIMIO U3 ompe-
JIEJICHUS.

PaccmoTpum uHTerpansHoe Boipakenue ['(z) f(x) u, ucnons3ys HepaseHctso IlIBapiia,
MOKa)XeM a0COIOTHYIO CXOIMMOCTh HHTerpana. [Ipu x # y umeem

/‘Go(ﬂf,y,ﬂfo,ﬂfo; 2) f(zo)| dzo <
R

1/2 1/2

|G0(x,y,x0,x0;z)|2 2 2
dxo | - (1+25) [ f(2o)[” dag <
R

1+ a3
R

<M | f .
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[pu x = y dynkuwmst I'puna Go(x,y, To, To; 2) UMEET JOrapuHMHUIECKYI0O 0COOEHHOCTD
Npu T — T(. BeIUUTAas CHHTYISPHOE cllaragMoe, MmojaydyaeM

/|G0(33a35,330,350; 2) f(zo)| dzo <

1
< /‘(Go(a:,x,xo,xo;z) - ;ln (\/ 2’Z||33—330‘>> f(xo)| dzo+
R
/‘ 111 |x—x0|> f(zo)| dxg <
1/2
‘Go(aj,x,xo,xo, ——ln< ’x_%’)‘
1/2
In (\/2|Z||x—x0|>d
| — =] il

R

Pa30uBas o0nacTh MHTETPUPOBAHHUS B TIOCIEAHEM MHTErpalie M MPOU3BOAs 3aMEeHY MepeMeHHOU
t = x — x(, IOJTy4YaeM OILICHKY

/|G0<JJ,ZL‘7$0,[L‘0; Z)f($0)| dm(} <

1/2
< <M+ (812 (7° + 32+ (7 +4) In® (2|z|))) ) NN

Taxum o6pasom, miist oneparopa I'(() moayuaem

mx a:g)ezmy z0)
') f(x) 27r2/// T dndm f(zo)dxy =

eI oty .
_ 3/2 // 3 e (n m)dndm,

rne [ — npeoOpazoBanne Dypbe QyHKIUU f.
[TpoBo/Ist aHATIOTHYHBIC PACCyKICHHS AT onepaTopa Ro(z), MbI MOXKEM 3aIicarh

eVMT ptny

Ro(2)T(Q)f () = %mﬂﬂguﬁ

et(s—m)zo gu(t—n)yo
R2
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Menss MNOpAAOK MHTCIPHUPOBAHUA BO BHYTPCHHEM HMHTETpPAJIC, ITOJTydacM

VT oty
Ro(2)I'(Q) f(z) = 3/2 // m2+n2—2z

f8+t d(s —m,t —n)dsdt| dmdn =
s2 412 —2(

'me 'my f(m+n)
= - dmd
5/2//m2+n2 2z m2+n2—2(’mn

Boruncisist 3HadeHue Boipakenus ['(z) — (), Haxomum

eINT UMy R
(2) — _
(2) o) 3/2 // m2+n2_2zf(n+m)dndm

i oty N
3/2//n2+m2_2gf(n+m)dndm:

22 _ 24— mne zmy f‘\(n +m)
3/2 // dndm =

m2+n?—2z mi4+n2—20

B Z // eI ptmy f(n+m) dndim —
N 27r3/2 m2+n2—2z m?+n2—2C N

= (2 = QRo(2)I'(Q) f(2)

CnenoBarenbHo, 1'(z) sBisiercs ['-nionem napsr oneparopos (S, Hy).
CrpaBeiiBa OIeHKA

/‘ (G()(JJ,ZB,Jfo,ZBQ;Z) - G0($7x7$07x0; —1))f($0)|dl’0 <

1/2
< / |G0<l’,$,l’0,$0;2)_GO(ZE,JI,LU(),LUO;—].)Fdx %
h 1+ 23 °

R
1/2
<\ [ el <

R

1 1
<t dmdn| - =
L > // (m2 +n2 —22)(m2 +n2 + 1) mdn | - || f||m

In(—2 )
2z —

B 1
27T1/2

aPAIrEE




Keanmosoe konvyo ¢ nposoonuxom: mooenb 08yxuacmudHou 3a0aqu 19

el m+n)(z—z0) el(m—‘r’n)(m—xo)
Q I‘ 27.‘_2 ///<m2 + n2 — 9 m2 n n2 n 1)dmdnf($0)d([j0 =
’m+")‘r eum+njz (m-+n)
—1(m+n)zo .
27T2 //(m2 +n?—2z om2 +n2 4+ 1>/6 f(zo)dzodmdn = )
R

e (m+n)z ez(m—‘rn)x R
— 3/2//(m2+n2—22 m2+n2+1>f(m+n)dmdn.

JleiicTBYs Tak e, Kak IPH BBIBOJIE (bopMyJILI s Ry )F(C ) f ( ) noy4aem st I'*(¢)'(z2)

rre - i ] ] s i

ezsxoeztyo R
X // mf(s + t)detdeodyo =

zmx znm J/C\(m_i_n)
= . dmdn.
3/2//m2+n2 20* m2+n2—2, "

Hcnonb3ys (2), Haxonum

Ortcrona

(Q(z) = Q(¢)) f(x) =

22_2C*) 1(m+n)x N
3/2// (m2 +n? —2z)(m? +n? — 2¢* )f(m+n) man

zm+nmf<m+n)
— (v — dmdn =
(2 3/2 // (m? +n? — 22)(m? + n? — 2¢*) man

= (2= )0 (2) f ().
Takxum 06pazom, Bce cBoiicTBa ['-momst u (Q-hyHKIMY poBepeHsl. Teopema gokazana. [

['aMunbTOHMAH CHCTEMBI — JIBE€ B3aUMOJCHCTBYIOIIME YACTHULBl HAa MPSAMOW — MBI pac-
CMaTprBacM Kak CaMOCOIPSDKEHHOE paciiupenue omeparopa S. O6o3Haunm yepe3 R(z), Ro(z)
pe3onbBenTsl Hy u Hy, coorBercTBeHHO. Toraa mo ¢opmyne KpeitHa momyyaem

R(z) = Ry(2) — I'(2) [Q(2) + A] 7' I (2), 3)

rie A = 7 — Tapamerp, XapaKTepU3YIOUIN caMOCONpPsKEHHBIE pacIMpPEeHHsl orieparopa S.

[ToneiicTBoBaB Ha paBeHCTBO (3) clieBa MpsIMBIM MpeoOpazoBanuemM Dypwe, a crpaBa —
06paTHBIM, MOXHO IIEPCIUcarb €ro B BUAC

R(z) = Bo() - T(») [G) + 4] T (3). @)
37IeCh
R=FRF;", Ry=FRF;",
[ =FR0F, Tr=FA0F 4
Q=FQF ",
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rne J; — j-MepHoe npeoOpasoBanue Dypse.
Breruucium neiictBus oneparopos (4). Mcnons3ys (1), momydaem

(Q]: / Ko(v/—=2z|x — x0|) \/_/f P dpdry =

_ it mw)xod dndaqd
5/2 f m? 4 n? — 2, AnAtoap.

Torna
~ 1 1 ~ el 1 ~
Q) = o= [ 57 [ Flr—dae e = ———F(p).
=5 | 5 |70 g -/
[Tonmydaem, 4uto omeparop <Q ) SIBJIICTCSI OTIEPATOPOM YMHOXKEHHS, CIIeI0OBATEIb-
HO, OOpaTHBIN OIepaTop [ } JIEHCTBYET TI0 MPaBUITY
~ -1 1 ~ I\/p?—4z
[Q(Z) + A} (p) = 7“ (p) = 1
AHAJIOTUYHO BBIYHCIISEM JCHCTBHE oreparopa I.
. 1 —(m+n))xo
_ vma Suny —
I'F| f p) 27r o5 //f // o 2dedndx0dp =
~ e T e Tt
=— —————dtdp.
(27r)3/2 // f(p)p2 + 12— 4z p
R2
Torma

z—:c z—y

= (2) ;f(zﬂrq}

T p*+q% -2z

[TomoGHBIM ke 00pa3oM HaXOAWM JICHCTBHE OIEpaTopa I
f P, q e (m+n)x
I Fy , X
f b4 / / / m2+n? — 2z
R2

e!p—m)zo cr(q— n)yo
X // E dmdndzydyodpdq =

RQ
1 ~ ez(p+Q)I
== —  dpdg.
W//f(p7Q)p2+q2_2Z pdq
R2
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Ortcrona

e (m+n)z

—~ o~

I f(p,q) = ——————dmdne P"dr =

m2 +n? — 2z

(2 1/2 f p+t p—t L
T 2 7 2 ) pP4tt—4z
R

Orneparopa Ry neHCTBYeT 1O TIPaBUIY.

RoF5 ' F(p,q) / —Ko(V=22v/(x — 20)2 + (y — y0)?) x

ePT 19y
<o / / F(p, )™ ™ dpdqdargdy, — / Flo0) v

— 2z
. eVmT oY e 1y
R D, 27r// / fmn 2+n2_2zdmdne e " Ydxdy =
p+q——2f<p’ Q)-

[ToacTaBiisist HOTyYEeHHBIE BRIPAXKEHHUS /ISl COBOKYITHOCTH o1eparopos (4) B hopmyiy (3'),
HaxXoIUM JeHCTBUE oreparopa K.

~ 2 J?( ) 2 1 I\/p?—4z
TP P22 b T PP -2z [ +2/p? —4z

1 p+qg+t p+qg—t
dt.
></(10+61)2+t2—42f( 2 72
R

Tenepb Mbl MOXKEM HalTH pe3osibBeHTY X oneparopa ;. [lonyyaem

Rf(x,y) = Fy 'RFof(v,y) = F5 'Rf(p,q) =

1 2 ~ 2 1 I (p+q)?—4z
== 00—~ 5 ' X
R2
1 >(pt+q+t p+qg—1
dt |eP*e¥dpdq =
X/(p+q)2+t2—4zf( 2 72 o e
R

1 eE@—=0)ra(y—yo)
//f 2o, Yo // 2 PP+ — 22 dpdqdzodyo—

//f 1307y0 // e . ! (p+q)2_4z erq($0-~-iy0)><
om ) | p* 4+ q? — 22 l+2\/(p+q)2—4z

x ™ e~ BTN 00 =42 g o do duye.
(p+0q)?—4z




22 Epemun J[. A., Ilonos U. IO.

YyuteiBas (1), umeem

Rf<x7y):/ Go(x,y, 7o, Yo; 2) [ (w0, yo)dwodyo—

RZ

1 e Tt T Y l
B 1 ) —z%(mo—l-yo)x
//f($0’y0)27r2//82+t2—42 l+2m6
R2 R2

lvo—0l /o215
xe™ T 32_4stdtdx0dy0 =

=/ Go(2,y, 7o, Yo; 2) [ (w0, yo)dwodyo—

RQ

1 I 15 (m+y—(mo+yo)) ol
_// 2_f<x07y0)/ ( . 6_‘ yH—gO = 82_4zd8d$0dy0,
T
R2 R

[+ 2v/s2 — 4z)\/32 — 4z

Takum o6pasom, byukiwms ['puna Gy (x,y, To, Yo; z) oneparopa H;, OMKCHIBAIOIIETO MO~
BEJICHHE JIBYX B3aMOJICHCTBYIONINX YACTHI] HA MPSIMON, UMEET BUT

Gi(z,y, %o, yo; 2) = %Ko (\/—2z\/(x —29)2+ (y — y0)2> _

1 / le'2 (I+y—(ﬂﬁo+y0))
J

()

e TRV g 2 e C\[0; 400).

o7 l+2\/32—4z)\/32—4z

3. IloBenenue ABYX B3aHMO}IeﬁCTBymHIHX YacTull B KOJbIIE

AHAJIOTUYHO CIIy4aro Ha MPsIMOM, CTPOUM TaMUJIBTOHUAH [1,, OMUCHIBAIOIINI TTOBEICHHE
JBYX B3aUMOJICHCTBYIOIIMX YaCTHUI[ B KOJIblle (Ha OKPYXKHOCTU paguyca p). s atoro paccMar-
pHBaeM raMHJIBTOHHAH . (, ONUCBHIBAIOIINI TOBEIECHHE ABYX HEB3aHMOICHCTBYIONIMX YaCTHIl B
koJsiblie. OH UMeEeT CIIEAYIOIINI BUJT

1 0? 0?
Hr = 55\ a5 a o |
02 (090% - 09@%)

IJe p — paguyc Koiblia, ¢ IPOCTPAHCTBOM COCTOSIHUN

0
D(H,,) = {w € H* (T?) : pjm—r = V], =, a—w

J

_ 9w
pj=—7 890]‘

Y
wj—w}

smech T = [—m, 7).
OyHknuwo ['puHa nMeeM B BUE

etm(p1—¢1) pn(p2—#5)

1
Golior, 92, 1:052) = 53 D (6)

n,m

m?2 4+ n? — 2zp?

OnepaTop Hr, OITMCBIBAIOIIMI TTOBEJCHUE JABYX BSaHMOHeﬁCTBYIOHIHX qaCTull B KOJIBIIC,
(1)OpMaJ'IBHO MOYKET OBITH 3aIlMCaH B BUJC

H, = H,o+10 (p(p2 — ©1)) -

[TocTpoenue oneparopa [, IpOU3BOAUM C IOMOILBIO TEXHUKU «CY’KEHUS — PacCIIuPEHUs»
CHUMMETPHUYECKHX OIEPaTOpOB, II0ATOMY paccMaTpuBaeM Cy:KeHue S oneparopa [, Ha MHOXe-
cTBO (pyHKIMIA, 0OpalIarOmUXCcsl B HY/Ib Ha JTUAroHAIH KOH(UTYpPallMOHHOTO MPOCTPAHCTBA, TO
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€CThb
D(S) ={y € D(H.po) : (¢, ) = 0,0 € T}.
[Tycts G’ — runpbepTOBO MPOCTPAHCTBO
G =H'(T),
TOraa CIipaBCJIMBa TCOpEMaA.

Teopema 2. ['-none u Q-gynxyus onepamopos (S, H,,), oeiicmgyrom no npagu.y

Vieg T(2)f = /G()(SOI;802790/7§0,;Z)f<90/)pd90/7

Q2)f = /(Go(so,so,sd,so’; z) = Go(w, 0, ¢, s =1)) f(¢') pdy’.

["aMuIBTOHMAH CUCTEMBI — JIBE B3aUMOCHCTBYIOIINE YaCTHUIIBI B KOJIbIIE — MBI paccMar-
pUBaeM Kak caMOCOINpPSDKEHHOE pacumpeHue oreparopa S. O6o3Hauum uepes R(z), R, o(z) pe-
301bBEHTHI [, U H, j, COOTBETCTBEHHO, TOTJ]a MBI MOXKEM CHOBa 3anucarb Gopmyiy Kpeitna (3) u
ee ke B mpeoOpazoBaHHOM BujE (3'), TONBKO 311ech J; — j-MEpHOE IUCKPETHOE Npeodpa3oBaHme
@ypbe Ha OTpE3KE.

Haiinem cooTBeTcTByIOIIME ONEPaTOpsl (4).

el (n+m) Pe—t (n+m)y’

zpso’ -
(@F /27r22n; n? +m? — 2zp? \/_Zf pd =

2I0 y(m+n)p 1 iy
( )372 Ze m2+n2_2zp2f(m+n).
~ A 1 et(m+n)e - —
Qfp 2m)1/2 / 27) 3/2 ~ m? 4+ n? — 2zp? 7/ (m+n)e e

_ P 7 1
27rf(p)zn: T s

Ucnonw3ys dopmynst 5.1.25.4 u 5.1.26.1 u3 [17], Haxoqum

o cth 7r\/p — 4zp? /2> p=2m,m € Z,

Qf(p) =
p? —42,0 th m/p 4zp? /2) p=2m+1,meZ.
[Tonyuaem, 9To omeparop < SIBJISICTCSI OIEPATOPOM YMHOKEHUS, CJIEI0BATENb-
HO OOpaTHEIH OIEpaTop [ } JEACTBYET MO HPABUITY
@6+ 4] Fo) = —— gy F0) = 3 T0)
z " ;
b ap(z) + 2 la,(z) +2p P
e
) p cth <7T\/p2—42:,02/2>, p=2m,m € Z,
ay(z) = ——

p? — 4zp? th<7r\/p2—4z,02/2), p=2m+1,meZ.
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Brruucnsem neiictBue oneparopa .

em(p1—¢") pin(p2—¢') .
TF! e pd =
! f /27r2zn; m? +n? — 2zp? \/_Zf pay
plMP1 P2 R

2p
T (202 4 Z m2 + n? — 222 5/ (m+n).

emaemes f (m+n) —1pp1 ,—1qP2
! "2 dprdps =
27T// 2m) 5/2 S~ m? +n? — 2z e e P12

= (2) Qp Sf(p+q).

) p*P+q®—2zp

Haxonum nerictBue oneparopa 1'*.

etm(p—e1) cin(p—p2) -
L7 // WZ T =2 2] P @)ere oy =
n,m D,q

z m+n
,0 ~
ng g o).

z m+n

I*f(p.q) = 1/2 / Z 4 nE = 92 s f(m,n)e” " dr =

2\ P’ N
:<;> ;m“(p—m)?_gzpaf(m,p—m):

T~ -1
Taxum obpazom, onepatop [’ [Q + A} ['* nmeiicTByeT mo mpaBuiLy

Fo+d] Tl =2 L,
b= P2+ q? —2zp% layi,+2p

3 Flm,p+q—m)

m?+ (p+q —m)? — 2zp*

Orcroma Haxomaum, 4to omeparop I' [Q) + A]_l [ nedicTByeT mo mpaBuiy
~f~ a1
LQ+AT T f(pr,p2) = F5 'T [Q + A] [ Faof (1, 2) =

— ﬂi kp . ]. e,LsTHSOIe,LsEtSOQX
3 Zt s+ 12 —4zp? kas+ 2p
T2 *

1(h— @) )m 15
€ 2 ! € 2 / / 2 / /
;m2+<8_m)2_2zp2f(9017¢2)p 901 902
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[Toncrasnss nony4eHHbIe BeIpaskeHUs: B hopmyny (3), HaX0auM pe30IbBEHTY R omeparo-
pa H,.

Rf(¢1,¢2) = // Golip1, pa, 0, oh; 2) [ (0], ph) pPdepy dply—
T2

]. lp 1 s+t s—t
_ _ . 7 P) P10 5 SDZX
// 3 Zt s2+ 12 — 4zp? las—i—2,06 ¢
T2 *

el(pa—p1)m sl

/ / 2 / /
do’doys,.
xzm:m2+(3—m)2—2zp2f(901’902)p P1aP,

Taxum ob6pazom, dyukumst Ipuna G, (1, pa, ¢, ¢y; 2) oneparopa H,, ONHCHIBAIOLIETO
MOBCACHUC NBYX B3aMOI[CI>iCTBy10H.[PIX YaCTUll B KOJbLEC, UMCCT BU

ermle1=¢h) (o2 —¢h)

1
Il — _E -
G (01, P2, P15 23 2) = 2 m2 + n? — 22>

)

s+t s—t

1 lp 1
= . o Rt e 1 T e
3 ; s2+12 —4zp? lag + 2p? 7
el(pr—p1)m sl

sz:m2+(s—m)2—2zp2

z € C\[0; +00).

4. I[ByX‘laCTI/I'IHaﬂ MO/1€¢/Ib KBAHTOBOI'O KOJIbIA ¢ MIPOBOJHUKOM

BBeneM nBa BcmoMorareiabHbBIX oreparopa

g 1(9 1O D(Hy) = {¢ € H*(R x T)}
> 2\ 022 p20p? )’ 27 ’
1/1 02 o? 2

OITHMCHIBAIOIINX ITOBEICHUE OHOM U3 YACTHI] B KOJIBIIC, & IPYTOi — B TIPOBOIHHKE.
KoHurypanioHHpIME TPOCTPAHCTBAMU ISl JAHHBIX ONEparopoB OyayT mumHApbL C
MIOMOIIIBIO TAHHBIX IIMIHMHIPOB OyIeM OCYIIEeCTBISTh CKICHKY TIOCKOCTH U TOpa — KOH(UTYpa-
[IUOHHBIX MPOCTPAHCTB IS ABYXYACTHYHBIX 33J]]a4 HA MPSMOU M B KOJIBIIE, COOTBETCTBEHHO.
®ynknuu ['puna oneparopoB Hy u Hj BBIYUCISAIOTCS aHAIOTHYHO (yHKIUsAM [prHa Ha
miockoctu (1) u Ha Tope (6) U UMEET BH]

m(a—a') gim(o—¢')

1 e
dn. 8
Wp/Z ATy (8)
R m

bynem paccMarpuBarh CUCTEMY, COCTOSLIYIO U3 KBAHTOBOI'O KOJIbla U MpoBOAHUKA. Cxe-
MaTHYECKH Takas cUcTeMa M300pakeHa Ha puc. 1.
[Toka KOHTaKT Pa30MKHYT, TaMUJIBTOHUAH CHCTEMBI MPEACTABISIET COOO0M MPAMYIO CyMMY

HOZHl@HQ®H3®Hr.

G2,3($7 P, xla ¢/7 Z) =

BxutoueHne KOHTaKTOB OyzieM MOAENUPOBATh C MOMOIIBIO MPOIETYPhl «CY)KEHHUE — pac-
mpenue». C 3TON LEeNbl0 PAaCCMOTPUM CY)KEHUE

S=85@S%®SaS,,
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Puc. 1. Cxemarnueckoe n300pakeHUE CUCTEMBI
rae
D(51) ={v € D(Hy) : ¢(0,2) = 0,9(x,0) = 0},
D(SQ) {¢ € D<H2) w<07 90) 07¢($7O) = 0}7
D(Ss) ={ve D(Hs) 1/1(9070) 0,4(0,z) = 0},

Omneparop S — CUMMETPUYECCKUH, OH OMUCHIBACT JBE YACTHUIBI B CHCTEME M30JIMPOBAH-

HBIX KOJIbLIa WM KaHaJIa, UMCIOIIUX IIPOKOJIBI B TOYKAX T =

0 (B xanane) u ¢ = 0 (B KoJbIE).

["aMuIbTOHMAH YCTPONCTBA C BKJIFOYEHHBIM KOHTAKTOM CJIEQYeT UCKaTh CPelu CaMOCOIPSIKEH-
HBIX pacIIMPEHUI TOIYYEHHOTO OIeparopa, o3TomMy Bocmnoinb3yemcs hopmyinoit Kpeiina. Beenem

JJIs1 3TOIO ,[[e(beKTHBIe IIpOCTPaHCTBA

G, = H'(R) x H'(R),
Go = H'(R) x L'(T),
Gs = H'(T) x H'(R),
G, = H'(T) x HY(T).

Torna oToOpaxeHue
Fl(Z) : gl — LQ(R),

OMpeaAciIICMOC IIyTEM

= (@@ eq D= (i) o) (

rie uepes ['1(2) u '3 (2) Mbl 0603HaUMIHA

L1(2)f(z,y) =

T3(2)f(z,y) = [ Gi(z,y,0,v; 2

%\ %\

=TI1(2)6 + T (2)&,

Gl (:U7 y? xl? O; Z)f(x/)dx,J

) (y)dy',
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npezcrasisier coboii I'-dyrkuuro Kpeiina mapsr oneparopos (S, Hq). COOTBETCTBYIOIIAs 3TOM
nape QQ-¢yukius KpeitHa 3agaetcst oneparopom

e (G Gh0) ()

QU (2)f(x) = / Gi(z,0,2",0; 2)f (')

rIe

R

QE(2) /() = / Gi(2,0,0, 2" 2) f (') de'.
R

Q2 (2)f(x) = / G1(0,2, ', 0; 2) f (o )de,

R
QP (2)f(x) = /G1(07$,0,$';Z)f(x')dx'.
R

Yepes ['2(2) u Q2(z) o6o3naunm I'-dyukuuo u Q-pynkuunio Kpeiina mapsl oreparopos
(55,]¥2y

=@ e - (e 1) (§) —tea s

30E€Chb
IY()f () = / Gola, ., 0; 2) f (o),
I3(2)f(x,¢) = /Gz(x, ©,0,¢"2) f(¢")pdy'.
_ 51(3) %Q(Z) &1
= (&0 3:0) (&)
rac

QL (2) /() = / Gi(x,0,4,0; 2) f (o) de,

R
2(2)f(x) = / G1(2,0,0, s 2) f () pid
T

Q2 (2)f(p) = / G1(0, ., 0: 2) f (') da,

R
2(2)f(p) = / G1(0, 0,0, 2) (o' )pd
T
Jlist mapet oriepatopos (S3, H3) umeem

v= (@) €6 D= (i) 1) () =T+ e,
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371eCh

L3(2)f(p,2) =T5(2) (2, 0),  T5(2)f (0, 2) = Ty(2) f(z, ).

_(@32(2) Q3N(2)\ (¢
Js I, (2) u Q,(2) nmonydaem cienyromue BeIpaKeHUst

=g ed nEe= (1 12) (§) -riea e

rac
Fi(z>f(901,802) = /Gr(@h@%@/ao; Z)f(@/)pd@/,
T
L2(2) fe1,02) = /Gr(%902,0790’;Z)f(s0’)pds0’-
T
11 12
acr=(%G &) ()
rac

Gr(0,0,¢,0;2) f (") pdy',

Gr(0,0,¢",0;2) f () pdy',

Gr(0,9,0,¢";2) f(¢)pdy'.

(
/
Y(2)f(p) = /Gr(%O,0790’;Z)f(90’),0d90’7
/
/

Jnst maper oneparopos (S, H) I-pynkuust u Q-dyukuus KpeitHa 3amaroTcst mpsMbIMH
CyMMaMu

[(z) =T1(2) ®@Te(z) ®T3(2) @ T(2),
Q(2) = Q1(2) ® Q2(2) ® Q3(2) ® Q(2)-

Kak ynomuHanocs Bblille, TaMUIBTOHHAH CUCTEMbI — KOJIBLIO C ABYMS IPUCOECTUHEHHBIMU
KaHaJIaMH — MBI pacCCMaTpUBAaeM KaK CaMOCOIPSDKEHHBIE pacmupeHus oneparopa S. O603Ha4nM
3TO pacumpenue yepes H, a uepe3 R(z) — ero pe3onbBeHTy, Tora no ¢popmysie Kpeiina monydaem

R(z) = Ro(z) = I'(2) [Q(z) + A] ' I (), (9)

3neck A — 3pMuTOB omepartop B mpoctpaHcTBe § = Gy & Gy & G3 & G, mapaMeTpusyromui
CaMOCOIPsDKEHHBIC pacmupenus omneparopa S. OH ONMHUCHIBACT XapaKTEPUCTUKH KOHTAKTA U €T0
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BUJ ompezensercs ycnoBusamMu Kupxroda:

( ful@,0) = a afé;io 8féyai0 ) +5(af§¢io 8]395,330)),
£1(0,y) = o (2502 — 2600} 4 5 (2400 _ 20 ),
fo(2,0) = B afééio) aféyaio>+7 a%;o) 8%&0)>7
fo(0,0) = p (P32 — 2L ) oy (2502 - 2GR
falip, 0) = p ((Pgiet) — 2l é‘”’&;"f) hied),
f3(0,) = B (2o 8f2°y>+ (%o - 2p0),
filp, 0) =77 (320 — 20020 )y (25120 — 20020 )

| f2(0,0) =77 (2302 — 6’"2 §+ éa’é“w el B

MOATOMY Matpuily A cienyer BbIOpaTh B BHIIE

0

: (10)

R O3 © O © O
OO O3 O oo

oo o oo ®Wo
cowWo oo 2

DO O OO O™
oo © o0
oIl o oo oo
DO oo O WOo

A€ BHEAWArOHAJILHBIC 3JIEMCHTHI XapaKTCPU3SYIOT UACAJIbHOCTh KOHTAKTa, a JUaroOHaJbHBIC 3J1C-
MECHTBI — CTCIICHb OTKJIIOHCHHUSA KOHTAKTa OT MACAJIBHOIO.

5. HccaenoBanue MoaeJd HA JONMOJHHUTEIbHbIE IJHEPreTUICCKUE YPOBHU

N3 dpopmynsr Kpeitaa (9) crnemyert, 4to B criekTp omeparopa H TOMOTHUTEIBHO BOHAYT
TE 2, IIPU KOTOPBIX omeparop ()(z) + A Heobparum. PaccMOTpUM citydaii WieanbHOTO KOHTAKTa,
TO €CTh KOTJ[a IMaroHajJIbHbIC SJIEMEHTHI MaTpUIbl A paBHBI HYIIO, 2 BHEIMArOHAJIbHBIE — PABHEI
MEXTy cO00i (TIyCTh ISl OTIPEICTICHHOCTH OHH PaBHBI [3). DaKTUYECKH, 3TO OyJIeT 03HAYaTh, U4TO
IIPU TONAJaHUU YaCTHUIbl B KOHTAKT, OHA MEPEXOANUT U3 OJHOU CTPYKTYpHI B IPYTYIO.

B 5TOM Cilydae OCHOBHON 3HEPIreTHYECKHM YPOBEHb COOTBETCTBYIOIIEH OJHOYACTUYHOU
3aJ]a4d MOXKET OBbITh HAalJIEH U3 YpaBHEHMUSI

1
—3, cth (7T,0\/ —z) —

CpaBHUBasI YUCIIEHHO MOJYYE€HHOE 3HAU€HUE OCHOBHOT'O YHEPreTUYECKOrO YPOBHS JBYX-
YaCTUYHOM 337]a4l C OCHOBHBIM SHEPIeTUYECKUM YPOBHEM OJHOYACTUYHOM 3a/1a4M B 3aBUCUMO-
CTH OT Pa3JIMYHBIX 3HAYCHUH mapamerpa 3, MOXKHO CIeNaTh BBIBOJ, YTO MPH yMEHbIIEHUH (yBe-
JUYCHUH) 3HAYCHUS TapaMeTpa (3, OCHOBHOW YHEPTreTUYCCKUI YPOBEHb JBYXYaCTHYHOW 3a/1a4u
yMeHbIIaeTcs(yBEIMYUBACTCSA), TP ITOM aHAJOTUYHOE TMOBE/IEHNE HAOMIONAETCS U Y OCHOBHO-
IO SHEPreTUYECKOTO YPOBHS OJHOYACTHYHOW MOAENH. boiiee TOro, OCHOBHBIE YHEPIETHUYECKHE
YPOBHH JBYXYAaCTUYHOW M OJHOYACTUYHOW MOJIEICH OTIMYAETCS B JIBa pas3a, YTO OOBACHIETCS
YBEJIMYEHUEM KOJINYECTBA YACTHLI.

Hanee Ha puc. 2 u 3 npeacTaBiIeHbI YUCICHHO MOJYYCHHBIC YHEPTETHUECKUE YPOBHH JBYX-
JaCTUYIHBIX MOJIETIeH ¢ B3auMozeiicTBueM Jactuil U 6e3 Hero. [Tomaraercs, uro § = 0.1, p= 1.
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10

-10

101 80,8 .08 5 'z 974 962 85

PuC. 2. DuepreTuyeckne ypoBHHU JIBYXYaCTUYHON MOJEIU C B3aUMOJICHCTBUEM YaCTHI]

10

-10
-101 -99.8 -896.6 7 -97 .4 -98,2 -95

Puc. 3. DHepreTuveckrue YpoBHHU JIBYX4aCTHYHOW MOJIETU 0€3 B3aMMOICHCTBHUS YaCTHII
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W3 nanHbpIX rpaduKoB BUIHO, YTO B3aUMOJCHCTBHE YaCTHUI[ MPUBOAUT K PACCIOCHHIO
HHEPreTUYECKUX YPOBHEH CUCTEMBI.

Pabora monaepskana B paMkax nporpaMm «Pa3BuTie HayqHOTO MMOTEHIIMAa BBICIIEH IIKO-
ae1 Poccumy (mpoekt 2.1.1/4215), «HayuHble n HayyHO-TIeJarori4eckue Kaapbl MHHOBAITMOHHOM
Poccum» (kontpaktsr P689 NK-526P u 14.740.11.0879) u rpantom 11-08-00267 PODU.
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MNOCTAHOBKA U PEIHIEHUE KOJJUMMALIMOHHOHN
3AJJAYHU TP MAJIOYIVIOBOM PEHTTEHOBCKOM
PACCEAHUHN HA AHU3OTPOIIHBIX OBFBEKTAX

J. 1. 3axapos!, A.B. Cmupros!, b. A. ®enopos?

!Canxkr-TleTepOyprekuii rocynapcTBEHHBIH YHUBEPCUTET MH()OPMAIMOHHBIX TEXHOJIOTHI,
MEXAHUKU U ONTUKHU

smirnav(@phd.ifmo.ru

PACS 61.05.C-, 02.30.Rz

IIpencrasnena MaTeMaTH4eckas IIOCTAaHOBKA 3aJJaull U Pa3BUTHI METO/Ibl y4eTa KOJUIMMALMOHHBIX UCKA)KEHHH, BO3HU-
KaIOIUX IPH PEHTTEHOBCKOM MaJIOYIJIOBOM PacCesHUU Ha aHU30MPONHbIX 00bEKTaxX. B 9TOM cilydae HHTEHCHBHOCTD
paccesiHus siBisieTcs: pyHKIMEH JByX NEPEeMEHHBIX — yIvla pacCesHHs U yIila OpUEHTAlMH 00pa3iia OpUeHTAlUK 00-
pasna OTHOCHTENBHO NMEPBUYHOTO ITydKa. [IepBeIii MeTog — MeTo 0a3UCHBIX (YHKIUH - COCTOUT B TOM, YTO 3KCIIE-
pUMeHTaNbHast HHTEHCUBHOCTD PACCESIHUS IPEACTABIIETCS B BUAC JIMHEHHON KOMOMHAIMEH ABYXMEPHBIX 0a3MCHBIX
¢ynkmit (B-cruaitnos). [TpemnosxkeH MonuduIMPOBaHHBII METOJ HAMMEHBIINX KBaJPaTOB, C TIOMOIIBIO KOTOPOTO
JIOCTUTAETCs] HaWTyuIllee CONNIache MEeKAY UCXOJHOM SKCIIEpIMEHTAIbHOM HHTEHCUBHOCTBIO PACCESHHUS U UHTCHCUB-
HOCTbIO, TTOJIy4E€HHOM C IIOMOLIBIO Pa3JIokKeHHs 110 0a3UCHBIM (QYHKIMAM. BTopoi moaxo 0CHOBaH Ha UTEPALIOHHOM
meroze PpunmMana, KOTOPBIHA CYyIIECTBEHHO MOOU(UIIMPOBAH B COOTBETCTBHU C OCOOCHHOCTAMH HACTOSAILEH 3a1adH.
BBoauTcst pyHKIUS, yYUTHIBAIOIIAsI CTENICHb BIMSHUA JOKAJIBHOTO 3HAYECHUS] MCKOMOM MHTEHCHBHOCTH PaCCESTHUS
Ha 3Ha4eHUs QYHKIUH, alllIPOKCUMUPYIOUIEH SKCIICPUMEHTAIBHYI0 HHTCHCUBHOCTD. OTa «(YHKIMS BIMSHHUD) M03-
BOJISIET TOUHEE KOPPEKTUPOBATh TEKylllee NPHOIIDKEHNE Ha KaXKAOM Illare UTEpaIioHHOTO MPoLecca, YTO MPUBOIUT
K CYIIECTBEHHOMY YJIyUIIEHUIO CXOAUMOCTH.

H01<a3aH0, 4yTO 00a noaxoaa Aar0T 10CTATOYHO BBICOKYIO TOYHOCTH KOJUIMMAIIMOHHOI'O IMEPECUYETa KaK B CjlIydac pac-
CCAHUA Ha PAAC aHU30TPOITHBIX MOJACIIbHBIX O6"b€KTaX, TaK U B CJIy4a€ 3KCNCPHUMCHTAJIbHbIX UHAUKATPUC PACCCAHUA

IIpyU aHU30TPOITHOM PACCEAHNU Ha OTOMNOKCHHBIX IJICHKAaX U3 BHICOKOOPUCHTUPOBAHHOI'O IMOJIMOTUIICHA.

KaioueBbie cjioBa: ManoyriioBoe PeHTICHOBCKOE pacCesHue, aHW30TPOIHbIE 00BbEKThI, METO]] 0a3UCHBIX (yHKIHH,

UTEpalMOHHBIA MeTol PpujMaHa, BBICOKO OPUEHTUPOBAHHBIN IOIUITUIICH.

1. BaeaeHue

AHanu3 M ydeT KOJUIMMALMOHHBIX HMCKAKEHUM SBISIETCS OAHON M3 HamOosee Ba)KHBIX
U CIOXHBIX 3a/lad B METOJIMKE MaJOyIJIOBOI'O PEHTI€HOBCKOro Aud@y3Horo paccesHus [l1,2].
CyTb npo0sieMbl CBOIUTCS K TOMY, UTO Ha MPAKTUKE ISl MOBBIILIEHUS! CBETOCHUIIbI PEHTI€HOBCKOM
YCTaHOBKHM MCIIOJIb3YIOT, KaK MPaBHJIO, IIEJEBbIE KOJUIMMATOPhl U ILEJIEBble NMPUEMHUKH, B TO
BpeMs Kak IOYTH BCSl pa3BUTasi TEOPUsl PEHTTEHOBCKOTO PACCEsIHUS OCHOBBIBACTCS Ha TOUEUHOM
UCTOYHHMKE U TOYEYHOM NpHeMHuKe. OUeBHIHO, YTO MCIIOIb30BaHUE ILeIel MPUBOJUT K OIpee-
JIEHHOMY HCKa)K€HHIO SKCIIEPUMEHTAIbHBIX MHTEHCUBHOCTEH pacCesiHUs, B pe3ysbTare KOTOPOro
3aTpy/AHEH UX aHaJIMu3 C TOYKH 3peHus o0uiel Teopun auppakuuu. Bo3HUKaeT «KOITMMalMOHHAsD)
3aJjaya — YUCJIEHHBIN MepecueT 3KCIEPUMEHTAIbHBIX JaHHbBIX, MOITYYEHHbIX C UCIOJIb30BAHUEM
niene («McKakeHHas») MHTEHCUBHOCTb PACCESHHUs), HA JTaHHbIE, KOTOpbIE ObUIM ObI MOJy4YEHBI
IIPU UCTOJIB30BAHUU TOUEYHOI'O HCTOYHHUKA U TOUYEUHOTO PUEMHHUKA («TOUEUHAas» HHTEHCUBHOCTh
paccesiHus).

3asaua yKa3aHHOT'O KOJJTMMALMOHHOIO IepecyeTa UMEET CYIECTBEHHO PA3JINYHYIO CI0XK-
HOCTb B 3aBUCUMOCTH OT TOTO, SIBJIIETCA JIU UCCIIETYyEMbIi 00BEKT N30TPOIHBIM UJIH OH IPOSIBIISIET
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aHM30TPOIIHBIE CBOMCTBA. B ciydyae M30TpONHOro 00beKTa €ro MHTEHCUBHOCTh PacCesHUs 3aBH-
CUT TOJBKO OT yIJIa paccesiHus U siBiseTcs (QyHKIMed ofHoM mepeMeHHOM. [ M30TPOMHBIX
00BEKTOB B Pa3JIMUHbIN JabopaTopusx Mupa (B TOM YHUCiie, U B Hallel) paspaboTaHa 1esas cepus
aJITOPUTMOB BBEJCHMSI KOJUTMMALIMOHHBIX MTONPABOK [3—5], MO3BOJISAIONIUX C BBICOKON TOYHOCTBIO,
JIOXOZAIIEH 1O HECKOJIbKUX MPOLEHTOB [6, 7], OCYIIECTBIATh NepecyeT UCKa)KEHHOW MHTEHCHB-
HOCTH Ha TOYEYHYIO.

B ciydae aHH30TPONHOr0 0OBEKTa €r0 UHTEHCUBHOCTD PACCESHUS 3aBUCUT HE TOJBKO OT
yIJla paccestHusl, HO U OT OpUEHTAalMM O00bEKTa B MPOCTpaHCTBE. B mpakTHYeCcKoM OTHOLIEHUH
HauboJiee BaXXKHBIM SIBJIIETCS Cllydail pacCesiHUs OT aHU30TPOIHBIX MJIEHOK, PACIIOIOKEHHBIX IIep-
NEHJAUKYJIIPHO MEPBUYHOMY IYUKy. [Ipy 3TOM MHTEHCUBHOCTb PACCESHHOTO U3IyUYEHHS 3aBUCUT
OT JIByX MapaMETPOB: yIVIa pacCesHUS U yIvia OBOPOTA IUIEHKHM OTHOCUTENIBHO KOJUIMMAIMOH-
HOM menu. OueBHIHO, 3a/adya KOJUIMMALMOHHOIO IepecyeTa Ha TOYEYHYIO MHTEHCUBHOCTH B
3TOM CJlydae OKa3bIBaeTCsl HeCpaBHEHHO Ooiee ciokHOW. K HacTosmemMy BpeMEeHH 3TOT BOIIPOC
oOcyxaincsa ToJIbKo B padore [8], 0AHAKO OCTAaTOYHO KOPPEKTHOIO aJIropuTMa JJisi BBEICHHUS
KOJUTMMALIMOHHBIX MONPABOK OIMCAHO HE ObUIO.

Pazymeercs, paccmarpuBaemasl 3aja4a He SBISIETCS aKTyallbHOW JJI TEX MCCIENoBare-
JIei, KOTOpble UMEIOT BO3MOXKHOCTh HCIOJIBb30BaTh CUHXPOTPOHHOE U3JIydeHHUE (B COUYETAHHU C
JIBYXKOOPJIUHATHBIM JIETEKTOPOM) MJIM JPYrod MOIIHBIM PEHTI€HOBCKUN HCTOYHMK C BBICOKOM
IUIOTHOCTBIO M3iydeHus. OHaKo 1ajeko He Bce 1abopaTopuu, UCIONb3YIONINE METO MaJIOyTIIO-
BOT'O PEHTI'€HOBCKOIO PACCEsIHUsI, UMEIOT B HACTOSIEE BPEMS TaKHE BO3MOXKHOCTH.

B Hacrosmei pabote pa3paboTaHbl Ba albTEPHATUBHBIX MMOJXO0AA AJIsl PEIEHHs KOJUIU-
MAaIMOHHOM 3a/lauydl B CIy4yae aHM30TPOMHBIX 00bEKTOB. IlepBbIii MOAXOI COCTOMUT B TOM, YTO
AKCIIEpUMEHTaJIbHAass MHTEHCUBHOCTb PACCESIHMS alllPOKCUMUPYETCSl JIMHEHHON KoMOMHauuen
JIBYXMEPHBIX 0a3uCHBIX QyHKIMA. [Tpu 3TOM K03PPHUIMEHTHI pa3iIokKeHUs] HaXOAATCS MOIU(H-
LIUPOBAaHHBIM METOJIOM HAaMMEHBLINX KBaJpPaTOB JJIsl JOCTHKEHUS! HAWIYUILEro CONIacusi MEeXay
MHTEHCUBHOCTBIO, ITOJYYCHHOM C IMOMOILBIO Pa3I0KeHUs M0 0a3HMCHBIM (YHKLUSAM, U UCXOAHOM
HKCIIEPUMEHTAIBHON NHTEHCUBHOCTBIO PACCESHUS.

Bropoii monxox OCHOBaH Ha WUTEPALMOHHOM Merone PpuaMaHa, KOTOPBIA CyIIECTBEH-
HO MOIM(UIIMPOBAH B COOTBETCTBUU C OCOOCHHOCTSAMU HacTodlleH 3anaun. BBogurcs GpyHkims,
YUUTBIBAIOIAsl CTENEHb BIMSHUA JIOKAJbHOIO 3HAYCHHsI NCKOMOM MHTEHCUBHOCTH PacCesHUs Ha
3HaueHMs (YHKLUH, alllPOKCUMUPYIOIIEH SKCIEPUMEHTAIbHYI0 HHTEHCUBHOCTh. JTa «(PyHKIHS
BIIMSHUS T03BOJISIET TOYHEE KOPPEKTHPOBATh TEKyIllee MPUONMKEHNE Ha KaXKAOM ILIare urepa-
LIMOHHOTI'O IpOIECCa, YTO MPUBOAUT K CYIIECTBEHHOMY YIYUIIEHHUIO CXOAMMOCTH.

IToka3zano, uro o0a moaxofa Jar0T AOCTAaTOYHO BBICOKYH) TOYHOCTh KOJUIMMAI[MOHHOTO
nepecueTa Kak B ClIyyae pacCestHus Ha MOJEJIbHBIX 00bEKTaX, TaK U B CIIy4yae 3KCIEePUMEHTaIbHbIX
MHTEHCUBHOCTEH NPU aHU30TPOITHOM PACCESHUU.

2. MaremaTn4yecKkasi IOCTAHOBKA 3aJa4H

Iycts J = J(q, ) — MCKakeHHAs! (IKCIIEPUMEHTAIbHAS ) HHTEHCHBHOCTh PACCESIHHS TLIOC-
KUM aHHU30TPOIHBIM 00Pa31OM C OCBI0 CHMMETPHH, JIXKAIIIeH B IockocTr obpasua, [ = 1(q, ¢) —
MCKOMasi TOYeYHasi MHTEHCUBHOCTb PacCesHUs TOTO ke o0pasla. 3/1ech ¢ — MOJYJIb BEKTOpa pac-
CesIHMS, (p — YToJI IOBOPOTa 00pa3iia OTHOCUTENBHO KOJUIMMAIMOHHOH mienu. B nanbHelnieM B
KauecTBE IEPBOrO apryMeHTa 00enX MHTEHCHBHOCTEW OyIeM HCIIONB30BaTh Yroy paccesHus 0,
CBSI3aHHBINM C MOJYJIEM BEKTOpa paccesiHusi COOTHOIIeHUueM ¢ = (47/A) sin (0/2), rne A — nnuHa
BOJIHBI PEHTT€HOBCKHX JTy4eH.

[TpuHuMnuanbHas cxeMa Xoja Jiyuyed B peHTIeHOBCKON kamepe (tuma kameps! Kratky)
npezacrasieHa Ha puc. 1. [Ipu mamoyrmoBom paccestaun 6 << 1, ¥ OYTH MapauieTbHbBIE JTy4H,
(dopMHpyeMBbIe KOJUTMMAIIMOHHOH IIEbI0, JAIOT B INIOCKOCTH PETUCTPAIMU N300paKeHUe, IIHHA
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KoTtoporo 2h;. Obpaser pacnonokeH MepHeHIUuKYIIpHO NaJaieMy u3idydeHuro. PaccesHHbIe
Jy4H, TpoIIeIre yepe3 o0pasel, perucTpupyoTcs IeNbl0 IeTeKTopa JIMHOU 2ho, pacmono-
KEHHOH MOJl YIJIOM ¢ K MEPBUYHOMY Iy4Ky (OCh MOBOPOTa COBMAJIaeT C OChIO yB IUIOCKOCTHU
oOpasua). Mcnonb3oBaHue 11eseil MOBbIMIAET CBETOCUIY YCTaHOBKH, HO PETUCTpUpYEMasi HIENbI0

JIETEKTOpa MHTEHCUBHOCTH J OyleT oTinyarhesi OT [, mpuueM TeM CUJIbHEE, YeM OOJIbIIE ITTUHBI
2hig u 2hs.

Puc. 1. Cxema xoma jgydei mpu 11es1eBo KOJJTUMALIMU

CBs3b MCXKAY HHTCHCUBHOCTAMH Jnl BbIPAXXacTCs B O6I.H€M ClIydya€ HMHTCIpaJIbHbIM
COOTHOLICHUEM

h1 ho
1 _
J(O,¢) == 16, 9) u(y') dy'| g(y)dy. (1)

B sToM ypaBHeHuu (cMm. puc. 1) L —paccTosHue MeXIy IUIOCKOCTBbIO 00paslia M IJIOCKOCTBIO
perucTpanuu; y — KoOpAnuHaTa, OTCUUThIBAEMasi BOJIb IMPOEKIMU MEPBUYHOTO MyyKa B IUIOCKO-
CTH PErHCTpPALIH; | — KOOPNHATA, OTCUNTHIBAEMAS BIIOJb JACTEKTOPHOM Iienu; 0 — haKTHaeCKHii
yToJl paccesHusl; ¢ =  + o — yroi MeXJy IUIOCKOCThIO PACCESIHUS U OCBIO CUMMETPHH 00pa3ia;
(v — YTOJI MEXy OCBIO ¥y U TIOCKOCTBIO paccesiHusi; g(x) — pacrpeeleHie HHTEHCHBHOCTH BIOJIb
HPOCKIIMH MEPBUYHOTO MyYKa B INIOCKOCTH PErHCTpaImu; u(y') — pacmupeieeHie 1yBCTBUTEb-
u(y'), mpu |y'| < ho

HOCTU BIOOJIb HCTCKTOpHOﬁ HICJIN. Ecmu BBecTn (bYHKHI/II/I U(y/) = { 0 npu |y,| > h
’ 2

o — I __
0, tipn [y] > hy , @ TaKXKe NepeiiTH K HOBBIM HepeMeHHbIM X = (y' —y) /Lu

¢ = y/L, To ypaBaenue (1) MOXKHO IPUBECTH K BUY

—00

90.0) = [ 1(VET, farctg (x/6) + o) W (0 @

o0
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rne W (x)— «BecoBast GpyHKIHMS», ONpeaessieMas COOTHOICHHEM
H

qu%=/U«x+OLMHUAM npu H = (b 4+ h) /L, 3)

U 3aBUCSAIIAS TOJBKO OT NapaMeTPOB PEHTI€HOBCKOW YCTaHOBKHU.

VYpaBHeHnue (2) npexcrasiseT coboil nHTerpanpHoe ypaBHeHue I poga tuna Bonbreppa,
3alllCAaHHOE B HECTAHIApPTHOH (popMe, MOCKOJIBKY B HEM HET B SIBHOM BMJE sJpa, U HUCKOMas
¢dyHKIUsA [ 3aBUCHT HE OT OAHOTO BHYTPEHHETO apryMeHTa X, a OT KOMOWHAaIWi apryMeHTOB:
V0% + X2 u arctg(£/0) + .

3ajaua COCTOUT B HAXOXKJIEHUU TOUEYHON MHTEHCUBHOCTU [U3 ypaBHEHHUs (2) MO 3Kcre-
PUMEHTAJIbHON MHTCHCUBHOCTH J, N3MEPEHHOW B 00JIaCTH 3HAYCHHH apryMEHTOB [frin, Omax| X
[Pmins Pmax|- DTa 3ama4a SIBISIETCS HEKOPPEKTHOM, MOCKOIBbKY OJHOW (yHKIMHU paccesHus .J
(opManbHO COOTBETCTBYET OECKOHEUHOE MHOKECTBO pewieHuit / ypaBHenus (2) [9]. Cpenu HuX
HEOOX0MMO HAalTH pelIeHue, J0CTaTOYHO OJIU3KOe K JeHCTBUTEIbHON TOUEYHON MHTEHCUBHOCTH.
IToucky Takoro pemeHus ¥ MOCBAIIEHA HAcTosMas padoTa.

B pabote Oyner ucnonb3oBaHa CleAyoLas TEPMUHOIOTHSL:

I(0, ) — ToueuHass UHTEHCHBHOCTD PACCESIHHS, pAcCYMTAHHAS Ul BBIOPAHHOW aHU30-
TPOITHOM MOJIENIU B YCJIOBHSIX TOYEYHOI'O MCTOYHHMKA M TOYEYHOI'O MPUEMHHMKA PEHTTEHOBCKOI'O
U3JTy4EHUs;

J (0, p) — uckakeHHAs] HHTEHCHMBHOCTh PAcCesiHUs, paccuuTaHHas mo dpopmysie (2) ¢ yde-
TOM IapaMEeTPOB HUCIIOJIb3YEMON KOJJIMMALIMOHHON CHCTEMBI;

I'(0, v) — BoccTaHOBNECHHAS] TOYCUHAST HMHTEHCHBHOCTh PACCESHUS, PACCYUTAHHAS HA OC-
HOBE Pa3BUTBIX METOJ0B (MeTo/a 0a3UCHBIX PyHKUUN U MOAMPUIMPOBAHHOTO MeTona Ppuama-
Ha);

J' (0, ¢) — BoCcCTaHOBJICHHAsT MCKA)KCHHAsm HHTCHCUBHOCTD PACCESIHUS, PACCUMTAHHAS 10
dbopmye (2) ¢ ucronb3oBanuem I’ (6, ¢) Kak HOBOW TOYCUHOM HWHTCHCUBHOCTH.

B ciydae 06pabOTKH SKCHEPUMEHTATBHBIX MaHHBIX Ui J (6, ©) HCIOIB3yeTCs] TEPMUH
«IKCTIEPUMEHTAJbHASY UHTEHCUBHOCTD; 1Jist J' (6, (o) — BOCCTAHOBJIEHHAS «IKCIIEPUMEHTATbHAS)
UHTEHCUBHOCTD.

3. Mertoa 6a3ucHbIX PyHKIUH

BBeznem || f|| — HOpMy B mpoCTpaHCTBE KBaJAPAaTUYHO MHTETPUPYEMBbIX (DYHKIHI ABYX Ie-

Pmax Omax

pemennnix O u ¢: ||fll =1/ [ [ f2(8,¢) dfdp. C ucnons3oBannem IaHHOM HOPMbI OTHOCH-
$Pmin emin
TEJbHOE OTKIOHeHHE (PyHKIMHU f1 OT PyHKIHMU fo MOXKHO OTPENEIHUTh KaK W
I[Tycts 3amano ypaeuenue J = A([), rae uHTerpaibHbIi orneparop
A = [ 1(VEEE aretg(a/0) + o] ) W0 @
Bribepem Gasucubie Gyukmuu f; (i = 1,2,...,n) Tak, 4ro0bl UX JHHCHHAs KoMOwHamust [/ =

> ¢; f; morma xopomo onuckiBarh /. HBIMU CIOBaMH, JUIsl 3TUX Ga3MCHBIX (YHKIMH JOJKHBI
i=1
CYIIIECTBOBATh Takue KOIPQPUIHUEHTHI C1, Co, ..., Cp, AT KOTOPBIX OTHOCUTEIHFHOE OTKJIOHEHUE

1= Il
1]

SBJIAETCS TOCTATOYHO MAJIOW BEJIUYHUHOM.
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n
Paccmorpum ypasuenue J' = A(I'). Ucxonst u3 nmuneiiHoctu oneparopa A, J' = > ¢; F;,
=1

e F; = A(f;) (i = 1,2,...,n). B nocraeieHHo# 3ama4e [ sIBISETCS MCKOMOM (pyHKIHEH, u
IPEACTAaBUTh €€ pa3jIoKeHHe M0 0a3UCHBIM (DYHKLHMSAM B SIBHOM BHJE HeNb3s. OIHAKO MOKHO
HAaWTH U1 SKCIIEPUMEHTAIBHOM MHTEHCHBHOCTH .J ee NpUONIKeHHEe Kak pasioxkeHue J' 1o

¢yukuusam F;. Tlpu xoppekTHOM BbBIOOpEe (QYHKIHMHA f; MOXHO HaTH KO3()OUIMEHTHI ¢;, IS

17 =
KOTOPBIX HT OyAeT AOCTaTO4YHO MajbIM. DTH KO3(pPUIMEHTHl OyIyT HCIIOJIb30BaHbl IS

n
HIOCTPOCHHSI BOCCTAHOBJICHHOW TOYEUHON MHTEHCUBHOCTH [’ = > ¢; fi.

=1
LI

HT HEBCJIMKO, TO HCBCJIMKO 6yz[eT

O‘ICBI/II{HO, YTO €CJIM OTHOCUTCIBHOC OTKJIOHCHHUC

I =l
17]]
pbiBeH. OHAKO U3-32 HEKOPPEKTHOCTHU 3aJadyu o0OpaTHOE YTBEp)KICHHE HEeCHpPaBEIJIMBO: OJHOU
AKCHEpUMEHTANBbHON (QYHKIMH J COOTBETCTBYET MHOXKECTBO pelIeHUN [, Al KOTOPBIX BBIMOJ-
usiercst ypaBuenue J = A([). UToObl Cy3uTh Kiacc pelieHHi, ClieqyeT: a) BbIOpaTh Ga3uCHbBIC
GYHKIMY, HAWTYYIIUM 00pa3oM COOTBETCTBYIOILIUE JAaHHOM 3aaye; 0) BBECTU JIOTOTHUTEIbHbBIE

OTpPaHWYCHHUSI HA PEIICHUE, UCTIONB3Ys €T0 U3BECTHBIC CBOWCTBA.

B nmanHo#i paGore nByxXMepHbie Oa3uCHBIC (YHKIMH f; OBUIM MOCTPOEHBI KaK MpPsIMOE
MIPOU3BEACHUE OTHOMEPHBIX KyOnueckux B-crutaitHos [10].

KoaddummenTsr paznoxkeHust 1o 0a3UCHBIM (QYHKIHSIM MOXXHO MOJYYUTh, UCTIONB3Ys Me-
TOJl HAMMEHBITUX KBAJPAToB. B 3TOM MeTOAEC ONTHUMAIBHBIMUA KOI(PQPUIIMCHTAMU Pa3I0KCHUS
SIBIISIFOTCSL T€, KOTOPbIE MUHUMH3UPYIOT 3HAYCHUE (PYHKIIHU

1 OTHOCUTCJIBHOC OTKIIOHCHHUC , IOCKOJIBKY OII€paTop AB CUIly €ro JIMHEHHOCTH HECIIpC-

M n 2
Aeq, eay oony Cp) = Z J (O, or) — Z@E’(@k, o) | - (5)
k=1 i=1
3neck Oy, —3HAUGHUS yIVIa paccesHUs W yIiia MOoBOpoTa obOpasla, i KOTOPBIX IOJIy4YeHa
SKCIIEpUMEHTANIbHAsE WHTEHCUBHOCTh, V] — o0IIee 4uciao AKCIepUMEHTANbHBIX To4YeK. B manb-
HeimeM ¢yHkiuo A OyJeM Ha3bIBaTh «OLUEHOYHOU (QYHKITHEH.

Jlist BBeIIGHUSI JIOTIOJTHUTENIBHBIX OTPAaHUYCHUH CleayeT MOTUPHUIIUPOBATH OIECHOYHYIO
¢byukimoo. B nanHoil pabote BBoAsSTCS aBa orpaHuueHus. [lepBoe U3 HUX CBSA3aHO C TE€M, YTO
JUIst OBICTPO CHAJAFOIIMX MCKOMBIX (PYHKIMH [ ipu MUHUMH3AIUK (YHKIIUU OLICHKH (5) BO3HH-
KatoT K03(pQHUIHMEHTHI ¢;, UMEIOIIHe OOJbIINe 3HAYSHHUS U IPOTUBOMNOIOKHbIE 3HaKU. [Ipu sToM B
pEeIIeHUH MOSBIIOTCS HeKeTaTeIbHbIe OCHUIUISALNU, KOTOPBIX HE JOJKHO OBITh B UCKOMOW (yHK-
mun. [ ogaBieHus: OCHWUISIUA B ONeHOUHY0 (QyHKIM0 A 100aBisieTcss CyMMa KBaJIpaToB
KO3 UIHEHTOB ¢;:

M n 2 n
Aq(er, oy ey Cp) :Z J(@k,gpk)—Zqu(@k,gok) —i—/\lzc? (6)

k=1 i=1 i=1
3nmech \; — mapamerp, peryHpyOIUN BIUSHUE BBEJACHHOTO OTPAHUYCHHS: CIUIIKOM OOJIBIIHE
3HAYEHUS \| MPUBEIAYT K MOYTH HYJICBOMY penreHuio (Bce ¢; ~~ (), a CIMIIKOM MAJICHbKHE \; HE

JIanyT skenaeMoro g dexra.

Bropoe BBemeHHOE OTrpaHMUYCHHE CBS3aHO C TEM, YTO IS HYJIEBOTO yINia pPacCEesHUS
(¢ = 0) ToueuHass MHTEHCUBHOCTD JIOJIKHA OCTaBaThCsl TIOCTOSIHHON TP M3MEHEHUM yTia 0, TO
ectb 1(0,p) = const. Ecniu npu MpoBeICHHH SKCIIEPUMEHTa MHUHUMAIBbHBIA YroJ pacCesHus
JOCTaTOYHO Mall, TO JOJDKHO BBINOIHATHCS YCaoBUE [ (Onin, ) A const. DTO yCIOBHE MOKHO
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Y4€CTh, €CJIM BBECTH B (byHKI_[I/IIO OLICHKH OOIIOJJHHUTCIBHOC CJIaracMocC

2
n

n
A2 E E cifi(O, 1) ) — § cifi(Or, o) |
keK Jj=1 K J=1
rae A — MHOXKECTBO 3KCIIEPHUMEHTATBHBIX TOUEK, COOTBETCTBYIONIHX 6 = 6,,;,,, @ YIIIOBBIE CKOOKH
0003HAYAIOT YCPETHCHHE TI0 YKCIICPUMEHTAIBHBIM TOukaM u3 MHOXkecTBa K . [TycTh obmiee uncio
TOYEK B 3TOM MHOkeCTBE Ny, TOTIa
n
E ijj(ek,%) = a7 E E C]fj Qk,@k)
j=1 K kek j=1

[Tocne anrebpanveckux Hp606pa30BaHI/II/I MOJTy4YaeM OKOHUYATEIbHYI0 (YHKIIMIO OLEHKU B
CJIEYIOIIEM BHJIE:

M 2
A2(017027 "'7Cn) :Z Jekasok Zcz ekasok) +

k=

n 1 n 2 (7)

+ M ZC?+/\22 chéfj(ekaSDk) ;
i=1 kek Lj=1
I7ie BBEIEHO 0003HaueHNe
015 (Ok: o) = ([ (Ok x)) ¢ — fi(Ok, 1) = ng Or. ox) — fi(Ok, 1)
K hek

00,
KoaddurmeHTs! pa3ioxeHus ¢; MOXXHO HAUTH U3 YCIOBHI 8— = (0, KoTopbIe MpeoldpasyoTcs K
C;

CHCTEME JIMHEHHBIX ypaBHeHI/IP“I

Z ¢j ZF Ok, Pr) Fj(ekm%)+)\225fi(9k780k)5fj(9k780k) + A =
J=1 keK

y )
=5 IOk, o) Fi(bro i) i=1,2,..m.
=1

I'maBHas 3a/1aua IpH PEIIEHUH OCHOBHOIO MHTETPaJIbHOIO ypaBHEHUs (2) COCTOUT B oAOOpe OI-
TUMAJIbHBIX 3HAaYE€HUH PeryIMpOBOYHBIX APAMETPOB A1, Ao M KOJMUYECTBA 1 0a3UCHBIX (QYHKLUIL.

C »TOH LENBIO:

a) PaccuuteiBarorcs k0d(pPUIMEHTHI pazIoXKeHUs ¢; MyTeM MUHHUMH3ALUU OLIEHOYHOM
byukmun Ay 11 Habopa 3HAYEHUH PEeTyIISIPU3aTOPOB A1 U Ay B JOCTAaTOYHO IITUPOKOM WHTEpBAJIS
pu OOJIBIIOM KOJIMYECTBE OA3UCHBIX (DYHKITHIA.

0) BeiOupaercs onTumansHOE 3HaYCHHUE \i. OUEBUIHO, YTO MIPH MAJIBIX 3HAYCHHUSIX A\ CO-
OTBETCTBYIOIIWH wieH QyHKIMHA A, HE OKa3bIBACT BIMSHUS HA pelIeHUe ypaBHEeHuUs (2), B TO Bpe-
Ms KaK TIpU OOJIBIINX 3HAUYEHHUSIX A\, MUHUMHU3AIUs GyHKIUU Ay PUBOAUT K 3aHIKCHUIO KO-
(GULMEHTOB c; U, CIeI0BaTeNIbHO, K HCKa)KEeHHIO pelieHus. [Ipu ontumanbHOM BeIOOpE A1 HOAAB-
JISIFOTCS YKa3aHHBIE BBIIIE HEXelaTelbHble OCUMUIALMM, U IIPU 3TOM HE MCKaxaeTrcs: Gpopma uc-
KOMOW MHTEHCUBHOCTHU paccessHus. [ BIOOpa 3TOro ONTHUMaIbHOTO 3HAYEHUSI A1 B HACTOSLIECH
paboTe uCronb30BaH MeToj «Touku nepernda» [11]. CyTb MeTona COCTOUT B TOM, 4TO B (hOpMY-

M n 2
e (7) B OKPECTHOCTH ONTUMAJIBHOTO 3HAYCHUS A1 BEJIMYUHBI » (J Ok, o) — > i Fi(Og, gok))
=1 =
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n n

M Y ¢? KaK (pYHKIUH A OCTAIOTCS IIPUOIM3UTENBHO OCTOSHHBIMHE, TIPHYEM BEJIUUUHA Y | €7 UMe-
i=1 i=1

eT neperud. OTH 0COOEHHOCTH MOBEAEHHs YKa3aHHBIX BEIMYMH B OKPECTHOCTU ONTHMAJIBHOIO

3HAUEHUS \; HPOSIBIISIOTCS TOJIBKO IPU BHIOOpPE TOCTATOYHO OOJIBLIOrO KOJIMYECTBA 1 0a3UCHBIX
(GYHKLIMH.
B) Ecnu ontumanbHas BenuuuHa A\, ONpEAESieHa, TO ONTUMAIBbHYIO BEIMYMHY A2 MOXKHO

I'IOI[06paTL aHaAJIOTMYHBLIM criocoooM. Kak u B npeAblAyIieM Ciiydac, B OKpECTHOCTH OIITUMAJIb-
2

M n 2 n
HOTO 3HAYCHHS \y BEJIMYHHBI » (J(@k, wr) — > i Fi(Ok, gpk)> u Yy, | > ¢iofj(Or, ¢r)| xax
k=1 i=1 keK |j=1

(bYHKI_II/II/I )\2 OCTAar0TCA HpI/I6J'II/ISI/ITeJ'ILHO MOCTOSHHBIMU. OTIMYNE COCTOUT B TOM, 4TO BCJIIMYHUHA
2

n
> 1>0¢j0fi(0k, px)| oOHapyxkuBaeT meperub TONBKO B TOM CIIy4ae, €CIIU IPH MUHUMAIbHbIX
keK |j=1
SKCTIEPUMEHTAIBHBIX yriax paccesaus GyHkuus (6, ) UMeeT H0CTaTOYHO BHIPAKCHHYIO 3aBH-
CHMOCTBH OT yriia ¢. Eciu jke yka3aHHas 3aBHCHMOCTH MPAaKTHYECKH OTCYTCTBYET, TO Iepernda
HeT. B mocneanem ciaydae A\, MOXKHO BHIOparh J0CTarodyHo OonbmmM. Kak ciemyer M3 ombita,
KOPPEKTHBIN MOAGODP BEAMYHMHBI Ay CYNIECTBEHHO YJIyUIIAET MPUOIMKEHNE K TOUHOMY PEILECHUIO.

4. MoaupuuupoBaHHbIii UTePANMOHHBIH MeToa Ppuamana

Bropoil noaxo K peleHnu0 OCHOBHOTO MHTETPAJIbHOTO ypaBHEHUS (2) UCHOJIB3YET UTe-
paunonHsridi Metox @puamana [8, 12], KOTOPHIH, OHAKO, HEOOXOAMMO CYIIECTBEHHO MoAH(HIIN-
pOBaTh.

CoracHO KJIaCCMYECKOMY MTEpalMOHHOMY MeTony PpuamaHa BbIOMpAeTCcsl HauyalbHOE
npubnmkenne Iy (Hanpumep, Iy (6, ¢) = 0), n Kaxmoe mocienyrolee NpUOIIKEHHE B KaK IO
TOUKe (¢, ) MOIy4aeTcss Ha OCHOBE PEKyPPEHTHOTO COOTHOIICHHS

In+1(0; QO) = ]n(97 90) +v [‘](07 QO) - Jn(07 90)] ) (9)

rne J, = A(1,), A(I) — uHrerpanbHblii oneparop (4), a v — YUCIOBOI MapameTp, PeryIHpyOLInii
CKOPOCTh CXOAMMOCTH perieHus. OueBUIHO, YTO €CIIU Pa3HOCTh B KBAJAPATHBIX CKOOKAaxX B ypaB-
Heruu (9) st mo6oi Touku (0, ) paBHa HyIo, Toraa I, SBISETCS pellieHHeM ypaBHEeHHs (2) .
[TocnenoBarensHOCTH MPUOMMKEHUH [, C yBETMUEHHUE 7N CHAaYala CXOAMTCS, HO 3aTeM HAauWHaeT
PacXoaUThCs, HE JOCTUTHYB PELICHUS, JOCTATOYHO OJM3KOrO K TOUHOMY peIIeHHIo [8].

CornacHo (9), i IPUOTIKEHUST K TOYHOMY PEIICHUIO HY)KHO U3MECHUTH 3HaueHHe [, B
Kaxzaoi Touke (6, ) Tak, uroosl pasaocts [J (6, p) — J,(0, ¢)] ymensumnaces. OnHako mpobiema
3aKITFOYAETCS B TOM, YTO U3MCHEHHUE 3Ha4eHust [, B Touke (6, ©) MOXET NPUBECTH K M3MEHECHHIO
3HaueHus J,, He B Touke(f, ©), a BO MHOXECTBE APYrHX TOo4eK. B 3TOM ciydae m3meHenue [, B
touke (6, @) Ha ocHOBe pazHocTH [J (0, ) — J,,(0, ¢)] Tepsier cMbIC.

JIJtst MctipaBiIeHMs 3TOr0 HEAOCTaTKa HEOOXOANMO yuecTh BiIusHUe 3HadeHus [, (0, ¢) Ha
3HaueHHs .J,, B pa3nuuHbIX To4ykax. C 3TOH 1enbio i oneparopa A BeruuciseTcs «QyHKIHs
BIHSHES WA : [Oiin, Omax] X [@mins Pmax] X [Omins Omax] X [Pmins Pmax] — R, KOTOpas yuauThIBaeT
BIUsiHEE aprymenta omeparopa A (dyskuum [,,) B Touke (§,7) Ha 3HaueHue (GyHKIMH J, B
apyroit Touke (0, ¢).

Ecnmn «dyHkums BIUsiHUS) BBIYUCIICHA, TO UTEPAMOHHYIO TIpouenypy (9) MoxHO mepe-
nHcaTh B BHJE:

emax $Pmax

I (&§n) = L(&n) +v //w(é,n,H,sO)-(J(&so)—Jn(9,s0)) dode| . (10)

min $min
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C moMoIIp0 ONMUCAHHON MOAM(UKALMYN YUUTHIBAETCS BIMSHUE 3HAYCHUsS (QyHKUIMM [, B TOUKe
(¢,7m) nHa Bce J,(0, ©).

YroObl BRIYHMCINTH «(YHKLIUIO BIUSHHS» U orneparopa A, HE0OXOAUMO PaccMOTPETh
JefiCTBHE 3TOro oneparopa Ha (PyHKLIUHU, OTIIMYHBIE OT HYJIS TOJIBKO B MaJIOM OKPECTHOCTH TOUKH
(&,71). B kadecTBe Takux (QYHKLHIA ObUTH BEIOPAHBI «KOJOKOJIA» HEOOJBIION IIMPUHBI C LIEHTPOM
B Touke (§,7):

fm(g"n/) — e (E’—§)2+(n’—n)27 (11)

TJe W — MapaMeTp, PeryIUpyIOIUi MUPUHY «KOJIOKOJIay. Toraa B KauecTBe «(yHKIIMH BIUSHUS
MOXKHO B3ATh ()yHKIIHIO

[Afea) 6, 0) )

?

w (57777 97 90) =

gmax Pmax

f f [Afen] (0, ) didp

dmin $min
dmax Pmax
JUISL KOTOPOii BBIMONHsIETCs! ycioBue HopmupoBku [ [ w (€, 1,0, ¢) dddp = 1.

dmin $min

[TapameTrp v, BbIOMpaeTCs UCXONs U3 ACMCTBUSA OBYX MPOTHUBOMOIOKHBIX (hakTopoB. C
OJTHOW CTOpPOHBI, C YBEJIMYCHHEM 3HAUEHUS I BO3PACTAET CKOPOCTh CXOAMMOCTH, HO, C APYToi
CTOPOHBI, IPU CIUIIKOM OOJBIIMX ¥ MOCIeN0BaTeabHOCTh uTepanuii (10) nepecraer cXoauThes.
[TapameTtp vopr BHIOMpaeTCs HAa TPAaHUIIE IEHCTBHSA 3TUX JBYX (aKTOPOB.

Jnist BBIOOpa ONTUMATIBHOTO KOJIMYECTBA UTEPALMU Nopy, TPH KOTOPOM JOCTUTACTCS HAU-
Jyyliee NpuOIMKeHWE K UCTHHHOMY PEIICHUI0, CTPOUTCS B JBOMHOM JIOrapu(MUUYECKOM Mac-
I = Jull

7]
HaxiioH mmeeT 4eTKo BBIPAXCHHBIA M3JIOM W YHCJIO 1, OTBEYAIOIIEE ITOMY H3JIOMY, M CIIEIyeT
BEIOpAaTh B KAYE€CTBE Moyt

Taxum 06pa3zom, MonudunpoBaHHbld MeTon PpuaMaHa MpPEANoNaraeT: a) HaXoXKIeHHe
«byHkuu BausHUD (12) ¢ ucnonas3oBanueM oneparopa (4) u ¢ynknuii (11) u 6) npumeHnenue
uTepalmoHHoi npoueaypsl (10) 4y moucka TOYHOTO PEIICHUS.

mrade rpa(bmc 3aBUCUMOCTH OTHOCHUTCIBHOI'O OTKJIOHCHUA OT HOMCpa UTCpaluu n.

5. Onenka 3(1)(1)6KTI/IBHOCT]/I METOA0B AJISI MOAECJTBHbLIX AHU30TPOITHLIX CUCTEM

Junst mpoBepku 3GEKTUBHOCTH METONOB OBbLI BHIOPAaH psifi MOACIBHBIX aHH30TPOITHBIX
CHUCTEM, ISl KXKJI0H U3 KOTOPBIX:

a) pacCYMTHIBANACh UCXOHAS TOUYCUHAS] MHTEHCHUBHOCTB paccesHus 1 (0, );

0) ¢ UCIIOJIb30BAaHUEM MApaMETPOB KOJUTMMAIIMOHHON CHCTEMBI, 337aBa€MbIX TPHU TOTY-
YEHUHU SKCIICPUMEHTANBHBIX KpuBbIX (hi, ho, L m T.1.—cM. puc. 1.), mo dopmyne (3) pac-
cunThIBanach BecoBast Gpynkuust W (), a 3arem mo ¢dopmysie (2) pacCUMTHIBATIACH HCKAKEHHAS
MHTEHCHBHOCTB paccesHust J (6, p);

B) HAa OCHOBE PA3BHTHIX METOAOB (MeToma 0a3MCHBIX (DYHKIHUH W MOIU(HUIMPOBAHHOTO
Metona OpraMaHa) «BOCCTAHABIMBAIACH» TOUYCUHAS HHTEHCHUBHOCTH ['(6, );

r) ¢ ucnonb3oBanueM I'(f, p) Kak HOBOI TOYCUHON MHTEHCHBHOCTH, BHOBb PACCUMTHIBA-
nack 1o popmysie (2) UCKaKeHHass HHTeHCUBHOCTE paccesiaus J' (6, ¢);

1) BBIYHUCISIIOCh OTHOCUTEIFHOE OTKJIOHEHHUE JIJISl TOYCYHBIX WHTCHCUBHOCTEH

M

I — I ?

1]

7 (13)
> (I (Ok, 1))

k=1
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e) BBIYHCIISIIOCHh OTHOCUTEIHLHOE OTKIIOHEHUE I MCKaXKEHHBIX WHTEHCUBHOCTEH

M
o > (J Ok, o) = J' (O, %))2

“JH Z (J (O, SOk))Q

k=1

Jnst Bcex MOJENBHBIX CTPYKTYp MHTEHCHUBHOCTH PACCUMTHIBANIACh B HHTEpBAJIC YIJIOB
0.5 mpax < 0 < 10.5 mpag u 0 < ¢ < 7/2 npu JUIMHE BOIHBL Aoy = 0,1542 HM.

B xadecTBe MOIEIBHBIX aHU30TPOITHBIX CUCTEM ObUIM BHIOpAHBI JBa 0OBEKTA: HEB3aUMO-
JICHCTBYIOIIUE BBITSHYTHIC MPSMOYTOJIbHBIC TTapaJUIeICIUIICIbl, OPUEHTUPOBAHHBIE BIOJb JIJTUH-
HOM OCH ¥ Pa30pUEHTUPOBAHHBIC OTHOCUTEIBHO JIBYX IPYTHUX, H PABHOOTCTOSIINE MPOTIKEHHBIC
IJIOCKOCTH (JIaMEJILIIBI).

Buimsanymuole napannenenuneow. Ilycts nimuHHOE pedpo mapasuiesienurie;a OpUuEeHTUPO-
BaHO I0 OCH Z W J[Ba JIPYrux pedpa paBHbI Mexay coOoir. Ock cuMMeTpun oOpasiia BeIOpaHa
napajuieJIbHO JJIMHHOMY peOpy. MHTEHCMBHOCTBH paccesHus OT Takoro napaienenunena [13]
OblIa yCpeaHEeHa 10 yrily MOBOPOTa OTHOCHUTEIHLHO OCH Z obOpaTHOro mpoctpancTBa. C ydeToM
YKa3aHHOTO YCPEIHCHHs TMOJyYCHHAsl OKOHYaTeIbHas (opMysia JUisi HHTEHCUBHOCTH PACCEsSHUS
(B MPOM3BOJIBHBIX €IUHUIIAX) UMEET BHU]I

/2
[(X,Y,2) = %s (weZ) / $[Ga (X2 + Y2 cos(y)]  [Fa (X2 + V) sin(y)| dy.  (15)

sin «

e S (z) = <
paBHBIX pedep.

Jlamenner. Och cuMMeTpun oOpa3ia BblOpaHa NepneHAuKyIspHO Jamenam. Kak ussect-
HO [13], cucteme OECKOHEUHBIX PAaBHOYIAJICHHBIX IIOCKOCTEH B pPeabHOM IMPOCTPAHCTBE, OPH-
CHTUPOBAHHBIX MEPHEHIUKYIIPHO OCU 7, COOTBETCTBYET B OOpaTHOM NMPOCTPAHCTBE MHTEHCHB-
HOCTb paccesHusl, CKOHLIEHTPUPOBaHHAs B PaBHOYIAJIEHHBIX TOUKAX, PACIIOIOKEHHBIX 10 OCH Z.
OrpaHu4eHHOCTh MJIOCKOCTEH B PEalbHOM IPOCTPAHCTBE MPUBOIUT K TOMY, YTO B KaXKIOH Ta-
KO TOYKE MPOUCXOAUT YIIUPEHHE UHTEHCUBHOCTH PACCESIHUS B INIOCKOCTH, MEPIEHAUKYISIPHON
ocu /. Cymras 3TO yUIMPEHHE PaJAHaIbHO CUMMETPHYHBIM OTHOCHUTEIBHO OCH Z, €r0 MOXKHO
YUYeCTh ¢ TOMOIIbI0 (yHKIWH ["aycca. YUeT TONIUHBI JaMeIlT IPUBOAUT K MOYJISILIUN HHTEHCHUB-

) , ¢ — JUIMHA JJTMHHOTO pelpa mapaluieNenunena, a — JjuHa ABYX APYTHX

-

. x
HOCTH TI0 OCH /Z B COOTBETCTBUU C (DOPMYIIOi (— . Takum 00pa3zom, o0111asi HHTEHCUBHOCTh
x

paccestHus (B MIPOU3BOIBHBIX SIUHUIAX) CHCTEMOM JIAMEJT MOXKET OBITH MPEICTaBICHA KaK

1 /X2 y? sin (7b2) (z - 1)°
Z

0x Oy

e d — pacCTOsIHUE MEKIY JIaMeJlJIaMy, b — TOJIIIUHA JIaMEeJLIbL. BI)I6paHHBIe 3HAYCHHUS MapaMeT-
poB ox, 0y, 0z, N, aTtakxe d u b OynyT yka3zansl Hibke. Bennunna d BeiOupanack TakuM o0pa3om,
9TOOBl MHTCHCUBHOCTH PACCESHUSI UMENIa IOMUMO IICHTPATBHOTO MaKCHMyMa JIN0O OIWH, JTNOO
TPU TTUKA B YKa3aHHOM BBIIIC JHAINIA30HE YIIIOB PACCESHUS.

[Tpu nepexone B xoopauHatel 6§ u ¢ B Gopmynax (15) u (16) ciaemyer Boiopars X = 0,
f sin 7 _ 0 cos ¢

Y=—71ns=—
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Huxe JJIA OCHKH 3(1)(1)CKTI/IBHOCTI/I H3JI0KCHHBIX MCTOAOB PCHICHUA KOJIJTUMAIIMOHHOM
3aJla4ui paCCMOTPCHbI UHTCHCHUBHOCTH PACCCAHHA 9TUMU MOACIIAMU.

5.1. Meron 0a3ucHbIX GyHKUMIA

CormacHo IMyHKTaM a)-T), I KaXKIO0H MOIETH OBLIH IOCIIeI0BATEIIFHO PACCUUTAHBI TO-
YeyHasl M UICKa)KCHHAs HHTCHCUBHOCTH PACCESTHUS; METOIOM «TOUKH Tieperuday u3 psijia 3SHa9YCHHH
A1 B Ao OBUTH BBIOpAHBI ONTHMAJIBLHBIC; OMPEICIICHBl BOCCTAHOBICHHAS TOYCYHAS U BOCCTAHOB-
JICHHASI UCKAQ)KCHHAST HHTCHCUBHOCTH PACCESHUS.

Bvimanymule napannenenuneosi. B kauecTe mapameTpoB napaienenuneaa Obum BeIOpa-
Hbl: @ = 20 HM U ¢ = 40 HM. Ha pucynkax 2(a) u 3(a) npuBOAsATCS, COOTBETCTBEHHO, TOUEUHAs
¥ HMCKa)KEHHAs MHTEHCHBHOCTM paccesiHus. PaccuMTaHHbIe ONTMMAalbHbIE 3HauyeHus \, = 107°
1 Ao= 3.162-107*, konuuecTBO CIUIAHHOBBIX QYHKLUMH N = ng X N, TAE Ny = 20 (KOINIECTBO
Oa3ucHbIX QyHKIMII 10 KoopauHare ¢) u n, = 10 (kommyecTBO Oa3UCHBIX QYHKIMIT IO KOOPAUHA-

Te ). Ha pucynke 2(0) a1 JaHHBIX BEJIMYUH \; U \o TIPEIICTABIICHA BOCCTAHOBJICHHAS TOUCYHAS
WHTCHCUBHOCTh PACCESHHSL.

PUC. 2. VIHTEHCUBHOCTHU paccesiHUS BBITSHYTHIMH MapajuieJICIUIEIaMU: a) ToYed-
Has;, 0) BOCCTaHOBJICGHHAs To4yeyHas (MeTox 0a3MCHBIX (DYHKIIMIA); B) BOCCTAHOB-
JICHHAs1 TOYCYHAsl (MUTEPAIIMOHHBI METO)

Puc. 3. VckaxeHHbIE HHTEHCUBHOCTH PACCESHUS: a) BBITSHYTBIMU TapalijieIIeIu-
negamu; 6) namemutamu (d = 25 HM); B) nameruiamu (d = 50 HM).

Jlamennvl. by BBIOpaHBI: TONIUHA JIaMmemuiel b = 10 HM, mapamerpsl ox = 0,02 1M,
oy =0,1mm, 07 = 0,05 mm, N = 10.
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Paccrosinue mexny namermiamu d = 25 M. [Ipu 1aHHOM 3HaueHUM d B YKa3aHHOM BBIIIE
JUara3oHe yIIIOB paccesHUsl TOYEYHAss MHTEHCHUBHOCTh PAcCEesiHUSI UMEET TOMUMO LIEHTPaJIbHO-
ro Makcumyma ofuH nuk. Ha pucynkax 4(a) u 3(0) nmpuBOASTCS, COOTBETCTBEHHO, TOUYCUHAS U
MCKa)KeHHasi MHTEHCMBHOCTH paccesiHus. PaccuMTaHHbIe onTUMajbHble 3HadeHus \; = 107% u
A2 = 107>, KOTMYECTBO CIUTAHOBBIX Gynkumii n = ny x ny, tae ng = 20 u n, = 10. Ha pucyn-
ke 4(0) U1 TaHHBIX BEIMYUH A\ M Ao MIPEICTaBICHA BOCCTAHOBJICHHAS TOUCYHAS HMHTCHCHBHOCTh
paccesiHus.

Paccrosinue mexny namemiamu d = 50 HM. [Ipu naHHOM 3HaueHUM d B yKa3aHHOM BbIILIE
Jara3oHe yIIIOB PacCcesHusl TOYEUHasi HHTEHCUBHOCTh PacCesiHUS MMEET MOMHMO LEHTPaTbHOTO
MakcuMyMa TpH nuka. Ha pucynkax 5(a) u 3(B) npuBoAsSTCS, COOTBETCTBEHHO, TOUCUHAS U HCKa-
JKEHHasi UHTEHCUBHOCTH paccesiHus. PaccunTaHHble ONTHMaIbHbIe 3HAYCHHUS
A =108 u \y = 1.778-107°, konuuecTBO CIIAHOBBIX QYHKLMHA 1 =ng X Ny, TAE Ny = 20
u n, = 10. Ha pucynke 5(0) misd JaHHBIX BEIMYMH A; M Ay IPEACTABIEHA, COOTBETCTBEHHO,
BOCCTAHOBJICHHAs] TOUE€YHAs] MHTEHCUBHOCTh PACCESHUSI.

Puc. 4. ntencuBHOCTH paccesiHus Jameruiamu (d = 25 HM): a) TodeuHast; 0) Boc-
CTAaHOBJICHHAs TOUeUHas (MeTo 0a3MCHBIX (YHKIIHI); B) BOCCTAHOBJICHHAS TOYCY-
Has (MTepallMOHHBIA METO)

Puc. 5. NnrencuBHocTu paccesinus nameruiamu (d = 50 HM): a) ToyeuHas; 0) Boc-
CTaHOBJICHHASI TOYEYHAs (METO/ Oa3MCHBIX (DYHKIIHIT); B) BOCCTAHOBIICHHASI TOUYCY-
Has (MTepallMOHHBIA METO)

5.2. MoaudunupoBannslii Mmeton @puagmana

CormacHO MyHKTaM a)—T), JUIS KaXIOH MOIenw OBLIM TMOCIEAO0BaTeIIbHO PACcCUYUTAHBI
TOYCUHAs] M UCKAKCHHAS MHTEHCUBHOCTU paccesHust; o Gopmyne (12) ¢ ucnonp3oBaHHEeM OTe-
paropa (4) u ¢ysakuuii (11) 6puta BeuKcaeHa (YHKIUS BIUSHUS; C MOMOIIBIO HUTEPALMOHHOM



Ilocmanoeka u pewenue KOIMUMAYUOHHOU 3A0AYU NPU MATOY2TI080M PACCESHUU 43

npouenyps! (10) paccuntana BocCTaHOBJIEHHAsI TOUEUHasi MHTEHCUBHOCTb. [lapametp, perynupy-
IOLIMHA CKOPOCTh CXOJUMOCTH perieHus vonr = 10.

Boimanymule napannenenunedwvi. Vcnonp30Baiuch T€ ke I'€OMETPUYECKHE MapaMeTphbl
napayuienenunenos: a = 20 HM u ¢ = 40 uM. Ha pucyHnke 2(B) npeacraBieHa BOCCTAHOBJICHHAs
TOYEYHAs UHTEHCUBHOCTb PAacCesHUs, PaCCUUTAHHAs JJI ONTUMAJILHOIO KOJIMYECTBA UTEPALUii
Nonr= 20000.

Jlamennvl. beun BHIOpaHBI Ta ke TONMIMHA Jamelutbl b = 10 HM M Te e mapameTpsl
ox = 0,02 oM, oy = 0,1 M, 07 = 0,05 im, N = 10.

Paccrosinue mexnay namemnamu d = 25 HM. Ha pucynke 4(B) mpexacraBieHa BoccTa-
HOBJICHHAs] TOU€YHAasl HMHTEHCUBHOCTb PACCESIHMS, PACCUMTAHHAS JJIsl ONTUMAJIBHOTO KOJIMYECTBa
utepauii nogr = 80000.

Paccrosnue mexny namemnamu d = 50 M. Ha pucynke 5(B) mpencrasieHa, BoccTa-
HOBJICHHAs! TOYeYHasi MHTEHCUBHOCTb PACCESHMS, PACCUUTAHHAs Ul ONTHUMAJIbHOTO KOJIMYECTBA
urepauuit nopr = 80000.

Ha pucyHkax 2-5 He NPUBOASATCS UCKaKEHHBbIC HHTEHCHMBHOCTH paccesitus J' (6, ), Boc-
CTaHOBJICHHbIE O0OMMH METOJAMHU AJIS BCEX TpeX MoJeNel, Tak KaKk 3T MHTEHCHUBHOCTH BH-
3yalbHO COBIAIAIOT C MCKAKECHHBIMA MHTEHCHBHOCTAMHU J (0, () COOTBETCTBYIOIIMX MOJICICH.
OTO MOATBEPAKIACTCS PACUETOM OTHOCHUTENIBHBIX OTKJIOHEHUH, NPUBOJUMBIX B TPEThEM U MATOM
cronomax Tadmures! 1.

6. IIpumeHeHHMe Pa3BUTBHIX METOAO0B /ISl KOJUIMMALIMOHHOIO NepecyeTa
IKCNEPUMEHTAIbHOI MHTEHCHBHOCTH paccesiHis aHM30TPONHBLIM 00pa3oM

Bbutn Mcnonp30BaHbl SKCIIEPUMEHTATIBHBIE MHIIUKATPUCH JIJIST OTOXIKEHHBIX IUICHOK U3
BBICOKOOPHEHTUPOBAHHOTO TONUATHIICHA [ 4], MoTydeHHbIe B UHTEpBaJe YIJIOB paccesHust 6 ot
0,8 mo 23,5 MumupaauaH U MPU CEMHU Pa3IHYHBIX yIVIaX ¢ MOBOPOTa 0Opaslia OTHOCHUTEIHHO
KoymuManoHHoH 1enn ot 0° o 90° ¢ marom B 15°.

Crnenyromuii 3Tanm pabOThl COCTOMT B TMOJYYEHHMH HAa OCHOBE YKa3aHHBIX HHJIUKATPHUC
paccestHusl «IKCIEPUMEHTAIBHONY MOBepXHOCTH J (6, ¢). TPyAHOCTH COCTOHUT B TOM, 4TO HMEIO-
IIUECS] UCXOJIHbIE KPUBBIC PACCESTHUSI U3MEPEHBI ¢ OOJBIINM IIAroM Mo yrity . s momyuenus
JIOCTaTOYHO OOBEKTHBHOM MOBepXHOCTH J (6, ) MOXHO ISl TIPOMEKYTOYHBIX 3HAYCHUH yria
(0 paccuuTarh JOTMOJIHUTENbHbIE KpuBble paccesHus. C ATON LeIbl0 KaXkIas SKCIIepUMEHTAallb-
Has MHAMKATpHCca HOPMHUPOBAJIACh HA €€ 3HAYCHHE B MAKCUMyME MHTEHCUBHOCTH, U B TUIOCKOCTHU
(0, ) CTPOUIHCH IMHUK OJJMHAKOBOM MHTEHCHBHOCTH. BIOMTb KaX 0¥ TaKOi IMHUK MPOBOIHIACH
WHTEPIIOJISAUS UCXOMHOW (HEHOPMHUPOBAHHOW) MHTEHCUBHOCTH K TEM 3HAUCHUSIM YIVIOB 0 U (,
KOTOPBIE OTBEYAIOT JOMOIHUTEIBHBIM KPUBBIM paccesHus. « DKCIIEPUMEHTAIbHAsM) MOBEPXHOCTh
J (0, ), monydyeHHasi ¢ TIOMOIIBIO OMUCAHHOW MPOLEAYPHI, peJcTaBlIeHa Ha puc. 6. DTa mo-
BEPXHOCTD SIBIISIETCS JOCTATOUHO TIIAJKOM, IPUUEM CEUCHHUS, OTBEUAIOIINE KCIICPUMEHTAIBHBIM
3HAYEHUSIM (©, TOTHOCTHIO COBMA/IAl0T C COOTBETCTBYIOUIMMH U3MEPEHHBIMH WHANKATPUCAMH pac-
CesHusl.

OrnrcaHHbIe METO/IBI OBUTH PUMEHEHBI JIJIs MIOJTY4YeHUs BOCCTAHOBIICHHON TOUYEYHOW HH-
TeHcuBHOCTH paccesHusi I'(0, ), u 3aTeM B COOTBETCTBHU C (opmynoil (2) ObUIH MONyYEHBI
BOCCTAHOBJICHHBIC «IKCIIEPUMEHTANIbHBICY MHTeHCUBHOCTH J' (6, ).

Memoo 6azuchvix ¢ynxyuti. PaccuntanHble onNTHManbHble 3HaueHus \; = 3,2-1077 u
Ao = 107*, konuuecTBO crIaliHOBBIX GYHKIMI 1 =ngy X N, TIe ng = 20 u n, = 10. Ha pucyn-
ke 7(a) nJsl JaHHBIX BEJIUYUH A1 U Ao MIPENICTaBIIEHA BOCCTAHOBIICHHAS! TOUCYHAS] MHTCHCUBHOCTH
paccesiHus.
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Moouguyuposanmwiii memoo @puomana. Ilo popmyne (12) ¢ ucmoap30BaHUEM OTIEPATO-
pa (4) u ¢pynkuuii (11) Opu1a BEIYKMCICHA (DYHKIUS BIUSHUS,; C IIOMOIIBIO UTEPAIIMOHHON IMPOIIe-
nypsl (10) paccunTana BOCCTAHOBJIGHHAs] TOYCYHAsE HHTEHCHBHOCTb. [lapamerp, peryiupyromui
CKOPOCTb CXOAMMOCTH pemieHusi Vo = 10. Ha pucynke 7(0) mpencraBieHa BOCCTaHOBJICHHAs
TOYCUHAs MHTCHCHUBHOCTh PACCESHUSI, PACCUMTAHHAS ISl ONTUMAIBHOTO KOJMYECTBa WTEPAIAN

Nonr = 3100.

200
600

2
& 400

Puc. 6. <<3KCHCpI/IMCHTaJIBHa$I» HUHTCHCHUBHOCTHD AJIA OTOXXKCHHBIX ITJICHOK U3 BbI-
COKOOPUCHTHUPOBAHHOI'O ITOJMUITUIICHA (CM. TeKCT)

410 410

Puc. 7. BoccTaHOBIEHHBIE TOYEYHbIE HHTEHCUBHOCTH PACCESIHUS ISl OTOMXOKEH-
HBIX IUICHOK W3 BBICOKOOPHEHTHPOBAHHOTO IOJHMATHJICHA: a) METOH Oa3HCHBIX
¢bynkumii; 6) MonupUIMPOBAHHBIN UTEPAIMOHHBINA MeTon PpuamaHa
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7. OOcy:xkneHue pe3yibTaToB

Mooenvnvie cucmemvl. Kak BUIHO U3 PUCYHKOB 2, 4, 5, B paMKax KakJI0H MOJENN Ha-
OnroaeTcsl Xopollee COracue MEXIy MCXOAHOW TOYEYHOM W BOCCTAHOBJICHHOW TOYEUHOMW WH-
TEHCUBHOCTSIMH PACCESTHUHU, PACCUMTAHHBIMU 00OMMH MeToAamMHu. B TO e BpeMmsi UMEEeT MECTO
CHUJIBHOE Pa3JINuue MEXAY TOYCUHBIMU M MCKKCHHBIMH WHTEHCHUBHOCTSMH B paMKax Kaxaou
Moznenu (cp.: puc. 2 u puc. 3(a); puc. 4 u puc. 3(6); puc. 5 u puc. 3()).

Jlis KOJMYeCTBEHHOTO CPaBHEHHUS MOBEPXHOCTEH COOTBETCTBYIOIIMX HWHTEHCHBHOCTEH
=11 1=

1] 1]
MPUBOAKUMBIE B Tabuuie 1, CBUIETEIbCTBYIOT O TOM, UYTO JAJISi PACCMOTPEHHBIX MOJIEIbHBIX CH-
11 =T

1]

ObUIO paccuuTaHbl OTHOCHUTEIbHBIE OTKIOHEHUS (14). Pesynbrarsl,

CTEM OTHOCHUTCIIbHBIC OTKIIOHCHUA HC IIPCBLIIIAOT 3%, d OTHOCHUTCIIBHBIC OTKJIIOHCHUA

17 = Jl
llT(l| FJ(l|BOpI/IT 0 BBICOKOM Ka4€CTBE KOJUIMMAL[MOHHOI'O IIEpecyeTa, — CIEAYET OTMETUTh, YTO MOJIU-
¢unupoBaHHbIl MeTon PpuMaHa JaeT B LEJIOM JIy4llIUe pe3yIbTaThl 10 CPAaBHEHUIO C METOJIOM
0a3ucHBIX QyHKIHMA. BO3MOXKHO, 3TO CBA3aHO ¢ 0COOCHHOCTSIMH BHIOPAHHBIX MOAEIBHBIX CUCTEM
WIM ¢ JPYTMMHU OpUYUMHAMU (HalpuMep, ¢ OTCYTCTBHEM «IIyMa» B UCXOJHOW TOYEYHOW MHTEH-
CHUBHOCTH PacCesHUsI AJIs KaXJI0M MOJIeNN), aHaJIu3 KOTOPBIX TpebyeT 0coO0ro pacCMOTPEHHUSL.

COCTAaBJIAIOT 0,5% u MeHee. 1 XoTs 3Tu OTKJIOHCHU:, KaK BUAHO, CaMHU I10 cebe MajIbl —

TABJIMIA 1. AHU30TPOMHBIE MOJEIbHbIE CUCTEMbl. OTHOCHUTENIbHBIE OTKJIOHECHUS
JUIS. UICXOJHOM TOYEYHOM M BOCCTAHOBJICHHOW TOYEYHOW MHTEHCHBHOCTEW pacce-
SIHUSL © OTHOCHTEIIbHEIC OTKIIOHCHMS JJII MCKAXKCHHOM M BOCCTAHOBIICHHOM HCKa-
YKEHHOW MHTEHCUBHOCTEN PACCESHUS

Meton 6a3ucHBIX MonuunpoBaHHBIIR
Moaens 9

byHKIHi meron Opuamana

1L - I /= 11— I 1/ =

Y % —— % ——— | —— %

L] 1/]] 1] /]

OpueHTupoBaHHble Ta- | 2,6 0,55 0,8 0,08
pajutenenumneapl
Jlamennsl, d = 25 HM 1,8 0,24 1,27 0,07
Jlamemnsl, d = 50 HM 2,0 0,23 0,6 0,02

TABJINIIA 2. AHU3O0TPOIHBIN 00pa3er. OTHOCUTEIbHBIC OTKIOHCHUS IS «IKCTIe-
PUMEHTAIIbHOI» MCKAKCHHOW W BOCCTAHOBJICHHBIX MCKa)KCHHBIX MHTCHCUBHOCTEH
paccesiHUs 1 OTHOCUTEILHOE OTKJIOHEHUE BOCCTAHOBJIEHHBIX TOYCUHBIX HHTEHCUB-
HOCTEH, pAaCCUMTAHHBIX JIByMSI METOIAMHU

BBICOKOOPUCHTHPOBAH-
HOI'o IIOJIM3THUIICHA

Meton 0a3ucHbIX Monu¢unupoBanusiif CpaBHEHHE METO0B
O6pa3zen .
byHKIMiI Meton Ppuamana
Bl Bl A
—, % —, % —, N
L7]] 17]] 1 11]]
OToxxkeHHas mieHka us3 | 3,0 4.8 19,9
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Puc. 8. CpaBHeHME HPKCHEPUMEHTAIBHBIX HHIWKATPUC pAacCEsHUs (TOUKH) NPHU
pasHBIX ymiax opueHTammu obpazma (p =0, 7/4, 7/2) ¢ CCUSHUSMH «IKCIICPH-
MEHTaJIbHOI» MHTEHCHUBHOCTH, BOCCTAHOBJICHHOM MeTOAOM Oa3uCHbBIX (DYyHKUMH
(cruTomIHAs JTUHUSA)

| T
ooz 0.004 0.008

B, pan

0oog
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B, pan

0oog
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Puc. 9. CpaBHeHHe PKCHEPUMEHTAIBHBIX MHIWKATPUC pAacCesHUs (TOUKU) NpHU
pa3HbBIX yIiax opueHTanuu oopasua (¢ =0, 7/4, 7/2) ¢ cedeHUsIMU «IKCIIEPUMEH-
TaJbHOW» MHTEHCUBHOCTH, BOCCTAHOBJICHHON MOAM(PHUIIMPOBAHHBIM HTEpaIHOH-
HbIM MeToioM Dpuamana (CIIoUIHAs JTHHUA)

«IKCnepuMeHmanbHas» UHMEeHCUBHOCb PACCESHUSA HA OMONCHCEHHOU NAEHKe U3 8blCOKO-
OPUEHMUPOBAHHO20 NoAUdIMUIEHa. B cilydae «3KCIIepMMEHTaIbHOW» UHTEHCUBHOCTH PACCEsSHUS,
pa3yMeeTcsi, OTCYTCTBYET UCXOHAsl TOYEUHasi MHTEHCUBHOCTb, HO BO3MOXXHO CPaBHEHHUE TOYEY-
HBIX MHTEHCUBHOCTEH, BOCCTAHOBIIEHHBIX C MIOMOILBIO JIBYX Pa3BUTHIX MeTO0B (puc. 7). C 3Toii
112 = 4]l

11l
HOBJICHHAs METOJIOM Oa3WCHBIX (DYyHKUUiA, /), — MHTEHCHMBHOCTh, BOCCTAHOBJICHHAS! MTEpPAIIMOH-
HbIM MeToJoM. Kpome TOoro, npoBOAMIIOCH CPaBHEHHE «IKCIEPUMEHTAIBHOI» MHTEHCUBHOCTU
(TO ecTh OBEPXHOCTH, MOCTPOCHHOM HA OCHOBE IKCIEPUMEHTAJIbHBIX WHAUKATPUC PACCESHUSA)
C BOCCTaHOBJICHHBIMH HCKa)KCHHBIMM HWHTEHCHUBHOCTSIMH, PAaCCUMTAHHBIMH OOOMMM METOIAMHU.

I[J'ISI KOJIMYCCTBCHHOI'O CPAaBHCHUA HOBerHOCTCﬁ 9THUX UHTEHCUBHOCTEH BHOBb PaCcCYUTBIBAJIOCH
17 = Jl

OTHOCUTCJIIBHOC OTKIIOHCHUEC ————

171l

JIUne 2, CBUACTCIILCTBYIOT O TOM, YTO OTHOCHUTCIIbLHOC OTKJIOHCHUC

OCJIBKO BBIYHCIIAIOCH OTHOCHUTCIBHOC OTKIIOHCHUC , TI€C I{ — MHTCHCHUBHOCTBH, BOCCTa-

JUIst 000MX MeTO0B. Pe3ynbrarsl, peacTaBieHHbIE B Ta0-

17 = J"l

cocrasiger 3—-5%
/] ’
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YTO HECKOJIBKO BBIIIE COOTBETCTBYIOUIMX OTHOCHUTEIBHBIX OTKIOHEHHH JUIS MOJEIBHBIX CHCTEM.
Cremyer Takke OTMETHTB, YTO B JIaHHOM CiTydae MeTOJ Oa3MCHBIX (YHKIMH JaeT Jy4lIuid pe-
3yNBTaT 10 CPAaBHEHUIO ¢ MOAMGHUINPOBaHHBIM MeTonoM Ppuamana.

CpaBHeHue puc. 6 U puc. 7 OOHapyKHBaeT PAa3HTEIBHOE PA3NIUYUe MEXKIY <«IKCIEpH-
MEHTaAIbHOWY» WHTEHCHUBHOCTBHIO M TOYCUYHBIMH HMHTCHCUBHOCTAMH, BOCCTAHOBJIICHHBIMU C IIOMO-
IbIO obounx MECTOAOB. Yro KacaeTcs CpaBHCHHUS BOCCTAHOBJICHHBIX TOYCYHBIX MHTEHCUBHOCTEH
111 = L

11l
CTBO MOXXHO O6’B$ICHI/ITL, BO-TICPBLIX, HeN30eKHBIMU SKCIICPUMCHTAJIbHBIMHA ITOTPCUIHOCTAMU, BO-
BTOPLIX, HEAOCTATOYHBIM KOJIMYCCTBOM JKCIICPUMCEHTAJIBHBIX TOYCK HAa HAYAJIbHBIX YUYaCTKax WH-
JUKaTpUC pacCeaHusd U, B-TPCTbHUX, MAJIbIM YHUCJIOM CaMUX WHAWUKATPHUC PACCCAHUA MPU Pa3HBIX
yIJIax ( OpUEeHTaluu oOpasla.

C 1enbio OTOIHUTEIBFHOTO TTOATBEPKACHHS BBICOKOTO YPOBHS KOJUIMMAIIIOHHOTO Iepe-
cyeTa MPOBOAMIOCH CPAaBHEHUE IKCIIEPUMEHTAIBHBIX UHIUKATPUC PACCESTHUS, U3MEPEHHBIX TPH
Pa3IMYHBIX yIIaX ¢, C CEUCHUSIMU (COOTBETCTBYIOLIMMH TEM K€ YIJIaM () OBEPXHOCTH BOCCTa-
HOBJICHHOHM TOYEYHOW MHTEHCHBHOCTH paccesHus. [IpuBoanmble Ha puc. 8 ceueHHs OTHOCATCS
K MeToxny OasucHBIX (yHKIWH, a Ha puc. 9 — Kk urepauroHHOoMy meroay. Kak BuAHO, ceueHus,
MMOJIY4YCHHBIC obonmu MCTOAAaMHU, OYCHb XOPOIIO COBIMAAAaOT C COOTBETCTBYIOIIMMHU SKCIICPUMCH-
TAJIbHBIMU MHAWKATPHUCAMU PACCCIAHMA.

paccesiHus, TO UX OTHOCUTEIbHOE OTKJIOHCHHE okaszeiBaeTcs ~20%. ITo 00CTOSATEIb-
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PACS 62

MeToaoM aTOMHO-CHJIOBOII MUKPOCKOIIHH OIPEENICHBI JKECTKOCTh U MOAY/Ib HOHra mpupoOnHBIX U CHUHTETHUECKUX
HAHOTPYOOK T'MIpPOCWIIMKAaTa MarHusi cO CTPYKTypod Xpu3oTwia. [okazaHbl OCHOBHBIC (DAKTOPHI, BIMSIONINE Ha
TOYHOCTb MOIy4YEHHBIX PE3YNIBTATOB.

KiroueBbie cJI0Ba: aTOMHO-CHAJIOBAsE MUKPOCKOIIHSI, XPU30TUI, CHIMKATHBIC HAHOTPYOKH, MOys FOHra.

1. BaeaeHue

Pe3ynbrarel nccienoBaHuii 0 aHAIU3Y BIUSHUSA COCTaBa, (POPMBI, pa3MEPOB HAaHOTPYOOK
Ha CBOMCTBAa HAHOYACTHUI[ U COAEPKAILUX MX HAHOKOMIIO3UTOB IOKA3bIBAIOT IEPCIEKTUBHOCTH
UCIIOJIb30BaHUSI HAHOTPYOOK JUIs MOJTy4YeHHUs] HAHOKOMITO3UTOB (CM., Harpumep, padboTsl [1-4]).

OnHuM u3 Hambolsiee MIMPOKO PACTIPOCTPAHEHHBIX THIIOB HAHOTPYOOK SIBIISIOTCS THI-
pocUIIMKaTHbIE HAHOCBUTKH [5, 6]. B pabotax [7, 8] paccMarpuBaiuch BONPOCH! MOJIyHEHUS
HAaHOKOMITO3UTOB, COAEPIKAIINX B Ka4eCTBE HAMOJHHUTENSI HAHOYACTHIIEI HA OCHOBE THUAPOCHIIH-
KaTOB MarHusi, C MOBBIIICHHBIMU MEXaHUYECKUMHU U HOBBIMHM (YHKLIHMOHAJIBHBIMU CBOMCTBaMH,
CBSI3aHHBIMH, B YACTHOCTH, C 0COOEHHOCTSMH TPAHCIOPTHBIX XapaKTEPUCTHK TAKUX MaTepHAaIIOB.
[TepcnieKTUBHBIM MOXKET OBITh M CO3JJaHNE KaTaJIN3aTOPOB HA OCHOBE MOA0OHBIX HAHOKOMIIO3HUTOB.

HecmoTps Ha moirydeHHbIe B psifie paboT MOJIOKUTEIBHBIE Pe3yIbTaThl 10 pa3padoTKe Ha-
HOKOMIIO3HTOB, OTCYTCTBUE Pa3BUTHIX TEOPHIA, KOTOPhIE MOIJIH OBl OMHCATh BIUSHHUE COCTaBa H
CTPOCHHUSI MaTPUIBl © HAHOPA3MEPHBIX BKIIOUCHUI HAa CBOHCTBAa KOMITO3UIIMOHHBIX MaTepHAJIOB,
CYLIECTBEHHO OIpaHMYMBAET BO3ZMOXHOCTH XUMHUYECKOTO KOHCTPYHUPOBAHUS ITOJOOHBIX HAHOKOM-
no3uToB. B cBorO ouepenb, co3naHME TAaKUX TEOPHH 3aTPyAHEHO H3-3a HEJOCTATOYHOro 00bEMa
HKCIIEPUMEHTANIBHBIX JIaHHBIX O MEXaHMUYECKUX U (DyHKIMOHAJIBHBIX XapaKTEpPUCTHKAX HaHOYa-
CTHLL, a IEPEHOC CBOMCTB BEIIeCTBA B MAKpOOOBEME HAa HAHOYACTHILIBI TOTO K€ COCTaBa BO MHOTUX
cirydasix He mpaBoMepeH [9]. B cBsi3u ¢ nepeunciieHHBIME TPUYHHAME aKTYaIbHBIM SIBIISIETCS TIPO-
BEJICHUE CHCTEMAaTHYECKOTO MCCICAOBAHMS 110 M3YUYECHHIO MEXaHMYECKUX CBOMCTB HAHOTPYOOK H
CpaBHEHHE MOJTYYCHHBIX PE3YJIBTaTOB C COOTBETCTBYIOIINMH JTAHHBIMH IS MACCUBHBIX 00pa3IoB
TOTO € COCTaBa.
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[TepcrieKTUBHBIM 0OBEKTOM I TOJJOOHOTO UCCIIEOBAHUS MOXKET OBITh HAHOTYOYIIAPHBIN
rUIpocuInKar Maraus coctaBa MgsSioO5(OH),. [lanHOE BeriecTBO MOXKET HaXOAUThCS B (op-
Me KaKk Makpopa3MepHbIX 00pa3l0B Ha OCHOBE MUHEpalia XpU30TWIa, MPEICTABISIONIEro cO00M
IUIOTHO YTAaKOBaHHbBIE MyYKH HAHOCBUTKOB, TaK U OTIEJIBbHBIX HAHOCBUTKOB TOTO K€ COCTaBa.
HanocButku nomyvarot 1100 ne3arperanueil MuHepana xpusoruwia [10], 1160 cuHTe30M U3 co-
OTBETCTBYIOIIMX PEareHTOB B THIPOTEPMAIbHBIX ycioBusx [11].

Mexannueckue CBOMCTBA HAHOPA3MEPHBIX 0OBEKTOB MOXKHO OMPEIEISATh UCTIONB3YsS Me-
TOJIBI aTOMHO-CHJIOBOM Mukpockormuu (ACM), ckanupytomieit anekrponHoit (COM) u paxe on-
ThYeckoil Mukpockonuu [12]. B pabore [13] ¢ momomisio ACM wuccieoBaiuch MEXaHUYECKHE
XapaKTePUCTUKU HAHOCBUTKOB cocTaBa MgsSioO5(OH),, cMHTE3UpOBaHHBIX THAPOTEPMATEHBIM
MeTosioM. HaHOCBUTKH pacnbuBsUIMCh Ha cnieruanbHbie GaAs MOMAJIOKKHU C TPAHIISSIMU ITUPUHON
500-600 uM u TryomHou 200-300 HM, CO3MAaHHBIMH C MOMOIIBIO CHOKYCHPOBAHHOTO MOHHOTO
My4yka. ¥ HaHOCBUTKOB, CPOPMHUPOBABIINX MOCTHKHU HaJ TpaHuiesmu B GaAs, usmepsiach Jiate-
pasibHas KECTKOCTh. Takoil BapuaHT HAHOMEXAaHMYECKOTO SKcrepuMeHnTa [14] mo3Bomser cyie-
CTBEHHO MIOHU3UTH BEPOSITHOCTH HEXKENATeIbHOTO COCKAIb3bIBAaHMUS KOHUMKA 30H]1a C HAHOCBUTKA.
OpHaxko, 171 TOBBILIEHUSI TOYHOCTH U3MEPEHUM TpeOyeTcs TECTUPOBATH JIUIITL HAHOCBUTKHU pac-
MOJIOKEHHBIE TTapaJUIeIbHO KaHTUJIEBEPY, YTO 3HAUYUTEIHHO YBEIMUYMUBAET BPEMsI HKCIIEPUMEHTOB.
[Tony4yeHHsbie JaHHbBIE TOKA3aTH OOJBINON pa3dpoc 3HaueHui moayns FOnra (159+125 I'la, [13]),
KoTopbIit coctaBisut moutn 100%. B paboTte He mpencTaBiIeHbl U HE 00CYKAAIOTCS KaTHOPOBOY-
HBIE U3MEPEHUS Ha «yCIIOBHO OECKOHEUHO TBEPAOM» 00BEKTE, KOTOPBIE MOTIH Obl BHIIBUTH YHUCTO
METOANYECKUN BKJIaA B OmKOKY. CTob OoJbIIas HEONpeIeJIeHHOCTh PE3YIBTaTOB MOIJIa MPOUC-
XOJIUTh TaKXKe M U3-3a TOTO, YTO JJIsl OT/IEIbHON HAHOTPYOKHU MPAKTUYECKHU HEBO3MOXKHO KOHTPO-
JUPOBATh TOUHO XUMUYECKHUI COCTaB (B YACTHOCTH COJEpKaHHEe COPOUPOBAHHON HAHOTPYyOKaMHu
U3 BO3JlyXa BOJBI, APYTUX KOMIIOHEHT ra3oBoi (assl).

[lepeuricneHHble TPUYUHBI HHULIMHAPOBAIN TMPOBEIEHUE TAHHOTO CPAaBHUTEIBHOTO HC-
CJIEIOBAaHMUSA MEXaHHUYECKOTO TMOBEACHUS MPUPOAHBIX U CHUHTETUYECKHMX HAHOCBUTKOB C IIOMO-
mero ACM.

2. 3Kc1’[epI/IMeHTaJ'II)Haﬂ 4acTb

Jlns nccnenoBaHuii ObUTM UCTIOIB30BAHBI HAHOCBUTKH, MOJYYEHHbIE PACIICIIIICHUEM ITy4-
KOB MHMHEpaja XpHU30TWiIa 110 MeTtoauke, onucadHoi B [10]. Kpome sToro, ucnonb3oBaiuch Ha-
HOCBUTKHU CHHTE3MPOBAaHHBIE TUAPOTEPMAIIbLHBIM METOIOM B BOJIHOM pacTBope, coaepxarieM 0.5
mac. % NaOH, u3 amopdnoro SiO; (aspocun A-300) u kpuctammuueckoro Mg(OH), (Temmnepary-
pa cunresa — 400 ©C, naBnenue — 50 MIla, mpo0IKUTENLHOCTS FHAPOTEPMANILHOM 00pabOTKH —
9 yacoB). Be16op ycioBuii cuHTE3a OCYIIECTBISIICSA HA OCHOBE pe3yibTaToB padboTsl [11], ucxons
U3 mpuHIHNa GOpMUPOBAHUS HAUOOJIEe COBEPIICHHBIX MO CTPOCHHIO HAHOCBUTKOB LIMIHHIIPH-
4yecKoi (hopMbl. DIIEMEHTHBIN COCTaB 00pa3lioB OMPEAETSIICS METOIOM PEHTTEHO-CIEKTPaIbHOTO
mukpoanaiu3za (PCMA) ¢ nmomomipio ckaHupyroniero aekrponHoro mukpockorna FEI Quanta
200 c suepronucriepcuoHHbIM ananuzaropom EDAX. JlaHHbIe 37IEMEHTHOTO aHaJIM3a MPUBEACHBI
B Ta0m. 1.

CTpyKTypHOE COCTOSSHUE 00pa3lioB UCCIIENOBATIOCH METOIOM PEHTTEHOBCKOM Iu(pakTo-
MeTpuu nopoikos (audpakromerp Shimadzu XRD 7000, CuK ,-u3nydenue). COOTBETCTBYOIINE
pe3ynbTaThl IPUBEIEHBI Ha pucC. 1.

Mopdonornyeckne 0COOEHHOCTH U TEOMETPHUECKUE TTapaMeTphl HAHOTPYOOK OTIpesiess-
JIUCh METOJIOM IPOCBEUUBAIOLIEH AeKTpOoHHON Mukpockonuu (ITOM). Uccnenoanus npoBoau-
much Ha npudope JEOL JEM-2100F.

g onpeneneHus MEXaHUYECKUX XapaKTEPUCTUK HAHOCBUTKU OCAXKAAINCH U3 BOAHOMU
CYCIIEH3UH Ha TPEKOBbIE JIaBCAaHOBbIE MeMOpaHbl cO cperHuM auameTpoMm mop 0.6 MKM (cM.
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puc. 2). O6pa3ipl CyIIWINCh B TEYCHHE CYTOK B OOBIYHBIX aTMOC(EpPHBIX YCIOBHSIX MPH OT-
HOCUTEJIBHOW BIIaKHOCTU OKoso 40% u 3areM B 3THX K€ YCIOBHAX HccieaoBaiuch Ha ACM
Hurerpa Aypa (HTM/IT), ¢ npumenenuem 3ou10B NSGO03, NSGO1 u NSG10 ¢ xapakTepHbIMH
x&ctroctsimu ko 1.7, 5 u 12 H/m, coorBercTBerHO [15].

st u3MepeHuss MEXaHUYECKUX MapaMeTpoB (BEpTUKaJIbHAs KOHTAKTHAs JKECTKOCTh kg,
monyib FOura Eg) BbIOMpaINCh HAHOCBUTKH, 00PA30BBIBABIINE «MOCTHK» Yepe3 IOpY B MEM-
OpaHe, WM HAaBUCAIOIIYIO HAJ MOPOU «KOHCOJb» (CM. puc. 3). Bmons mpogoinbHON ocH Takux
HAaHOCBUTKOB n3Mepsuiach cepust ACM cHUIOBBIX KPUBBIX (3aBUCUMOCTh CHIIBI [, ¢ KOTOPOH 30H]
JABUT Ha MOBEPXHOCTh HAHOCBUTKA, MPOTUOAst €ro, OT BEPTHKAIBHOM 2 KOOpJAUHATHI 00pasIa).

Bo Bpems u3MepeHHIl BepTHKAIbHON >KECTKOCTH HAaHOYCTPOICTBA MOINIO MPOHCXOAUTH
COCKaJlb3bIBaHUE 30HIa ¢ 0Opasia. MOMEHT COCKab3bIBaHHs, OJHAKO, (PUKCHPOBAJICA MO pe3-
KOMY M3MEHCHHIO HAKJIOHA B HArpy304HO# F'(z)-KpHUBO#l M BO3HHKAIOLIEMY HECOBIAJICHHUIO Ha-
IPY30YHO W pasrpy304HON 3aBHCHUMOCTEH, T.. MO MOSIBICHHIO rHcTepe3nca B F'(z)-KpHBBIX.
[Ipu HabGmrOmeHNM COCKAJIb3BIBAHMS TOJIOKEHUWE W HANpaBlieHWE JIMHHUH, BJIOJb KOTOPOU H3Me-
psinack cepusi F'(2)-KpUBBIX, KOPPEKTUPOBAIKMCH, ¥ M3MEPEHHUs MOBTOPSUIMCH. [locie Kaxaoit
yIa4Ho# cepun noctpoeHus F'(2)-KpUBbIX IPOBOAMIOCH KOHTPOJIBHOE CKaHUPOBaHUE 00JIacTH C
HAaHOYCTPOUCTBOM, YTOOBI YOSIUTHCS, YTO HAHOCBUTOK HE CMECTHJICS OTHOCHUTEIHLHO MOPHI U HE
nehopMUPOBaJICs HEYIIPYTHUM 00pa3oM.

3. Pe3yabtarbl U UX 00CykKIeHHE

Jannbie PCMA 103BOJISIIOT 3aKITIOYUTh, YTO 00Pa3Ibl IPUPOIHOTO M CHHTETUYECKOTO Ha-
HOTYOYJISIPHOTO THJIPOCUIINKATa MarHHs HE COACPIKaT MPUMECEH B KOJIMYECTBE, OOJIBIIEM Mpeiena
oOHapyxeHus MeToja (cM. Tabm. 1). Cieayer OTMETUTh, YTO COCTaB, Oosee OJM3KUN K CTEXHOMET-
PHUYECKOMY, XapaKTepeH Jisi 00pa3lloB HAHOCBUTKOB, TOJYYCHHBIX Jie3arperaneii mpupoIHOTo
MUHEpana.

JlaHHBIE PEHTTCHOBCKOW TU(PPAKTOMETPUU OOOUX THIIOB HCCIICAYEMBIX 00pa3IoB HE 3a-
(UKCUPOBATH TIPUCYTCTBHS B KAKOM-THOO 3aMETHOM KOJIMYECTBE IPYTrux (a3, KpoMe XpU30THIIa
(cm. puc. 1). Bmecte ¢ Tem, st oOpasiia, COCTOSIIIETO W3 HAHOCBUTKOB, TIOJYYEHHBIX CHUHTE30M
B THJJPOTEPMAJIbHBIX YCIOBUX, XapaKTEPHBI 00JIee MIMPOKUE JIMHUH PEHTTCHOBCKOM THU(PaKITUH.
DTO MOXET OBITh CBSI3aHO C OOJIBIICH HEOAHOPOTHOCTIO B UX CTPOCHUM M 3HAYCHUSX MOpdoIIo-
THYECKUX MTapaMeTPOB, a TAKXKe NEePEKTHOCTHIO CTPYKTYPHI.

TABTMIA 1. Tabmuna 1. CocTaB ucciaeToOBaHHBIX 00pa3IoB

b 0
BetecTso gJICMeHTHBII/I cl\(/)ICgTaB, ) - Mg:Si
Mumnepan xpuzotua*) 59.3+0.4 23.9+0.4 16.8+0.1 1.4240.03
CuHTeTHYECKHI 57.6£0.5 24.54+0.3 17.940.2 1.3740.02
THIPOCHIINKAT MarHus*)
Teopernueckas popmyna | 64.28 21.43 14.29 1.50
Mg;Si05(0OH),

[Ipumeuanue: *) nanabpie PCMA
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TABINIA 2. Tabnuma 2. Pa3mepHble 1 MEXaHHYECKUE XapaKTEPUCTUKN HAHOCBUTKOB

Tun Hanoobwekra | ko, Hm |, oM | D, um | Eg, T'la
Je3arperupoBaHHbIi MUHEpAT XPU30TUI
MOCTHUK 5.4 480 32 60£15
MOCTHUK 0.50 1080 32 64+16
MOCTHK 2.1 630 30 69+17
nBOMHON MocTuk | 2.0 710 22727 99+25
MOCTHUK 7.3 660 36 133+33
KOHCOJIb 0.84 290 28 227+57
cpeHee 3HAYCHHUE 29+5 109+64
CHUHTETUYECKHUIN TUAPOCUIIUKAT MarHus
MOCTHUK 2.5 760 31 126432
MOCTHUK 0.32 1170 23 195+49
MOCTHUK 19 880 48 259+65
MOCTHK 1.8 730 22 318480
MOCTHK 3.0 910 29 339485
MOCTHUK 3.7 820 27 407+£102
MOCTHUK 7.7 780 28 631158
MOCTHUK 4.0 930 27 6424161
CpelHee 3HauCHUe 2948 364+189
[IpupoaHelil XpU30THII B MAKpPOCOCTOSIHUM [23, 24] 160...210
CunTeTHYeCcKui TuApOCHIIMKAT Maraus [13] 16...336
Boroxa a-SisN, [25] MEPHEHIUKYISIPHO BOJIOKHY 277
napasuieibHO BOJOKHY 302

Ha ACM wu3o0pakeHusx (puc. 2) mokasana MOpQOIOrHus NPUPOIHBIX U CHHTETHUECKUX
00pa310B HAaHOCBUTKOB. HaHOCBUTKHM, IMOJydyeHHBIE Je3arperanveidl MuHepajga XpU30THia, J10-
CTUTAIOT B AJIMHY HCCKOJIBKUX IOCCATKOB MHMKPOH, & CMHTC3UPOBAHHLIC M3 PCArCHTOB B I'MApPO-
TEPMaJIbHBIX YCIIOBUAX UMEIOT XapaKTEPHBIA pa3Mep OKOJIO OAHOIO MUKpPOHA. [[pyrum ornudrem
06pa3u0B HAaHOCBHUTKOB, IIPUTI'OTOBJICHHBIX I[esarperauneﬁ MNpUPOAHOTO XPU30THIIA, ABIIACTCA UX
OoJiee OTHOPOIHOE pacIpe/ielIeHUE 10 BEJTMYMHE BHEIIHETO TUaMETPa, KaK MOXKHO 3aKJIFOUYUTh U3
aHaJM3a pa3MEpHBIX MapaMeTPOB BEIOOPKH HAHOCBUTKOB, [UISI KOTOPBIX MPOBOAMIOCH ONpe/ese-
HUE MEXaHMUYECKUX XapakTepucTUK (cMm. Tadm. 2). Cieayer OTMETHTh, YTO MOAOOHBIC Pa3InHUs
B TEOMETPHYECKUX MapaMeTpax HAHOCBUTKOB XOPOIIO KOPPEIUPYIOT ¢ BhIBOIAMH padoThl [16],
€CIIM y4eCTh (PaKT 3HAUUTEITBHO OOJBIICH MPOIOIKUTEIBHOCTH (POPMHUPOBAHUS TIPUPOJHOTO MH-
HEpajia XpU30TUiIa 1o CpaBHCHUIO C CUHTC3UPOBAHHBIMHU HAHOCBUTKAMM.

Ha puc. 3.6 npencrasiensl F'(z)-KpUBbIE, KOTOPBIC XapaKTEPU3YIOT IBE Pa3inYHbIC TOY-
KN HaHOTp}I6KI/I: B CCPCAMHC «MOCTHKa», KOTa KOHTAKT Hanbonee nogaTiinB, U Hax TBCpHOﬁ
HOIUIO)KKOI\/JI, KOraa KOHTAKT HaMMEHEC IIOJaTJIMB. JlokanbHass M3rnOHas )XECTKOCTh HAHOCBUTKA
BbIYUCIAIACh CTAHAAPTHBIM 06pa30M, TAKIKC KaK KOHTaKTHas KCCTKOCTb, HAIIPUMEP, HA MATKOM
MOJINMEPHOM 00pas3iie, 1o CleayIoeMy Bbipaxkenuto [17]:

S
ks =k ———, (1)
(So—9)
e S u Sy — HakinoH F(z) Ha Msrkom o0pasiie (posib KOTOPOTO BHIMOIHSET y4aCTOK HAHOCBHUTKA
HaJI TI0POii) U, COOTBETCTBEHHO, HA TBEPIOM MOIOKKE (MM HA YUaCTKE HAHOCBHUTKA HAJl TBEPIOH

MOJITIOKKON); k¢ — KECTKOCTh 30H/a, onpenensemas o anroputmy Canepa [18].
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O-XpPH30THII

| NI TN T (T TN NN TN (TN SN T NN SN SN S N
10 15 20 25 30 35 40 45 50 55 60
20, rpan.

Puc. 1. udpakrorpaMMsl IPUPOIHOTO (2) U CHHTETUYECKOTO (0) XpHU30THIIA

Puc. 2. INonykontaktHoe ACM n3o0pakeHre HAaHOCBUTKOB XpU30THIIA, OCAXKICH-
HBIX Ha MOPUCTYI0 MeMOpaHy: (a) NpUpoHbIi, (0) CUHTETHYECKUI
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F.nN 1 |
45

---13

Puc. 3. a— ACM u3obpakeHre CHHTETHYECKOr0 HAaHOCBUTKA, C(HOPMHUPOBABILIETO
MOCTHK Haj nopoid. [{udpamu yka3aHbl TOUKH U3MEPEHHS JIOKATHHON KECTKOCTH,
M0 3HAUEHUSIM KOTOPOIi OIpeensiiack H3ruOHas KeCTKOCTh MocTuka; 6 — Cuio-
BbI€ KpPHBBIC, N3MEPEHHBIC B YKa3aHHBIX Ha (@) TOUKax

Monyne FOHra 11 HaHOTPYOKHM KOJIBLIEBOTO CEUEHMsSI PACCUMTHIBAICS 10 3HAYEHHIO Kg,
U3MEPEHHOMY B CEpEMHE MOCTHMKA HJIM Ha KOHIIE KOHCOJH, ¥ COOTHOLICHUSM, CICIYIOUINM H3
Teopuu ynpyroctu [19]:

ke I3
EFg=a— — 2
57 T3r DV @
e a = 1 ana Moctuka M «« = 64 19 KOHCOJMW; [ — JUIMHA JIeKalled Haja MOpod 4YacTH

HAHOCBHTKA; [) — BHEIIHUN JTUaMETpP CBUTKA.

Paccuntannbie TakuM o0Opa3oM 3HaueHUs KEcTKOCTH W Momyns FOHra Juist pa3iudHBIX
HAHOCBHUTKOB MPEACTABIEHBI B Ta0N. 2. AHAIHU3 MOJYYEHHBIX PE3yJIbTaTOB MOKA3bIBAET, UTO Pa3-
Opoc 3HaueHuit Momyis FOHra CMHTETHUYeCKUX HAaHOCBUTKOB CYIIECTBEHHO BBIIIE, YEM MOIY4EH-
HBIX Jie3arperanyeil mpupoIHOro XpU30TUIIA TOTO ke cocTaBa. [Ipu sToM cienyer OTMETHTD, YTO
pa3zopoc 3HadeHuit Moy FOHra, onpeennéHHbIX B JaHHOUW paboTe, MeHbIle, 4eM B padore [13].

Opno#t u3 mpuuKH, o0yciaBIMBaOIUX pazdpoc BenuunH Monyieit KOnra, sBisercs mo-
TPEIIHOCTh ONpeAeNeHus KECTKOCTH HAaHOTPYOKH, CBSI3aHHAS ¢ OIIMOKaMU M3MEPEHMI mapameT-
poB ke, Sp u S. Ucnonwsys (1), a Takxke nonarasg 0S5y = 05 = o (B o0ouX ciayyasx OIINO-
Ka OTpesieNsieTcs IyMaMH CUTHalla OTKJIOHEHUs KaHTuiesepa, DFL, mponopimoHaabHOrO cuiie
B3aUMOJICHCTBUS), MOXKHO TOJIYYUTh CJIEAYIONIEe COOTHOIICHUE MJii OTHOCUTEIBHOW OLIMOKU

u3MepeHui kg:
okg oke 2 o \?
- i = 3
oo(5E) e (g) ®

2
s“+1
Go1 ®Oynkuus P (s) uMeer MEHEMYM TIpH 3HaueHud s = 0.4534
s—1)%-s
(P (s),,;, = 19.63), npu 9TOM TaKKe MUHHMAJIbHA U OTHOCHTE/IbHAs OLIMOKA.
Cornacho (3), cieayeT y4uTbIBaTh JBa BKJa/Ja B OTHOCUTEJIbHYIO OLIMOKY H3MEpEeHUil

YKECTKOCTH HAHOYCTPOMCTBA: OMIMOKY KaTHOPOBKHM M OIIMOKY B ONpEeICHINH KPYTU3HBI. AHAIH3

e s = 5/S, P (s) =
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pabor [20-22] moka3siBaeT, 4yTo NMpuMeHeHue anroputma Cazepa Mo3BOJIIET KaIUOPOBaTh KECT-
KOCTh KaHTUIICBEpA C HEOMpPEAeNCHHOCThIO 0k /kc Ha ypoBHe 20%. OTHOCHTENbHAS OMIHOKA
M3MepEeHHi KPYTH3HBI 0 /Sy OOBIYHO CYIIECTBEHHO MeHbe. JleiicTBuTensHo, npu nryme DFL
curHana 0.2 HM, YpOBEHb OTHOCUTENIbHOI omnOku B 2 % mpu onpeneneHuu kpyTtusHsl DFL(z)
JOCTUTACTCS JUTS CMeIleHns oOpas3na Ha paccrosaue 2z = 10 HM. O0a BKIaja CO3Jal0T CyM-
MapHyto omubKy He Gonee 25% Ha oTpeske 3Hauenuil s € [0.17,0.78], korma @ (s) < 56. B
COOTBETCTBUH C BoIpakeHHeM (1) 3TOT 0Tpe3ok 3agaeT 00aacTs 3HaveHuit ks € [0.2- ke, 3.5 ko,
BHYTPU KOTOPOM OTHOCHTENbHas TOYHOCTb M3MEPEHHM He MpeBocxonuT 25% u, B OCHOBHOM,
oTpesieNsieTcs] OMUOKON KaINnOPOBKH.

[To aHaJIOTHU C aHAJIU30M OLIMOKU M3MepeHuit kg, MOXKHO MOKa3aTh, YTO OTHOCUTEIbHAS
ommoOKa eqMHIYHOTO M3Mepenust moayist HOura, o Fg/ g, Oynet onpenensaTbesi HEOnpeIeIeHHO-
cThi0 0k /kg IPH TOCTATOYHO TOYHOM M3MEPEHHHU HAMETpa U JUTMHBI HaHOyCTpoiicTBa. Hampu-
Mep, nycth okg/ks = 0.25, Torma coxpanenue oFg/Fg npuOIU3UTENbHO HA TOM € YPOBHE
TpeOyeT BBIMOJHEHHS IBYX ycnoBuii:ol/l << 1/12u cD/D << 1/16. XapakrepHblii Auamerp
HOpBI, HAJI KOTOPOM pacroyiaraeTcsl n3y4aeMblii HAHOCBUTOK, COCTaBiIsieT okosio 600 HM, ¥ TOY-
HOCTb B M3MEPEHHH JUIMHBI JTydine 50 HM JIETKO JOCTUraeTcs. 3HaUYeHHUs MOMEPEYHOro pa3mepa
HAaHOCBHTKA (JIHaMeTpa) ONPEIEIIIIOCH 110 €0 BHICOTE Ha TOIIOKKE. [[IIOCKHME YyUaCTKH TPEKOBOM
MeMOpaHbl KMEIOT CPEHEKBAIPATUYHOE OTKIIOHEHHE 110 BBICOTE 5 HM U 3€PHHCTYIO CTPYKTYPY €
XapaKTepPHBIM pazMepoM 3epHa 0koJio 50 HM. [T0CKOIbKY TUIIMYHBIN THaMeTp HaHOCBHUTKA 30 HM,
BBITIOJIHUTE BTOPOE YCJIOBHE OBLIO 3HAYMTEIBHO CIIOXKHEe. VI3MepeHust auaMeTpa HeOOX0IUMOi
TOYHOCTH (TIOTPEITHOCTH OKOJIO 1 HM) GBUIM BO3BMOXHBI Y HEM30THYTHIX MPSAMBIX HAHOCBUTKOB,
00J1aJaf0IINX YYaCTKOM I10 KpailHed Mepe MUKPOHHOM JUIMHBI, OITMPAOIIAMCS Ha MOUIOKKY. Ta-
KUM 00pasoM, MOXKHO 3aKJIFOYHTh, YTO TOYHOCTH ONpeesieHnst Moayiist FOHra HaHOCBHTKA THAPO-
CHJIMKAaTa MarHus cocTabisieT 25% BCIIEACTBHE B OCHOBHOM IOTPEIIHOCTH U3MEPEHUS M3THOHOM
’KECTKOCTH HAHOCBUTKA, a TAKKe OIMOKHM M3MEPEHUIA €r0 IHaMeTpa, BHOCSIIIEH BTOPOCTENCHHBIH
BKJIAJ[ B OOLIYI0 HHCTPYMEHTAJIBHYIO OIPEIIHOCTb.

AHanM3 KCIIEPUMEHTAIBHBIX JJAHHBIX ITOKa3bIBAET, YTO CTATUCTHYECKUI pa3Opoc 3Have-
Hui Moxayist FOHra HaHOCBHUTKOB, KaK IPaBWIIO, CYIIECTBEHHO NPEBBIIIACT WHCTPYMEHTAIBHYIO
HOTPENTHOCTh dKcnepuMenTa. ComocraBieHne 3Ha4eHnid Moayist KOHra oTebHBIX HAHOCBUTKOB
CO 3HAUCHMSMH MX Hapy)KHOTO JaMeTpa He IMO3BOJISIET OOHAPYKUTh KaKUX-JIMOO KOPPEIsIui
(cM. Tabm. 2). Bmecte ¢ Tem, ciieyeT OTMETUTD, YTO MEHBILINHI pa3opoc B 3HaYeHUIX Moayis FOH-
ra HaOJIIOaeTCsl y HAHOCBUTKOB, MOJTyYEHHBIX Jie3arperaueid MUHepaia XpH30THIa, ISl KOTOPBIX
XapaKTepeH M MEHbIINN pa30dpoc B BEJIMYMHE HAPYKHOTO JuameTpa (cM. Tabdia. 2). BozmoxkHo,
pasnuuus B BenuunHe Moayist FOHra onpenernstoTcsi CTpYKTypHBIMH OCOOECHHOCTSIMH OTIEIIBHBIX
HAaHOCBHUTKOB. B 4acTHOCTH, CyIIeCTBEHHOE BIMSHHE Ha MEXaHHUUYECKHE XapaKTEPHCTHKH Be-
IIECTBA, HAXOJIIETOCS B HAHOPAa3MEPHOM COCTOSHHH, MOYKET OKa3bIBaTh IUIOTHOCTH Je(pEeKTOB.
M3BeCTHO O TOBBIIICHHH MEXaHWYECKOH MPOYHOCTH MHOTOCTEHHBIX YIVIEPOTHBIX HAHOTPYOOK,
HO/IBEPTHYTHIX BO3ACHCTBUIO BBICOKOIHEPTETHYECKOTO UIEKTpOHHOTO myyka [12]. CunTeTHnye-
CKME HAHOCBUTKH TUAPOCHIIMKATA MarHusi MOTYT UMETh B CpeTHEM OOJIBIYIO TUIOTHOCTH Ae(eK-
TOB BCJICZICTBUE MEHEE MPOJODKUTENHHOTO niepruoaa popMupoBaHus. B TakoM ciydae pazinmuaue
xEcTKoCcTU U Moayiei KOHra oT/ienbHBIX HAHOCBUTKOB B TIPEJeNiaX OIXHOTO THITa 00yCIaBIBaeT-
Csl MHIMBUAYAJILHON CTETIEHBIO CTPYKTYPHOW U MOP(OIOTHYECKON e(EKTHOCTH HCCIETYEeMBbIX
YaCTHIL, O UM CBUACTEIBCTBYIOT JaHHBIE TIPOCBEYHBAIONICH HIIEKTPOHHON MUKPOCKOTIHH (pHC. 4).

Hpyroii mpuanHON O0JbIIOTO pa3dpoca 3HaueHuM momyns FOHra mMokeT OBITh MOTEH-
[IMAJIFHO BO3MOXKHOE 3aloJHEHHE BHYTPEHHETO KaHaja HAaHOTPYOOK BEIIECTBAMHU Pa3IUYHOIO
COCTaBa, B YaCTHOCTH, aJICOPOMPOBAHHON M3 BO3/IyXa BOOM.
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Emé onHoi npu4yrHoii pa3dpoca MoKeT ObITh CTPYKTYpHAasi HEOJHOPOIHOCTh HAHOTPYOOK,
KOTOPYIO CJIO)KHO OOHApYXHTh IIPU PEHTIEHOCTPYKTYPHOM aHayin3e. B mosib3y Takoro mpezmnosno-
’KEHHs TOBOPUT TO, YTO B COOTBETCTBUM C IIOJYyUYEHHBIMU 3HaUE€HUAMHU MoAyJd FOHra HaHOCBUTKU
MOXHO pa3OUTh Ha HECKOJBKO Ipymi. BHyTpu kaxaoi Takoil rpynmsl 3HadeHus Monyns FOHra
paznuuaroTcs ciabo U Jiexar B peaesiax HHCTPYMEHTAIBbHOW IOrPEIIHOCTH.

3nauenust moaysist FOHra, onpeneseHHbIe 111 MaKpoOoOpa3I[0B MUHEpaia XprU30THIIa, IpeI-
CTaBJISIIOIIEr0 cO00 My4KH CPOCIIUXCS IPYT C IPYIOM HaHOCBUTKOB, JekaT B oOnactax 160-210
I'Tla mo nanubIM padot [23, 24], T.€. 3aHUMAIOT CPEIHEE TOJIOKEHNE OTHOCUTEIHLHO COBOKYITHOCTH
JAHHBIX O 3HaYeHUsIX Moayisi FOHTra OoT/enbHBIX HAHOCBUTKOB (CM. Taoi. 2).

Comnocrasnenue 3HaueHud Moayis FOHra mMarHui-CUJIMKaTHBIX HAHOCBUTKOB, IIPUBE/IEH-
HbIX B [13] u mony4eHHBIX B JaHHOW padoTe, co 3HaueHusMU Monyisi FOHra apyrux BeIIecTB
IIOKA3bIBAET, YTO €CJIM CPEeIHUE 3HaueHHsl F/g HAaHOCBUTKOB JIeXKaT B 00JacTH, XapaKTepHOH Jis
OKCHUJHBIX U OKCUTMIPOKCHIHBIX (a3, TO MUHMMAJbHbIE M MAaKCUMAaJIbHbIC 3HaYeHUs [g HaHO-
CBUTKOB CYIIECTBEHHO OTJIMYAIOTCS OT Eg (a3 poICTBEHHBIX IO COCTaBY KJIACCOB COEAMHEHHMH
¥ TIPUOJIMKAIOTCS K 3HAYCHUSM Eg MOMMMEPOB (HUKHSISL TpaHuiia 3HaueHu Fg) win GopuIos,
KapOHIOB U HUTPHAOB (BEPXHsIsS IpaHMIA 3HaueHHH Fg). MOXHO 0XHAaTh BapHalyii B 3Ha4Ye-
HUSIX F)g HAHOCBUTKOB B 3aBHCUMOCTHU OT X MOP(OIOTHYECKHX U CTPYKTYPHBIX 0COOCHHOCTE.
B yactHOCTH, HEKOTOpOE moBbIIeHne MoayJsi FOHra xapakTepHO AJisl BEIIECTB C BOJIOKHUCTBIM
CTpPOEHHEM, HO OOBIYHO OHO He mpeBbllaeT 30%, Kak, HalmpuMmep, y HUTpUIA KPEMHHS (CM.
Tabm. 2). I3MeHeHus: B CTPYKType Yy Makpopa3MepHBIX 00pa3IioB, KaK MOKHO 3aKJIIOYUTh U3 aHa-
JIM3a CIIPABOYHBIX JAHHBIX, TAK)KE IPUBOAAT K BapHalUAM B 3HaueHUsAX Moxyns FOHra, HO oueHb
HeOobInuM — 0Kou10 10%. Bonbiive n3MeHeHus B 3Ha4eHUAX Fg y HAHOpa3MEpHBIX YaCTHIL IIPH
UX CTPYKTYpHOH TpaHc(OpMaIK TaK)Ke MaJIOBEPOSITHBI, TOCKOJIbKY SHEPTUsl XUMHUECKOH CBS3H,
olpeelIsAoNIast )KeCTKOCTh (ha3bl, KaK MPaBUIIO, B 3TOM Cllydyae KapJUHAJIbHO HE MEHsIETCS.

AHoMasibHO OoJblas BequunHa Fg A HEKOTOPBIX HAHOCBUTKOB, HE XapaKTepHas JJs
paccMaTpuBaeMOro Kiacca CO€AMHEHUH, HE MOXKET ObITh OTHECEHA K IMOIPEIIHOCTH IKCIIEPUMEH-
ta. B vactHocTH, opmyna (2) maer oneHky cHu3y g moayis HOHra, B cuily 3aj10’)K€HHOTO B
pacueT NpeArnoNIoKeHNs O 3allleMJIEHNN HAaHOCBUTKA HA Kpasx IOpBI, a, HapUMEp, MEPEXon OT
3aleMJIEHUs K ONMPAHUIO JacT YeThIpeXKpaTHoe yBenuueHue moayins [19]. Yuer storo ¢axropa
MIO3BOJISIET TPAKTOBATh TOJIBKO HAOJIOAAEMbIE 3aHIMKEHHbBIE, 110 cpaBHEHHUIO ¢ MoayneM lOnra B
MaKpOCOCTOSIHUM, 3Ha4€HUs Fg, XapaKTepHbIE [UIsl HAHOCBUTKOB, IOJIYYEHHBIX Je3arperanuen
MuHepasa bpu3oTuia. OQHaKo, COBMECTHOE JEHCTBUE BCEX NMEPEYMCIECHHBIX BBILIE IIPUYUH, I10-
BUAMMOMY, MOXET MPHBOAUTH K HAOIIOAAEMOMY B 3KCIIEPUMEHTE pazOpocy 3Ha4eHUN MOIYIIs
IOHra cuHTeTHYECKUX U MPUPOAHBIX HAHOCBUTKOB. J[J1s moydyeHus: 0ojiee TOUHBIX PE3YJIbTaTOB
HEOOXOAMMO KaK COBEPIICHCTBOBAaHHME 3KCIIEPUMEHTAILHOM METOIMKH, TaK M MPOBEIEHUE Ipe-
LU3MOHHOT0 aHAJIU3a CTPOEHUSI, MOP(POIOTUH, 1e(PEKTHOM CTPYKTYpPbI KaXKJI0T0 aHAJTU3UPYEMOTO
HAaHOCBHTKA.

4. 3axiaoueHue

B pabote ¢ nomomsio ACM npoBefieHbl CpaBHUTEIbHBIE U3MEPEHUS U3THOHOM KECTKO-
CTU NPUPOAHBIX U CUHTETUYECKUX HAHOCBUTKOB I'MAPOCUIIMKATAa MarHus, pacrojOKE€HHBIX HaJl
CyOMUKPOHHBIMU TOPaMU Ha TPEKOBOW MeMOpaHe, U ompezaeneHbl 3HaueHus moayins KOnra Ha-
HOCBUTKOB. Pe3ynbTarbl M3MepeHuil MoKa3ajid, YTO JIHUIIb YaCTh HAHOCBUTKOB JEMOHCTPUPYET
3HaueHus [g, XapakTepHble IJs XPHU30TWJIa B MaKpOCOCTOSHMM. B TO ke BpeMs MOryT Ha-
OFONAThCS CYIIECTBEHHBIE OTKJIOHEHHS, KaK B OOJBIIYIO, TAK M B MEHBIIYIO CTOPOHBI OT 3TOTO
3HaueHus. [logoOHOE noBeaeHNEe HAHOCBUTKOB BO3MOXKHO OIPEAEIISETCS COBMECTHBIM 1EHCTBUEM
TakuX (PaKTOPOB, KaK MOIPEUTHOCTD IIPU KATTMOPOBKE KECTKOCTU KaHTUIIEBEPA, BIUSHUE YCIOBUM
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3aKpeIUIeHUs HAHOCBUTKOB Ha KPalo MOPHI, pa3INyius B CTPOCHUU U MOP(HOIOTUYECKUX MapaMeT-
pax HaHOCBUTKOB, B CTEMEHU AEPEKTHOCTU OTACIbHBIX HAHOCBUTKOB, B XapaKTepe U CTEIECHU
3aM0JIHEHMS UX BHYTPEHHETO KaHaJIa, 8 TAK)K€ XUMUYECKOTO COCTaBa U CTPOEHHUS 3aIOJIHSOILIETO
BELIECTBA.

Pabora BbInoHEHA B paMKax (enepanbHoi 1eneBoil nporpammsl «lccnenoBanus u pas-
pabOTKM 110 IPUOPUTETHHIM HAlPaBICHUAM PAa3BUTHS HAyYHO-TEXHOJIOTMUECKOro komiuiekca Poc-
cun Ha 2007-2012 romp» (I'K Ne 16.516.11.6073), a Taxke noanepxana rpanrom POOU 09-01-
00623-a u rpantom Hay4yHoU mikosbl POHIII-3306.2010.2.
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The main problem in manufacturing friction materials is still a lack of sufficient information about the processes
occurring in the surface layers of contacting bodies. This is due to the complexity of the processes which are
taking place during friction and wear and by interdependency of mechanisms at various scale levels. This also may
partly explain the complexity of structure of the composite materials which are used as brake pads, because a wide
range of requirements have to be satisfied for modern braking systems. How variations of material composition
affect the frictional characteristics of the friction pair is still an area of intense research. The present study used
a computational method of the discrete approach — a method of movable cellular automata — to investigate the
interaction of nano-scale features which are typical for the pad-disc-interface during automotive braking. The results
can be useful for understanding the features of interaction of materials and control their performance properties.

Keywords: nanotribology, primary contacts, friction layer, modeling, movable cellular automata method.

1. Introduction

Since commercial brake pads usually are distinguished by very complicated formulations
and the third body is formed by compaction of wear debris, its chemical composition usually is
more complicated than the ones observed for the former applications [1,2]. In fact, third bodies
produced during braking contain chemical elements from all ingredients of the pad formulation in
addition to iron oxide from the cast iron brake disc mixed on a nanoscopic scale with grain sizes
between 10 and approximately 100 nm depending on the type of ingredient. This can be seen
most clearly by sampling wear particles emitted during a braking simulation in a test rig into size
classes <1000 nm and subsequent investigation in an analytical transmission electron microscope
(TEM) [3]. The same nanostructure was observed at the surfaces of pads and discs, proving that
tribofilms are formed on both sides by compaction of wear debris. The films are discontinuous
and usually about 100 nm thick. This finding inspired us to simulate the sliding behaviour of
single asperity contacts covered by such friction layers with a granular computer model choosing
a cell size of 10 nm, according to the smallest detected grain size of the experimentally observed
nanostructure. In a recent review paper [4] we described friction and wear mechanisms taking
place at different length scales during dry friction in automotive braking. The present paper will
recapitulate the essentials for the simulation of smooth sliding conditions at a constant friction
level with the method of movable cellular automata. Furthermore, an extension of the model will
be presented by regarding more complicated material combinations in respect to type and size of
automata, thus resembling more the real nanostructures observed experimentally.
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Table 1. Parameters of model materials

Young | Poisson | Elastic Yield Ultimate ten- | Strain | Breaking

modulus | ratio limit strength | sile strength | at oy strain

E, GPa v oy1, MPa | oy2, MPa os, MPa €y2 €s
Ferritic steel 206 0.28 450 500 550 0.04 0.106
Pearlitic steel 206 0.28 520 800 920 0.04 0.106
Iron oxide 380 0.3 290 305 340 0.008 | 0.009
Graphite 20 0.3 15 35 45 0.05 0.15
Copper 125 0.35 350 390 430 0.03 0.11
Soft copper 120 0.35 175 185 215 0.03 0.11
SiC 150 0.35 3000 4325 5000 0.06 0.18

2. MCA setup description

Theoretical investigation was carried out on the basis of modeling by the method of mov-
able cellular automata (MCA). This choice was determined by the features of the MCA method
to simulate such complicated processes as: mass mixing, damage generation and accumulation
and so on. The formalism of the MCA method has already been described in [5]. The scheme of
chosen two-dimensional setup is depicted in Fig. 1. It simulates a primary contact site according
to Eriksson et al. [6], which is realized on the scale of the order of 1 micron. From pad site is a
steel fibre as supporting substrate material. The supporting material on the disc side is pearlitic
steel which is the matrix of cast iron. The free surfaces of both contacting bodies (first bodies)
were covered with an oxide film consisting of nanoparticles of iron oxide and inclusions of solid
lubricant. All previous simulations were based on the assumption that the solid lubricant had
properties similar to graphite. Than we check the impact of substitution of graphite inclusions
by soft nanoparticles of copper. All parameters of model materials are summarized in Table 1.

&

Supporting substrate:
Nanocrystalline cooper chips
Pad or Ferritic steel fibre

Disc

Fig. 1. Schematic presentation of the modelled pad-disc interface.

The following boundary conditions for modelling were used. A constant sliding velocity
(V) equal to 10 m/s was applied on all particles of the bottom layer of the disc. At the same
time their position in vertical direction was fixed. A constant normal force corresponding to the
contact pressures in the range between P = 15 MPa and P = 50 MPa for different calculations
was acted upon all the elements of the upper layer of pad. For both types of loading a linear
procedure of value increasing was used with the following scheme. Initially the surfaces of pad
and disc were separated. Then the loading with increasing velocity was applied on the particles
of the bottom layer of the disc. Normal pressure was applied on the pad after all particles of
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the disc (not only layer under loading) reach the maximum value of sliding velocity. Periodic
boundary conditions were applied along the sliding direction. So, the number of particles was
constant in the simulation, only redistribution of particles in the contact zone was studied. A
surface profile with roughness on the nanometer scale was set deliberately prior to simulation.
As shown previously, this setting exerts no major impact on the results of simulation [4,5]. The
model calculates position and binding state of each automaton (particle) as well as resulting
tangential forces or Coefficients of Friction (CoF) at the micro-contact for each time step.

3. Pressure dependency of a basic model structure

The main results of previous studies can be summarized as follows [4]: Neither metal-on-
metal contacts nor oxide-on-oxide contacts provide stable friction conditions and a coefficient of
friction (COF) around 0.4 which is desired for braking. A certain amount of soft inclusions within
a rather soft but brittle oxide, like magnetite, is essential for achieving the desired properties. A
prerequisite for smooth sliding behaviour is that a mechanically mixed granular layer (MML) is
formed at the interface between the two first bodies. It has been shown that a volume fraction
of at least 10 vol. % of soft nanoparticles (graphite in this case) is needed to form a MML
irrespective of the applied pressure. Increasing the volume fraction of soft inclusions leads
to a decrease of the COF. Since for braking we need smooth sliding, but a COF as high as
possible, the fraction of soft particles should not be increased much beyond 10 vol %. A value
of 13 vol % has proved to provide an optimum for both, smooth sliding and acceptable friction
level. Although it would be most desirable for braking to have smooth sliding conditions and a
COF irrespective of the applied pressure, a certain impact of pressure on structure formation and
COF is unavoidable. This is demonstrated by Fig. 2 which shows the structures formed during
simulation while applying different amounts of normal pressure. It can be seen clearly in Fig. 2
that, irrespective of applied pressure, there is always a zone of unlinked particles at the interface
between the two third body layers (orange and green). This zone of unlinked particles originating
from both third body films is the MML already mentioned at the beginning of this section. It
is quite clear that the thickness of the MML depends on the applied pressure. This dependency
is shown quantitatively in Fig. 3. The lowest pressure applicable in the model is 17.5 MPa for
the structure with 13 % graphite and 7.5 MPa for a structure with 17.5 % graphite [4]. This is
a quite large value compared to the nominal pressure in the range of 1-4 MPa which usually is
applied during braking. We must keep in mind that we are considering micron-sized asperity
contacts in the model. Therefore a factor of 10 compared to nominal pressure, which is related
to the whole pad area, is reasonable. Furthermore, it should be mentioned that a constant sliding
velocity of 10 m/s was maintained during modelling and that the time step of modelling of
such nanostructures is of the order of 107!3 s, whereas the total time of one simulation was
approximately 5 x 1077 s.

The impact of pressure on MML-thickness does also affect COF-values which are cal-
culated during modelling for each time step. This is shown in Fig. 4. The decrease of the
COF-value with increasing pressure can be attributed to the increasing thickness of a quasi-fluid
granular layer [7], which provides velocity accommodation between the fixed pad and rotating
disc.

4. Effect of additional soft particles of larger size

Larger particles were defined as clusters of the basic nanoparticles with linked states to
their neighbours. Soft copper as defined in [5] was selected as soft ingredient, because such
species was observed experimentally in the third body of automotive brakes. Complete substi-
tution of graphite nanoparticles with the copper clusters did not yield stable sliding conditions,
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Fig. 2. Pressure dependency of the basic model structure after sliding simulations.
The value of normal pressure: a) 17.5MPa; b) 26.3MPa; c) 30.0MPa.
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although breaking of links within the clusters and the release of single copper nanoparticles at
the interface occurred during the simulation. But, since the soft particles were not distributed
homogeneously in the third body, the formation of a mixed layer together with unlinked oxide
particles did not take place.

On the other hand, if only half of the graphite particles of the basic structure were sub-
stituded by the copper clusters, a MML was formed and stable sliding conditions were achieved.
This is shown in Fig. 5a and 5b, respectively. The copper clusters, still visible within the lower
unaffected third body layer, are shown in magenta, and it is obvious that a MML has formed in
which oxide, graphite and copper nanoparticles are distributed homogeneously. The correspond-
ing COF-evolution during the simulation is shown by the black band and green curve in Fig. 5b,
displaying momentary and averaged COF-values, respectively. A completely different behaviour
was obtained with third body layers containing only 5 % graphite nanoinclusions without addi-
tional copper clusters. In this case no MML was formed (Fig. 6a) and COF-fluctuations between
successive time steps remained high (Fig. 6b).

5. Effect of additional hard particles of larger size

The next step towards a more complicated nanostructure, albeit quite realistic with respect
to experimentally observations, is to introduce a certain amount of hard particles into the basic
model structure. We selected SiC as hard particles because the stress-strain behaviour of this
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Fig. 5. a) Structure formation during sliding simulation for third body layers with
5.5 % graphite and 7.5 % coarse copper particles (P=30 MPa); b — Corresponding
COF-evolution.
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Fig. 6. a) Structure formation during sliding simulation for third body layers with
5.5 % graphite only (P=30 MPa); b — Corresponding COF-evolution.

material is well known from nanoindentation measurements not only at ambient but also at
elevated temperatures [8]. Although SiC clusters were built in the same way as the copper
clusters of the previous section, they behaved completely different during sliding simulation, as
shown in Fig. 7. Because of the high mechanical strength of SiC, the bonds between adjacent
nanoparticles within a SiC cluster (magenta colour) are not broken, while the oxide matrix,
weakend by the graphite nanoparticles, forms the same granular layer as without SiC addition.
Since a well developed MML with embedded SiC clusters was formed, smooth sliding with
reduced COF fluctuations between adjacent time steps can be expected. This is shown in Fig. §,
where the scatter band of instantaneous COF-values corresponds to the structure with 4.8 % SiC.
Similar results were obtained with 10 % SiC clusters. The coloured curves show average COF-
values for the different model structures. A slight increase of the stationary COF-level while
adding SiC clusters to the basic structure is revealed, but no significant difference between 4.8
and 10 % SiC is observed. Further simulations based on mechanical properties of SiC at elevated
temperatures also did not change the results significantly (not shown here). This is because SiC
is a hard material compared to magnetite even at 800°C. Fig. 9 provides an overview on the
impacts of pressure and nanostructure on steady-state COF-values as determined by our model.
Obviously, the pressure dependency of COF is not changed by adding hard particles, provided
that these particles are small enough to be incorporated in the MML which forms during sliding
simulation. Nevertheless the COF-level is increased over the whole range of applied pressures.
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Fig. 9. Impact of SiC addition to pressure dependency of COF for friction layers
with 13 % graphite

6. Conclusion

Owing to modelling, the role of solid lubricant inclusions in metal oxide based surface
films can be assessed much better now. In particular, it has been shown that a homogeneous
distribution of at least 10 vol % of soft nanoparticles is sufficient to provide smooth sliding
conditions. Inhomogeneous distribution of the same amount of particles in the form of clusters
would not be sufficient to initiate smooth sliding, but since the clusters are broken into their
constituents easily, the number of effective nanoparticles will increase during tribological stress-
ing, and, if the volume fraction is high enough, a solid lubricant film may form at the surface.
Anyway, in the case of low volume fractions of the order of 10 %, a combination of single
nanoparticles and clusters shows the same smoothing effect as a homogeneous distribution of the
same volume fraction of single nanoinclusions. Thus we can conclude that as long as a certain
amount of about 5 % of soft nanoinclusions is available, the size of additional solid lubricant
additions is not relevant, but only its volume fraction. The additional solid lubricant constituent
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will be crushed down to nanometric size and mixed with released oxide particles within the MML
forming at the interface of the tribological couple. Thus one of the features which determine the
COF of a micro-contact is the volume fraction of the soft ingredient in its third body layer. In
respect to braking this finding is quite important because both types of solid lubricant inclusions
i.e. graphite nanoparticles of 10 nm size and copper nanoparticles of 100 nm size were observed
experimentally. Whereas soft constituents from first bodies will be transformed to nanoparticles
easily, the same can not be expected for hard particles. In fact, this was revealed by the model as
well. Although bonds between automata of the hard material forming clusters of hard particles
are not broken, the bonds between elements at the cluster surface and adjacent third body matrix
as well as within the third body itself are broken during sliding simulation, at least within a
narrow zone at the interface. Thus a granular layer providing velocity accommodation can form,
provided that the diameter of hard particle clusters is not larger as the MML-thickness. This
scenario, revealed by modelling, correlates with experimental observations at third body layers
of brakes which showed hard particles of various sizes.
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In the present paper simple analytical expressions connecting bulk moduli for fullerenes Cyp and Cg with stiffness
of interatomic bond and geometrical characteristics of the fullerenes are derived. Ambiguities related to definition of
the bulk modulus are discussed. Nonlinear volumetrical deformation of the fullerenes is considered. Pressure-volume
dependence for the fullerenes under volumetrical compression are derived. Simple analytical model for volumetrical
vibrations of the fullerenes is proposed. The expression connecting frequencies of volumetrical vibrations for
fullerenes Cyy and Cp with parameters of interatomic interactions are obtained.

Keywords: fullerenes, bulk modulus, vibrations, eigenfrequency, natural frequency.

1. Introduction

The discovery of unique physical and mechanical properties of fullerenes in the end of
XXth century [1] have strongly increased scientific interest to these carbon nanostructures. The
fullerenes are closed spheroidal surfaces, made of pentagons and hexagon with carbon atoms in
tops. During the last several decades a great number of fullerenes have been synthesized [2, 3].
However it is notable that only two of them, C'5y and Cjg, have perfect geometrical shape (dodec-
ahedron and truncated icosahedron respectively). Due to the small size of fullerenes experimental
investigation of their physical and mechanical properties is still a challenge problem for the mod-
ern physics. That is why only few characteristics of fullerenes can be measured. In the case when
experimental methods are not applicable, computer simulation becomes almost the only method
for investigation. The main methods for computer simulation of nanostructures are classical [4]
and ab initio [5] molecular dynamics (MD). A great number of papers is devoted to both classical
and ab initio MD simulation of fullerenes [6,7]. Though computer simulations allow to over-
come many limitations of real experiment, they are still not a “panacea”. In particular, results
of computer simulations require verification and validation. In this situation simple analytical
models allowing to check the quality of the results are very important [8].

In the present paper simple analytical formulas for equivalent bulk moduli of fullerenes Cs
and Cyy are a derived. The following definition for bulk modulus is used. A bulk modulus of
the fullerene is a proportionality factor between the pressure exerted on the fullerene and relative
change of volume in case of small volumetric deformations [8]. The ambiguity of definition for
the pressure exerted on the fullerene is discussed. Three definitions of the pressure, differing in
the way of calculation of the equivalent surface area of the fullerene, are considered. Analytical
expressions connecting bulk moduli of fullerenes Cy and Cgy with micro- parameters (bond
stiffness, bond length, etc.) are derived. The expressions are compared with a result of paper [8].
Bulk moduli of the fullerenes are calculated for different values of bond stiffness reported in
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literature. The dependence of pressure on volumetrical deformation of the fullerene is derived in
the case of large deformations. Linearized equation of volumetrical vibrations of the fullerenes
is presented. Corresponding eigenfrequency is calculated. The comparison with experimental
data [10] is discussed.

2. Linear volumetrical deformation of fullerenes C5; and Cyg

Let us assume that pressure exerted on the fullerene is carried out by the external forces
of magnitude F' acting on each carbon atom. Forces are directed to the center of the molecule.
Consider the case of small volumetrical deformations. In this case angles between atoms do not
change during the deformation. Then forces acting between atoms depend on interatomic dis-
tances only. Let us assume that atoms in the fullerene interact via pair central forces proportional
to deformation of the bond. From the symmetry reasons all atoms in the fullerene are equivalent.
Therefore the reasoning is carried out for one specific atom. Using symmetry one can show that
equation of equilibrium for the given atom in a projection to direction of corresponding external
force has the following form

F = —3kapecosa, (1)
where « is an angle between the external force and direction of the bonds (« is identical for all
bonds of the given atom); k is a stiffness of the bond; ¢ is a relative deformation of the bond,
ag is an equilibrium bond length. It is important to note that the angle o doesn’t change in
the course of deformation. Let us use the expression connecting deformation of the bond ¢ and
volumetrical deformation AV/Vy = (V' — V) /Vy, where V' and V; are volumes of the fullerene
in deformed and undeformed states. In the case of small deformations the expression has form

AV
— & 3e. 2
s )
Substituting expression (2) into formula (1) one obtains
A
F= —kaocosa—v. 3)
Vo

Let us define the pressure acting on fullerene as follows

p def NF ~_ Nkagcosa AV, @
S So Vo

where N is a number of carbon atoms in the fullerene (N=20 for Cy and N=60 for Cgy), So

is an equivalent surface area of the fullerene in undeformed state. Thus, one have the following

expression for bulk moduli of fullerenes C'5y and Cygg

aokcosa

= 5)

Note that equivalent surface area Sy in formulas (4), (5) is in principle not unique. Therefore in
the present paper three different definitions of Sy are considered: area of the inscribing sphere,
area of the circumscribing sphere and the surface area (the area of dodecahedron and truncated
icosahedron respectively). Geometrical characteristics of fullerenes Cyy and Cy, required for
calculation of the bulk modulus are presented in Table 1. Using the characteristics, bulk moduli
of the fullerenes are calculated for different values of .Sy (see Table 2). The following value of
bond length is used: ap = 0.1433 nm. Values of bond stiffness &, presented in Table 2, are taken
from the paper [8]. Different values corresponds to different types of experiments (see paper [8]
for details). Note that maximal difference between values of & is approximately 17%. One can
see from Table 2 that bulk modulus B of fullerene (Y is approximately twice larger than the
similar value for fullerene Cyy. The value of bulk modulus essentially depends on a choice of the

B=N
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Table 1. Geometrical characteristics of undeformed fullerenes C5y and Cgy. Here
R., S§ are radius and surface area of the sphere circumscribed around the fullerene,
R;, S§ are radius and surface area of inscribed sphere, S} is a surface area of
corresponding polygon.

CQO CGO
Formula Value Formula Value
R, ao/(2cosa) 0.201 nm ao/(2cosa) 0.355 nm
R; ao\/10(25 +11v/5)/20 | 0.160 nm | 3agv/3(3 +v/5)/12 |0.325 nm
S InR? 0.507 nm? I R? 1.58 nm?
S InR? 0.320 nm? InR? [.33 nm?
S| 3a3\/5(5+2v5) | 0424 nm? |15 (2\/5 + ctg%) a2 | 1.49 nm?
2 1+42cos 27
coso —_ 0.357 —— 0.202
\/g(l 4 \/g) \/10+2€0S%7T

Table 2. Stiffness of the bond and bulk moduli of fullerenes Cyy and Cygg

Area Bond stiffness, N/'m | bulk modulus B, GPa
fulleren Cy | fulleren Cygg
circumscribed sphere 762 1538 834
708 1429 775
672 1356 736
660 1332 723
635 1282 695
inscribed sphere 762 2436 997
708 2263 926
672 2148 879
660 2110 863
635 2030 830
polyhedron 762 1838 887
708 1708 824
672 1621 782
660 1592 768
635 1532 739

equivalent surface area Sy;. Maximum difference between values B, calculated for different .S, is
37% for Cy and 16% for Cgy. Note that the values of bulk modulus of fullerene Cy, presented
in Table 2, do not coincide with results of paper [8]. In paper [8] another definition for pressure
acting on the fullerene was used. It was assumed that pressure is carried by normal forces
distributed on a surface of the truncated icosahedron. Obviously the given way of loading can
not be realized in practice. Therefore physical meaning of the definition used in paper [8] is not
clear.

3. Nonlinear volumetrical deformation of fullerenes C5y and Cjg

Let us consider nonlinear deformation of fullerenes C5, and Cgy. Assume that compres-
sion of the bond is described by pair potential UU. Also assume that pressure is carried out by
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external forces of value F', acting on all carbon atoms. Forces are directed to the center of the
molecule. Then the projection of equilibrium equation for some specific atom on the directions
of corresponding external force has the following form

F + 3U'(r)cosa = 0, (6)

where r is a distance between the nearest neighbors in the fullerene. Resolving the given equation
with respect to F' and substituting the result onto definition for pressure (4) one obtains

1% 3Nagcosa (Vo\? A%
Pl—)|=————(—| U — 7
(Vo> So <V> (““ (V0> > | @
Here the following identities are used r = ag (V/ VD)% .S =Sy (V/ Vo)g, where S is a surface
area of the fullerene in the deformed state. Formula (7) defines pressure-volume dependence for

the fullerene in the case of large volumetrical deformations. For example, let us calculate this
dependence for Lennard-Jones potential

- 0](2)"2(2)]

where D is a bond energy, ag is an equilibrium distance between atoms in the fullerene. Substi-

tuting (8) into (7) one obtains
% Nkagcosa [V 5 Vo 2
Pl—=|=—732—|-— — ] =1 9
(VO) 250 ( 4 > ( 14 7 )
where the well-known relation between bond energy and stiffness for Lennard—Jones poten-

tial D = ka3 /72 was used. Linearizing formula (9) for the case of small deformations one can
obtain the expression for bulk modulus that exactly coincides with formula (5).

4. Volumetrical oscillations of fullerenes C5 and Cy,

Let us calculate the frequency of small volumetrical vibrations of fullerenes Cyy and Cyy.
Assume that atoms in the fullerene interacts via linear pair central forces. Only interactions
between the nearest neighbors are taken into account. Then equation of motion for some specific
atom in the fullerene has the following form

3
mfoz k:Z(rZ —I'()), (10)
i=1

where m is a mass of carbon atom, ry and r; are radius-vectors of the specific atom and its neigh-
bor number ¢ with respect to the center of the fullerene. In the case of volumetrical vibrations
radius-vectors can be represented in the following form r; = rpe;, 2 = 0, .., 3. Substituting these
expressions into equation of motion (10) one obtains

3
m &;0 €y = k?“() Z(ez - eo) =>m 7""0: —31{37”0((308(20[) + 1) (11)

i=1
where the identity e, - ;= — cos(2a),7 = 1..3 was used. Then equation of motion takes simple

scalar form
m 7o +6kcos?ary = 0. (12)
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Therefore the eigenfrequency of volumetrical vibrations of the fullerenes is determined by the

following expression
6k
w = 4/ —cosa. (13)
m

One can see that the only difference between values of w for fullerenes C5y and Cy is in the value
of angle a. Let us calculate the frequencies assuming that m = 1.994-1072¢ kg, k = 635 N/m [8].
Then one obtains w = 156.0 THz for Cyy and w = 88.20 THz for Cgy. The experimental value of
the frequency of volumetrical vibrations of the fullerenes is not reported in literature. However
one can carry out the order of magnitude analysis. In paper [10] the first eigenfrequency of
fullerene Cjq is determined using Raman spectroscopy. It is shown that the frequency is equal
to 8.19 THz. Obviously the frequency of volumetrical vibrations should be approximately one
order higher then the first eigenfrequency. Thus results of the present paper qualitatively coincide
with experimental data [10]. However more accurate comparison is required.

5. Conclusion

In the present paper simple analytical expressions connecting bulk moduli B for fullerenes
Uy and Cg with interatomic bond stiffness and geometrical characteristics of the fullerenes were
presented. It was shown that B depends on a choice of the equivalent surface area. Maximum
difference between values of B, calculated for different S, and identical value of the bond
stiffness is 37% for Cy and 16% for Cgy. Nonlinear volumetrical deformation of the fullerene
was considered. It was assumed that compression of the bond is described by pair potential of the
general form. Simple analytical formula for pressure-volume dependence for the fullerenes under
volumetrical compression was derived. For example, Lennards-Jones potential was considered.
It was shown that at high compressions the pressure is increasing asymptotically as (V;/ V)S.
Volumetrical vibrations of the fullerenes are considered. An analytical expression connecting
frequencies of volumetrical vibration for fullerenes Cyy and Cyy with parameters of interatomic
interactions was derived. The following values of the frequencies were obtained: w = 156.0 THz
for Cy and w = 88.20 THz for Cy.
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Polymer/silicate nanocomposites mechanical behaviour under finite deformation is investigated at structural level.
Outcomes of computer simulation are presented. Nano-filler particles are modeled represented as sheaves from the
several parallel ultrathin silicate plates parted by beds of polymer (tactoids), a matrix - as a nonlinear-elastic or
elastoplastic material.

The stress-strain state round separate inclusion in dependence on its orientation to a exterior load direction
and properties of a matrix is researched. The problem of the macro-homogeneous elongation of a periodic cell in
the form of the rectangular field with a tactoid at centre has been solved for this purpose. Conditions at which a
filler particle losses of a bending stability happens in the course of macroelongation of material are defined.

The estimate of nanocomposite macro mechanical behaviour depending on properties of a matrix, filler
concentration and orientation of corpuscles is spent on the basis of the gained solutions. Appropriate dependencies
between macro and micro-structural parameters associations are built.

Keywords: elastic and plastic properties, polymeric composites, silicate lamellar nanofiller.

The object of this study are polymer / silicate nanocomposites based on a polyolefin
binder and filler of layered clay minerals — smectites [1-3]. The idea of creating such materials
is not new. Still in 1974 [4], it was proposed to use as a filler layered silicate nanoparticles with a
thickness commensurate with the length of the polymer molecule. But only now, these materials
began to be widely used in industry. For such systems, managed to achieve a substantial increase
of elastic modulus, strength, fire resistance, resistance to thermal warpage, improved barrier
properties with respect to the diffusing substance [3-6].

In its structure, the systems are essentially mechanically heterogeneous medium consist-
ing of a polyolefin matrix and implanted in her ultra-thin silicate flakes. Characteristic sizes the
inclusions are a few nanometers in thickness and from 30 to 1000 nm in diameter. These par-
ticles can be randomly distributed over the volume of a material or to form separate sheaves —
tactoids — from several (order of tens) collaterally allocated plates between which are a thin
layer of polymer. In the first case of exfoliated nanocomposites are called (Fig. 1b), the second —
intercalated (Fig. 1a).

Experimental studies have shown that the properties of these materials depend strongly
on whether any of the particles is filler (intercalated tactoids or separate lamellae [5—7]. This
circumstance was the reason for in-depth theoretical study of the formation of the mechanical
properties of nanocomposites on the scale of “the matrix — the separate inclusion”.

Computational scheme of the problem was as follows. In a rectangular area (cell period-
icity), consisting of polymer material (matrix) was placed the inclusion in the bundle of several
parallel plates. Uniaxial macro-stretching of the cell with preservation its volume is simulated
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Fig. 1.  Schematic representation of different types of structure of polymer
nanocomposites with a layered silicate filling: a — intercalated nanocomposite;
b — exfoliated nanocomposite.
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Fig. 2. Experimental basic loading curves for the matrix material (¢° — the
nominal stress, € — tensile strain

by expansion of lower and upper boundaries vertically with the simultaneous pulling up the lat-
eral sides horizontally. The problem of cell loading containing such an inclusion is solved in
two-dimensional formulation (plane deformation) using the finite element method.

For each specific geometry of the cell boundary value problem was solved several times
using grids with different nodes as the number and type of finite elements. The result is consid-
ered valid if the difference in the stresses at the control points does not exceed 5%.

Elastoplastic properties of the matrix were determined from the real stress-strain curve of
pure polyethylene [8]. The properties of high density polyethylene (HDPE) brand “RA” produced
by “Orgsynthes” (Kazan) were taken as the basis. Initial experimental loading curve is shown in
Fig. 2. The initial modulus F,, = 480 MPa, yield strength is equal to 9 MPa. Associated flow
rule used in solving the elastoplastic problem.

The mechanical properties of the matrix in solving the nonlinear elastic problem described
by Treloar potential (neo-Hookean) [9]. Initial modulus of elasticity of the polymer matrix
E,, = 480 MPa (the same as for the elastoplastic case).

In accordance with the experimental data obtained in the Institute of Petrochemical Syn-
thesis (IPS RAS), the length of individual silica plate was assumed to be 80 nm, the thickness —
1 nm. Intercalated tactoid modeled as a stack of 10 parallel plates located (in the unloaded state)
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Fig. 3. Tactoid form distortion at 25% of the material macro-deformation, ¢ = 10%

at a distance 0 = 2 nm. In the gaps was the polymer with the same properties as the matrix.
Young’s modulus of single silicate nano flake was F,, = 72000 MPa.

Inclusion of this type are essentially thin plates (even in a pack) and the difference by
two orders in stiffness between the polymer and the silica they should behave as a rather flexible
constructions, that is, we can expect that in the process of deformation nanocomposite will
experience a noticeable distortion of the particles — the loss of elastic stability.

Changes the shapes of plates in the intercalated tactoid, when cells are vertically stretched
(macro deformation ¢ = 25%) is shown in Fig. 3. The filler concentration ¢ = 10%, § — the

angle between the normal to the flat surface of silica nanoplate and the direction of the external
load.

Variants when tactoid is initially perpendicular to the direction of stretch (8 = 0°), tilted
at an angle of 45 degrees and parallel (3 = 90°) are presented. Figures 3a, 3b and 3¢ correspond
to elastic matrix, 3d, 3e and 3f — to elastic-plastic.

The greatest distortion of the inclusions observed in its position perpendicular to the
direction of extraction, the lowest in parallel. For the case (5 = 45° there is a shift of plates with
respect to each other.

The maximum local stretching of the matrix was observed near the edges of the outer
plates — in areas where the matrix material becomes into gaps between tactoid silicate flakes.
In this case, they are more than an order of magnitude higher than the macroscopic. In the
elastic-plastic matrix (due to the plastic flow of material), the maximum principal strains were
about one and a half to two times more than in purely elastic.

The above numerical solutions have allowed not only to investigate the stress-strain
state around the nanofiller particles, but also to evaluate from structural positions the effective
mechanical properties of polymer / silicate nanocomposite materials. Composite was regarded
as a mechanically inhomogeneous medium with a regular ordered structure. This assumption
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Fig. 4. Strain dependence of nominal macro stresses on the angle of inclusion
orientation (3; ¢ = 10%). a — a cell with the elastic matrix, b — with the elastic-
plastic one. Dashed line — no particle in the cell
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Fig. 5. Concentration dependence of the secant modulus Fs5; on the angle of
orientation of the inclusion 5: a — in a composite cell with elastic matrix, b —
with the elastic-plastic one, FE,, — the initial elastic modulus of the matrix,
e = 25%
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allowed applying the classical method of regularization, widely known in the mechanics of
composite materials.

Calculated dependencies of nominal stress o on the strain ¢, constructed for the elastic
and elastoplastic cells with orientation angle (8 = 0°, 45° and 90°; concentration of ¢ = 10%)
are shown in Fig. 4. Dashed lines show the loading curves for cells without inclusion.

Fig. 5 shows concentration dependences of the effective secant modulus calculated for
the extended to ¢ = 25% of the periodicity cell, — Es5. Evaluation of the mechanical stiffness of
elastomeric material on its secant modulus at a given standard strain is commonly used in practice
by specialists in polymers [10]. Such an approach allows us to quantify (in first approximation)
the difference between the nonlinear loading curves, typical for finite deformable polymeric
materials.

Calculations showed that at 25 per cent of nanocomposite macro-elongation secant mod-
ules in elastic cells were an order of magnitude higher than in the elastic-plastic (with the same
initial geometry and the same initial modulus). As for the influence of orientation of inclusions,
in both cases, the most “soft” were composite cells with particles located at 45° £ 10° in the
direction of elongation (due to the shear of plates in tactoid — see also Fig. 3b, and 3d), and the
relative change of secant modulus for the elastic problem was much larger.
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Molecular dynamics simulation of nanostructure behavior under impulse heating is carried out. These structures
are formed by self-rolling of nano-thickness bilayer crystal films. The interatomic interactions are described by
potentials obtained by the embedded atom method. The calculation data are shown that simulated nanostructures
can transform the supplied thermal energy into the mechanical oscillations of its free edges. The influence of
heating rate and its duration, medium viscosity properties on kinematical characteristics of simulated nanostructures
is investigated. The influence of mass and size of oscillating free edges of nanostructures on their behavior under
heating is studied. The efficiency estimation of thermal energy transformation, supplied to nanostructures, into
mechanical oscillations of their free edges versus nanostructure configuration, chemical composition and rate of
impulse heating is carried out. The atomic mechanisms responsible for the peculiarities of local atomic structure
transformations in bilayer nanofilm under its detaching from the substrate as well as mechanism of thermal energy
conversion into mechanical one by nanostructures are investigated.

Keywords: heterogeneous nanostructures, kinematical properties, computer simulation, molecular dynamics, multi-
particle potentials.

Introduction

At present, much attention is paid to the investigation of different properties of nanos-
tructures and its use in nanodevices of different functionalities [1]. Nevertheless, the questions
connected with atomic mechanisms responsible for nanostructure formation processes are still
urgent. The methods of control over nanostructure motions are not sufficiently investigated as
well as over capability of these structures to transform supplied energy. The study of the given
subjects is the key stone in solution of many fundamental problems. It is of great importance for
the practical use of nano-sized structures, for instance, in nanomachines and when designing the
nanorobots and nanodevices.

1. Formulation of the problem

The given paper is aimed at studying the atomic mechanisms of structural changes, de-
termining the behavior of non-closed nanostructures formed of bilayer metallic films during the
formation process and under thermal loading.

All the calculations in the given paper were made under the molecular dynamics method [2],
using the multiparticle interatomic potentials calculated by the embedded atom method [3].
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2. Results of numerical simulation

The subject of the given research is the non-closed nano-sized structures formed on the
basis of bilayer metallic films with crystalline structure. The simulation of nano-sized structure
formation process composed of inclusions with regular internal structure is described in detail [4].
Each inclusion is composed of atoms of a kind; in particular, one type of inclusions was composed
of aluminum atoms, another one - of copper atoms. The final shape of simulated non-closed
nanostructures was determined by initial parameters of initial nano-sized films. When varying
the geometric sizes of copper inclusions and their mutual arrangement in the initial aluminum
film, one can obtain the non-closed nanostructures of different shape. In order to accelerate
the rolling process of nanostructures, the etching processes of “victim layer” were neglected
in papers [4-8]. It was assumed that initial nano-sized film under stress condition is already
separated from substrate. Figure 1 presents the simulation results of non-closed nanostructures,
composed of aluminum and copper inclusions.

b)

c)

d)

Fig. 1. Shapes of non-closed nanostructures. Copper inclusions of different length
are found: a-d- on opposite sides of aluminum film; e-g— on one side of aluminum
film; h- is the nanostructure with one inclusion. The copper atoms are shown by
light grey color; the aluminum atoms are shown by dark-grey color

The behavior of non-closed nanostructures, presented in Fig. 1, was investigated under
heating over the temperature interval from 50 to 500 K. The edges of these structures start oscil-
lating under heating as far as the thermal-expansion coefficients of layers and their temperature
dependence differ considerably. The edge oscillation frequencies of simulated nanostructures are
essentially independent of heat intensity. At the same time, the length of copper inclusions and
their mutual arrangement in the aluminum film affect on frequency and oscillation amplitude.
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Increase of inclusion length can lead both to the oscillation frequency increase of non-closed
nanostructures (inclusions are found on one side of the film (Fig. 1,e-g)), and to the oscillation
frequency decrease (inclusions are found on opposite sides of the film (Fig. 1,a-c)).

The calculation results have shown that oscillation amplitude of edges is increased due
to the increase in heating temperature and decreased when cooling the non-closed nanostructure.
It points to the fact that a part of supplied thermal energy is transformed into the mechanical
oscillation energy of free edges. The oscillation frequencies are found in the gigahertz interval
for simulated nanostructures. Thus, when varying the arrangement geometry and copper inclusion
sizes in films, one can change a response of the simulated non-closed nanostructure under thermal
action.

The investigation of questions on supplied thermal energy transformation by the non-
closed nanostructures, is not only of scientific interest, but also is very important from the point
of view of design and production of nanoengines and energy converters. For this purpose,
the simulation of thermal energy transformation into mechanical one by the example of the
nanostructure presented in Fig. 1,f.

- Heating
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Fig. 2. Dependences of distance S between oscillating free edges of the simulated
non-closed nanostructure on time. The duration of heating (cooling) made: a — is
the one oscillation period; b — is the three oscillation periods

The temperature interval of performed calculations varied over the range of 130 to 230 K.
In the model under investigation, the viscosity forces of the medium surrounding the nanostruc-
ture was not taken into account, and energy dissipation of mechanical motion (as well as thermal
energy supply) was carried out due to the gradual decrease (increase) in nanostructure kinetic
temperature by 100 K. Fig. 2,a,b presents the dependences of free edge displacement of the sim-
ulated structure on time. The curve sections numbered 1 and 3 correspond to the nanostructure
condition with a kinetic temperature of 230 K while the fields numbered 2 and 4, correspond to
the nanostructure condition with a kinetic temperature of 130 K. Thus, when varying the temper-
ature of studied nanostructure, it is possible to change the oscillation amplitude of its edges. The
influence of heat duration (cooling) for simulated system on the oscillatory motion behavior was
also investigated. Heat (cooling) duration varied from one to three periods of nanostructure oscil-
lation. The calculation results have shown that oscillation frequency of the nanostructure edges
poorly depends on thermal action duration over the indicated temperature interval (Fig. 2,a,b).
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It should be noted that the viscosity forces affecting the oscillatory edges should be
accounted under heating for the more realistic behavior of non-closed nano-sized structures.

In order to take into account the viscosity characteristics of the medium, wherein the
simulated nanostructure is arranged, the viscosity force was applied to the surface atoms of
oscillatory edges (shown by light grey color in Fig. 3,a). The viscosity force affecting the surface
atoms, was determined by the formula: = —kV. Where is the atom velocity; k is the
proportionality coefficient.

For test determination of k in this expression, the oscillation damping behavior of nanos-
tructure was investigated for different viscosity values (k varied over the interval from 0 to
6- 107! 2%) The calculation results are presented in Fig. 3, b.

11,2+ /
11,0- /\ g ﬁ/Z 3
108{ || I / A A/,
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. 10,4 \/ H \\j
10,2-
000 02 oa o5 os
{, ns
a) b)

Fig. 3. Shape of nanostructure used for studying its behavior in the viscous
medium. The aluminum atoms are shown by black color, copper atoms are shown
by dark grey color; the surface atoms of nanostructure affected by viscous force
are shown by light grey color (a); Dependences of distance S between oscillating
free edges of the simulated non-closed nanostructure on time in mediums with
different viscosity characteristics. The proportionality coefficient value of viscous
force (k) made: /- k=0 % (nanostructure oscillates without viscosity forces);
2-k=26-10"" X203 k=26 10712 L2 (b).

For test calculations on studying the simulated structure response on pulse heating & is
set to k = 26 - 107 22, The test calculations were made in order to investigate the principle
possibility of initial amplitude recovery for nanostructure oscillations (see Fig. 4) in the viscous
medium by means of periodical pulsed heating. For this purpose in a certain time interval (here
in about three oscillation periods) the simulated structure was heated up for one period. Note
that, use of pico- or nanosecond lasers can be one of the methods for pulsed heating of the
nanostructures in practice. The initial temperature of simulated nanostructure made 140 K. The
oscillation amplitude of edges decreased approximately by 50 % over three periods, and kinetic
temperature of the whole nanostructure decreased down to 90 K due to the viscous forces. Then
due to the uniform artificial heating, the temperature increased up to 400 K. Under this heating,
the oscillation amplitude of edges increased approximately by 40 % relative to its value at the
previous section (Fig. 4).
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Fig. 4. Variation of nanostructural oscillation amplitude in the viscous medium
under pulsed heating: 0- is the nanostructure oscillations disregard of the viscous
force; /- is the nanostructure oscillations in the viscous medium (k = 26 - 10~
%); 2- is the pulsed heating of the nanostructure for one oscillation period; 3— is

the nanostructure oscillations in the viscous medium (k = 26 - 10714 £2)

Analysis of using these systems as nanoengines of different functionality is one of the
most important aspects of non-closed nanostructure simulation under thermal action. The atomic
mechanisms of structural changes in the simulated nanostructures should be investigated, start-
ing from the initial moment of its rolling and finishing with oscillations of the already formed
nanostructures. The peculiarities of the atomic system behavior were studied as applied to the
Cu-Ni films.

The atomic mechanisms responsible for peculiarities of local atomic structure transforma-
tions in bilayer nanofilm under its detaching from the substrate as well as mechanism of thermal
energy conversion into mechanical one by nanostructures are reviled. The nanofilms of different
thickness are investigated (from 10 to 30 atomic planes). The peculiarities of structural changes
of atomic system are studied by analyzing the atomic displacement fields in different points in
time for different areas of modeled films. The analysis of the of the atomic displacement fields
show that immediately after separation of the film from the substrate, the atomic layers in the film
are compressed in direction normal to the free surfaces. The self-rolling of nanofilm involves
elastic atomic displacements as vortex collective atomic motion (Fig. 5). The elastic atomic
displacements originate at the film edges and are symmetric about the film center. This vortex
collective atomic motion is due to the free surfaces and interface between nanofilm layers. The
duration of vortex motion of atoms is rather small (for the Cu-Ni system with a thickness of
10 and 30 atomic planes mades not more then several tens of picoseconds), herein the vortex
displacement occur at distances from 8 to 15 lattice parameters.

The behavior of non-closed nanostructures under heating is investigated. The initial non-
closed nanostructure is relaxed to 200K and then heated up to 300K or up to 500K by means
of atom velocities scaling in order to study the transformation of supplied thermal energy into
mechanical oscillation energy of its free edges. The efficiency estimation of this transformation
is carried out.

The simulation of heating process is carried out for films with following sizes: the
lengths are equal to 50, 100, 150 and 200 lattice spacing and the sicknesses are equal to 4, 6,
8, 10 monolayer for each kind of atoms. The efficiency of thermal energy transformation (1)
into mechanical oscillation energy of all simulated films is calculated for different temperatures:
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Fig. 5. The displacement fields of atoms for fragments (a), (d) of simulated Cu-Ni
nanofilms, represented for different time cells: b— (43,54-44,02) ps; c— (44,02-
44,50) ps; e— (254-266) ps; f— (268-280) ps. The displacements are represented
for nanofilm fragments with length: a— 50 % d- 20 % from initial film length.
The film thickness: a— 10 and d- 30 atomic planes

300 K (Fig. 6, a), 500 K (Fig. 6, b). This value is estimated as the fraction of thermal energy
transformed into mechanical oscillations.

As demonstrated in Fig. 6 the transformation efficiency of thermal energy under heating
increases with growth of heating temperature. Thus the variation of geometrical parameters of
initial film allows purposefully having effect on transformation efficiency of thermal energy into
energy of mechanical oscillations.

The behavior of non-closed nanostructure under heating subject to the mass increasing of
its oscillated edge is investigated. The mass increasing is performed by applying of additional
atomic layers on free edge non-closed nanostructure (Fig. 7, a), which other flat part is rigid
fixed.

The resulting nanostructure is heated to about 300 K, which leads to the oscillations of its
free edge. The calculations show that increasing the length of the free edge of the nanostructure
at the same value of kinetic temperature leads to a decrease of the frequency of its oscillations,
Fig. 7, b. Applying of additional atomic layers at the free edge increases the amplitude of their
oscillations and virtually no effect on their frequency, Fig. 7, c. An increase in the total mass of
the oscillating edge of 4% amplitude increased more than 4 times.

3. Conclusions

Thus, the performed calculations showed an opportunity of using the non-closed nano-
sized structures as elementary energy converters. By means of matching the corresponding
shape and elemental composition of non-closed nanostructure, pulsed heating mode, choice of
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Fig. 6. The dependence of transformation efficiency of thermal energy into me-
chanical one for non-closed nanostructures on different lengths L and thicknesses
d of the initial film (d is expressed as atomic plane number, L — as lattice constant
number) under heating up to temperatures: a — 7= 300 K; b — 7= 500 K
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Fig. 7. Non-closed nanostructure with applied additional layers of Al atoms:
1- 1%, 2— 2%, 3— 3%, 4- 4% from weight of free edge of nanostructure (the
Cu atoms are shown by black color; the Al atoms— by dark-grey color; the addi-
tional applied Al atoms— by light-grey color) (a); the dependence of nanostructure
oscillation frequency on the length L of its free edge (b); the dependence of
nanostructure free edge displacement S from equilibrium position on time under
increasing of edge mass on 1, 2, 4 % (c)

the medium viscosity characteristics, one can significantly recover the oscillation amplitudes of
the non-closed nanostructure edges. Relaxation and redistribution of elastic stresses in the initial
film at rolling is carried out due to the collective motion of atomic groups. It is shown that there
are two types of collective motions of the atomic system, determining the behavior at formation
and subsequent oscillations.
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Stability of 2D triangular lattice under finite biaxial strain is investigated. In this work only diagonal strain tensor is
regarded. The lattice is considered infinite and consisting of particles which interact by pair force central potential.
Dynamic stability criterion is used: frequency of elastic waves is required to be real for any real wave vector. Two
stability regions corresponding to horizontal and vertical orientations of the lattice are obtained. It means that a
structural transition, which is equal to the change of lattice orientation, is possible. The regions’ boundaries are
explained: wave equation coefficients change their signs at the border, as well as Young modulae and shear modulae.
The results are proved by direct numerical simulation.

Keywords: stability, triangular lattice, finite strain, biaxial strain, pair potential, elastic wave, structural transition.

1. Introduction

In this work stability of plane triangular lattice under finite biaxial strain is investigated.
This problem and its possible solutions have been considered earlier in [1]. Then in [2] a
qualitatively new result, that is proved and discussed in detail in this work, was obtained. In
spite of the fact that real objects with such lattice have not been discovered, triangular lattice is
convenient for both constructing the theory and carrying out numerical simulations. Finite strain
may lead to discontinuities, so in this work analysis and modeling based on discrete atomistic
methods [3] is proposed. The medium is represented by a set of particles interacting by a pair
force central potential, in particular Lennard-Jones and Morse. Direct tensor calculus [4] is used.

Let us introduce the following notation to describe the geometry:

ap =T, — o, (1)

where 1, is radius vector of a particle k, r, is radius vector of reference particle. If a lattice is
simple, then any particle can be named “reference”, each particle k£ has a pair —k and a_;, = —a,,.
Triangular lattice is simple and close-packed, which means that it coincides with its Bravais
lattice and possesses maximum concentration of nods in elementary volume V[, with the given
minimum distance between the nods. Let us refer to the geometry which is described by r, and
a,, as reference configuration.

[¢]
Let V and V be Hamilton’s operators in reference and current configurations [4]:

° 0 0
V=¢-— V=¢-—. 2
=1 axz Y =1 aXl ( )
Vectors ¢, form an orthonormal basis. If vector r has projections z; in reference configuration,
then in current configuration r will turn into R with projections X; in the same basis.
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Suppose that the lattice is subject to strain characterized by V R. According to long-wave
approximation [3, 5]

o
A,=R(r—a)—R(r)~ g VR 3)
Long-wave approximation takes into account those wave lengths that are much greater than the
interatomic distance. The thermal motion is neglected.

Morse and Lennard-Jones potentials are used in this work to describe the interaction

between particles

)=o) [ 2]
Here a is equilibrium distance in the system of two particles, D is the depth of potential well,
0 characterizes the width of the well. If § = 6, these potentials coincide in the elastic zone. If
r — 0, then II;; — oo, but Morse potential remains finite. This is very important for numerical
simulations of strong compression. If » — oo, then Morse potential decreases faster, so less
particles may be taken into consideration. That is why Morse potential is preferable in this work.
Let F, = F(Ax) = —II'(Ay) be interaction force and Cy = C(Ax) = I1"(Ax) be the

bond stiffness, both calculated in current configuration. Then we can introduce

ék = A, Ay, 4ék = A A AL A, &y = Gy 4gk = e
Fk 1 1 4 1 4 (5)

2. Stability criterion

Following [1,2], let us write the equation of motion in Piola form [4]

poil = VP, (6)

where py is density in the reference configuration, u = R — r is displacement vector, P is Piola
stress tensor. According to [3]

1
L= zk: PrayAy.- (7)

To investigate the stability of current configuration the first variation of (6) is found [1]
podii = V-6 P. (8)

If initial deformation characterized by %]_% is uniform, the following equation is obtained from
(8) using (5)
mp =*C - - VVu, )
where m = poVy, v =0du, ‘C=EP+'B.
The solution of (9) can be represented in the following form

v =yt Tl (10)

where w is frequency, K is wave vector. Substitution of solution (10) into equation (9) leads to a
system of homogeneous linear equations for amplitude vy. This system has non-trivial solution,
if

det [l_) — QE} =0, (11)

where Q = mw?, D='C--K, K=KK.
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Dynamic stability criterion is: frequency of elastic waves is required to be real for any
real wave vector. Thus, the following has to be fulfilled for any real vector K, so that v will

remain infinitesimal
Q> 0. (12)

3. Deformation of triangular lattice
| A

Fig. 1. Reference and current configurations

Fig. 1 shows the typical part of triangular lattice before and after deformation. In reference
configuration o = 60°.
Let e, and e, be the unit vectors of directions 1 and 2 respectively. In 2D case (11) takes
the form
02 —QtrD +det D = 0. (13)
According to (12) roots of equation (13) are positive for stable current configurations. Thus,
stability criterion is

trD>0, detD>0, 2trD*— (trD)*>0. (14)

Inequality 2 tr l:)Q = (tr 2)2 > 0 is always true in 2D.
Let G = E--'C. The equations (14) yield

trD >0« G11K12 + G22K22 > O,
- (15)
det D >0 < AK| +2BK{Kj + CK; > 0,

where
G = Ch + Cy, Gag = Clg + O,

A= C'1161217 2B = C'116'22 + C’126121 - 40247 C= C’126122-

Here C}; are the components of tensor*C' from (9).

The stability regions for Morse potential with # = 6 are shown in Fig. 2.
Here €, and ¢, are linear parts of Cauchy-Green tensor. Two coordination spheres are considered,
because taking only the first sphere into account is not sufficient in the case of finite strain [2].
Fig. 3 shows the transition from the vertical orientation to the horizontal orientation of the lattice.
Particles from first coordination sphere in vertical lattice are marked by circles, stars correspond
to second sphere. After deformation that is equal to rotation all particles change their position,
and some “stars” occupy the place of “circles” in close vicinity to reference particle. If the
second sphere is neglected, there will be no equilibrium at horizontal lattice [1,2].

Let us draw a series of stress-strain diagrams, e.g. Fig. 4. According to [3] Cauchy stress
tensor has the form

(16)

1
g= W?Akﬂk, (17)
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Fig. 3. Coordination spheres

where V' = v/3/2(1 +&1)(1 +&5). Grey zones in Fig. 4 correspond to stability regions. In Fig. 4
we can see, that the loss of stability is strongly connected with the sign of do/de.

Let us evaluate the signs of Young modulae and shear modulae (the plural is due to
anisotropy of the deformed lattice).

In Fig. 5 we can see, that dynamic and “static” stability (positivity of local elastic modu-
lae) coincide in the case of diagonal stress tensor.

The number and the shape of stability regions strongly depend on the potential (see
Fig. 6). For example, intermediate small stability area vanishes with the decrease of § (increase
of width of potential well).

4. MD simulation

In order to verify the obtained results, numerical simulation is carried out. The simulation
method is based on molecular dynamics (MD) technique and it is described in [3,6]. A set of
current configurations with periodic boundary conditions to model an infinite lattice is exposed
to additional minor strains caused by small chaotic velocities, given to each particle. At each
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Fig. 5. Young modulae and shear modulae
step the following system is integrated numerically

mrk—ZF T, — 1, 77:”, k=1=+N, (18)
| Tk rn|

where N is the total number of particles in the simulation. The total kinetic energy of the system
is calculated. If a sudden growth of kinetic energy is observed, the configuration is considered
unstable. An example of unstable configuration evolution is presented in Fig. 7. Black ovals
mark “crack” initiation zones.

In Fig. 8 the results for diagonal strain tensor are presented. We can see a good agreement
between two approaches. Discrepancies at high compression and at the borders are caused by
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computational errors, perhaps by insufficient number of steps and also by the difference between
the number of configurations regarded (10° in theoretical analysis and 10* in numerical simulation
due to big time consumption of the latter).

5. Concluding remarks

Stability of 2D triangular lattice under finite biaxial strain was investigated. Two stability
regions, which correspond to vertical and horizontal orientations of the lattice, were obtained
both analytically and using MD simulation. It was shown that taking more than one coordination
sphere into account leads to a new effect: possibility of structural transition, which is equal to the
change of lattice orientation. It was noticed that dynamic and static stability coincide in the case
of diagonal strain tensor. It was also shown that stability loss during hydrostatic compression
is connected with shear modulus, which coincides with results of [7] obtained for 3D case. To
sum up, the analytical approach was proved to be consistent and thus it can be applied to more
complex cases, e.g. arbitrary strain of triangular lattice and FCC lattice.
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We present the results for the elastic properties of a single layered carbon monofluoride or fluorographen (FG).
The calculations were performed by molecular dynamics (MD) simulation using a force field with both bonded
and non-bonded interatomic contributions, and the periodic boundary conditions in two dimensions, representing an
infinite “nanoplate”. Simulations were fulfilled both for three basic conformations of FG [1] and for the FG with
number counts of structural defects. The elastic modulus was calculated from the curves of force versus displacement
obtained at slow rates of deformation. Bending stiffness was estimated independently from the nonlinear deformation
under compression. The atomistic results are explained in terms of a continuum model for the thin plates.

Keywords: fluorographene.

1. Introduction

In the last years the great attention is paid to the investigations of properties of one layered
membranes of graphen and similar materials. It is connected with their unique electric and heart-
conducting properties. The last time the special interest to FG appears after the experimental and
theoretical investigation of its electronic properties [2-5], which show that FG is very perspective
material for using in microelectronic. In details the investigations of partial cases of FG was
fulfilled in the work [2], were it was shown experimentally that FG has the relatively large
Young’s modulus «~~ 100 N/m and the essential bending stiffness «~~ 15 N/m. The way of the
graphen membrane producing is studied in the work [6].

The quantum chemical calculation for two plane crystallic structures of FG was firstly
fulfilled in 1993 in the work [7], where it was shown that the “Chair” configuration is energeti-
cally more favorable than the “Boat” configuration. Then by using the more occurred algorithm
this calculations were fulfilled also in the works [1], [8-10]. In the work [9] the structure and
electronic properties of graphen in derivatives involving Group IA or Group VIIA elements [9]
is studied. The detailed computational study of structure of FG in three-dimensional stacked ar-
rangements were fulfilled [1]. The structural and electronic properties of four crystallic structures
of graphane and of graphene fluoride is investigated in [8]. In this work the Young’s modulus
and the Poisson’s ratios are found, and the theoretical estimations of the membrane stiffness’s
occurs 2.5 times larger than the experimental ones.

The MD simulation in contrary to the quantum chemical calculation allows us to study the
membranes FG with large dimensions and to calculated all their mechanical characteristics and
also to study the influence of temperature and the structural defect properties. It is essential that
in the frame of the molecular-dynamic experiments it is possible to analyze the more complex
systems, for example the systems containing FG structures or composite materials, but for the
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molecular simulation it is necessary to know reliable potentials (force field). Earlier to simulation
the perfluoroalkanes from gas-phase and liquids. Some systems of force parameters are presented
[11-13], but it is not clear that is it possible to use them for the MD simulation. In the work [1]
Artyukhov and Chernozatonskii it was firstly derived the molecular mechanics force field for FG
(C'F),, that performs exceptionally well at reproducing our quantum chemical results and fits
into a very general OPLS/AA molecular mechanics framework.

To verify the presented potentials and also to estimate the mechanical properties of var-
ious plane crystallic and defective structures of FG were fulfilled the MD experiments with the
FG membranes by using the various potentials. In this work the potential OPLS-AA [11] is
used. The unstressed membranes FG with temperatures 1,100, 300 and 500 K are studied and
the results of their one-dimension deformations of temperature 300 K are analyzed.

2. FG Structures and force field

We consider three basic conformations of single-layered monofluoride crystals (Fig. 1. a,
b, ¢) and the FG with the number random structural defects (adatoms (F) are positioned above
or down the center of FG membrane).

Fig. 1. Different structures of FG. a) “Chair”, b) “Boat”, ¢) “Zigzag”, d) structure
“Chair” with many random defects; the different colors represent respectively C'
atoms - gray, F' atoms - black

The total potential energy of in-plane lattice FG comprises the bond stretching, the angle
bending, the torsion energy, the electrostatic, and the Van-der-Waals potential energy

( 1
Ebond(rij) — _k?;)nd(rij _ 7"0 )2’

2 i
angle 1 angle
Een9e (o) = §kijkg (Pijk — o)’
, 1
Etorszon(eijkl) = §[F1(1 -+ cos eijkl) + Fg(l — COS 29ijkl)+ (1)

+F5(1 + cos 30;j51) + Fa(1 — cos 46;11)],
Enonbonded(r) _ Z Eq<Tij) + Z EvdW (rij)7
ij ]
12 6
() ()
Tij Tij
where the potentials (1)-(2) parameters are taken from [11] with corrections [1].

For the numerical solution of the Newtonian equations of motion, the fast Verlet algorithm
[14] with an integration step of 1 fs is used. The temperature in the system is maintained by a

\

4i4; v
B'r) = e B )=
ij

: (2)
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“collision” thermostat [15, 16] with the parameters A = 5.1 ps—! and mg = 1 a.m. The pressure
is set and maintained by a Berendsen barostat [17].

3. Results and discussion
3.1. Analysis of the energy

We calculate the contribution all of this potential energies and total potential energy of the
crystals structures “Chair”, “Boat” and “Zigzag”. The “Chair” configuration is energetically more
favourable. In Tables 1, 2 we present the relative energies with respect to “Chair” of temperature
0 K. In Table 1 through Ebond, pangle  piorsion  pa - podW [ . the bond stretching, the angle
bending, the torsion energy, the electrostatic, the Van-der-Waals energy, and the total potential
energy are denoted respectively.

In Table 2 we compare the presented energy with the energies obtained by the previous
authors. We can see that for the “Boat” structure our energy is close to the quantum chemical
approach. But for the “Zigzag” structure our energy is mach larger.

Table 1. Calculated relative energies (kcal/mol)

AFE(“Boat”-“Chair”) | AE(“Zigzag”-“Chair”)
Ebond 0.4253 0.0369
Eangle 0.6683 1.0605
Ftorsion -0.5681 0.3317
E1 0.0879 0.195
Evav 0.8983 0.0724
Epot 1.5118 1.6965

Table 2. Analysis of the relative energies £, (kcal/mol)

AFE(CB”-“C”) | AE(“Z7-“C”)
Presented study 1.512 1.697
O. Leenaerts, quantum chemical calculation 1.73 0.83
V. Artyukhov, quantum chemical calculation 1.71 0.82
V. Artyukhov, GROMACS 1.691 0.855

3.2. Equilibrium structure

The geometrical parameters in isolated layers for three configurations are presented in
Tables 3-5. The crystal structure parameters a, b and the distances between the atoms (in 4) and
angles (in deg) are given.

3.3. Deformation and Temperature extension

We design the FG membrane as an orthotropic material with the various stiffness co-
efficients in directions X and Y. For calculation of these stiffness and of the corresponding
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Table 3. “Chair”, 0 K

a b a/(b\/g) dCC dCF ngCC ngCF QCCCF
Presented study | 4.579 | 2.644 | 1.000 | 1.590 | 1.393 [ 112.5 [ 106.2 | 64.2

V. Artyukhov | 4.521|2.611 | 1.000 | 1.584 | 1.382 | 110.9 | 108.0 | 61.9
O. Leenaerts 4.503 | 2.600 | 1.000 | 1.579 | 1.371 | 110.8 | 108.1 -

Table 4. “Boat”, 0 K

a b a’/(b\/g) dCC dCF QOCCC QOCCF QCCCF
Presented study | 4.642 [2.629 | 1.019 | 1.592 [ 1.392 | 111.3 | 104.2 | -113.3

1.635 11551044 | 67.2
V. Artyukhov | 4.617 | 2.585 | 1.031 | 1.574 | 1.377 | 114.0 | 104.0 | -115.9
1.667 107.4 | 66.9

O. Leenaerts 4.60312.574 | 1.032 - - - - -

Table 5. “Zigzag”, 0 K

a b a (b\/g) dCC dCF QOCC’C QOCC’F QCCCF
Presented study | 4.257 | 2.668 | 0.921 | 1.594 | 1.393 | 113.6 | 103.8 | -68.1
1.588 115.71101.8 | 158.0
V. Artyukhov 4.200 [ 2.635] 0.920 | 1.567 | 1.382 | 115.6 | 103.6 | -65.8
1.602 106.2 | 156.6
O. Leenaerts 4.18312.625| 0.920 - - - - -
Poisson’s ratios we use the relations [18]
1 V19 V13 1
€11 = —011 — — 029 — — 033, €13 = —013,
11 7, 11 B, 22 2 33 13 G 13
v 1 v 1
€99 = _Eillo—ll + 52022 — Eijasz%, €93 = G—23023’ (3)
V31 V32 n 1 . 1
€33 = —— 0] — —O — 033, = ——019.
33 7 11 B, 22 s 33 12 G 12

Here L;, G,j, and v;; are the Young modules, the shear modules and Poisson’s ratios respectively,
and the following restrictions are valid

By vig = By vy, Ey vz = E3vs, E5 v93 = Es vs. 4)

For estimation of the FG stiffness we fulfill the extension-compression simulation of
FG membranes. The velocities of deformation are equal to 0.002 and 0.005 A/ps (or 0.2 and
0.5 m/s). Two problems are solved, namely the problem of extension-compression with 1D
stress state in the direction X and in the direction Y. As in all 2D plate theories we put o33 = 0.
Under there assumptions we get
%1117 €22 = — V21 %1117 (022 = 0); (5)
022 022

E, €11 = — V12 E, (011 = 0)- (6)

€11 =

€22 =
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Our algorithm allow us to measure and calculate only 2D stiffness’s, and like this [8], [19]
we introduce the “2D Young’s modules” FE by relations

Ey=Fy -hg, Ey=E; hpg, (7)

where hgi, hpy are the effective thickness’s of the extension-compression simulation of FG
membranes.

The extension-compression simulation is fulfilled for three studied crystal configurations
of FG. We compare our results with the published early theoretical results. Our results concerning
the Young’s modules are correlated very accurately with the quantum chemical calculation [8]
(see Table 6). But there is the essential disagreement of the Poisson’s ratios. Also we mark the
essential influence the structural defects to the Young’s modules.

It occurs that the experimental values [2] of the Young’s modulus E =100+30 N /m
are 2—2.5 times lower than the theoretical ones. To explain this difference we investigate the
membrane with the large number of defects.

From 400 pairs of atoms of a crystal lattice (C'F),, structure “Chair” we choose by
a random way N; pairs of atoms and for them we change the position of fluorine atoms into
opposite ones with respect to the plane of membrane. The calculations are fulfilled for N; =
8, 20, 40 and 100 defects. The obtained elastic modules for structures with defects better agree
with the experimental results.

---Nj=8

Fig. 2. The dependence between stress and extension for structures with defects

Our results shows (see Fig. 2) that the crystallic material is linearly elastic for the com-
paratively large deformations (until 2%), but for structures with defects are linear only for defor-
mation 0.1 — 0.2%.

Also we fulfill the simulation of FG membranes with the beam stress state and calculate
the bending stiffness of membranes. The magnitudes of bending constants for FG membranes
are estimated by using the Euler’s formula of the critical compressive load for a thin beam. For
the periodic boundary conditions the plate loses its stability at the second bending mode and the
Euler formula in the X direction gives

47? h3
E'=Dily5,  Di=BEg, ®)
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where D is the bending stiffness, and A p, is the effective membrane thickness at the cylindrical
bending, F; is the Young’s modulus and [,, [, are the cell dimensions in the X and Y directions.
The compression simulation gives us the critical force F,°", and by first equation of (8)
we get D1 = Dy(F1).
We assume that

hp1 = hpy = hy, hpa = hga = ha, 9)
and calculate the membrane effective thickness Ay, hy from (7), (8)
12D
hy = | ——. (10)
Ey

By such way we estimate the bending stiffness’s D;, D, and effective thicknesses
hy, hso, but in the case with the large number of defects ( N; = 20, 40, 100) this way is
unacceptable because the critical point is not definite. In these case we suppose that h; are done
and equal to the previous values of h;, hy = 2.6, 2.7 A, and estimate values of D;, D, by
relation (10).

To estimate the numerical error we fulfill calculations for various values [, [, .

Also we fulfill calculations for various temperatures 1, 100, 300 and 500 K and calculate
the coefficient of temperature extension (see Table 7). Calculations with the temperature 1 K are
used for the comparison with the quantum chemical calculation at the temperature 0 K.

Table 6. Modulus E (N/m), Poisson’s ratios v, bending stiffness D (N - m) and
effective thickness h (A) of FG membrane for temperatures 1 K or 1 K / 300 K

Structure | direction E E [8] v v[8]|Dx102| h

“Chair” X 231/236| 243 |0.22/0.22 | 0.07 100 23
Y 236 /237 | 243 |0.22/0.22| 0.07 120 2.5
“Boat” X 342 /336 | 230 |{0.12/0.12 | -0.01 185 2.5
Y 234 /236 | 262 |0.08/0.08|-0.01 260 3.7
“Zigzag” X 167 /171 | 117 |0.11/0.12 | 0.05 185 3.6
Y 251/252| 271 |0.17/0.17 | 0.11 210 3.2
random X 200/ 213 - |10.17/015] - 114 2.6
N; =8 Y 220 /222 - |0.18/0.18| - 134 2.7
X 118 /119 - 10.08/0.10| - 66* 2.6*
N; =20 Y 177 /178 - |0.13/015] - 108* | 2.7*
X 120/ 117 - 10.09/0.09| - 68* 2.6*
N; =40 Y 177/176 | - 10.14/0.13 | - 108*% | 2.7*
X 76 / 80 - 0.11/0.10 | - 43%* 2.6*
N; =100 Y 141/ 137 - 1020/022| - 86* 2.7*

Table 7. The coefficients of temperature extension

“Chair” | “Boat” | “Zigzag” | random defects
a, x 10| 4.3 3.0 7.6 1.9-6.5
a, x 108 4.5 5.0 4.7 43-52
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In addition we get a number of calculations with the various parameters in the equa-
tions (1), (2). Our results show that the better coincidence with the quantum chemical results
gives the force field OPLS/AA with correction [1], but the further corrections are desirable.
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The copper nano-sized particles collision under various loading condition was studied in the paper. The special
attention was paid to changes in structure of the particles. The numerical investigations were performed by molecular
dynamics method. The inter-atomic interaction was described within the embedded atom method. The initial
particles were of ideal crystal structure, spherical shape, radius of 6-15nm. The velocity of collision was varied
from 200 up to 1000 m/s, rotation of the particles with the speed up to 1.5-10'3 s~ was applied in some calculations.
It was shown that specific changes in initial ideal crystal structure of the particles took place under interaction, and
the shape of the final particle was not symmetric one. The changes in potential energy of the particles, structural
transformation from one type of the crystal lattice to another one as well as quasi-amorphous regions formation were
studied in detail.

Keywords: structural transformation, nanoparticles, collision, molecular dynamics.

Simulation of nanoparticles collision is an actual problem having many practical applica-
tions such as surface treatment, new materials manufacturing, etc. Here it is important to consider
the structural transformation in material of the particles. In particular, for the powder coating on
the substrate it is required to increase the degree of mechanical activity of both the particles and
the substrate. In addition, the collision process of powders in high cumulative flows is one of the
most promising techniques for the synthesis of nanoparticles of complex composition, as well as
nanoparticles with a block structure having novel properties [1,2].

3D case of nano-particles collision was studied using molecular dynamics method [3,4].
Inter-atomic interaction was described within the embedded atom method (Mishin’s potential)
and corresponded to copper. This approach allows to describe elastic properties, energy of
structural defects, surface energy, melting temperature and other properties with high level of
accuracy [5-7].

In [5] calculations were performed for a wide range of collision velocities of copper
clusters with a diameter 1 and 2nm. It was shown that depending on the size and velocity of
nanoclusters the two modes of repulsion or association were possible. The conditions of bound
state formation and the parameters characterizing the interaction were established. In particular,
it was shown that in such nano-objects kinetic temperature in the contact area under collision
did not reache melting point and the resulting relationship is determined exclusively by the
interaction potential.

In this paper the particle size was much large and varied from 6 up to 15 nm. At that the
velocity of each particle varied from 100 up to 1000 m/s. The initial particles had almost spherical
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shape and ideal crystal structure under zero temperature. The changes in potential energy and
crystal structure of the particles, also as transformation from one type of crystal structure to
another one and formation of quasi amorphous region was analyzed.

At the first step central collision of particles was investigated. Calculations showed that
the final shape of the particles formed under collision varied from dumbbell to the disk-like
depending on the velocity and the size of the initial nanoparticles. In collisions of nanoparticles
with velocities ranging from 500 m/s and higher their initial ideal structure undergoes irreversible
changes (Fig.1,c). Nevertheless, after “annealing” at finite temperatures fragments of crystal
structure appeared in the resulting nanoparticle. In Fig.1,d small dots show the atoms not
forming any srystal structure, and large gray spheres show atoms, forming a face-centered cubic
(fce) structure.

Fig. 1. Nanoparticle structure at different times of collision: a)t=0; b)t=1.1ps;
¢)t=3.4 ps; and after “annealing” at 100°K and relaxation to 7" = 0°K (d)

It should be noted that because of their crystalline structure the original simulated nanopar-
ticles, strictly speaking, had not perfect spherical shape but regular polyhedra. Therefore, the
thresholds velocities at which the nanoparticles are deformed irreversibly, depend on how they
touch under collision (by faces, edges, vertices, etc.).

The resulting nanoparticle fragmented after relaxation was rather stable and deffered from
initial nanoprticles by redundant potential energy (Fig. 2).

At the second step of the study special attention was paid to the influence of particles
rotation on the change in their structure during the impact. Linear velocity of the collision of
the particles varied in the range from 200 to 1000 m/s, and their angular velocity from 0 to
1.5-1013 ¢7L,
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Fig. 3. Atomic structure after collision of two particles. Only atoms forming cer-
tain structures are shown: (a)fcc and hep, (b) fce, (¢) quasi-amorphous structure,
(d) section of quasi-amorphous structure by YZ-plane.
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Fig. 3 shows the calculation results of two particles collision when one (right) is moving
steadily with a velocity of 1000m/s, and the second rotates with angular velocity 1.5-101% ¢,
One can see that after the collision structure of nanoparticles degenerates from an ideal fcc
crystal structure into a “mixture” of the fcc, hexagonal close-packed (hep) and quasi-amorphous
structure. Moreover, the atoms forming the hep structure, are located in parallel planes, dispersed
in space relatively to each other. The maximum concentration of a quasi-amorphous structure is
attained in the zone of direct interaction between the nanoparticles.

Calculations showed that the shape of final nanoparticle can vary significantly depending
on the angular and linear velocities of the collision. Obviously, that due to rotation of one of the
particles the final shape of the resulting nanoparticle is not symmetric (Fig.3) in contrast from
the collision without rotation (Fig. 1).

Based on calculations conducted, one can conclude that as a result of collisions of cop-
per nanoparticles of 6-15nm in diameter at velocity above 500m/s, their structure undergoes
irreversible changes. The original crystal structure of nanoparticles is completely destroyed,
subsequent relaxation leads to formation of fragmented crystal structure. The resulting nanopar-
ticles after the relaxation processes have redundant potential energy, whose value depends on
several factors, such as the geometric dimensions of the initial nanoparticles, the velocity of their
collision, the relaxation and annealing temperature. The presence of rotation can play a very
important role. For example, such collisions produce a larger part of the amorphous structure,
which has a high degree of mechanical activity. In particular, this effect may be useful in the
deposition, production of activated powders, etc.

Thus we have shown that as a result of high-velocity collision it is possible to arrange the
synthesis of nanoparticles with a blocked crystalline structure having new properties, the produc-
tion of which by conventional methods is difficult or impossible. The use of such nanoparticles
is promising in various directions of high technology, particularly in the chemical processes (e.g.
catalysis), and the development of new structural and functional materials with special physical
properties (e.g., magnetic). As a further development of the above studies it is interesting to
consider the interaction of particles of different material and particles with various defects such
as vacancies and interstitial atoms.
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The main result of this work is that the small-amplitude long wavelength bending oscillations of carbon nanotubes
(CNT) become localized ones if the intensity of initial excitation exceeds some threshold which depends on the
CNT length. This localization results from the intensive resonant interaction of zone-boundary and nearest modes
in the weakly nonlinear regime that leads to loss of stability of the zone-boundary mode as to the first step. The
further development of resonant interaction leads to effective confinement of energy in the part of the system only.
We study this process in the terms of Limiting Phase Trajectories and demonstrate the usefulness of transition from
“modal” to “effective particles” representation for description of the system under consideration. We also show that
the similar tendency to localization of oscillation is the common property of the systems, the eigenvalue spectra of
which are non-equidistant ones near their edges.

Keywords: carbon nanotubes, bending, nonlinear energy localization.

1. Introduction

The carbon nanotubes (CNTs) are of great interest not only as the objects that can have
large potential use in nanotechnology processes and devices, but also as ideal model systems
to check the many physical principles. This work deals with the analysis of localization of
bending vibrations of single-walled carbon nanotubes. Such an analysis has to demonstrate both
a new phenomenon — localization of bending vibrations of CNTs — and the efficiency of the
used approach for description of specific strongly nonlinear behavior which cannot be adequately
understood in terms of nonlinear normal modes.

2. The model

To consider the nonlinear localization of CNTs vibrations we should to reduce the descrip-
tion of CNT to that of some effective one-dimensional system. Keeping in mind this objective
we consider a single-wall carbon nanotube of a finite length and cut it ideally into the /N rings
by planes which are perpendicular to the tube axis (Fig. 1). The actual choice of the ring width
has to reflect the real properties of the CNT (in particularly, its chirality). From the other side
the width has not to be too large, because the deformation of the ring along the axis is regarded
as a constant one.

It is known that the mechanical properties of single-wall carbon nanotubes are well de-
scribed within the continuum approach, when the tube is replaced by a cylinder shell with an
effective thickness §. In this framework the potential energy of the CNT can be represented as
the sum of deformation energy of the individual rings

2

1 1
U, = / [iESRsMQEJRnZ df (1)
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and the interaction energy between neighbor rings, which should be described as
2
Lo n e 1

Here ¢ is the deformation of the contour length, « is the flexural deformation of the ring
(curvature), )| is the bending strain along the tube axis, || is the longitudinal strain (along the
tube axis), F, J, J' is Young’s modulus, moment of inertia of the ring and the moment of inertia
in the plane passing through the axis of the tube, S = R/ is the effective square of the element
of the section of the ring. Because we deal with the small-amplitude vibrations, the energy of
the Van der Waals interactions is negligible. To obtain the total potential energy of the CNT we
should sum the expressions (1, 2) along the tube axis.

One of the main types of nanotube deformation is bending one. In particular, the ac-
tion of concentrated external forces which are perpendicular to the axis of the CNT leads to a
strain that can be represented as a pure bending in the plane perpendicular to the axis of CNTs
in combination with a bend along the cylinder. In the first approximation we can ignore the
deformation of the middle surface and consider only the bending deformation. (Accounting for
the average tensile strain of the surface somewhat complicates the calculations but does not lead
to qualitatively new results.) Thus, the observed deformation is a combination of two modes
along the CNT axis (a homogeneous deformation with the wave vector k, = 0 and the mode
with k, = 27 /N), the ring being changed its form into elliptical one (see Fig. 1).

Then we can characterize the deformation of carbon nanotubes by a single variable — the
amplitude of the elliptical deformation. Indeed, assuming that the bending strain in each section
of the CNT is presented as X cos 26, where # — the azimuth angle, and X — the amplitude, after
integration over the angle #, we obtain the following expression for the strain energy:

N
1 1
Ut =7 [iEJRHi + Br + iEJ/Faﬁm , (3)
n=1
X, Xoi1 — 2X, 4 X
= g = S oL o)

where ,, is the deformation of the n-th ring and x| ,, — corresponds to inter-ring interaction. The
strain energy (3) contains also the anharmonic terms (~ Sx2), which must be taken into account
when calculating the dynamics of carbon nanotubes. First of all, it concerns to the vibrations of
the ring profile. From symmetry considerations it follows that the anharmonic contribution is the
fourth-order strain. Its exact form can be derived directly from the atomic interaction potentials.
When the flexural deformation of the ring contour occurs, the main part of the deformation
energy corresponds to angular component of interatomic potentials, which is characterized by the
nonlinearity of soft type. So the coefficient 5 should be negative.

It is easy to see that the potential energy in the form of (3) reduces the problem of
small-amplitude oscillations of carbon nanotubes to a system of ordinary differential-difference
equations for the variables X,,. The significant characteristic feature of the eigenvalue spectrum
of such a system is the existence of a gap determined by the bending oscillations of the ring with
a frequency wy ~ EJR/a? where a — “lattice constant”, i.e. effective width of the ring, and the
second one — the spectrum crowdling near its edges corresponding to the wave numbers k, = 0
and k, = 7.

k. EJR ERJ
w2:w§+1662sin45, wy = z TR =1
a

a?
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Fig. 1. CNT under external forces applied in the center of CNT in the direction
which is perpendicular to the tube axis. Thin lines show the boundaries of the
effective rings

Such peculiarities of the spectrum make it to be similar to that of the one-dimensional
chain (involving longitudinal bonds), on an elastic support (i.e. the model of the Klein-Gordon
or the Frenkel-Kontorova). A similar model with periodic boundary conditions was recently
considered by us [1], where the asymptotic analysis of the equations of motion was discussed
in detail. It was shown that while the amplitude of excitation increases the significant role
of resonant interaction between closely spaced modes can be revealed (it relates especially the
interaction between zone-boundary mode and the nearest to it). In the present case it corresponds
to the modes with wave numbers k, = 0 and k, = 27 /N along the CNT , which describe
the deformation of carbon nanotubes as a result of the excitation (Fig. 1). The influence of
resonant interaction of non-linear normal modes leads to a loss of stability of the boundary mode
(k. = 0), and eventually to the emergence of the energy localization in the system. Qualitatively,
this process can be described as follows: a resonant interaction of two closely spaced modes
with small amplitudes leads to periodic redistribution of energy with a characteristic time which
is inversely proportional to the frequency difference. This process can be naturally regarded as
the beats between the “effective” particles, each of which contains about half of the system’s
atoms. Such a behavior is specific for the harmonic system, where the period does not depend on
the amplitude. The effect of nonlinearity leads to the nonlinear beats. At a certain critical level
of excitation the zone-boundary mode becomes unstable in the systems with soft nonlinearity
(8 < 0). The loss of stability of the boundary mode leads to the emergence of new stationary
solutions and a separatrix passing through the unstable stationary point. At the same time the
behavior of the trajectories corresponding to the beats remaines without qualitatively changes.
The fundamental change occurs when the excitation energy reaches the value, at which the
energy of the beating becomes equal to that of the separatrix. In this case, the beats in the
system are generally prohibited and the energy is “trapped” in the domain of initial excitation.
Of course, such localization covers large areas corresponding approximately to a half of the chain
(in the framework of two-mode approach, we have not the tools to describe a higher degree of
localization, because it requires a participation of the shorter nonlinear modes). Therefore, we
have a qualitative picture, so to say the manifestation of the nucleing of the localization, that
clarifies the origin of the breathers formation. As the result of computer simulations, we can
accurately estimate in this model the threshold of localization, and the profile of the localized
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solutions. The energy contribution ot other modes to this process does not usually exceed 10-20%
of the initial excitation energy.

The procedure for analysis of dynamic equations and the determination of thresholds in
the asymptotic approach are discussed in detail in [1,2]. In this case, we want to obtain an
estimate of the localization threshold, without resorting to complex analytical calculations. We
represent the variable X,, as a combination of the two modes (this representation adequately
describes the deformation of CNTs, as it is shown in Fig. 1):

X, (t) = xo(t) + x1(t) cos 27% Q)

where xo(t) and x;(t) are the amplitudes of the modes, which are the periodic functions with
period 27 /wy and 27 /w; in the harmonic limit; wy and w; — the smallest eigenvalues (see (4)).
However, the above-mentioned “effective particles” are described by a linear combination of

normal modes:

_Xotxa _Xo—Xx1 ©)

¥1 \/ﬁ y P2 7\/5 )

and each of the “effective particles” corresponds to specific function ¢. For these variables, the
total “number of excitations™ Y = |p1]? + |¢2|® = |xo0|® + |x1]? is preserved. As it becomes
apparent from expression (6), the beats realizing the energy transfer from one “effective particle”
to another correspond to transition from one “pure” state (in the terms of effective particles ¢,) to
another “pure” state, while the zone-boundary normal mode corresponds to some “mixed” state.
The “pure” states bound the attraction domains of y( and they are the limiting phase trajectories
(LPTs) [1]. The cessation of energy transfer from one “effective” particle to another one occurs
when the energy of “effective” particles becomes equal to that of normal mode y,. At that the
LPT coincides with the separatrix that leads to the prohibition of the transition from “particle”
1 to the “particle” yy. After substitution of expressions (5)—(6) into (3) and performation of
some simple algebra we obtain the expression for threshold level of excitation:
4N (wk — wi) 64N sin® = 1

35 35 ~ TN (B<0) (7)

IXol* + [xal? =

x=012
X=0125

(b)

Fig. 2. 3D surface of energy distribution in the CNT with N = 64: (a) before
and (b) after localization threshold. The beating corresponds to energy transfer
from the central part of CNT (“particle” 1) to the edge parts of it (“particle” o)
and inversely. When the localization occurs the energy is confined in the central

part of the CNT. n is the ring number; the time ¢ is measured in the periods of

2
zone-boundary mode T = alll
Wo



106 Smirnov V. V., Shepelev D. S., Manevitch L. 1.

The above estimates (7) (with an accuracy about 10%) are in a good accordance with the
threshold of localization observed in computer simulations (Fig. 2). In the following example, the
numerical estimate of the threshold amplitude according to (5) gives a value of xo = x; ~ 0.1258
while the localization is observed even at x, = x; ~ 0.1258.

3. Conclusion

The brief qualitative analysis of the bending vibrations of CNT allows us to reveal the
origin of non-linear behavior of the system under consideration. First of all, we observed the
new nonlinear modes, which do not exist in the linear system and are created from the resonant
interaction of the normal modes. The accurate asymptotic analysis which is similar to that
made in [1,2] leads to the clear manifestation of new normal modes. The transformation of
the phase space originated from these new modes appearence leads to topological structure of
phase space with some domains corresponding to the states with energy localization. We describe
adequately the transition from intensive energy exchange between “pure” bending states to energy
localization in terms of LPTs. And finally, the comparison with the previous papers [1,2] allows
us to conclude that such a behavior is a specific one for the system with unstable zone-boundary
mode and the non-equidistant spectrum of linearized system. We suppose that the approach
developed in the paper will be useful for investigations of the nonlinear systems of very different
nature.
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We study an opportunity to increase elastic moduli of a nanocomposite due to stress-induced phase transformations
which lead to the formation of intermediate new phase layers around nanoparticles. These layers enlarge the effective
size of the particles which from now become inclusions made up of kernels (the initial nanoparticles) enclosed by
new phase layers shells. Increasing the volume fraction of the inclusions can change the effective elastic moduli of
the composite much more than one could expect in a case of the composite with a small volume fraction of initial
nanoparticles. As an example we consider an isotropic composite with spherical particles under hydrostatic loading.
We begin with considering the new phase formation around an isolated inclusion including the interface stability
analysis. We show that stable two-phase states are impossible if both elastic moduli of the matrix increase due
to phase transition and possible if the bulk modulus increases and the shear module decreases. Then, basing on a
self-consistent approach, we describe the new phase formation around spatially distributed particles and study how
external strains effects the new phase areas growth. Finally we demonstrate that the new phase layers formation can
lead to increasing the effective bulk modulus of the composite.

Keywords: nanocomposites, intermediate layers, effective elastic moduli, phase transformations, stability.

1. Introduction

Carbon nanotube and fulleren reinforced nanocomposites have received increased atten-
tion in recent years because of their mechanical, electrical, optical and magnetoelectrical proper-
ties [4,15,16]. One of the surprising facts is that a small volume fraction of nano-inclusions may
lead to significant effects which cannot be predicted by common mathematical model of com-
posite materials made of a matrix and uniform inclusions. In a number of papers (see, e.g., [1,4])
it was suggested that these effects may be related to the quality of the boundaries which separate
the inclusions and matrix. But the theories of composite material usually imply ideal contacts at
the inclusions boundaries and even in this case cannot give the effects declared.

To explain how a small volume fraction of particles may lead to disproportionately sig-
nificant changes of mechanical properties of nanocomposites we suppose that this may be a
result of the formation of intermediate layers surrounding the particles. The major hypothesis
is that these layers appear as a result of phase transformation in matrix around the particles and
the phase interfaces must satisfy thermodynamic equilibrium conditions. The formations of new
phase layers increases the “effective” sizes of the particles. As a result the effective volume
concentration of inclusions increases and, thus, effective elastic moduli change.

To simplify the derivations we consider a composite with isotropic spherical inclusions
in isotropic matrix. This gives us a foreseeable script of general consideration and analytical
basement for further verifications of numerical simulations.
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Note that stress-induced phase transformations can be induced by external all-round com-
pression/tension as well as by thermal stresses appeared because of the difference between ther-
mal expansion coefficients of the inclusions and surrounding material. In fact, new phase areas
can be formed under combined thermo-mechanical actions at the stage of the composite manufac-
turing. Since from the mathematical point of view thermal stresses can be reduced to stresses pro-
duced by mechanical loading, we consider further only external all-round tension/compression.

The following questions are being discussed within the above formulated elementary
problem:

1. Is it possible to form the stable intermediate layers of a new phase if at least some of
elastic moduli increase?

Given average strain and temperature, equilibrium and stable two-phase states are the
microstructures which correspond to minimal value of the Helmholtz free energy of a body that
differs from the strain energy only by a term related with free energies of the phases in stress
free states and proportional to the new phase volume. The strain energy cannot decrease if all
elastic moduli of the matrix increase due to phase transformation around the particles. Thus, we
have to examine the case when some elastic moduli increase but the others decrease. From the
mechanical point of view this means that we have to deal with a case for which the jump of the
elasticity tensor due to phase transition is a non-signdefinite tensor, and in any case we need a
stability analysis that is carried out in the present paper.

2. Is it possible to provide the controlled growth of the effective elastic moduli?

This question arises because, generally speaking, the stability of the two-phase state of the
matrix can be lost and the instability may lead, particularly, to a spontaneous phase transformation
of the whole matrix. That is why we find the interval of external strains at which two-phase states
adjust to external strains and remain stable.

3. Is it possible to reduce stress concentration in the matrix due to the formation of new
phase transition layers?

To answer this question we examine how the phase transformation effects the strain
energy density spatial distribution. We demonstrate that in a case of the stable interface the
phase transformation leads to the energy density decrease in the particle itself and in the matrix
on the side of the parent phase. We also show the opportunity to reduce the energy density in all
areas of the body. The intensity of the shear stresses also decreases.

2. Constitutive equations

We consider stress-induced phase transformations of martensite type accompanied by the
transformation strain and changes of elastic moduli. Two-phase deformation of an elastic body
is studied by a small strain approach.

Let new phase areas V. be bounded by interfaces ['. A problem on the equilibrium two-
phase configurations of an elastic body is reduced to finding position of unknown interfaces I'
and displacement u(x) sufficiently smooth at material points x ¢ I', continuous across I, and
satisfying equilibrium and boundary conditions including conditions on the interface:

x ¢l V.o =0, 60=const, (1)
xel [u =0, [o] - n=0, )
1
/]~ (@) [e]=0. {o)= (o +o) G)
where € and o are strain and stress tensors, 6 is the temperature, f = f(e, ) is the Helmholtz
free energy volume density, n is the unit normal to the interface I', super- or subscripts “—”" and

“4” identify the values being taken for a material in the “—"" and “+” phase states, respectively,
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the brackets [-] = (-); — (-)_ denote the jump across I'. Body forces, thermoelastic effects
and surface energy are not taken into account. Note that from the displacement and traction
continuity it follows that (o) : [e] = o4 : [€].

The conditions (2) are common contact conditions and can be satisfied on any contact
surfaces in a body, as it is in composite materials. The additional thermodynamic condition
(3) (known as the Maxwell relation) is related to an additional degree of freedom caused by an
unknown phase boundary. This condition is the necessary (but not sufficient) condition for the
energy minimization with respect to the position of the interface. Namely the thermodynamic
equilibrium condition (3) imposes the restrictions on the existence and geometry of new phase
areas (see, e.g., [9,10]).

We consider a two-well strain-energy function:

f(eae)211171_{_1{f_(€79)7f+(€70)}7 4)

FH(e.0) = J5(0) + 5 — 1) : Ca: (e — &),

Upper and lower scripts “+4”” and “—”" in relationships correspond to each other. 1D-sketch of the
free energy density dependence is shown in Fig. 1

fa

Fig. 1. Free energy volume density: a — case 1, b — case 2

By (4), the constitutive equations take the form:

o:(e)=Cyi:(e—€l), eeéy Q)
where &+
E-={e: p(e) >0}, & ={e: ¢(e) <0}, wle)=f"(e) = f (e)
are the domains of definition of the phases “—” and “+” in strain space.
The parameters C-., f;~ and €’ are the elasticity tensors, free energy densities and strain
tensors in unstressed phases “+”, respectively. If e/ = 0 or €” = 0, then [e?] = &? is the

transformation eigenstrain.
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\ 4

for A\

Fig. 2. A particle enclosed by a new phase intermediate layer

We emphasize that one of the unstressed states can be only hypothetical. The strain
e = e’ may belong to the domain of the phase “—”, not to the phase “+7, if f*(ef) > f~(eh).
Further we say that we are dealing with the case 1, if f*(e") < f~(¢’.) (Fig. 1a) and with the
case 2, if fT(eh) > f~ () (Fig. 1D).

The thermodynamic condition can be rewritten in the form that relates the strain on one
side of the interface and the normal to the interface (see [7] or [2] and reference therein):

X(si,fy,n)é’H—%[ep:C:e”]+%ei:Cl:ei—ei:[C:ep]i%qi:KJF(n)iqi:O, (6)
where
i =Ciies—[C:e], Ken)={n®G-m)@n}’, G=()=(n-Cs-n)™,
C,=C,-C_, B=C'-C", ~v=1[fi

The parameter vy acts as the temperature.
If the inverse tensor C; ' exists then (3) can be rewritten in terms of the tensor q taken
on one side of the interface [14]:

1 1
X(ax, 7, n) £ 7, + §qi:(CI1 +K:(n)):qe=0, 727+ 51 B[] (1)

Thermodynamic condition (6) cannot be satisfied for all strains. This leads to the concept
of phase transitions zones (PTZs) [9, 11, 12], which are the areas formed in strain space by all
strains that may exist in the body at the equilibrium phase boundaries. In other words, PTZ is
formed by the strains, for which the equation (6) can be solved with respect to the unit normal n.
Given material parameters and the parameter ~, the PTZ presents all possible local orientations
of the equilibrium phase boundaries and strain jumps across the interfaces. Thus, the PTZ is the
passport of a material which undergoes phase transformation (see, e.g., [3,9]). In this paper, the
construction of PTZs is used to reject the equilibrium but unstable solutions.

Further we consider a matrix that can undergo phase transformations and inclusions,
which act as stress concentrators and induce phase transformation. The material of the matrix
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is piece-wise linear elastic described by the constitutive equations (4), (5). Material of the
inclusion is also linear-elastic, its elasticity tensor is C; and the free energy density is given by
the dependence

1
fi(e) = € C;:e. (8)
3. Spherically-symmetric two-phase deformations induced
by a spherical inclusion

We consider an unbounded medium with a spherical inclusion V; of the radius R; under
all-round tension/compression. Let e” = 0, €, = &? = (V?/3)E, and gy = (9y/3)E be the
external strain. Suppose that there exists a two-phase deformation with one spherical interface
(Fig. 2) and find the equilibrium interface radius Rr in dependence of external strain and material
parameters.

Radial displacement v in areas V;, V., V_ is given by the formula

D
u=Ar+— 9)
T
where dependencies of the integration constants A = {A;, A,,A_} and D = {D;, D, D_} on
€o and the inverse of the relative interface radius
R;
=—, € (0,1
p=g Pl
can be found from the contact conditions at the particle boundary and the interface, the condition
at the vicinity, and the boundedness of the displacement in the center:

r=R;, r=Rr: [u=0, [0,]=0

Er |r—>oo: 790/3 =&y, U ’r:O< 0,

and o,, €,, €, are stress and strains in spherical coordinates.
It can be found that the integration constants are given by the following relationships

dtd- dpg (1 — 2)t
Az':Afgo‘i‘Af, D; =0, A§ZL7 Af:M
A A
D -
A_ =g, —3£D_:D5_50+D’3
Ry
3(dEkfiz — df ky) g di(l—2)t
DE — i i DY =2 10
— Z Y — Z ( )
df dZ di — 4 2)t
Ay = Ai-EO + qu-v Ai— = ZZ ) qu- = ( - ZIUL1 )
D ~ 3d_kT; d; t
R—§5D+:Diso+Di, DE = Zl, Di:—Z

where
Z=df di — 12 ki =
2= ki =k — k-, ki =ky —kiy pn=py —p, t =k P
df = 3ky +4dpy, di =3ky +4p_, di = 3k; + 4p

The mechanical equilibrium equation (1); and contact conditions (2) are satisfied at any
interface radius p if the solution is taken in the form (9) with integration constants given by
formulae (10). The dependence of the thermodynamically equilibrium inverse interface radius
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ps on external strain ¢ is determined by the thermodynamic condition (7) that, after substituting
strains obtained by the differentiation of the displacement (9), takes the form of the algebraic
equation

N2
3<t —3k1AL + 4p1zD+> . (t — 3k AL )2

27, + +12122D% = 0 (11)

d_ kq
Bk
2k

T =7

>
I

el es 0 €0

Fig. 3. The inverse relative equilibrium interface radius p in dependence on &,
P > g

The dependence of the inverse relative equilibrium interface radius p, on ¢; is shown
in Fig. 3 for the case k; > 0, 43 < 0. New phase nucleation starts at the particle boundary
at ¢g = £°. The value ¢° can be found from (11) if substitute p = 1 into the formulae for D
and A, .

The whole matrix transforms into the phase state “+” at ey = ¢/. Substituting p = 0 into

(11) leads to to the formula
1 d;
F= —(tE 4 -2"F k. 12
T < VT (12)

If ¥ < 0, k; > 0 then the sign “—" is to be taken in (12).

4. Energy changes due to new phase areas growth and the interface stability
The interaction energy is determined as
E,=11,—-1I_ (13)

where 11, is the Gibbs free energy of a body with an inclusion that has the interface inverse radius
p embedded into two-phase matrix, [I_ is the Gibbs free energy of a body with an inclusion
embedded into one-phase matrix in the phase state “—” at the same boundary conditions as 1I,
is calculated.
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In the case under consideration

B = [ (o) - e av+ [ (fle) = fleg) v+ [ ()~ (o)) v
Vi Vi i
where € is a current strain field in a case of two-phase matrix with the interface inverse radius
p, €} is a strain inside the inclusion when the matrix is in the phase state “—”, g, is a strain in
one-phase matrix in the “—” phase state.
Following [2] we derive from (4) and (8) that in a case of an arbitrary interface radius

E 1 3 1—-=2 ~ o~

R}’ ki +4p_
The equilibrium interface radius p,, i.e. the radius satisfying the thermodynamic condition,
corresponds to the extremum point on the dependence E,(p| €o).

Examples of the dependencies of the interaction energy on the interface radius are given
in Fig. 4 b, (case 1) and Fig. 4 by(case 2) (u— > p). The results for two values of the external
strains €y = £g1 (solid lines) and €9 = g2 (dotted lines) are shown, g2 < £91 < 0. Minimum
points in Fig. 4 by, b, demonstrate that the equilibrium solutions are stable with respect to interface
radius perturbations if po— > p. If p— < py then similar calculations show that the dependence
of the interaction energy has a maximum at the new phase spherical layer equilibrium radius,
and this means instability of the interface. That is why further we discuss in detail phase
transformation, resulting in decreasing the shear modulus but the increasing the bulk modulus.

So, if the bulk modulus increases, while the shear modulus decreases due to phase
transformation, i.e. k; > 1, u; < 0, then the interface is stable with respect to perturbations
of the interface radius. However, when certain radius is reached, the interface becomes unstable
with respect to axisymmetric perturbations. This instability can be detected with making use of
an additional stability analysis basing on the procedure developed in [10, 13]. The instability of
equilibrium two-phase deformations have not been detected if the strain at the interface corre-
sponded to the outer boundaries of the PTZs. The fact that strains at the stable interface must
belong to the PTZ boundaries also follows from the recent paper [17].

Fig. 4 a,,a, shows how strains at the interface are related with the PTZ at different
external strains. Black dots denote to the local strains which take place at the equilibrium
interface at the external strain €. These strains are located at the external boundaries of PTZ.
Crosses mark the local strains at the external strain gy (g92 < €91 < 0). One of these strains is
located at the internal boundaries of PTZ.

In the case under consideration the strains belong to the outer PTZ boundaries if

(eg =& )1 >0 (14)

This inequality allows us to estimate the interval of external strains at which two-phase states
remain stable. Straightforward calculations show that the transformation interval |¢/ — &9| is
larger in the case 2 that is if the value ~(#) is chosen so that f(e?) > f~(eP).

Note that the stable homogeneous spherical new phase areas can exist in a uniform media
under external all-round tension/compresion only if gy > pu_ [2,5,10,13]. Therefore, depending
on the relationship between shear moduli of the phases, two types of new phase nucleation are
possible. If . < p_ then inhomogeneities (stress concentrators) are the points of the new phase
growth. If p, > p_ then new phase areas can appear in the domains of homogeneity of the
material.
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5. Free energy density spatial re-distribution and energy release due to phase
transformations

Two-phase deformations are always accompanied with some stress concentration at the
interface. To clarify why two-phase deformations can be preferential from the energy minimiza-
tion point of view we study how the free energy density is redistributed in a body if the phase
transformation takes place around the particles.

Fig. 4 ¢; and ¢, shows the spatial distributions of the difference

fi(Ep)—fi<€ZQ), O<7"<RZ
b(r) = fo(e”)—f(e"), Ri<r<Rr
fr(e”) = f-(e%), r>Rr

between the free energy density in the case of the equilibrium two-phase state of a matrix with
embedded inclusion and the free energy density in the case of one-phase state of the matrix with
embedded inclusion at the same boundary conditions for the cases 1 and 2. As in the previous
section, solid lines and dotted lines in Fig. 4 ¢; and ¢, correspond to external strains £y, and €qs,
e < € < 0.

E P(r)

~ _ - \
~ e - N
€ A R; r
a by &1
€1 E 0 —
Y(r)
O
1
- \
Eg =€, \
\ | FEEEm -
- -~
2 4 . r
as by R Co

Fig. 4. a, and as; — the PTZ and local strains at the interfaces, b; and b, — the
dependencies of the interaction energy F on z = p® (the cube of the inverse
interface radius), ¢; and ¢y — the spatial redistribution of the free energy density
in the cases 1 and 2, correspondingly.

Negative values of ¢)(r) mean that the local energy release takes place due to equilibrium
new phase zone formation around the inclusion. In cases 1 and 2 the free energy density decreases
both in initial inclusion and outside the coated one. In case 2 the free energy density is also
decreased in intermediate layer and the relative contribution of this decreasing in body energy is
very significant.
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Fig. 5. The effective field method.

Note that if the strain energy density decreases in the vicinity of the inclusion then the
stress concentration decreases. In this case the phase transformation acts as a reinforcing factor.

6. Composites with a matrix undergoing phase transformations

We consider a composite material with spherical inclusions. As in the previous sections
the material of matrix can undergo phase transformations. The constitutive relationships of the
material of the matrix and the particles are the same as in the case of the isolated inclusion, (4)
and (8), correspondingly.

Following a self-consistent method [6, 8] we can consider every inclusion as an isolated
one embedded into the homogeneous medium with elasticity tensor C_. The influence of other
inclusions is taken into account by introducing the effective field e, that is the sum of the external
field €y and the field induced by surrounding inclusions (Fig. 5). The main hypothesis of the
method is that the field e, is constant and the same for all the inclusions. We also assume
statistical independence of the inclusion properties from their spatial locations and use ergodic
properties of the functions considered.

The following equation for the effective field can be obtained [18]:

e.=€o+pA:(Py: e, —Ph) (15)

where p is a volume fraction of coated inclusions, p = py + p+, po 1s a volume fraction of the
particles (initial inclusions), p is a new phase volume fraction, the tensor A take the form [6]

1—ee_ b—2e&,_ 1 3k_ + p—
EE+ —(I—- -EE =
+ ( T

A p—
9 15p— 3

where I is the isotropic unity fourth-range tensor, ;5 = 1/2(0;10;1 + 0;,0:)-
The effective field must be spherical for hydrostatic loads €, = ¢, E. We have
god_ — P} . t _
Ex = y, Py = (klAier - kliAip0)7 Pé) = ( 2+ + kliA?pO - klAier v (16)
d_ —3F, 3
As, A5 AY, AY are determined by (10) at z = po/p.-
If p — 0 then the solution of a composite problem becomes the solution for the isolated
inclusion given in previous sections.
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After averaging the expression for the stresses and strains we derive the formula for the
effective elastic moduli of the composite. The tensor of effective elastic moduli takes the form:

Cw:mEE+%u(I—%EE>

where the dependencies of effective bulk and shear moduli on volume fractions of the particles
and the thickness of the new phase layers is given by formulae

d_Fy 3d_F

ke =k —————, e =p —
d-—3p, T T %@ —3R)

The dependencies of relative effective bulk modulus k., /k?, shear modulus i, /u® and
Young’s modulus F,/E? on the volume fraction of layered inclusions are shown in Fig. 6.
Here kY, 1%, and E? are the bulk, shear and Young’s moduli of the initial composite without
intermediate new phase layers. Fig. 7 shows the dependence of the equilibrium inclusions volume
fraction p, on the external strain. Both figures are pictured for the case 2, k- = 20, u_ = 9,
ky =140, py = 6, k; = 500, p; = 170, 9P = —0.08, v = 0.07, the initial volume fraction of the
particles 0.02.

LA kR
1.12 e
4
1.08 //
1.04 /|
1
:::::::--__EMES
B TR
0.02 0.06 0.1 p*

Fig. 6. The dependencies of the relative effective bulk modulus %, /k?, shear mod-
ulus 41, /p? and Young’s modulus E,/E? on the volume fraction of the layered
inclusions.

The solid parts of the lines correspond to the equilibrium volume fraction of layered
inclusions and corresponding external strains at which the local strains at the interface of the
effective inclusion belong to the external PTZ-boundaries. We assume that corresponding inter-
faces are stable. The dotted parts of the lines correspond to external strain and volume fractions
for which at least one of the strains at the effective interface does not belong to the external
PTZ-boundary. The stability of the effective interface is lost in this case. Chosen parameters
k+, k;, i+, v and volume fraction of the particle py = 0.02, two-phase structure remains stable
until the equilibrium volume fraction p, of the layered inclusions reaches 0.1. The effective bulk
modulus of the composite demonstrates 10 percent growth. Both Young’s modulus and shear
moduli decrease.
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Fig. 7. The dependencies of the equilibrium volume fraction p, on the external
field ¢

7. Conclusion

We developed a model to describe intermediate layers in composite materials as new
phase areas. Phase transformation around spherical isolated inclusion was analyzed in detail.
Then the growth of new phase areas around the particles in composite materials was described
using the self-consistent approach.

Due to the fact that phase transformations lead to the total energy decrease and stability
reasons, simultaneous increasing of all elastic moduli is impossible but it is possible to increase
some of the moduli. We demonstrated that if materials of the components are isotropic and
inclusions are spherical then the new phase formation under all-round compression can lead to
increasing the bulk modulus. In this case the shear modulus is to decrease. We also demonstrated
that due to the energy release the phase transformation can act as a reinforcing factor.

We developed a procedure for the interface stability analysis and showed that the desirable
process of the new phase intermediate layers formation may be very sensitive with respect to the
temperature and loading conditions. This in turn may result in experimental data scattering and
misunderstending.
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The modelling of the shear strength of nanotubes based nanocomposites is considered. To model the shear strength
of nanocomposites it is assumed that the zone of the adhesive interaction between nanotubes and a polymeric matrix
is a thin interface layer which has resistance only in the relation to action of shear stresses and has the given curve
of deformation. The stress state of nanotubes and a polymeric matrix is determined in the assumption, that the
nanotube is a cylindrical fibril with the straight axis, embedded in a infinite polymeric matrix and the displacement
along the axis of the nanotube under the action of the external loading along this direction are much more than
others components of the nanotube and matrix displacements. The analytical solutions for the axial displacement
and normal stress in the nanotubes and the shear stresses in the interface layer for a case of the bilinear deformation
curve of an intermediate layer with elastic and hardening or softening branches are obtained.

Keywords: modelling, nanotube-polymer adhesion.

1. Introduction

Composites based on polymers or ceramics matrix and filled by nanosized particles or
nanotubes are materials with very strong and tough mechanical properties. The mechanisms of
toughening these materials by nanoparticles investigated experimentally and theoretically [1-4].
From the experimental observations (see [1,2,5]) it has been found: 1) the main parameter
which defines the nanocomposite strength is the adhesion between matrix and nanofiller; 2)
the crack bridging mechanisms is very important during nanocracks formations and fracture of
nanocomposites. Noted also that in the most observed cases the size of the nanocrack bridged
zones were comparable with the whole crack size. These cases need special consideration during
the bridged zone and crack tip growth. Below the mechanical model to describe the nanotubes-
polymer matrix adhesion (which is the basis for formulation of the bridged crack problem for
nanocomposites) is considered.

2. Model of nanotube-polymer adhesion

The model of nanotube-polymer adhesion based on the shear-lag approach was proposed
previously in [6] and discussed in the frame of nanomechanics in [7]. In the frames of our
approach, it is assumed that the nanotube is a straight cylindrical fiber of length L. embedded in
an infinite polymer matrix (Fig. 1). The nanotube under the external normal loading has only the
displacements along its axis and the thin layer of the polymer matrix adjacent to the nanotube
is bearing only shear stresses. It is also supposed that the interfacial shear stresses between
the polymer matrix and the nanotube depend on the interface layer thickness (/) and the fiber
(nanotube) axis displacement (u)

&

T = R1U, R1 = —, (1)

H
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Fig. 1. Nanotube (II) embedded in a ' »
polymer matrix (I) under the action Fig. 2. Bilinear ~ shear
of the external normal stresses, H is stress-displacement law for
the interface layer thickness the interface layer

We will also suppose, if the shear stresses 7; exceed the given value 7,, = kjiu,, then shear
stresses in the interface layer between the fiber and the matrix are described by the equation

G
Ti = To £ Kou, Ko = ﬁQ (2)

where G is the shear modulus of the interface layer on the hardening/softening parts of the
deformation law curve, © > wu,,.

If the displacements of the nanotube axis attain the critical value u., then the detachment
of the nanotube from the matrix occurs.

Note, that the interface layer thickness (H ) may depend, in general, on the position along
the nanofiber (coordinate x ) and the shear stresses at the detachment state (7., ) may be nonzero.

Combining equations (1) and (2) we can write the interface deformation law as follows

ru(z), 0 <u(r) < Up
() = mErou(x), Uy < u(z) < U (3)
0 u(z) > Uer

where ko are the stiffness on the hardening/softening parts of the shear-displacement law

_ G T _ G [T =Tl

H o, T Uer — U,
and the value u,.,. is the critical elongation of the nanofiber (see Fig. 2).

In dependence on the values 7,,, and 7., the deformation with the softening (7., < 7,,), the
bottom sign in (3-4), or with the hardening (7., > 7,,), the upper sign in (3-4), can be considered,
see Fig.2.

Next, we will write the equilibrium equation for an infinitely small part of the nanotube
embedded in the polymer matrix. This equation has the following form
do(z)

0.257 (D* — d°) — = D) (5)

Suppose that the axial deformation of the nanotube fiber is elastic, then, taking into
account the temperature difference during the cure, AT, we can write

o(z) = By (dlc‘lf) - afAT) (6)

K1(x) , T2 = Uy (K1 F Ka) (4)
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Fig. 3. Distributions of the shear stresses over the nanotube length for differ-
ent values of the relative stiffness of the interface layer, 14

where Fy and oy are the elastic modulus and the thermal expansion coefficient of the nanotube,
respectively.

Finally, substituting equations (3) and (6) into the equilibrium equation (5), taking into
attention the changing of the shear stress law along the nanotube and the possibility of the
nanotube detachment, we obtain the following system of the differential equations for the axial
displacements of the nanofiber:

(d*u
dx;—ﬁfule, 0 <z<am,
d*u
dZL'; + 62211'2 = R27 Ty < T K Ty (7)
d2U3
— <
| 722 0, Tor < < L
where
GLQ D 25\/M1,2 4T252 D
MI’ZZE—E’ 1,2 = D RQZﬁa 0= ——— (8)
! ! VD? —d?

The point z,, in (7) is the position along the axis of the nanotube where the deformation
law is changed according to Eq. (2) and the point z., is the detachment point position. This
system of the differential equations solves together with the appropriate boundary conditions and
the additional conditions of continuity and compatibility at the point of changing the deformation
law z,,, where v = wu,,

0wy
ox

. 8u2

= o 9)

U, = U1 () = Uz(Tm),

T=Tm T=Tm
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and the conditions at the detachment point z.,. where u = u,,
8%2 . 8%3
Ox Oz
Note, that if the interface layer thickness (H) depends on the coordinate then equations (7) can
only be solved numerically, for instance, by finite difference method.

We initially have considered the simple case of the constant thickness of the interface
layer thickness (H). The equations (8) in this case have the analytical solution. Based on the an-
alytical solution of the equations (8) we considered different types of the boundary conditions for

the embedded nanotube model and have got the shear stresses distributions along of a nanotube
axis.

Uer = UZ(:ECT) = u3($cr)7 (10)

T=ZTecr T=ZTecr

3. Estimation of nanocomposites shear strength

Let’s define the average shear stress 7, along of a nanotube part of the length L. as
follows

L.
1
To = L—C/Tz(x)d:t (11)
0

For a case when the shear stresses 7;(x) are dependent on the axis displacements « linearly in the
whole range of the external loading and at the nanotube sections x = 0 and = = L, (see Fig. 1)
are adopted the following boundary conditions

. 8%1 . . 8u1
= Epo— L oy, 0(0)= Ef Ee

we can obtain the dependence of the shear stresses over the nanotube axis:

26 Ler/fiT
o cosh ( Tt)

() = =L = (1L =/ L; 1
Tl(t) 26\/% Slnh ()\1) ) A]. 61 Cy 3 x/ ) ( 3)

By using formula (13) we can write

L.

O\ 1 O'fD D d2
S AL - h S i i 14
20 L. sinh (A1) / cosh () dv = =55 = o {4LC D? (14)

0

U(Lc) =0 (12)

=0

Ta

Let’s note, that the average value of the shear stresses (14) coincides with the value of the shear
stress for an ideally-plastic matrix [6, 7].
The dimensionless shear stresses (the shear stress concentration factor, SCCF) can be

defined as follow -

Tr(t) = — (15)
By incorporating Egs. (13) and (14) we obtain for the linear deformation law
26Le /it
(t) = 7, cosh(Mt) 26LC\/_COSh( D 1t> (16)
O N I e

Within the framework of the linear deformation law the maximal value of the shear
stresses is observed on loaded end of the nanotube (x = L. ). Let’s evaluate the physical-
mechanical parameters in (8)-(16). According to the data presented in [7] the wall thickness
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(h = 0.5(D — d)) of single-wall nanotubes is h = 0.34nm and the external diameter is about
D =2 — 5nm . Supposing that D = 5 nm then the internal diameter is d = 4.32 nm and

5= 2 1086 (17)
D2 _ 2

According to [7] the critical length of a nanofiber is about L. ~ 100 — 500 nm and the
critical external stress oy vary between 20 and 150 G Pa. The elastic modulus of the nanotubes
is in the range £y = 0.8 — 1,8 T'Pa [6, 8].

Information regarding other parameters of the model is rather undetermined. The thick-
ness of the interface layer H strongly depends on the types of adhesion. There are several
methods to improve interaction between nanotubes and polymeric matrix. For example, chem-
ical attachment or cross linking of nanotube walls and polymeric matrix (functionalization) has
been proposed as one of the techniques to improve the interfacial bonding. Based on molecular
dynamics simulation it was shown [9-11] that the shear strength of nanotubes-matrix interface
and the critical length for load transfer are essentially improved by chemical cross-linking the
nanotubes and matrix. The length of a functionalization group is about 0.1 — 0.2 nm [9]. There-
fore, the lower bound of the thickness of the interface layer is H = (0.04 —0.1) D and the
upper reasonable bound of this parameter is not more than the nanotube diameter H ~ D. Let’s
proceed to the determination of other parameters of the deformation law.

We can evaluate the bounds for the shear modulus G; supposing that the distance between
the functionalize attached groups is not more then the nanotube diameter as in the numerical
simulation [9-11] and the thickness of the functionalize group is less than the nanotube wall
thickness h = 0.34nm . In this case the upper bound for the elastic modulus of the interface
layer is

h
E, < E 18
YU Dyn (18)
If Poisson’s ratio for the interface layer equals v = 0.25 and D = 2 — 5 nm we obtain
0.5h E
Gy < L ~0.05E; (19)

(D +h) (L+0)

The elastic modulus of the polymer matrix is about £,, = 2 + 3.5 GPa , therefore the bounds
for the shear modulus of the interface layer are
ek f h
¢Gm<Gl<2(1+y)7 €<D—|—h
where the parameter ¢ < 1 is determined by the equality of the adhesion without the functional-
ization and is the shear modulus of the matrix.

We also can choose the parameter (G5 ) of the hardening part of the deformation law
supposing that 0 < Gy < G. The case G5 = 0 corresponds to the ideal plastic flow. Finally,
we will use the following parameters for the computation: 1) the nanotube external di ameter -
D = 5nm; 2) the nanotube internal diameter d = 4.32 nm ; 3) the wall thickness of single-wall
nanotube h = 0.34nm ; 4) the critical length of the nanofiber L. = 100nm ; 5) the elastic
modulus of the nanotubes £y = 1 T'Pa ; 6) the Poisson ratio - v = 0.25 ; 7) the critical external
stress is 0y = 50 M Pa [9-11]; 8) the thickness of the intermediate layer H = D.

The values of the parameter ¢ in (20) are chosen as ¢ = 0.0005, 0.00025, 0.000125 and
the shear modulus of the interface layer is calculated according to

€Ef
2(1+v)

(20)

Gy = (21)
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The values of the relative stiffness of the interface layer for the given values of D, H, E/; and

are determined as follows

G D —4 —4 —4
= ——=20-107%1.0-107%0.5-10 22
M1 Ef H ) ) ( )
The average shear stresses for linear deformation law and given above values of param-
eters oy, L., D, d is equal to 7, ~ 158.44 M Pa.

tlt

Fig. 4. Distributions of the relative shear stresses along nanotube axis for
different values of the relative stiffness of the interface law, 1, = 10,

The dependencies of the shear stresses over the nanotube length for different values of
the relative stiffness of the layer, are given in Fig. 3. Note, that the results in Fig. 3 are close
to the experimental results [9-10] where the shear stresses for nanotube based composites were
investigated: 138M Ps (epoxy matrix) and 186M Pa (polystyrene matrix). One can also see in
Fig. 3 that when the relative stiffness of the interface layer is decreasing then the distribution of
the shear stresses tends toward the uniform state.

For a small parameter ;; we can write

20L,
)\l:T\/’u_lzl

and therefore we obtain

D d2 Ti
7(t) = of [4[/0 <1—ﬁ)1 , TR:T—a—>1 (23)

this is similar to ideally-plastic case [6,7].
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The distributions of the dimensionless shear stress (SCCF) along the nanotube axis for
the values of relative stiffness 1, = 10p; ( @1 from (22)) are shown in Fig. 4. Noted, when
the relative stiffness of the interface layer is increasing by 10 times then the distribution of
the shear stresses tend toward more non-uniform state. For example, if p; = 0.5 - 10~* then
7r(1)/7r(0) & 1.085 and for j11, = 2-1073 = 40y, (see Fig. 4) we obtain 7(1)/7(0) ~ 17.75.
Noted, that if the stiffness of polymer matrix is decreasing then the shear stresses are tending to
uniform state.

Above results can be use for the formulation of the bond deformation law in the frame
of the crack bridging model, [11].
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In using the method of molecular dynamics simulation of contact interaction between the copper crystallite and the
various pure metals under shear loading was carried out. Shown that the structure of the boundary layer obtained
during the shear deformation is determined by the loading conditions and materials of contact pair. In particular, in
the interaction of copper with aluminum, soft aluminum material begins to be introduced into the lattice of copper,
and in the interaction of copper with iron, this process is not observed. The effect of loading conditions and mode
of heat transfer was studied. The research results can be useful for controlling strength properties of interfacial layer
coated material, as well as to control the properties of the surface layer in contact problems.

Keywords: molecular dynamics, contact interaction of pure metals.

1. Introduction

A large variety of realized micromechanisms interaction under conditions of frictional
contact and multilevel nature of the processes of friction and wear leads to the need to develop
new tools explicitly take into account features of the studied phenomena [1-3]. This leads to
considerable interest in development, including computational methods to study and analyze a
wide range of processes in the surface layers of the solid [3-5]. The results obtained during the
simulation allow better understand the mechanisms of contact interaction, which enable targeted
impact on the structure and composition of the surface layers of frictional materials to enhance
and improve their performance.

Because the friction and wear processes are accompanied by intensive formation and
accumulation of damage in the contact area, mixing the material, cleavage and other processes
related to the continuity violation use of computational methods based on the concept of particles
[5,6] is the predominant. Gained by the authors experience in the development and application
of particle method for solving various tribological problems on mesoscopic scales [7-10] allows
us to speak about the effectiveness of using of this approach. In particular, the formation in a
contact patch ”quasi-liquid” layer in which structure differs from the structure in the bulk of both
interacting bodies was shown in [8]. The structure and composition of the layer significantly
affect on sliding mode of interacting bodies and determine the macroscopic characteristics of
friction. Were suggested possible ways to reduce or increase the calculated value of the coefficient
of friction by introducing appropriate inclusions in the surface layer of material contacting pair
[9], as well as methods of stabilizing a given friction coefficient during the whole process of
friction [10], which is particularly important from a practical point of view.

In this study, we attempted to analyze the features of the development processes of
deformation and fracture of thin surface layers which are implemented under of conditions of
frictional contact at the nanoscopic scale. For this purpose, the method of particles on the atomic
scale - a method of molecular dynamics [11] was selected.
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2. Influence of crystallographic orientation

For calculations within the molecular dynamics method was used the software package
LAMMPS [12], which has the possibility of parallel computing. Originally considered frictional
contact between two crystalline materials with properties of Cu and Al, whose atomic lattice were
oriented so that the axis of the X, Y and Z coincide with the crystallographic directions [100]
[010] and [001] for the aluminum crystallite (Fig. 1a). In some calculations, a copper crystal was
oriented so that the X, Y and Z coincide with the directions [130], [310] and [001], in others
it was the same direction as the atomic lattice of the crystallite aluminum. Relative slippage of
the crystallites at a speed of 20 m/s along the X axis was simulated by setting the extra velocity
to the boundary atoms of crystallites, external to the contact plane. The thickness of the loaded
layers for each of the grains correspond to two radii of cutoff of the interatomic potential (R,
= 0, 501 nm for copper), which was described in framework of the embedded-atom method [13].
The choice of potential was determined by the possibility with a high degree of accuracy to
describe the elastic and surface properties, and energy parameters of defects of the system. The
equations of motion were integrated with time step At = 0,001 ps. The total number of atoms
exceeds 200000. In the direction of X and Y axes periodic boundary conditions were simulated,
and in the Z direction the load is not set. In the calculations the following characteristics of
the contact have changed: the conditions of loading and the crystallographic orientations of the
atomic lattices. In addition, by varying the profile of the contacting surfaces have changed the
conditions of conjugation implemented at the junction.
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Fig. 1. a) The initial structure of interacting crystallites, b) and c) structure of
modeled crystallites after 500 ps with different initial relative orientation of the
crystal lattices

According to the results of molecular dynamic study the features of the behavior of
crystalline materials strongly depend on the conditions implemented at the junction. In particular,
in the area of tribological contact may occur effects associated with the loss of crystalline order
of the interacting materials. This is followed by formation of a layer in which interdiffusion of
atoms belonging to both the crystallites is occurred (Fig. 1b). And this process is mechanically
activated, which can significantly improve its dynamic characteristics. Likewise, in the conditions
of mechanical activation can be increasing of speed, for example, processes such as oxidation of
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the materials pair friction pairs. It should be noted that this result was indirectly mentioned in [9],
where based on a comparison of the values of coefficient of friction for various contacts was
concluded about the rate of formation of oxide films on surface of pure metals. By comparing the
simulation results at different scales, also it should be noted analogy of the effect of the formation
of the mixed layer that was observed in [8,9] on the scale of individual grains of nanocrystalline
materials obtained by the simulation by movable cellular automata. This suggests a multiscale
of studied processes and a commonality of the nature of the observed phenomena.

However, an explicit account of the atomic structure of interacting materials enable iden-
tifies and some features of the behavior of crystalline materials during their interaction. In
particular, during such interaction, it is possible the formation of disoriented nanoblock structure
in aluminum near the interface area, which is clearly seen in Fig. 1c. Individual blocks are
nanocrystalline grains. These effects contribute to increase the resistance of the relative sliding
surfaces of contacting bodies. It should be noted that the formation of block structure observed
experimentally near the surface under conditions of tribological contact. The results of molecular
dynamics simulations show that under conditions of straitened shear deformation may occur the
growth of one of the contacting grains of nanocrystalline materials at the expense of the structure
of the neighboring grain. In this case, the movement of intergrain area is determined by the
loading conditions. In addition, the contact area of two interacting bodies could be the place of
nucleation of defects such as dislocations, stacking faults, etc., which are distributed from the
zone of the interface into the bulk of material (Fig. 2). The intersection of multiple dislocations
can also lead to fragmentation of the material.

OB e s O

Fig. 2. The structure of simulated crystallites after 450 ps, characterized by the
movement of grain boundaries with the formation of structural defects

In spite of the mentioned diversity of results of computer simulation, obtained by the
molecular dynamic studies, in all cases may be noted that formation of interface layer with a
composition and structure differed from the structure in the bulk material takes place. Features
of this layer observed before, but on a different scale level. Formation of interfacial layer at the
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atomic level changes surface properties of interacting materials, lowers energy barriers to form
new phases (including metastable) and the initiation of chemical reactions.

3. Accounting for the effects of frictional heating

It is obvious that the intensive shear strain realized in conditions of contact interaction can
lead to significant heating of material near the surface. So the next step of studying the features
of contact interaction at the atomic scale is the explicit account of the effect of termofrictional
influence upon changes in physical and mechanical properties and structure of the surface layers
of contacting crystallites. In view of the smallness of the time intervals considered in the com-
puter simulation, the steady stage of friction was investigated. the interaction of model materials
with the properties of Cu and Ag, the atomic lattice of which were oriented so that the axis of the
X, Y and Z corresponded to the crystallographic directions [100], [010] and [001] for the copper
crystallite and the [120], [210] and [001] for the silver crystal (Fig. 3a), was simulated. Relative
slippage of the crystallites at a speed of 20 m/s along the X axis was simulated by setting the
extra velocity to the boundary atoms of crystallites, external to the contact plane. In the direction
of X and Y axes periodic boundary conditions were simulated, and in the Z direction the load is
not set. Here we consider two options for loading. In the first case, all energy imparted to the
system due to external shear, redistributed within the simulated pair. In the second case, near of
the loaded areas a special layer of atoms was simulated, within which was set additional dissipa-
tion of kinetic energy, thereby simulated the removal of heat from the contact area into the inner
layers of extended contacting materials. Thus, the first option corresponds to the interaction of
two thin films, and the second version can be viewed as a local contact of two bulk crystalline
materials.

pr e
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Fig. 3. The structure of simulated crystallites: a) original, b) the final structure in
case without the heat removal and c) the final structure in case with the heat
removal.

The results showed that the behavior of materials in the contact region for the options
under consideration is markedly different. In the case of the interaction of two crystalline thin
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films occurred heating the contact area with the achievement of the melting temperature of the
copper crystallites. Fig. 3b clearly shows violation of the order of the atomic lattice in the
bulk of simulated crystallite. In this case, a refractory material retained crystalline structure.
Characteristically, the relative slippage of interacting material is accompanied by the mixing of
atoms in the contact zone with a pronounced gradient nature of the implementation of the Ag
atoms in the copper crystal is almost the entire depth of the modeled fragment. In the case of
simulation of contact with the heat removal there is the preservation of crystal lattices of the
two interacting materials under the same other conditions of loading, as in the first embodiment.
Meanwhile zone of mixing of atoms of both substances is localized near the contact area, and
the distribution of atoms in area of interface has uniform in character (Fig. 3c). The results of
the simulation should take into account in various practical applications where the mechanisms
are contact interactions are determining.

4. Accounting for the influence of type of material

It is obvious that not only the orientation and temperature, but the type of contacting
materials affect on the features of contact interaction. This is primarily due to the difference be-
tween the phase diagrams of interacting agents. Thus, the next stage of the study was simulation
of contact interaction of copper with different metals. The relative orientation of the crystals
was selected so that the axes coincide with the directions [130], [310] and [001] for copper [100]
[010] and [001] for the second crystallite (Fig. 1a). Loading conditions corresponded to the task
of adapting frictional heating. Addressed the following metals: iron, nickel and lead.
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Fig. 4. Structure of sample in case of modeling the interaction of copper a) with
iron, b) with nickel, a) with lead.

The simulation results showed that the behavior of metals in the contact area varies
greatly. In the interaction of copper with iron a few atomic layers of copper transformed from
the fcc structure into the bee and incorporated into lattice of iron (Fig. 3a). Upon further loading,
the restructuring does not occur, only region with disrupted structure at the interface between the
bee and fcc copper increases.
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According to the results of modeling of copper with nickel the contact interaction re-
duces to a complete reorientation of the copper atoms and incorporating on the lattice of nickel
(Fig. 3b). This is probably due to the fact that the lattice parameters for copper and nickel are
very similar (3,615 A and 3, 524 A, respectively). High in comparison with other metals the rate
of restructuring has suggested that the reorientation of the lattice will occur without an external
load, but that has not been confirmed in the further study.

In the interaction of copper with lead, the simulation results are similar to the case of
interaction between copper with aluminum. During the loading the atomic structure of lead near
the interface starts to break down (Fig. 3c). With further load the width of the layer with structure
similar to the irregular increases.

5. Conclusions

The main results can be formulated as follows. With the help of computer simulation
revealed some features of contact interaction occurring at the level of individual atoms. It is
shown that, during the relative sliding in the contact area a special interface layer formed, whose
structure differs from the structure of the material in bulk. Conditions of formation of interfacial
layer and its parameters are determined by various factors, such as: matter of contacting pairs,
loading conditions, the degree of misorientation of atomic planes, conjugation conditions, etc.
Thus, under certain conditions, atoms of one material can penetrate into the crystal lattice of
another material, replacing the atoms in it basis. Because this process is a mechanically activated,
then the rate of such diffusion is much higher traditional process. Change the crystallographic
orientation of the contacting crystallite significantly affects the speed of the process of structural
change.

The results of these studies can be used to understand the processes determining the
strength properties of interfacial layer of the coated materials, as well as to control the properties
of the surface layer in contact problems.
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TpeboBanus K HIIIOCTPALUAM
WnmocTpanuy mpeiocTaBistoTCsT OTACIBHBIME YepHO-0enbiMu (aitnamu. dopmatsl
daiinos — jpeg, png, eps, tiff.
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PykoBoacTBo o noaroroBke crarbu B ISTpX

1. OcHOBHBIE NOJIOKEHUS

XKypnan mpuHUMaeT K MyOJMKAI[MH WCCIIETOBATEIbCKAE M OO30pHBIE CTaTbd, a TAKKE
KpaTKyie Hay4YHbIE COOOIICHMS, HUTAC paHee HE ONMyOIMKOBAaHHBIE W HE NPUHSATHIE K W3IaHUIO
B JpyTux xypHanax. CTarbu MOTYT OBITh IPEIOCTABIECHbI Ha PYCCKOM WJIM QHITIMMCKOM SI3BIKE.
Jlist crareid, HaMMCAaHHBIX HAa PYCCKOM SI3BIKE HEOOXOOMMO IMPEIOCTABUTHh NEPEBOA HA3BAHUS H
AaHHOTALlMM Ha aHIIMICKUN sA3bIK. Bee cTaTbu pelieH3upyroTcs, MOocie Yero Ipu HeoOXoIuMOCTH
BO3BPALIAIOTCS aBTOPY Ha JOPA0OTKY.

2. HpeHOCTaBJ'IﬂeMI)Ie MaTepHaJibl

(1) daiin cTaThby Ha PYCCKOM WJIM aHIIIMKACKOM sI3bIKe, comepxainnii nunaexc YK, nasBanue
CTaThH, MHUITUABI U (DAMUJIMIO aBTOPOB, MOJTHOE Ha3BaHUE MeCTa PabOTHI, JCKTPOHHBIN
ajJipec, aHHOTAIUIO, KIIIoYeBbIe cioBa, HHACKC PACS, TEKCT cTaThu, CIIUCOK JIUTEPATYPHI.

(2) daitnbl ¢ WLTIOCTpAIAAMH, (alIbl C TAOIHUIIAMH.

(3) ®aiin ¢ nepeBoAOM Ha AaHINIMHUCKUN S3BIK Ha3BaHHs CTaTbd, (DaMUIUMKM U MHULIMATIOB aBTO-
POB, Ha3BaHMs MecTa pabOThl, aHHOTALIUY.

(4) CompoBonuTenbHOE MUCEMO, CofiepKaliee HHPOPMAILIKIO O CTaTbe (Ha PyCCKOM sI3bIKE: Ha-
3BaHuE cTarbu, UHACKC Y]/IK, KilroueBbIe Cl0Ba, AaHHOTALMS, JINTEPATYPA; HA AHIJIMKCKOM
SI3bIKE: Ha3BaHUE CTATbU, aBTOPHI, KIIFOUEBHIE CJIOBA, aHHOTAIMS) U O BCeX aBTopax ((da-
MUJIUU, UMEHA, OTYECTBA, MMOJIHOE Ha3BaHHWE MECT PabOThI, TOYTOBBINA aIpec C UHIEKCOM,
HOMEp KOHTaKTHOTO Telie(hoHa ¢ KOIOM TOpPOJIa, SIIEKTPOHHBINA aJIpec).

ABTOpCKHE MaTepuaibl MOTYT OBITh MEpEAaHbl B PEAaKLHUI0 Ha JIIOOOM 3JIEKTPOHHOM
HOCUTEJIE WIM IIPUCIIAHBI HA AIEKTPOHHBIN aapec popov@mail.ifmo. ru.

3. Tpe6oBanusi kK 0popMIEHUIO TEKCTA

Crarby BBINONHAIOTCA B TeKCTOBBIX penakrtopax MS Word win ETEX . Ilpu ucnomns-
3oBaHuM (popmara IXTEX BbI MOKeTE€ MCHOJIB30BAThH JIIOOBIE KJIACCHI, BXOIALINE B CTaHIApTHBIE
JUCTPUOYTHUBBI, OJHAKO BBl MOXKETE YCKOPUTH IPOLIECC MOATOTOBKM CTaThU K I€YaTH, €CJIU BOC-
noJib3yeTech Kinaccom nsart.cls. O06bem crareii ykasan B tadnuie 3.

Tun my6nukanuu O6beM B cTpaHuIax
Kparkoe coobiienune 4-6 cranuly
Uccnenosarennckas crarbs | 6-15 cTpanuig
0O630poB 1o 30

TABIULA 1. O0beM crareit

dopmar ctpaHuibl — A4, 10JIs CTPAHULBL: IpaBoe — 2 cM, ocTasibHble — 2,5 cM. [Ipudpt —
Times New Roman, pazmep mpudra — 12 pt, MeKCTpoUHBI HHTEpBaI — 1. AO3aIHBIN OTCTYN —
1,5 cm. Ha3Banue crarbu nedaraercs 3ariaBHbIMM OykBaMu, pasmep wmpudra 16 pt, nomsyxup-
HBIH, BBIPAaBHUBAETCS MO LEHTpPy. MHULMansl u ¢pamMuianm aBTOpoB neyaratorcs mpugdrom 12 pt,
OOBIUHBIN, BeIpaBHUBAETCs 10 IeHTpYy. Ha3BaHue opranuzanuu v 3J€KTPOHHBIN aJpec neyaraer-
cs wpudrom 12 pt, 0ObIUHBIN, BBIpaBHUBAETCS 1O LIEHTPY. AHHOTalUs nevyaraercs mwpudrtom 10
pt, oObIUHBIH, BeIpaBHUBaeTCs 1o mupuHe. O0beM He aoipkeH npesbiark 150 cios. Kirouessie
cioBa nevaratorcs mpudTom 10 pt, 0ObIYHBIN, BblpaBHUBaeTCs 1o mwupuHe. Ha3Banue pasnenos



136 Hnghopmayus u npasuna ons aemopos

Puc. 1. Tekct noanucu K pucyHKy

nevararoTcs mpudTom Arial, 12 pt, momyXKUpHBIH, MEKCTPOUHBIA HHTEPBAI — |, BEIpaBHUBACTCS
0 JIEBOMY Kparo, OTIEJSAETCS OT MPEABbIIYLIEro paszielia NoJlyTOpHOUW mycToi cTtpokoi. Hazsa-
HHE NoApa3/esoB nevaraorcs mpudrom Arial, 12 pt, momyKupHblid, MEXKCTPOUHBIA UHTEPBAI —
1, BBIpaBHMBaEeTCSA IO JIEBOMY Kparo, OTIAENSETCS OT MPEIblIyILEro Moapaszesia IMycTOM CTpo-
koil. Tlonmucu k pucyHkam meuaratorcs mpudrom 10 pt, oObluHbIM, 6e3 ab3alHOro OTCTYyHAa,
BBIPABHUBAETCS 110 IIUPUHE.

3.1. Ha6op ¢opmya B penakrope MS Word

[Tpu odopmnennn crarbu B MS Word, ¢hopmyner Habuparorest B pegakrope Math Type.
®dynkiuu HabuparoTcs mpudrom Times New Roman, npsimoii; nepemennbsie Times New Roman,
HAKJIOHHBIH; Tpedeckue OyKBbI -Symbol, mpsmMoii; cumBoiibl — Symbol, mpsiMOii; MaTpUIIbI-BEKTOpa —
Times New Roman, npsmoii, nomyxxupHsiii; uncia — Times New Roman, npsmoii. Pa3mepst:
00bIYHBIN — 14 pt, KpymHBIA HHAEKC — 10 pt, MeNKui nHAEKC — 8 pt, KPyHHBIA CUMBOJ — 16 pt,
MeJIKU cuMBOII — 12 pt.

3.2. OdopmileHne ciuCcKa JUTEPaTyphI

CchUTKM Ha CITUCOK JINTEPATYPhl JAIOTCS TOIBKO B TEKCTE CTAaThbU LU(paMu B KBaJPaTHBIX
ckoOkax. Cucok JuTeparypbl opopmIIIeTcs Mo cieayromeMy o0pasity:

Jluteparypa

[1] ®amunusa N.0., @amunusa 1.0O. HazBanue kuuru. CI16.: Hayka, 2000, 281 ctp.

[2] ®ammms U.O., @amumusa 1.0. HasBanwme crateu // Hazpanue sxyprama, 2000, 1(1), 17-23.

[3] ®ammms U.O., @amumus 1.0. Ha3Banue noxnana / CoopHUK TpynoB KoHpepeHnnu «Ha3panue xoHpepeH-
[IUW», MECTO M J1aTa NPOBEICHUSL.

3.3. TpeOGoBanusi K WILTIOCTPAUUAM

Wnnroctpanyy npeaoCcTaBIISIIOTCS OTACTBHBIME YepHO-0enbivu (aiimamu. @opmarsr daii-
JIOB: jpeg, png, eps, tiff. TekcT cTaThbu MOMKEH coaepKaTh yYKa3aHUs JIJIsl pa3MEIEHUs] PUCYHKOB,
TaKKe Kak U MOJIUCHU K pUCYyHKaM, cM. Hanpumep Puc. 1.
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3.4. TpeOGoBanusi k Ha3BaHUsAM (ail10B

B nazBanusx ¢aiinos ucnonb3yercs anruiickuii andasut. [loxxanyiicra, ykasbiBaiite pac-
mpenus GaiiioB, COOTBETCTBYIOIINE UX coiepkanuto. Crapaiitech BhIOUpaTh Ha3BaHUs (ailioB
PHCYHKOB COIJIACOBAaHHBIMH C UX HOMEpaMHu B cTaThe, Hanpumep: figl.eps, fig2.eps u T.1m.

4. Od¢opmienune cratbu B BTEX

IIpu moaroroske crarbu B ISTEX, moxanyiicra, BKIOYAUTE B PEIOCTABIsEMbIE MaTepra-
761 Kak ucxoaHbIi TekeT IATEX, Tak u otkomnunuposanublii PDF ¢aiin. Bel MoxkeTe ncnonap3oBarhb
mo0ble makeTsl KTEX, KoTopbie BXOAST B CTaHAApTHBIE TUCTPUOYTUBBI. ECu BbI BBIHYX/I€HBI UC-
MOJIb30BATh CIIEU(PUICCKUI MAKET, BB TOJDKHBI IPHIIOKUTH BCE HEOOXOMUMBIC JIJISI KOMITWIISIIAN
daiinel. OnpeneneHHble BAMUA MaKpOChl HE JOJIKHBI TIEPEOIPENEIISATh YXKE CYIIECTBYIOIINE.

4.1. PucyHkm B TekcTe

JInst BKJTIOYEHUSI PUCYHKOB B TEKCT MCIOJB3YWTE CTaHIAapTHhIE KOMaHIbl, HApPUMED,
\includegraphics, unmu co3naBaiite pucyHku ¢ nomombto komMana ETEX. Obparure BHU-
MaHHWe, YTO UCIOJIb30BaHKHe KoMaH PostScript mis coznanus crienuaibHbIX 3 (PEeKToB Hemocpe-
CTBEHHO B TE€KCTE CTaThH 3alpeIieHO.

5. Kiaacc nsart

Jns ynpouienust moarotoBku crateu B ISTEX ania mybnukanuu B sxypHaie «HaHnocuctemst:
¢bu3nKa, XUMHs, MaTeMaTuKa» Mbl MOATOTOBHIN Kiacc nsart.cls, UCIOIb30BaHUE KOTOPOTO
YCKOPHUT ITyOJIMKAIIMIO CTAThHU.

5.1. Ha6op ¢opmya

s Habopa BblAENEHHBIX (OPMYN Bbl MOXKETE HMCIIOJIb30BaTh OKpYyKeHHE equation,
Harpumep

(1)
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6. Oopa3zen ogopmiieHusi cBeeHnii 00 aBTOpax

(ITomHOC HaA3BaHME CTAThHH)
CBEJIEHMA Ob ABTOPAX
damunus

Nwms

OtuyecTBO

Ha3Banue ocHOBHOTO MecTa paboThI
JIOIKHOCTB

YdeHas cTeneHb

YdeHoe 3BaHuE

JloMairHui aspec
Jomamrnuii Tenedon
Pabounii Tenedon
MoOunbHbIi TenedoH
Anpec 3IeKTPOHHOM MOYTHI
Last name

First name

The organization name
Position

Scientific degree
Academic rank
Personal address
Home phone number
Work phone number
Mobile phone number
E-mail

7. Oopa3zen opopmiieHUsI CBeIeHHI 0 CTaThe

CBEJIEHUS O CTATBE
Ha pycckoMm s3bike:
Asrtopsl (1.0. ®amunmst)
Ha3Banue crarbpu

YIK

AHHOTALIUI

KiroueBrle cioBa
Criucok nuTeparypbl

Ha aHrnmmiickom s3bIKE:

Astopsl (Mms @amumus)
Ha3Banue crarbpu

VK

AHHOTaNUA

KroueBreie cnoBa

Hupopmayus u npasuna ona asmopos
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SUMMARIES

FORMATION UNDER HYDROTHERMAL CONDITIONS AND STRUCTURAL
FEATURES OF NANOPARTICLES BASED ON THE SYSTEM ZrO; — Gd,03

M.V. Tomkovich, E.R. Andrievskaya, V.V. Gusarov

Nanoparticles based on the system ZrO,-Gd,O; were obtained under hydrothermal conditions.
It was shown that nanocrystals of solid solutions ZrO, (GdO; s) with fluorite-like structure
were generated at the concentrations ZrO,:GdO;s = 0.6 — 9.5 under the temperatures
250-450 °C and the pressure about 90 MPa. Parameters of the unit cell ZrO,(GdO s5) increase
non-linearly when the concentration of gadolinium oxide in the system increases up to
45 mol. % GdO;s. This behavior of the unit cell parameters is explained by distribution of
gadolinium oxide between autonomous (crystalline) and non-autonomous phases.

Keywords: nanoparticles, hydrothermal synthesis, zirconium dioxide, gadolinium oxide,
non-autonomous phases

Maria Tomkovich — A.F. Ioffe Physical-Technical Institute RAS, mariya tom@mail.ru

Elena Andrievskaya — Frantsevich Institute for Problems of Materials Science, National
Technical University of Ukraine “Kyiv Polytechnic Institute”, D.Sc.

Victor Gusarov — Saint Petersburg State Technological Institute (Technical University), Head
of Department, Corresponding member of RAS, D.Sc., victor.v.gusarov(@gmail.ru

QUANTUM RING WITH WIRE: A MODEL OF TWO-PARTICLES PROBLEM
D.A. Eremin, I.Yu. Popov

Operators describing the behavior of two particles with delta-interaction on a line and a ring
are constructed. With using of these operators two particles model of quantum ring coupled
with wire is described. The spectrum of the obtained operator is investigated from the point of
view of existence of additional point levels. The comparison of the results with the
corresponding one for one-particle problem is made under the assumption of weak particles
interaction.

Keywords: Schrodinger equation, symmetric operator, Krein theory, operator extension,
Green function

Dmitry Alexandrovich Eremin — Mordovian State University, Saransk, Russia, post graduate
student, ereminda@mail.ru

Igor Yurievich Popov — St.-Petersburg State University of Information Technologies,
Mechanics and Optics, St.-Petersburg, Russia, Head of Department of Higher Mathematics,
Doctor of science, professor, popov1955@gmail.com
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STATEMENT AND SOLUTION OF COLLIMATION PROBLEMS
IN SMALL ANGLE X-RAY SCATTERING BY ANISOTROPIC SYSTEMS

D.D. Zakharov, A.V. Smirnov, B.A. Fedorov

A problem of taking into account collimation distortions of small angle x-ray scattering
intensity for anisotropic objects has been considered. Mathematical statement of the problem
is presented and two methods of desmearing the experimental scattering intensity have been
described. The first method - the method of basic functions - consists that the experimental
scattering intensity is represented as a linear combination of the two-dimensional basic
functions (B-splines). The modified method of least squares has been developed. It allows to
achieve the best agreement between the original experimental scattering intensity and the
intensity obtained by expanding the basic functions. The second approach is based on the
iterative Friedman method that was substantially modified in accordance with the features of
problem considered. We introduce a function that takes into account the influence of local
values of the scattering intensity that is sought for on the value of the function approximating
the experimental intensity. This “influence function” enables to precisely adjust the current
approach at each step of the iterative process that leads to significant improvement of
convergence. Shown that both approaches give a rather high accuracy collimation correction
as in the case of anisotropic scattering on the number of model objects, as well as in the case
of the experimental scattering curves on annealed films of highly oriented polyethylene.
Keywords: small-angle X-ray scattering, collimation correction, anisotropic objects,
expansion of scattering intensity in the basic functions, iterative Friedman method, highly
oriented polyethylene.

Denis Zakharov— Saint Petersburg State University of Information Technologies, Mechanics
and Optics, post-graduate student

Alexander Vitalijevich Smirnov — Saint Petersburg State University of Information
Technologies, Mechanics and Optics, Associate Professor, Ph.D., smirnav@phd.ifmo.ru

Boris Alexandrovich Fedorov— Saint Petersburg State University of Information Technologies,
Mechanics and Optics, Professor, D. Sc., borfedorov@rambler.ru

MECHANICAL PROPERTIES OF NANOSCROLLS BASED ON Mg3Si,Os(OH)4

[.A. Nyapshaev, B.O. Shcherbin, A.V. Ankudinov, Yu.A. Kumzerov,
V.N. Nevedomsky, A.A. Krasilin, O.V. Almjasheva, V.V. Gusarov

Stiffness and Young's modulus of the nature occurred and synthetic chrysotile nanotubes were
determined using atomic force microscope. The main factors affecting the result's accuracy
are shown.

Keywords: atomic force microscopy, chrysotile, silicate nanotubes, Young's modulus.

Ilya Nyapshaev — Ioffe Physical-Technical Institute RAS, xokage@mail.ru

Boris Shcherbin — National Research University of Information Technologies, Mechanics and
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Alexander Ankudinov — Ioffe Physical-Technical Institute RAS, Senior Researcher, Candidate
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Yuri Kumzerov — Ioffe Physical-Technical Institute RAS, Deputy Director of Division, D.Sc.,
yu.kumzerov@mail.ioffe.ru

Vladimir Nevedomsky — Ioffe Physical-Technical Institute RAS, Junior Researcher,
nevedom@mail.ioffe.ru

Andrey Krasilin — Ioffe Physical-Technical Institute RAS, Assistant, ikrasilin@gmail.com
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Candidate of Sciences, almjasheva@mail.ru

Victor Gusarov — Saint Petersburg State Technological Institute (Technical University), Head
of Department, Corresponding member of RAS, D.Sc., victor.v.gusarov@gmail.ru

ABOUT THE INFLUENCE OF AUTOMOTIVE BRAKE PAD COMPOSITION ON
FRICTIONAL PERFORMANCE. RESULTS OF NANO-SCALE MODELING

A.L Dmitriev, W. Osterle, H. Kloss

The main problem in manufacturing friction materials is still a lack of sufficient information
about the processes occurring in the surface layers of contacting bodies. This is due to the
complexity of the processes which are taking place during friction and wear and by
interdependency of mechanisms at various scale levels. This also may partly explain the
complexity of structure of the composite materials which are used as brake pads, because a
wide range of requirements have to be satisfied for modern braking systems. How variations
of material composition affect the frictional characteristics of the friction pair is still an area
of intense research. The present study used a computational method of the discrete approach —
a method of movable cellular automata - to investigate the interaction of nano-scale features
which are typical for the pad-disc-interface during automotive braking. The results can be
useful for understanding the features of interaction of materials and control their performance
properties.

Keywords: nanotribology, primary contacts, friction layer, modeling, movable cellular
automata method

Andrey Dmitriev — Institute of Strength Physics and Materials Science SB RAS, Tomsk,
Russia, leading researcher, Ph.D., dmitr@ispms.tsc.ru

Werner Osterle — Federal Institute for Materials Research and Testing, Berlin, Germany,
Head of woring group, Doctor of science, Werner.Oesterle@bam.de
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working group, Doctor of science, Heinz.Kloss@bam.de

ANALYTICAL EXPRESSIONS FOR BULK MODULI AND FREQUENCIES OF
VOLUMETRICAL VIBRATIONS OF FULLERENES C;y AND Cg

0.0. Kovalev, V.A. Kuzkin

In the present paper simple analytical expressions connecting bulk moduli for fullerenes Cyg
and Cgo with interatomic bond stiffness and geometrical characteristics of the fullerenes are
derived. Ambiguities related to definition of the bulk moduli are discussed. Nonlinear
volumetrical deformation of the fullerene are considered. Pressure-volume dependence for the
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fullerenes under volumetrical compression are derived. Simple analytical model for
volumetrical vibrations of the fullerenes is proposed. The expression connecting frequencies
of volumetrical vibration for fullerenes C,p and Cg with parameters of interatomic
interactions are obtained.

Keywords: fullerenes, bulk modulus, vibrations, eigenfrequency, natural frequency

Oleg Kovalev — Saint Petersburg State Polytechnical University, Department for Theoretical
mechanics, Saint-Petersburg, Russia, kovalevoleq@gmail.com

Vitaly Kuzkin — Institute for Problems in Mechanical Engineering RAS, Saint-Petersburg,
Russia, Laboratory for Discrete Models in Mechanics, researcher, kuzkinva@gmail.com

SIMULATION OF ELASTIC AND PLASTIC PROPERTIES OF POLYMERIC
COMPOSITES WITH SILICATE LAMELLAR NANOFILLER

O.K. Garishin, S.N. Lebedev

Polymer/silicate nanocomposites mechanical behaviour under finite deformation is
investigated at structural level. Outcomes of computer simulation are presented. Nano-filler
particles are modeled represented as sheaves from the several parallel ultrathin silicate plates
parted by beds of polymer (tactoids), a matrix — as a nonlinear-elastic or elastoplastic
material.

The stress-strain state round separate inclusion in dependence on its orientation to a exterior
load direction and properties of a matrix is researched. The problem of the macro-
homogeneous elongation of a periodic cell in the form of the rectangular field with a tactoid at
centre has been solved for this purpose. Conditions at which a filler particle losses of a
bending stability happens in the course of macroelongation of material are defined.

The estimate of nanocomposite macro mechanical behaviour depending on properties of a
matrix, filler concentration and orientation of corpuscles is spent on the basis of the gained
solutions. Appropriate dependencies between macro and micro-structural parameters
associations are built.

Keywords: elastic and plastic properties, polymeric composites, silicate lamellar nanofiller
Oleg Garishin — Institute of Continuous Media Mechanics, Perm, Russia, gar@icmm.ru
Sergey Lebedev — Institute of Continuous Media Mechanics, Perm, Russia

MOLECULAR DYNAMICS INVESTIGATION OF DEFORMATION RESPONSE OF
THIN-FILM METALLIC NANOSTRUCTURES UNDER HEATING

Iv.S. Konovalenko, K.P. Zolnikov, S.G. Psakhie

Molecular dynamics simulation of nanostructure behavior under impulse heating is carried
out. These structures are formed by self-rolling of nano-thickness bilayer crystal films. The
interatomic interactions are described by potentials obtained by the embedded atom method.
The calculation data are shown that simulated nanostructures can transform the supplied
thermal energy into the mechanical oscillations of its free edges. The influence of heating rate
and its duration, medium viscosity properties on kinematical characteristics of simulated
nanostructures is investigated. The influence of mass and size of oscillating free edges of
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nanostructures on their behavior under heating is studied. The efficiency estimation of
thermal energy transformation, supplied to nanostructures, into mechanical oscillations of
their free edges versus nanostructure configuration, chemical composition and rate of impulse
heating is carried out. The atomic mechanisms responsible for the peculiarities of local atomic
structure transformations in bilayer nanofilm under its detaching from the substrate as well as
mechanism of thermal energy conversion into mechanical one by nanostructures are
investigated.

Keywords: heterogeneous nanostructures, kinematical properties, computer simulation,
molecular dynamics, multiparticle potentials
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Konstantin Zolnikov — Organization of the Russian Academy of Sciences, Institute of Strength
Physics and Materials Science of the Siberian Branch of RAS, Tomsk, Russia, Leading
Researcher, Doctor of Science, Tomsk, Russia, kost@ispms.tsc.ru

Sergey Psakhie — Organization of the Russian Academy of Sciences, Institute of Strength
Physics and Materials Science of the Siberian Branch of RAS, Tomsk, Russia, Director,
Doctor of Science, sp@ms.tsc.ru

STABILITY OF 2D TRIANGULAR LATTICE UNDER FINITE BIAXIAL STRAIN
E.A. Podolskaya, A.Yu. Panchenko, A.M. Krivtsov

Stability of 2D triangular lattice under finite biaxial strain is investigated. In this work only
diagonal strain tensor is regarded. The lattice is considered infinite and consisting of particles
which interact by pair force central potential. Dynamic stability criterion is used: frequency of
elastic waves is required to be real for any real wave vector. Two stability regions
corresponding to horizontal and vertical orientations of the lattice are obtained. It means that a
structural transition, which is equal to the change of lattice orientation, is possible. The
regions’ boundaries are explained: wave equation coefficients change their signs at the border,
as well as Young modulae and shear modulae. The results are proved by direct numerical
simulation.

Keywords: stability, triangular lattice, finite strain, biaxial strain, pair potential, elastic wave,
structural transition
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MD CALCULATION MECHANICAL PROPERTIES OF FLUOROGRAPHENE
M.A. Mazo, E.B. Gusarova, T.P. Tovstik, N.K. Balabaev

We present the results for the elastic properties of a single layered carbon monofluoride or
fluorographen (FG). The calculations were performed by molecular dynamics (MD)
simulation using a force field with both bonded and non-bonded interatomic contributions,
and the periodic boundary conditions in two dimensions, representing an infinite “nanoplate”.
Simulations were fulfilled both for three basic conformations of FG and for the FG with
number counts of structural defects. The elastic modulus was calculated from the curves of
force versus displacement obtained at slow rates of deformation. Bending stiffness was
estimated independently from the nonlinear deformation under compression. The atomistic
results are explained in terms of a continuum model for the thin plates.

Keywords: fluorographene
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SIMULATION OF STRUCTURAL TRANSFORMATIONS IN COPPER
NANOPARTICLES UNDER COLLISION

A.Yu. Smolin, N.V. Roman, K.P. Zolnikov, S.G. Psakhie, V.K. Kedrinskii

The copper nano-sized particles collision under various loading condition was studied using
molecular dynamics method. The inter-atomic interaction was described within the embedded
atom method. The initial particles were of ideal crystal structure, spherical shape, the radius
was varied from 6 up to 15 nm. The velocity of collision was varied from 200 up to 1000 m/s,
rotation of the particles with the speed up to 1.5-10" s™' was applied in some calculations. It
was shown that specific changes in initial ideal crystal structure of the particles took place
under interaction, and the shape of the final particle was not symmetric one. The changes in
potential energy of the particles, structural transformation from one type of the crystal lattice
to another one as well as quasi-amorphous regions formation were studied in detail.
Keywords: structural transformation, nanoparticles, collision, molecular dynamics
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LOCALIZATION OF BENDING VIBRATIONS
IN THE SINGLE-WALL CARBON NANOTUBES

V.V. Smirnov, D.S. Shepelev, L.I. Manevitch

The main result of this work is that the small-amplitude long wavelength bending oscillations
of carbon nanotubes (CNT) become localized ones if the intensity of initial excitation exceeds
some threshold which depends on the CNT length. This localization results from the intensive
resonant interaction of zone-boundary and nearest modes in the weakly nonlinear regime that
leads to loss of stability of zone-boundary mode as the first step. The further development of
resonant interaction leads to effective confinement of energy in the part of the system only.
We study this process in the terms of Limiting Phase Trajectories and demonstrate the
usefulness of transition from “modal” to “effective particles” representation for description of
the system under consideration. We also show that the similar tendency to localization of
oscillation is the common property of the systems, the eigenvalue spectra of which are non-
equidistant ones near their edges.

Keywords: carbon nanotubes, bending, nonlinear energy localization
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ON NEW PHASE INTERMEDIATE LAYERS IN NANOCOMPOSITES
AS A SOURCE OF INCREASING THE ELASTIC MODULI

R.A. Filippov, A.B. Freidin, E.N. Vilchevskaya

We study an opportunity to increase elastic moduli of a nanocomposite due to stress-induced
phase transformations which lead to the formation of intermediate new phase layers around
nanoparticles. These layers enlarge the effective size of the particles which from now become
inclusions made up of kernels (the initial nanoparticles) enclosed by new phase layers shells.
Increasing the volume fraction of the inclusions can change the effective elastic moduli of the
composite much more than one could expect in a case of the composite with a small volume
fraction of initial nanoparticles. As an example we consider an isotropic composite with
spherical particles under hydrostatic loading. We begin with considering the new phase
formation around an isolated inclusion including the interface stability analysis. We show that
stable two-phase states are impossible if both elastic moduli of the matrix increase due to
phase transition and possible if the bulk modulus increases and the shear module decreases.
Then, basing on a self-consistent approach, we describe the new phase formation around
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spatially distributed particles and study how external strains effects the new phase areas
growth. Finally we demonstrate that the new phase layers formation can lead to increasing the
effective bulk modulus of the composite.

Keywords: nanocomposites, intermediate layers, effective elastic moduli, phase
transformations, stability
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MECHANICAL MODELLING OF NANOTUBE-POLYMER ADHESION
M.N. Perelmuter

The modelling of the shear strength of nanotubes based nanocomposites is considered. To
model the shear strength of nanocomposites it is assumed that the zone of the adhesive
interaction between nanotubes and a polymeric matrix is a thin interface layer which has
resistance only in the relation to action of shear stresses and has the given curve of
deformation. The stress state of nanotubes and a polymeric matrix is determined in the
assumption, that the nanotube is a cylindrical fibril with the straight axis, embedded in a
infinite polymeric matrix and the displacement along the axis of the nanotube under the action
of the external loading along this direction are much more than others components of the
nanotube and matrix displacements. The analytical solutions for the axial displacement and
normal stress in the nanotubes and the shear stresses in the interface layer for a case of the
bilinear deformation curve of an intermediate layer with elastic and hardening or softening
branches are obtained.

Keywords: modelling, nanotube-polymer adhesion
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MOLECULAR-DYNAMIC INVESTIGATION OF CONTACT
INTERACTION OF PURE METALS

A.Yu. Nikonov, A.l. Dmitriev, S.G. Psakhie

In using the method of molecular dynamics simulation of contact interaction between the
copper crystallite and the various pure metals under shear loading was carried out. Shown that
the structure of the boundary layer obtained during the shear deformation is determined by the
loading conditions and materials of contact pair. In particular, in the interaction of copper
with aluminum, soft aluminum material begins to be introduced into the lattice of copper, and
in the interaction of copper with iron, this process is not observed. The effect of loading
conditions and mode of heat transfer was studied. The research results can be useful for
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controlling strength properties of interfacial layer coated material, as well as to control the
properties of the surface layer in contact problems.

Keywords: molecular dynamics, contact interaction of pure metals
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