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NONLINEARITY-DEFECT INTERACTION:
SYMMETRY BREAKING BIFURCATION
IN A NLS WITH A ¢ IMPURITY

R. Adami!, D. Noja!

'Dipartimento di Matematica e Applicazioni, Universita di Milano Bicocca, Italy

riccardo.adami@unimib.it, diego.noja@unimib.it
PACS 05.45.-a, 03.65.-W, 05.45.Yv

We illustrate some new results and comment on perspectives of a recent research line, focused on the stability of
stationary states of nonlinear NLS with point interactions. We describe in detail the case of a “4”” interaction, that
provides a rich model endowed with a pitchfork bifurcation with symmetry breaking in the family of ground states.
Finally, we give a direct proof of the stability of the ground states in the cases of a subcritical and critical (in the
sense of the blow-up) nonlinearity power.

Keywords: nonlinear dynamics, quantum mechanics, solitons, symmetry breaking, pitchfork bifurcation.

1. A new range of application for point interactions

One of the most celebrated features of the point interactions (PI) lies in their capability of
supplying exactly solvable models. For this reason, PI have been widely employed to construct
toy models and for pedagogical purposes. Nonetheless, they prove useful also when used to
model real physical systems: the more a physically relevant quantity (e.g. energy spectrum or
time evolution) is explicitly known, the more information can be extracted. General theory and
reference to physical applications with extended bibliography are in (see [10, 11]). In particular,
PI fit well the needs of modeling the so-called defects, namely, small inhomogeneities in a
medium where a wave propagates, under the hypothesis that the details of the internal structure
of the inhomogeneity are not relevant, so that its action can be modeled as concentrated at a
point. More precisely, the smallness of the inhomogeneity is to be evaluated with respect to the
typical wavelength of the incoming waves, or equivalently, in the case of a quantum system, to
the width of the wave function. In this paper we address the analysis of effects of the interaction
between nonlinearity and point defects in the behaviour of solutions of nonlinear Schrodinger
(NLS) equation. We prefer not to enter in a description of the vast field of application of the
NLS equation, from the theory of integrable systems and inverse scattering to the propagation
of amplitude envelope of waves. We cite just two relevant applications of the NLS as an
effective model for real physical systems: dynamics of Bose-Einstein condensates (BEC) and
laser beam propagation in nonlinear (Kerr) media. In both cases it is physically meaningful
to consider the propagation of NLS waves in the presence of defects. In particular, the recent
spectacular development of both theoretical research and experimental technology involving BEC
(see [45] and references therein, and [13, 14, 16]) provides point interactions with a wide range
of applications.

As widely known, in current experiments the formation of a BEC is induced in bounded
region of spaces, usually delimited by magnetic and/or optical traps. In such situations, the con-
densate lies in a one-particle quantum state, whose corresponding wavefunction is characterized
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as the minimizer of the Gross-Pitaevskii functional. When the trap is removed, the wavefunction
of the BEC spreads out according to the evolution prescribed by the cubic Schrodinger equation

i0pp(t,w) = —0pu(t z) + al(t, 2)[*y(t, @), (1.1)

where we denoted by ¢ the wave function of the condensate, and the space variable = belongs
to R, R? or R? according to the fact that we are modeling a cigar-shaped or a disc-shaped or
a genuinely three-dimensional BEC. We recall that the nonlinearity carries the information that,
even though its state is an actual one-particle state, the condensate consists of a large number
of interacting particles (in the experimentally realized condensates, at least thousands); the fact
that the nonlinearity is cubic means that the dynamical effects of the two-particle interactions
overwhelm the effects of many-body collisions. The strength of the nonlinear term, given by
the constant «, is proportional to the scattering length of the two-body interaction between the
particles. Here we do not summarize the progress in the derivation of (1.1) as an effective
equation for a many-body quantum system. The interested reader is referred to [20-22] for the
three-dimensional problem, to [34] for the two-dimensional case, and to [1,2, 12] for the case of
cigar-shaped condensates. In the following we focus on this last case, in which, on one hand, the
nonlinearity is milder, while, on the other hand, the family of point interactions is richer.

A natural question in this context is the following: what happens when a wave (i.e. a
condensate) is sent against a defect? One would guess (and it has been shown for some models,
see e.g. [19,29,32,44]) that the incoming wave splits into a reflected wave, a transmitted wave
and a captured component. Similar results have been proven for propagation on graphs also
(see [4]), in the case of a repulsive vertex, where no capture occurs. Indeed, it seems reasonable
to conjecture that a capture can occur only if a nonlinear stationary state exists. Since equation
(1.1) is dispersive, the presence of a nonlinear stationary state (or more than one) must be related
to the defect. This is the reason why such possible stationary states are called defect modes. Even
though at this stage it is an unproven fact, it is plausible to link the persistence of a captured
wave with some sort of stability (in a sense to be made precise) of the defect mode. For this
reason the interest in determining the stability of the defect modes lies not only in the problem
itself, but extends to models of reality too.

As a short review on results on stability and instability of defect modes in the presence
of a power nonlinearity |1)|*1), we recall results proved in [26,27,40], where the effects of a
0-like defect are analysed. The first cited work deals with an attractive defect, and shows that,
for any frequency w above the proper frequency of the unique bound state of the delta potential,
there is a unique defect mode that oscillates at frequency w. It turns out that the wavefunction
of such a defect mode is nothing but the nonlinear deformation of the linear bound state. The
stability (more exactly, the orbital stability, see Definition 2.2) of such a mode depends on x and
w: 1f p < 2, then the defect mode is stable for any w; if 1 > 2, then it becomes unstable at high
frequencies. References [26,40] extend the analysis to a repulsive delta-like defect. The situation
becomes more involved in the case of a more singular defect, for instance, the so-called ¢’ defect.
The following sections are devoted to this case. For more details see also the comprehensive
review [7] and the forthcoming paper [6].

The established theoretical framework for the study of stability is provided by Weinstein
and Grillakis-Shatah-Strauss theory (see [30,31,49,50]) or, alternatively, by Lions concentration-
compactness method (see [41,42] and [17] for a review). The occurrence of bifurcation in the
ground state has been investigated in [33] and more recently in [28,35,36,43,46].
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2. Results
2.1. The ¢’ “potential”

The so-called ¢’-defect, with strength —-, located (just to be definite) at zero, is defined
imposing the boundary condition

P(0+) = (0—) = =9)’(0+) = —y¢'(0-) 2.1

to the solutions to (1.1) (see [9,23]). The parameter + is real; when positive, the defect is called
attractive, otherwise repulsive. More formally, one defines a /inear Hamiltonian operator H., as
the operator that acts as —92 on the domain D(H.,) made of functions in H*(R™) & H?*(R")
satisfying (2.1). Note that the only continuous elements of the domain of /1, have a vanishing
derivative at the origin. The operator I, is a self-adjoint operator with the following spectral
features: singular continuous spectrum is empty, absolutely continuous spectrum is given by the
positive halfline and point spectrum is empty in the repulsive case, and coincides with {—4/~%}
in the attractive case. In the last case the corresponding (non-normalized) eigenfunction is

oy (2) = e()e ",

where we denoted the sign function by €. Notice that ¢, is odd. The quadratic form F, associated
to H, is defined on the domain @ := H'(R*) & H'(R™) (we stress that @ is independent of )
and reads

Fy() = [¥17 =y~ (0+) — (0-) P,
where we made the following abuse of notation
+o00o

=t [ @Pds+ i [P,

e—0+ e

that will be extensively repeated.

At variance with the delta potential, the Schrodinger operator with a ¢’ interaction cannot
be derived from a form sum, because the ¢’ is not small with respect to the laplacian. Nevertheless
it can be obtained as the norm-resolvent limit of the sum of three § potentials (see [18,24]) with
a fine tuned rescaling, defined as follows

11 1 11 -
[H,+v]! = lim {—ag — <§ + 2—6> S(z —¢) — (E + 2%2> §(z) — (; + 2_5) §(z—¢e) + 1/]
for any —v in the resolvent set of [, (see Figure 1).
Moreover, since any delta potential, in its turn, can be approximated by a strong limit of rescaled
regular potentials, then it is possible to interpret a J-prime potential as the suitable limit of
rescaled, well-behaved potentials. Let us remark that if ¢) belongs to the operator domain of I,
then the form associated to /., has the expression

(W, Hyp) = [[¢']l3 =~/ (0+)]%,

which explains the questionable name of ¢’.

2.2. Combining nonlinearity and defect

Once constructed the operator /., the evolution in the presence of both a generic power
nonlinearity and a defect is defined by

Zaﬂﬁ(t,ﬂ?) = Hfﬂﬁ(t,ﬂ?)+04W(75a35)|2“¢(75a35)- (22)



8 R. Adami, D. Noja

Fig. 1. A regular approximation for an attractive J-prime potential centred at zero.
To obtain an approximation for a repulsive J-prime, one must reverse the central
well.

For such equation it is possible to prove global well-posedness if @ < 2 (see [3]), local well-
posedness if 1 > 2 (see [6]), and to provide examples of blow-up for this last case (see [8]).
However, until the solution exists, L?-norm and energy

1 1 A
E(W) = 3lIV'II" = 5y V(0+) = P(0-)* = 2T S5

are conserved by time evolution.

Thanks to the existence of a conserved energy it is possible to introduce a notion of
nonlinear ground state: intuitively, one would define it as a minimizer of the energy among the
wavefunctions endowed with the same L?-norm, as this is the definition that naturally extends
the more familiar notion of linear ground state.

As in the linear case, it is meaningful to search for stationary states of (2.2), i.e. solutions
of the form

Y(x,t) = () . (2.3)
The amplitudes ), are solutions of the stationary equation
Ho by + wihy — At [*1h, = 0. (2.4)
This leads to the introduction of the so-called action functional
w
Su(@) = E@W)+ Z¥IP, (2.5)

defined on the energy domain (). It is immediate indeed that Euler-Lagrange equations for S,
are given just by (2.4). Note that the action (and the energy as well) is not bounded from below
on (). To overcome this problem, a ground state 1), is usually defined as a minimizer of S,
constrained on the Nehari manifold

L,(¥) = SL(¥)¢ = (b, Hytp = A9 + wip) = 0.

The above set is a codimension one manifold that obviously contains all stationary points of S,
and it tuns out that on it the action is bounded from below.
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The relation between the constrained variational problem for £ and S, is a byproduct of the
Grillakis-Shatah-Strauss theory on stability of stationary states (see [30], [31]) applied to mini-
mizers of S,: a minimizer ¢, of the action on the Nehari manifold is a local minimizer of the
energy among the function with the same L?-norm ||+, || if and only if it is stable (in the sense
of Definition (2.2)).

The following preliminary result is obtained through variational techniques (we remove
the subscript w from 1), when not needed to avoid ambiguity):

Theorem 2.1. For any w > % there exists at least one minimizer of S,, among all functions
on the Nehari manifold. Furthermore, the minimizer solves the stationary Schrédinger equation

with defect:
H 4+ wip — Mg = 0. (2.6)

For w < %, equation (2.6) admits no solutions in D(H.).

The line of the proof is standard, except that: first, the functional space of reference () is
larger than H'(R); second, the problem is one-dimensional, so that one must cope with a lack of
compactness when passing from weak convergence in () to strong convergence in LP; third, the
boundary condition to be reconstructed is non standard. A complete proof is in [6].

An important point about Theorem 2.1 is that, in order to find the ground states, it suffices
to determine which one among the solutions of (2.6) has least action. This can be made directly,
as the solutions to equation (2.6) can be explicitly found. It has been said, however, that the
variational analysis provides information beyond the one obtainable through the direct ODE
approach; for example, the minimum is constrained to a finite codimension (one in this case)
manifold, an information which is important for stability issues.

2.3. Symmetry breaking

Equation (2.6) can be rephrased as follows:

—0h + wyp — APy = 0, 2.7)

with ¢ € H*(R™) & H*(R™) satisfying the boundary condition (2.1).
The only solutions to (2.7) that vanish at infinity are constructed by gluing together two pieces
of a solitary wave for the NLS, namely

r () = :I:/\_i(u + 1)iwi cosh_i[u\/c_u(a: —z1)], =<0
ok )\_i(,u + l)iwi Cosh_i[,u\/c?(x —x9)], x>0

where the parameters x; and x5 are to be adjusted so that (2.1) is satisfied. Now, it is immediately
seen by (2.5) that due to contribution of the point interaction energy, one has

S (i) < Su(yii™)

so we can restrict the search for minimizers to the functions ¢;'"**, i.e. solutions of (2.6) that
change sign at the origin (and only there).
For any such function, the boundary condition (2.1) translates into the system

t%“ _ t?lH‘Z _ t%# _ t%/ﬁ?
i+t = v

whose solutions can be depicted as the intersection of the full and the dashed lines in Figure 2.

One immediately finds that for ,;% <w < ,?—QMTH the unique solution is given by t; = t, = —2—

Ww?

, 0 < t; = | tanh(puvwz;)| < 1, (2.8)
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2

(0] t

Fig. 2. The full lines represent the solutions to the first equation in (2.8): they
consist of the line 0 < ¢; = t5 < 1, and of a curve, that is concave if 4 is not too
small. The dashed lines represent the solutions to the second equation of (2.8):
they consist of a family of hyperbola parametrized by w

that corresponds to an antisymmetric stationary state ¢ ~Y, where

_ 1 log YW + 2'

2uvw T yw =2
At w = 74—2’%1 two new solutions arise, giving birth to two new branches of stationary states
that persist for w > %“T“; they correspond to the couple of asymmetric stationary states

YyoYz qh¥2mY1 - with both 1, and y, positive but, except in the cubic case ;1 = 1, not in ex-
plicit form. A direct computation yields, for these values of w,

ST = ST < ST

We conclude that with the growth of the frequency w there exist two branches of asymmetric
ground states which bifurcate from the branch of (anti)symmetric ones. We are then in the
presence of a spontaneous symmetry breaking of the set of ground states.

Yy==T1 = —XT2

2.4. Stability: a pitchfork bifurcation

The study of the stability for such a system can be made by applying the Grillakis-Shatah-
Strauss theory (see [30,31]). This theory provides sufficient conditions for the orbital stability
of stationary states, which is stability “up to the symmetries”. Roughly speaking, the notion of
orbital stability coincides with the ordinary Ljapunov stability for orbits instead of states, where
orbits are to be understood with respect to a symmetry group. In our case the symmetry group
is U(1), corresponding to the well known phase invariance of the NLS, which persists in the
presence of point perturbation too. So, a stationary state 1), is said to be orbitally stable if at any
time a solution to (2.2) remains arbitrarily close to the orbit {c?1),,, 6 € [0,27)}, provided that
it started sufficiently close to it. More rigorously,
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Definition 2.2. A stationary state v, is called orbitally stable if for any ¢ > 0 there exists a
o> 0s.t.

f 10 f 10 "
gt 1Yo = eTulle <o = sup inf [l — eToullo <

where v, is the solution corresponding to the initial condition ).
A stationary state is called orbitally unstable if it is not orbitally stable.

The Grillakis-Shatah-Strauss theory (see [30,31]) carries out a deep investigation of the
orbital stability of stationary states of (infinite dimensional) hamiltonian systems with symme-
tries, generalizing previous work by the same authors and independently by Michael Weinstein
(see [48-50]).

They succeeded in giving sufficient conditions for stability and instability by studying second-
order approximation of the action (linearization) around a stationary state, and carefully con-
trolling the nonlinear remainders exploiting symmetries and conservation laws. In the present
situation, as it is well known, one gets a hamiltonian system from NLS equation passing to real
variables (7, p) = (Ret, Ime)). We confine ourself to a brief operative summary of the method,
and so we omit the (however important) connection with hamiltonian systems referring to the
original literature for details.

Neglecting higher order terms, one has for the action expanded around the stationary state 1,
(we omit other superscripts for simplicity)

Sutwa e in) = v+ 5 (00 (1) (1),

The Hessian operator S/ (1,,) can be represented in matrix form as (we implicitly introduced the
representation of a function 1 + ip as the real vector function (7, p))

" L Ll 0
where L; and L, are two selfadjoint operators with D(L,) = D(Ly) = D(H.,) given by

Ly = Hytw—A2p+ 1) g™
Ly = H,+w— |

Now, were S”(1,,) a positive operator, the (linear) stability of ¢, would be immediately estab-
lished, as the situation would be analogous to what happens for a classical particle in a potential
well. Unfortunately, this cannot be the case. First of all, the operator S/ (1,,) is endowed with
a non trivial kernel that consists of the linear span of (0,1),,), due to the symmetry. Second,
recall that every ground state 1), is a minimizer only on the constraint provided by the Nehari
manifold, which has codimension one. On the space orthogonal to the Nehari manifold, S”(¢,,)
is surely negative, as

(Yo, Sith) < 0

It follows that there exists a cone on which S’ (1),,) is actually negative.
Nevertheless, it is possible that the dynamical constraints given by the conservation laws prevent
the wave function from further evolving far inside that cone, finally forcing the solution to remain
close to the orbit of the ground state. The Grillakis-Shatah-Strauss theory establishes that this
is the case if a certain number of conditions are satisfied. In its easiest version, such a set of
conditions can be collected as follows
i) Spectral conditions:

(1) KerLy = Span{v,},

(2) Ly =0,
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2

@) t

Fig. 3. Bifurcation diagram for p < 2. The full line denotes stable stationary
states, while the dashed line represents unstable stationary states. Notice that
ground states are always stable

(3) KerL; = {0},
(4) L, has exactly one negative eigenvalue.

i1) Vakhitov-Kolokolov's criterion (see [47]):

d|| |2
>0
dw ’
that, since %Y=l — 1114 112 is equivalent to
d*S,, (¢,
% ~ 0. (2.9)

In the case of interest, conditions i) and i) are verified except for the the stationary states
in the branch ¥% ™Y with w > ,;%“TH, where a more sophisticated version of conditions 7) and 7)
is needed, again provided by the Grillakis-Shatah-Strauss theory (see [31]).

The results on stability can be summed up as follows.

Theorem 2.3. For any 1 > 0
() Ifw< ,;%“TH then the unique (up to a phase) ground state 1¥,~Y is orbitally stable.
() If w > AL then the stationary state 1YY is orbitally unstable.

2o
ForO< u<2 w> ,;%“TH, the two ground states Y1~Y2, 1¥2=Y are orbitally stable.
For 2 < p < p* < 2.5 there exist wy > %“TH and wy > wy, such that, if%‘%l < w < wy,

then YY-=Y2 and Y>~Y' are orbitally stable; if w > ws, then YY"~Y2 and ¥~ are orbitally
unstable.

For > u*, there exist wy; > ,;%“TH, we > wy, such that, lf,;%“TH < w < wy orw > wy then
YI7Y2 and ¥~V are orbitally unstable.

The bifurcation diagrams for the system are portrayed in Figures 3 and 4.
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Fig. 4. Bifurcation diagram for 2 < p < p*. We have no results for the interval
(w1, ws), but we conjecture that it is always possible to choose w; = ws

3. Proof of stability

The content of this section is technical. Here we we give a proof of the stability of
all ground states in the case ¢+ < 2. Under such a restriction, every ground state satisfies the
Vakhitov-Kolokolov’s criterion. The proof we present here differs from the one given in [6], as
it does not use the Grillakis-Shatah-Strauss theory and so it does not refer to linearization. We
decided to include in this report such a technical part in order to convey some information on the
method of proofs and on the techniques employed. An analogous analysis is given for the case
of a NLS with ¢ interaction in [27], and both are inspired by [25].

In order to proceed we need some preliminary definitions and results.
First, the definition of orbital stability can be reformulated using the notion of orbital

neighbourhood.

Definition 3.1. The set

Uy(¢) = {v € Q, s.t. oJnL v —e“dllo < n}

is called the orbital neighbourhood with radius n of the function ¢.

It is convenient to introduce a function that associates to any frequency w > % the value
of the minimum attained by S, evaluated on functions in the Nehari manifold corresponding to

that frequency. Namely,

4
d : <—2,+OO)—>]R
v

w— d(w) = min{S,(¢), ¢ € Q, I,(¢) = 0}.

It is then important to stress other points that we did not mention explicitly so far.
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Remark 3.2.
(1) In the energy space () the following norm is defined:

“+o00 —&
2 2 : 12 . /12
lolfy == ol + i [ o dot i [ 0P ar

(2) For any § € [0,27) and any ¢ € @, one has S, (e??$) = S,(¢). As a consequence, if
1),, is a ground state, then all the functions 1), in its orbit are ground states too. In the
proof of Theorem (3.4) we will make the phase explicit by denoting

w:m,:rgﬁ = ein:m,:rg,O'

w w

The result we need to go through the proof are summarized in the following Proposition.
Their proof is contained in [6].

Proposition 3.3.
(1) For any function ¢ in the Nehari manifold one has S, (¢) = S (¢), where S is the
functional defined by

o115+

S(¢) =
(¢) 20 + 2
(2) Any minimizer 1, of the functional S, on the Nehari manifold minimizes also the func-

tional S on the region [, < 0.
(3) Following Fibich and Wang (see [25]) we recall that the map

R A 2+2
w:Q — R, ¢ — d! <2 +1||¢||2Z+2)

is well-defined. Notice that W maps a function ¢ into the frequency of a ground state
having the same L?*"2-norm as ¢. Such a ground state may not be unique, but the
L?**2_norm always is.

(4) If 1, minimizes S, on the Nehari manifold 7/, = 0, then ¢, minimizes S, on the set

{0 € Q, [|9llopr2 = |1Vwll2ur2}-

(5) For any w > 0, the function x[o ;0)%>" minimizes the functional

1 w
S90) = 5191+ Sl3 — -5 Iol3t3
among the functions in () that satisfy

15(0) = 1¢']15 + wllgll3 — Mlgllzis =
(6) If 1 < 2, then any ground state satisfies the Vakhitov-Kolokolov’s condition (2.9).

2+2

Now we can prove the

Theorem 3.4. If 1 < p < 2, then any ground state is stable.

Proof. We specialize to the case with w > = ‘““1

4 ptl

, namely, beyond the frequency of bifurcation.

In fact, for w <
given in [27].
Fix wqy >

, this proof can be eas11y adapted and one recovers essentially the argument

4 “H and suppose that the stationary solution e™°?)¥1: =420 ig orbitally unstable.

This means that there exists £g > 0 and a sequence ;, € U 1 (ypyr-—¥29) guch that

s f t) — —y2.0 €0,
tgg’eeﬁ%}g )Ilsok() lq = co

where ¢y (t) is the solution to equation (2.2) with initial data .
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With no loss of generality, we assume

0 0 0 ,—y1,0
€0 \ eelgg )“ —Y2, wa —Y1, ||Q — “ —y2,0 __ gi Y1 HQ (3.1)

Let t; be the smallest positive time for which

€0
f t ~v2f = 3.2
At lleelt) = v g = 3 (32)
and let us use the notation {, = (tx). By conservation laws,

Suo(r) = E(&x) + ﬂn&u% = E(pr) + el
i (3.3)
— £ ) + LT = S (0

yz,O) = d(wo).

WO

where we used the fact that, by construction, the sequence ¢, converges to )% ~¥>" strongly in
(@, that implies the convergence of the energy and of the L?-norm.
Let us denote wy, = W(&;). We recall the following result from [25], used in [27] also:

Sun(€0) — S (B0) > ~d"(wo)(wr — w)? (3.4)

where we denoted w, = w(&). The fact that the Vakhitov-Kolokolov’s condition is satisfied
(see [6] ), together with (3.4) and (3.3), implies w, — wp, and therefore, by the definition of the
function @, we have

2u+ 2

2u+2 2u+2
loawes = |22 s w| T — |22

A W0(¢wo)1 "= = ([0 |gpa. (3.5)

We define the sequence ¢}, := Mf . By (3.5),

[y
168270 |2
1Ce = &klle = HU—|#_1 1€kllq — 0. (3.6)
pt2
As a consequence, S, (Ck) — Su(&k) — 0, 80 S,y (Ck) — Suo(tw,)- For this reason, and as
1Cklloure = [[¥720|9u42, point (4) in Proposition 3.3 implies that {¢;} is a minimizing

sequence for the problem

min{Su, (¥), ¥ € Q\{0}, |9 llzurz = 105~ llaus2}-

By Banach-Alaoglu theorem there exists a subsequence, whose elements we denote by (; too,
that converges weakly in () and therefore in L?*2. Let us call (, its weak limit.

First, notice that (, # 0. Indeed, were it zero, then weak convergence in () would imply
(oo(0£) — 0, and therefore S, () — Sp, (G) —= 0, so

: . A
0 _ _ ,01121+2
A Suy(G) = im S (Ge) = 5727 195 e
Then, employing the fact that ¢, := X[O,Jroo)z/ngO(O) # 0, points (4) and (5) in Proposition 3.3
yield

: A
—— ([0l 0 = HmSE (G) = S5, (xad0) > Suy(xs00) = 5——= (W80 5nis,

2—|—1 2p+1

which is absurd. So it must be (., # 0.

We claim that ,,,((~) = 0. We proceed by contradiction.
Suppose indeed that 7,((s) < 0. Then, by point (2) in Remark 3.2 and points (1) and (2) in
Proposition 3.3 we know that the minimizers of the functional S on the region [, < 0 are given
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by 1/}0%;’_1/2’9 and 1/1%3’_?’”’9, for all # € [0,27). Furthermore, all such functions lie on the set

1, = 0. As a consequence, recalling the definition of the functional S, one obtains

1
24D g 77 o 2t D5 oy |7 -
lealae = |25E25060) ™ > B0 ™ = ity hasen
But this is not possible, as (., is the weak limit of functions having the same L?**2-norm as

wgl,—yz,O.
Ono the other hand, suppose that /() > 0. By (3.3) and (3.5)

lim [wo (gk) = 2 lim Swo (gk) - S
k—o0 k—ro0

S ]}1_{20 ||5kH2u+2

— At _ 20+2 _
= 25,y ) = S = L@ ) = 0.

Therefore, by (3.6),
lim 1,,(¢x) = 0.
k—o00
From the following inequality (see [15])
||un||£ — |un — uoo||§ — ||uoo||£ — 0, V1<p<oo. (3.7)

one easily has
]‘UO (Ck - COO) — _Iwo (COO) < 0.
As a consequence, eventually in & we obtain [, ((x — () < 0 and then, using point (2) in
Proposition 3.3
1Ck — Coollzure > [1UZ0 7420 |gyup. (3.8)
But from (3.7), and knowing that (., # 0, we have that the following inequality holds eventually
in k
16k = Goollzrz < IV 2z,
that contradicts (3.8).
We conclude that 1,,({,) cannot be strictly positive and, as we already proved that it
cannot be negative, it must vanish.
As a consequence, from point (2) in Proposition 3.3 again, we get [|Coo[|2u+2 = |98 720|242
But, since (, is a weak limit, it must be

ICoollzure = 9287 N2y
This fact has the following relevant consequences:
e Owing to (3.7), the sequence {(,} converges strongly to (. in the topology of L2,
e The sequence {(;} converges to (,, in the strong topology of ). Indeed, by the conver-

gence of S, (k) to S, ((~), the weak convergence in (), and the strong convergence of
{¢} in L?*T2, we have

IGKI* + wollGell* — lICal® + woll CoclI*. (3.9)

So the convergence is strong in the space () endowed with the norm given by (3.9), that
is equivalent to the usual ()-norm.

e The sequence {&;} also converges to (., in the strong topology of (). Indeed, applying
(3.6), we have

1€k = Coolle < 16k = Chllo + (I = Coclle — 0. (3.10)

e The function ¢, minimizes S,,, with the constraint [,,, = 0, so, either (, = f{%"y?vg
or (oo = 2% for some value of 6 in [0, 27).
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Let us suppose that (,, = 1/1%3;_1/2’9, for a certain value of 6. By (3.10) we obtain &, — wgg—wﬁ

strongly in (), that contradicts inequality (3.2), and thus the assumption of the orbital instability
of the stationary state 1/153)’_1/2’0 proves false.

On the other hand, consider the case with {,, = wgﬁ"ylﬁ for some value of 6. By (3.2)
there exists a sequence ;. such that

B p
[ A (3.11)

Using elementary triangular identity, (3.1) and (3.11), we obtain, for any 6 € [0, 27),

16 = v ™ e 2 vy = o™ lle = vy ™% = &illo 2

This contradicts (3.10), so the proof is complete.

£o
x

4. Perspectives

The interplay between nonlinearity and defects is, in our opinion, a promising and worth
developing field. In particular, already in simple models highly non trivial behaviour can emerge.
An enlightening example has been supplied by means of the ¢’ defect, in which the occurrence
of a pitchfork bifurcation with symmetry breaking has been proved for the family of nonlinear
ground states.

Such results have to be considered as the first achievements of our research project.
Many non trivial variations on the theme could be given by studying the entire family of one-
dimensional defects (a four parameters family, see [9]) and thus investigate the effect of various
self-adjoint boundary conditions, in particular, of those that give rise to two bound states. We
expect that, in the nonlinear problem, each of the two linear modes could be deformed into
nonlinear modes for any frequency greater than the energy of the corresponding linear mode.
Think, for instance, of a point interaction that, roughly speaking, is the sum of a § and a ¢’ defect
at the same point. It exhibits two bound states, one of which is even (as the ground state for
a Dirac’s delta), while the other is odd (as the ground state for a delta prime). A number of
question then arises: how do the corresponding nonlinear mode interact? Does it exist a third
family of stationary (possibly ground) states that does not preserve any parity symmetry?

However, all these steps are only preliminary to the problem of studying the detailed
evolution of a travelling soliton that meets an impurity.

It remains completely open the problem of defining analogous models in higher dimen-
sion. We recall that in dimension two and three, the only point interaction is the delta interaction,
and in dimension higher than three there are no point perturbations of the laplacian. For instance,
in the three dimensional case a bare power nonlinearity seems to be too strong to be added to
a Dirac’s 0 potential; so a different type of nonlinearity with a moderated behaviour at infinity
should be considered. Conversely, in space dimension two the naif power nonlinearity could be
not necessarily in conflict with the domain of a delta interaction, but up to now no rigorous result
exists on this problem.

Another related topic is given by quantum graphs (see [37-39] for the relevant definitions
and analysis in the linear case). Also in the relatively simple case of a NLS on a star graph, the
richer structure provides a larger number of nonlinear stationary states, for example two stationary
states for a three edge star graph with a delta vertex, both attractive and repulsive, and the number
increases with the number of edges (see [5]). In this respect, besides the determination of the
ground state, it is an open interesting problem the analysis of stability of excited states, here
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explicitly known. Nothing is known for the a star graph with more general vertex conditions, for
example the boundary condition of ¢’ type.
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The Casimir force between two identical bodies, although highly dependent on their geometry and structure of
boundaries, is always attractive. However, this force can become repulsive if the nature of the two boundaries is
different. We analyze from a global perspective the analytic properties of the Casimir energy function in the space
of the consistent boundary conditions Mz for a massless scalar field confined between two homogeneous parallel
plates. The analysis allow us to completely characterize the boundary conditions which give rise to attractive and
repulsive Casimir forces. In the interface between both regimes there is a very interesting family of boundary
conditions which do not generate any type of Casimir force. We also find Casimirless boundary conditions which
are invariant under the renormalization group flow. The conformal invariant boundary conditions which do not
generate a Casimir force have not yet been exploited in string theory but open new interesting possibilities.

Keywords: Casimir effect, vacuum energy, boundary conditions, boundary renormalization group flow.

1. Introduction

The Casimir effect is a genuine quantum phenomenon induced by the vacuum fluctuations
of quantum fields. The pressure of quantum fluctuations on impermeable solid bodies generates a
force between these bodies [1]. The characteristics of this force depend essentially on the type of
field theory, the geometry of the bodies and the physical properties of the bodies boundaries [2-8].
However, the Casimir force between two identical bodies is always attractive due to the Kenneth-
Klich theorem [9]. Now, if the boundary conditions of the bodies are different the Casimir force
can become repulsive. In fact, new repulsive regimes of the Casimir effect have been found
between dielectric plates and ingenious combinations of them, which give rise to a repulsive
effect [10]. In this paper we analyze from a global viewpoint the dependence of the Casimir
phenomenon on the physical properties of the boundary, i. e. on the boundary conditions satisfied
by the quantum fields. Based on a new technique which highly simplifies the calculation of the
vacuum energy for arbitrary boundary conditions we analyze the nature of Casimir force between
two homogeneous parallel plates induced by the fluctuations of massless free scalar field.

In this geometry the only variable elements are the distance between the plates and the
boundary conditions at the plates. The set of physically admissible boundary conditions is a
four dimensional manifold which includes Dirichlet, Neumann, Robin, Zaremba, periodic, quasi-
periodic and anti-periodic [11,12]. Thus, we analyze the dependence of the Casimir force on
these five variables and in particular, we analyze in great detail the transition from the attractive
Casimir regime to the repulsive Casimir regime. We also analyze the role of Casimir energy as a
finite size effect of the conformal anomaly and the role of boundary renormalization group flow.
In particular, we search for boundary conditions which being invariant under renormalization
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do not present finite size effects which generate Casimir energy. In the case of massless scalar
fields we fully characterize the three parameter family of boundary conditions satisfying both
requirements.

2. Quantum Fields in Bounded Domains

In quantum theories the unitarity principle imposes severe constraints on the boundary
behavior of quantum states of systems confined in bounded domains [11]. The consistency of
the quantum field theory imposes a much more stringent condition on the type of acceptable
boundary conditions in order to prevent any type of pathological behavior. In relativistic field
theories, causality imposes further requirements [13, 14]. The space of boundary conditions
compatible with both constraints has interesting global geometric properties.

The dynamics of free complex scalar field ¢ is governed by the following Hamiltonian

=5 [ Ex(r)F +¢ ()= +m) o(x) n

in terms of the Laplacian operator A and the canonical momenta 7 of the fields ¢ satisfying the
standard canonical quantization rules

[W<X)a ¢(X/)] = —1 5<X - Xl)a (2)
where we using natural units (¢ = A = 1). The Hamiltonian (1) describes the dynamics of an
infinite number of decoupled harmonic oscillators given by the Fourier modes of the operator
—A +m?. When the fields are confined in a bounded domain 2 C R? with regular boundary 952
the modes of the oscillators become discretized and highly dependent on the boundary conditions
of the fields specially for the low energy modes. The consistency conditions require that the
corresponding oscillating frequencies must be real and positive, which can be fulfilled for any
value of the mass if and only if all eigenvalues of the Laplacian operator —A are real and
nonnegative, i.e. —A is a selfadjoint non-negative operator. This requirement imposes severe
constraints on the conditions the fields must satisfy at the boundary 02 in order to have a
consistent quantum field theory. The positivity condition can be relaxed for a fixed geometry
and given mass, but the boundary conditions which are consistent for any size of the domain €2
require the non-positivity of the selfadjoint extension of the Laplacian operator A.

The self-adjointness condition requires the cancellation of the probability flux across the
boundary. This flux is given by

() =i /8 (0,710~ 50,0 3)

The set of boundary conditions which preserve the probability and have a null flux (3)
across the boundary can be identified with the space of unitary operators U of L?(92), i.e. U €
U(L*(00Q)). This characterizationion is equivalent to that introduced by von Neumann, Krein
[15-18] and by boundary triples approches [19-24]. Each selfadjoint extension is characterized
by the restriction of the adjoint operator of —AT of the Laplacian operating only on smooth
functions of compact support in €2, to the domain [11, 12]

Dy = { € D(AY); (p,8) € H™2(9Q) x HZ(09Q); ¢ —ip = U(p +ig)}, 4)

where ¢ denotes the boundary value of ¢) and gZ the boundary normal derivative of (1—AT)~!(¢p—
ATy) and

N

1 \T
¢ and ¢ = Vo <—ALQ + —]I> o, (5)

1 1.\
Y= % (_ALQ + ﬁﬂ) 52
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§ being an arbitrary dimensionfull parameter. The Sobolev space H*(9() is defined as the
closure of the subspace C*°(0€2) of differentiable functions, with respect to the Sobolev norm of
class k

1o li= [ o i o) (-84 + Dpla). ®)
o0

The boundary conditions (4) define selfadjoint extensions of the Laplacian but the con-
sistency of the quantum field theory also requires the positivity of the corresponding selfadjoint
operator and this condition imposes further constraints. In particular, since [11]

— (W, Ap) = VU = (0,9) = [VU]* = (0,¢) = VY = (¢, Ap) ,

where
I-U
i 7
T+U )
is the selfadjoint Cayley transform of U. Whenever A is well defined it must be selfadjoint
and non-positive. Since all eigenvalues of unitary operators U are of the form A(a) = e

with a € [0, 27|, the positivity condition of A translates into the following constraint on the
eigenvalues of U

tm(%)>m ie. 0<a<m (8)

Thus, the space of boundary conditions M which lead to consistent quantum field theories is
given by [13, 14]
MFE{UEL{(LQ(@M)); A=eeo(U), O<a<7r}. 9)

In the particular case of a domain bounded by two parallel homogeneous plates the translation
invariance along the plates imply that U should be constant on each plate. In that case the most
general boundary condition for the fields is given by a two dimensional unitary matrix U € U(2),
which can be written in terms of Pauli matrices o = (01, 02, 03)
Ula, B,m) = e (cos(B)+isin(f)n- o) (10)
Q€ [0727T]7 B S [_7.‘—/2771-/2]7

and an unitary vector
n(f,x) = (sin(f) cos(x), sin(8) sin(x),cos(8)); 6 € [0, 7], x € [0, 27]. (11)

of the unit sphere S? satisfying the constraints 0 < o 4= 3 < 7. The domain of the positive
self-adjoint operator —A is given by

(o7 ) = (Tl mmd o tims) (AT ).

where L is the distance between the plates. This property guarantees the positivity of the op-
erator —A and in consequence that of the corresponding selfadjoint extension of the Laplacian.
Therefore, the space of consistent boundary conditions Mg is [13, 14]

Mp={U(a, B,n) €eU(2)|0< axtp<7}. (12)
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Fig. 1. Space of consistent boundary conditions for a scalar field theory confined
between two homogeneous parallel plates

3. Boundary Renormalization Group Flow

Some symmetries of the classical theory can be broken upon quantization by quantum
interactions. In the case of fields confined in bounded domains only the symmetries which leave
the boundary invariant can be preserved for some boundary conditions. However, in the case
of scale invariance (z — x/A) the presence of the boundaries does not automatically imply the
breaking of the symmetry at the quantum level because the rescaling involved in the Wilson
renormalization group transformation restores the system back to the same boundary domain 2.
Now, the scale invariance in the massless quantum field theory can still be broken because not
all boundary conditions preserve this symmetry. In fact, it has been shown in Refs. [25,26] that
the renormalization group acts on the space of boundary conditions according to the flow

1
T _ - T
AULOLU, = 5 (UA UA> (13)
or
1
vlou, = 5 (Uj - Ut> (14)

for A = Ag el

The only boundary conditions which preserve scale invariance are the fixed points of
the renormalization group flow (14), i.e. boundary conditions whose unitary operators U are
hermitian unitary matrices U = U = U~! [26].

In the parametrization given by (10) and using spherical coordinates (11) for the normal
unit vector n(#, ¢) the flow reads (see Fig. 2)

o/ (A) + %sin(a} cos(B) = 0 (15)
B'(A) + %COS(O{) sin(f) = 0; (16)
0'(A) =x'(A) = 0, (17)

which defines a vector field that can be extended to the whole group U(2).
Thus all fixed points are located at the corners of the thombus in figure 1 of Mp. The
upper and lower corners correspond to Dirichlet and Neumann (U = =FI) boundary conditions.
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The other fixed points are located in the other two corners and correspond to a S? manifold given
by
U=n-o (18)

n being an arbitrary unit vector of R3, which includes pseudo-periodic and quasiperiodic bound-

ary conditions.
For mixed boundary conditions the RG flows from Dirichlet boundary conditions (ultra-
violet fixed point) toward Neumann boundary conditions (infrared fixed point) [25,26].

U= eQi arctane_t]l‘ (19)
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Fig. 2. Renormalization group flow in M. Notice that fixed points are located
at the corners of the rhombus. Neumann boundary conditions are at the lowest
corner which is the only stable fixed point. This point is an attractor point of the
whole renormalization group flow

4. Vacuum energy.

The Casimir effect in massless quantum theories is a consequence of the scale symme-
try anomaly which arises in the form of finite size corrections to the vacuum energy. Within
the global framework of boundary conditions formulated above it is possible to analyze with
complete generality the characterization of attractive and repulsive regimes generated by this
anomaly.

The scalar free field theory defined by a boundary condition U of My has a unique
vacuum state which in the functional Schrodinger representation corresponds to the Gaussian

state
1
W(6) = N e—§(¢7 vV —Ay 9) 20)

where N is a normalization constant and (-,-) denotes the L?(f2) product. The corresponding
vacuum energy given by the sum of the eigenvalues of %\/ —Ay is ultraviolet divergent, but the
Casimir effect is associated to some finite volume corrections to the vacuum energy which are



Attractive or repulsive Casimir effect and boundary conditions 25

UV finite and universal. It is convenient to regularize the UV divergences involved in the sum
of the trace by means of the heat kernel method

1
By = B9 = e/ =By 1)

The Casimir energy can be identified from the asymptotic expansion in powers of % of
the vacuum energy per unit plate area [27],

E[(]L’e) o 1 cu Ve
U =Sl 0 22)

The eigenvalues A\, = (k')? + (k?)? + k2 of the Laplacian operator —Ay are given in
terms of the zeros k,, of the spectral function [14,28]

hy(k) = 4kdetUcoskL — 2i(1+ k*)det U sin kL + 4k(Usy + Uys)

“2i(1 + k2) sin kL — 4k cos kL + 2i(1 — k2)trU sin kL
(23)
= 4dke* coskL — 2i(1 + k*)e** sin kL + 8inyke' sin 3

—2i(1+ k*)sin kL — 4k cos kL + 4i(1 — k*)e*® cos B sin kL.

and two arbitrary real parallel components k', k2. The spectral function hy (k) is obtained from
the determinant of the coefficients of the eigenvalue equation of —A for plane waves with
momenta (0,0, k). Notice that the spectral function is not only dependent on the invariants of
the boundary unitary matrix det U and tr U but also in the entries Us; and U;,, which implies
that the spectrum of the quantum theory may be different for matrices with the same spectrum if
they are non-equivalent as matrices. The vacuum energy can be formally given in terms of the
spectral function Ay [28] (see [29,30]) for an historical review) by

1 3
Ey = s j{dzz 0, log hy (2) (24)
or equivalently
1 o d
Ey=— dk k* — log hy (ik). 25
o=~ | AR S loghu(iE) es)

It is straightforward to extract the leading terms of the asymptotic expansion in 1/L by sub-
stracting the divergent values for a fixed reference value Ly << L of the distance between the

plates [13, 14]
~ L} © d hi? (ik)
= dkk® |L — Lo — —log | —£"2 ]| . 26
U ol - 1Y) /0 [ "kt <h(UL°)(ik) 20

From this expression it is possible to compute in a very efficient way the Casimir energy for
arbitrary boundary conditions U € Mp.

In some cases the Casimir energy can be computed analytically [13,14,28,31-34]:

(1) In the case of pseudo-periodic boundary conditions

Upp = coséoy —sinéoy;  @(L) = e£(0) (27)

we have that
hpp = —8k(cos kL — cos &) (28)
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and
A 7T.2 §2 55 54

E S T B : 2m|. 29
bo($) L3< 00 12 127r+487r2)’ £ €10, 27] 29)

They contain two special cases, when & = 0 we have periodic boundary conditions,

w2 A

E,=— 30
P 90L3’ (30)

where the Casimir force is attractive, and when £ = 7 anti-periodic boundary conditions with
repulsive Casimir force

T2 A
o = ———. 31
PT20L3 Gh
(2) In the case of Dirichlet boundary conditions
Up=-1 (32)
hp = —8isin kL (33)
the Casimir energy per unit area
m2A
En=——=F 4
b 1440L3 N 34)
is the same as for Neumann boundary conditions
Uy =1 (35)
with
hy = —8ik*sin kL. (36)

In both cases the Casimir force is attractive.
(3) A different family of boundary conditions is provided by quasi-periodic boundary
conditions
U, = cosbfos + sin 0oy

p(L) = tang@@)% Onp(0) = <Ltan —>_ ©(0), (37)

where
hy = —8k(cos kL — sin@). (38)
The Casimir energy per unit area in this case is
g A (1207 3m0 1107 46°+|r — 20]° N 0
T L3 \11520 32 96 967 4872

) ; 0 €0, . (39)

Here there are three special cases, § = 7 which corresponds to periodic boundary conditions,

with attractive Casimir force, § = —7 which corresponds to anti-periodic boundary conditions,

with repulsive Casimir force and # = 0 to Zaremba boundary conditions also with repulsive
behavior

T2 A

© 11520L3°

In summary, many of the conditions (e.g. Dirichlet, Neumann, Periodic) give rise to

attractive forces between the plates, others (e.g. antiperiodic, Zaremba) induce repulsive forces,

and between these two types of boundary conditions there exist a family of boundary conditions

(40)
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with no Casimir force [28]. In the case of quasi-periodic boundary conditions there are two

values of the parameter 0,
1 2
O =m |z |1—-/1=2y/—=| ] 41
cp d 2 15 ( )

where the Casimir energy vanishes which signals the boundary between attractive and repulsive
regimes of the Casimir effect. Indeed, when 0 < 6 < 6, and 07, < 6 < 7 the Casimir energy is
positive, and hence the Casimir force between plates has a repulsive character. On the other hand,
when 0, < 0 < 0;;, the Casimir force between plates becomes attractive, which corresponds
to a negative Casimir energy. Notice that for boundary conditions which correspond to identical
plates, (8 = 0) the Casimir energy is always negative which agrees with the Kenneth-Klich
theorem [9].

Something similar occurs in the case of pseudo-periodic boundary conditions where there

are two values of £ with null Casimir energy, and therefore there is no force between plates

2
pr:n 1+ 1—2,/1—5 . (42)

In this case, for £, < ¢ < &, the Casimir energy is negative, which leads an attractive Casimir

_ p— + . . . o, .
force between plates, and for —m < €< §PP or &, < & < m, the Casimir energy is positive,
and hence the force between plates is repulsive.

n=-1 n=1

Fig. 3. [Color online] Behavior of the Casimir energy FE in the consistency
region || < a < m — ||, for ny = £1. The Casimirless components are marked
as thick lines. Blue colored regions correspond to negative values, and red colored
to positive values

For more general boundary conditions it is possible to numerically evaluate the Casimir
energy. In this way we find the complete set of boundary conditions which give rise to attac-
tive Casimir forces and those which give rise to repulsive forces. The interface between both
regimes correspond to boundary conditions which do not produce any Casimir force between the
plates (Casimirless boundary conditions). The total set of Casimirless conditions is a connected
subspace but its restriction for fixed values of n; can have one or two connected components.
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n;=—0.5 n,=0.5

Fig. 4. [Color online] Behavior of the Casimir energy F; in the consistency
region || < a < m — ||, for ny = £0.5. The Casimirless component appears as
thick lines. Blue colored regions correspond to negative values, and red colored
to positive values
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Fig. 5. [Color online] Behavior of the Casimir energy FE in the consistency
region || < a < m — |, for ny = 0. The Casimirless components are marked
with thick lines. Blue colored regions correspond to negative values, and red
colored to positive values

Figures 3 and 4 show the behavior of the Casimir energy for the values n; = +1, +0.5, where
there is only one connected component of Casimirless conditions.

The values of ny for which there are two connected components of Casimirless conditions
are values close to n; = 0. In figure 5 can be seen in the case n; = 0, which has two Casimirless
connected components. As long as n; goes towards to n; = 0 the subset of boundary conditions
with zero Casimir energy changes its topology from one to two connected components. It is just
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/2
np=cosm|1+4/1—-2 | (43)
where the change occurs.

One particular case of interest is the case of fixed points of the renormalization group
which are saddle points and are located at left and right corners of the rhombus of Mp, i.e.
boundary conditions corresponding to the points on the unit sphere S* for values o« = £ = .
This includes periodic, anti-periodic, quasi-periodic, and pseudo-periodic boundary conditions.
The Casimir energy per unit area

at the transition point

Esp(nl) =

1 72 (arccosni)?  (arccosn;)®  (arccosmi)?
7 <—% + 7 — or T a5 ; arccosn € [0, 27].
(44)

has two attractive and repulsive regimes separated by a one dimensional circle of Casimirless
boundary conditions given by

/| 2
a:ﬂ:g; ny=cosm | 1£4/1—-2 = (45)

We remark that in any case the submanifold of Casimirless boundary conditions only in-
tersects the manifold of fixed points at the S? sphere of saddle fixed points of the renormalization
group flow. Obviously, Dirichlet and Neumann boundary conditions have always a non-vanishing
atractive Casimir energy. On the other hand, boundary conditions for identical plates correspond
to 4 = 0 and from the numerical calculations it is shown that all these boundary conditions
are always in the attractive regime as shown in figures 3 4 and 5, which in agreement with the
Kenneth-Klich theorem [9].

In summary, the powerful method based on the use of the spectral function for the
calculation of the Casimir effect permits to analyze from a global perspective the properties of
the Casimir energy as a function over the space of consistent boundary conditions M. Some
of these global properties have a great physical interest. In particular, it is possible to find the
extremal values of the Casimir energy £.(U) over the space Mp. The continuity of E,.(U)
in My and the compactness of My imply the existence of at least two types of consistent
boundary conditions where the Casimir energy attains its maximal and minimal values. In our
case the minimum of Casimir energy corresponding to periodic boundary conditions whereas the
maximum value of the Casimir energy corresponds to anti-periodic boundary conditions.

The fact that the maximum and the minimum of the Casimir energy are at the boundary
of the space of consistent boundary conditions M can be inferred from the analytic properties
of the spectral function Ay (k) which provides a bound for the Casimir energy E.(«, (3, ny) in
the interior of M g. The restriction of hy (k) to Mp N SU(2) is an harmonic function for any &
and, thus, by the maximum principle all its local extrema must be at the boundary OM . This
behavior can be translated to the Casimir energy. The same argument implies the existence of
extreme boundary conditions in the attractive and repulsive regimes of Casimir effect. In both
cases the extreme values of E, are reached in OM g, the minimum value corresponds to periodic
boundary conditions which provide strongest attractive force between plates, and the maximum
value is attained for anti-periodic boundary conditions which represents the strongest repulsive
force between plates.
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The global analysis of the dependence of infrared properties of field theories on the nature
of boundary conditions also unveils many interesting physical effects. However, the characteris-
tics of boundary conditions which encode the attractive or repulsive nature of the Casimir energy
are still unknown, although the algorithm found in the previous section provides the simplest
mechanism to determine such a character. On the other hand it will be very interesting to under-
stand the special role of the Casimirless boundary conditions which are also fixed points of the
renormalization group (45). Even if these Casimirless conformal invariant conditions are physi-
cally unstable under renormalization group flow they provide a new set of conformally invariant
boundary conditions which are anomaly free (45). The existence of similar conditions in 1+1
dimensions opens a new approach for the study of string theory in non-critical dimensions. The
role of such conformal boundary conditions in the corresponding string theory deserves further
study.
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Bloch-waves in 1D periodic lattices are typically constructed based on the transfer-matrix approach, with a complete
system of solutions of the Cauchy problem on a period. This approach fails for the multi-dimensional Schrédinger
equations on periodic lattices, because the Cauchy problem is ill-posed for the associated elliptic partial differential
equations. In our previous work [8] we suggested a different procedure for the calculation of the Bloch functions
for the 2D Schrddinger equation based on the Dirichlet-to-Neumann map substituted for the transfer -matrix. In this
paper we suggest a method of calculation of the dispersion function and Bloch waves of quasi-2D periodic lattices,
in particular of a quasi-2D sandwich, based on construction of a fitted solvable model.

Keywords: Landau-Zener effect, Bloch waves.

1. Transfer- matrix and DN-map approach to construction of Bloch- functions in 1D
periodic lattices

The study of the basic quantum features of solids can be reduced to the one-body spectral
problem on periodic lattices and construction of the quasi-periodic solutions of the one-body
Schrodinger equation - Bloch-functions, see [16,19]. In the 1D case Bloch-functions are con-
structed on the period (0,a), ¢g(x 4+ a) = ¢(z), as linear combinations x = 6 + my of standard
solutions of the Cauchy problem satisfying the initial conditions 6(0) = 1,60'(0) = 0, p(0) =
0,¢(0) = 1:

—0" 4+ q0 = N0, —¢" + qp = Ap (1)

A linear combination y = 6 + up of the two above solutions, with Wronskian equal to 1,
represents a Bloch function, if it satisfies the quasi-periodic boundary conditions

x(a) = px(0), x'(a) = px/(0).

The corresponding spectral bands o, are defined by the condition —1 < 7/2(\) < 1
imposed on the trace Tr 7 (A\) = [f(a) + ¢'(a) of the transfer matrix

7 (3 o4)):7(28)- (20)» (40

In fact the Bloch solution x(z,p) is bounded on the real axis z, if p?> = \ is on the spectral
bands and does not tend to zero at infinity , |#| — oo, that is only if y = e®?, with real
quasi-momentum p.

In particular for the Bloch solution y = 6 + my we have

(2)-+(4)
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Thus the Cauchy data (1,m) of the Bloch function give an eigenvector of the transfer matrix

with the eigenvalue p :
0(a) —p o(a) >
det =0
< 0(a)  ¢'(a)—p
thus p® — [0(a) + ¢'(a)] p+1 = 0.
Hence the dispersion A = A(p) and the position of the spectral bands o : |u| = 1 are
defined by the trace of the transfer matrix, see Fig.1.

T

Fig. 1. The spectral bands o of the 1D periodic problem found from the condition
-1<Tr T < 1.

The above “transfer-matrix path” to the construction of Bloch functions fails in the case
of multi-dimensional periodic lattices, because the Cauchy problem is ill-posed for these elliptic
PDEs. Fortunately this is not the only way to calculate the dispersion function and the Bloch
waves, even in the 1D case.

Indeed, we can obtain Bloch solutions from an analysis of a boundary problem, by
consider, instead of the standard solutions 6, ¢ of the Cauchy problem, another pair of solutions
1o, 1, of the same Schrdodinger equation —1)” + qi» = M, with the boundary data 1(0) =
1,%0(a) = 0 and, respectively 1,(0) = 0,1,(a) = 1, see Fig. 1 (1,2) below. These solutions
Yo, Y, of the Schrodinger equation are linearly independent if A is not an eigenvalue of the
corresponding Dirichlet problem on the period.

W (2o, %a)| = —%’(0) =W (%o, ¥a)| = 1/10/(61) = W (%o, %)

0 a a
Then the Bloch solution can be found as a linear combination of ¢y, 1, in the form
X(x) = x(0)¢o(z) + x(a)vhu(x) = X(0) [¢o() + eP*Yq(2)] 2

which implies:
X'(a) = x(0) [g(a) + ey (a)] = €™ x(0) [15(0) + €™ (0)] .
Eventually, the quasi-momentum exponential e’ = g, will be found from the quadratic equation
[W6(a) + i (a)] = p [15(0) + pafg (0)]

which can be re-written as

, U0 —Wi(a)  Uha) o UhO) — @) |,
S (1) 7y (1) B T () R ©)
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Here the coefficient in front of —p is equal again to trace Tr T = pu + pu~! of the
transfer-matrix:

Y% Yo

s@ T @

Fig. 2. Standard solutions )y (1) of the 1D boundary problem. Standard solutions
war of the 2D boundary problem on the square period (3). Standard solutions of
the boundary problems on the domain with a smooth boundary (4).

Thus the Bloch solution can be constructed of the standard solutions g, ¥, as x(0)[¢ +
(1¥a).

This naive approach to the construction of the Bloch function, contrary to previous, based
on the transfer matrix, can be extended to multidimensional lattices, because it is dealing with
objects naturally defined in a multidimensional environment. Indeed, define the Dirichlet-to-
Neumann map (DN-map) as the transformation of the Diricjhlet boundary data (0),v(a) of
the solution ) on the boundary into the Neumann data ¢/'(0), ¢)'(a), associated with the positive
direction on the x-axis. Notice, that our definition of the 1D DN - map, in this section, is
only slightly different from the standard one which is associated with the positive normal on the
boundary of the domain, but not with the positive direction of the x-axis :

o0 = (0 ) = (5 9) (o)) = (5 8) o (32

Hence our DN-map transfers the Dirichlet data (u(0),u(a)) as follows:

(40 ) () (20) -me(2) e

Then the quasi-periodic conditions imposed onto the boundary data (1, 1) x(0), (1, )x’(0) of the
Bloch function are represented as a homogeneous equation with respect to the the independent
variables (u(0),4'(0)):

(o ) (4 )xo=(5)xo 8

This can be considered as a homogeneous equation for Cauchy data (x(0), x'(0)) at the left
border point z = 0 of the period. Then a nonzero solution of the problem exists under the

determinant condition.
Yp(0) + pa,(0)  —1 )
det / 3 =0,
© (%(a)m%(a) —p

which coincides with (3).
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This approach is based on the boundary problem and the Dirichlet-to-Neumann map, see
next section for it’s two-dimensional version. The Cauchy problem is present here just in the
form of the data (u(0), «’(0)), which can be considered as independent coordinates characterizing
the solution u, due to the uniqueness theorem: (u(0) = 0,%/(0) = 0 involves vanishing of the
corresponding solution of the Schrédinger equation —u” + qu — Au = 0).

2. DN-map approach to construction of Bloch- functions in quasi-2D periodic lattices

The proposed method of constructing of Bloch functions does not rely on the existence
of solutions of the Cauchy problem. Instead, it uses the uniqueness of the solution of the Cauchy
problem and the Dirichlet -to-Neumann map. Both details are present in the multidimensional
case, although the existence of solutions of Cauchy problems is not guaranteed. Fortunately we
do not need the existence here.

Really the only difference between the general multidimensional approach suggested from
the one-dimensional version is the unified choice of the direction of the direction of the normal
derivative on the boundary: the positive normal is defined in multidimensional case as an exterior
normal, which involves changing signs of some matrix elements of the DN-map.

In the multidimensional case the roles of the basic solutions g, 1), of the boundary
problems for the Schrodinger equation on the square 2D period are played by solutions associated
with the boundary data forming an orthogonal basis {wg} € Ly(I") on the boundary of the period
Q: 00 =T, see Fig.2, (4):

_A¢s+qqybs :/\¢sa % :¢£7 <¢£7¢£>L2(F) :5st-
r

Due to the uniqueness theorem for these elliptic equations the solutions {t;} are linearly inde-
pendent, and their linear combinations approximate a solution of any boundary problem with the
boundary data ur decomposed on the boundary basis.

This fact allows us to define and calculate the Dirichlet-to-Neumann map on the domain
as an operator in the space of boundary values of smooth solutions transforming the Dirichlet
boundary data ur into the Nemann boundary data - the normal derivatives

DN :ur — @ , (6)
on|p
see [23] for a discussion of the appropriate Sobolev classes. To calculate the matrix of the DN-
map with respect to an orthogonal basis {us} on the smooth boundary I', consider the matrix
element of the DN-map

ou
U ——dI' = (u;, DN
/1“ Uy on <Uz Ul>

Then the Green’s formula allows us to transform the matrix element into the bilinear form
of the Schrodinger operator.

(uj, DNuy,) = / [V, Vi, + qi ty, — Mgty dSD. (7)
Q
This formula now allows us to calculate effectively the trace of the DN-map in some finite-
dimensional subspaces, if the spectral parameter A is far from the eigenvalues of the Dirichlet
problem on the domain {2. When A is close to a Dirichlet eigenvalue , it is more convenient to
calculate the matrix elements of the Neumann-to-Dirichlet map. This is done based on the same
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formula (7), but beginning from the solution of a sequence of Neumann problems for a smooth
orthogonal basis {ps} in Ly(T")

Ovs
on

Then the Green formula implies the following expression for the matrix elements of the
Neumann-to-Dirichlet map

_Avs—i_qu:)\vs; Ps-

r

—Av%—qv—/\u,ND:@ — v
on | r
(NDpy, pm) = / VO,V + qU vy — AU v, | dS2. (8
Q

Once the Neumann-to-Dirichlet map is constructed, the Dirichlet-to-Neumann map, should it
exist for given \, can be obtained as the inverse of the former, DN ND = I.

Notice, that the DN map , associated with the outward positive normal, has a negative
imaginary part in the upper halfplane S\ > 0, but the inverse N'D is a Nevanlinna-class function.
Obviously choosing the inward positive normal results in A'D with the negative imaginary part
and the Nevallinna-class operator function DN

Consider the quasi- 2D periodic lattice with a cubic period, see Fig. 3, and the Schrodinger
operator

Lu=—Au+q(x)u )

on the lattice, with periodic potential q(z', 2?) = q(x' + ma, 2* + na), m,n = £1,+2, ..., zero
boundary conditions on the lower and the upper lids T3 : 23 = 0, T} : 23 = h of the lattice.

In this way the whole spectral problem on the lattice is reduced to the spectral problem on
the period, with the same boundary conditions on the lids Fg’h, and the quasi-periodic conditions
on the vertical walls F(l)fl.

The positive normal on I'>? is defined by ey, e5, and the positive normals on the walls
F(l)’Q are —ey, —es. The quasi-periodic boundary conditions permit us to eliminate the boundary
data U‘Fé,z, % |rév2 on the walls Fé’zz

ou
1—\(11,2’ an

_ _e—ipl,yl@

1,2 871
Ly

—1ip1,2a

u =€

1,2
Ly

u

1,2
ry

Then the quasi-periodic boundary conditions on the walls F(l)fz are reduced to a linear system

with respect to the “independent variables” @ = (ul, u?; % : g—Z‘ ), with a matrix composed
ry 3
of the components of the DA/ on the walls:
du
on u
I ¥
ou
on 2 Oty u 2
0 = 9 | =DN e (10)
—e—tp1,200u T e—ip1ay,
on
ry ry
—e—tp1,200u e~ 20y,
on
r3 r3
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Uu
I
u —
DN i EDN( M ) (11)
e~P1ay, fota
I
e~P2aq;
ra
Here j1 = [ju1, o) = [e'P1?, €'P2%] is a diagonal matrix. The DN-map DA/ can be represented in

matrix form with 2 x 2 blocks D Z“ﬂ connecting the Dirichlet data on Fg to the Neumann data
on I .

Fig. 3. 3D-period of the quasi-2D lattice, with zero boundary conditions on I'3.

Matrix elements of the DN map connect the Dirichlet data on I'** with Neumann data on
I
(2% 25 ) —ov., (25 2
DNaa DNaa DNaO DNaO
DNy, DN, \ _ DNgy DNy \ _
(o o ) =2 (ol o ) =P
Then the DN-map is represented by the block-matrix

EDNaaa( >EDNaO-

DNaa DNaO
DN = ( DNo, DN )
with blocks mapping the data 1, i, onto the positive normal derivatives ‘r’afj, %. In particular,

the 0-components of the Bloch function can be eliminated based on @y = ;i ', % = _1%,

which implies the following linear homogeneous system for the data (ﬁa, %) of the Bloch

-function:
i ,
dila DN DNoo u
8TL - = aa ¢ ¢
( A ) < DNy, DN > ( pt i, ) ' (12

on
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Eliminating % we conclude that a nontrivial solution of the equation (12) exists if and only if
zero is an eigenvalue of the operator:

[WDN oot + wWDN oo + DN gapt + DN oo 4, = 0. (13)

Then the Bloch function is obtained as a solution of the boundary problem for the Schrodinger
equation

= u(ll,27 » X =€
AL? AR?
Equation (13) is an analog of the quadratic equation (3), however questions concerning the
existence of the corresponding solution of it in the general case is not yet completely understood,
because we can’t use the classical determinant condition of existence of non-trivial solutions of
the homogeneous equation (13), see analysis of a general situation based on Schur complement
- a matrix analog of the determinant ”— in [18].

Fortunately for us, the physically meaningful spectral problem on the cubic periodic

lattice with romboidal periods and relatively narrow connecting channels I, o = 0,a;1 = 1,2,
gives a chance of simplification of the model down to the solvable level.

—AX+ax=Ax. X ~ipi2a 12

50,00

Fig. 4. 2D periodic lattice with romboidal periods

3. Finite-dimensional low-energy approximation for the dispersion surface of a quasi-2D
periodic lattice

The structure of branches of the wave-functions on the links, connecting neighboring
periods is determined mainly by the eigenfunctions of the conductivity band and by the covalent
bonds formed from the upper filled orbitals on the period. Lower orbitals are essentially localized
inside the period. This observation suggests that we substitute the spectral problem on the whole
periodic lattice by one supplied with additional “partial” zero boundary conditions on the contacts
I of the neighboring periods applied on the orthogonal complement N+ C L, (T") of the contact
space N and the partial matching of eigenfunctions of the valent and conductivity bands on N :
du ou

. PN_
’ on

a _ _e—iplaPN
r} n

l
FO

= e e pNy,
T

PNy ; Pﬁu

I,

= 0. (14)

l
FO,a

The structure of the corresponding spaces N, N+ depends on the energy, however for low tem-
perature the energy is defined by the Fermi level A of the material and thus, in this regime, N
can be selected independently of the energy. Then the above boundary conditions (14) define,
together with the potential ¢ and the corresponding differential expression Lu = — A u + qu,
a selfadjoint operator Ly on the period, with partial quasi-periodic boundary condition in
N C Ly(I'). In fact the contact space N is the main parameter of our one-body model of the 2D
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periodic lattice. The freedom of choice of N here can be used in different ways to understand
the structure and the functioning of the valent bonds and conductivity in solids.

The DN-map of the model Schrédinger equation with Dirichlet zero boundary condition
on the complementary subspace and partial Dirichlet boundary condition in the contact space N

=0, PNu

T!

—ud € N. (15)
!

— Au+qu=lu, Pru

is obtained via framing of the standard DN-map by the projections P onto the contact space N
of the covalent bonds and conductivity channels.

DNN = PNDN PN,

Then the dispersion equation of the model with a chosen contact space /N is obtained, as
in (13), via substitution of the standard DN-map by the partial DN map

[(WDNE i+ uDN) + DNE pw+ DN i@, = 0. (16)

The ultimate equation, contrary to (13), is finite-dimensional. This allows us to obtain the
dispersion equation for the model periodic quasi-2D lattice in explicit form as a determinant
condition of existence of a nontrivial solution of the homogeneous equation. Indeed, assume
that there exist a single resonance eigenvalue of the relative Dirichlet problem, situated close
to the Fermi level A", \P ~ A, on the period, with an eigenfunction ©?. Then, for low
temperature, the relative DN-map can be replaced on the temperature interval near the Fermi level
(AT = 2mrTh=2, A" + 2mkxTh=?) by a sum of a one-dimensional polar term and a correcting
term

PN 8801 > <PN 8801 QN
N on on N N _ N
DNV v — B0 4 PYBPN = o 4

Hence (16) is represented in a matrix form, based on the decomposition N = Zi:1,2,a:0,a N(T?).

Elimination of the variable PY3%|  gives a finite-dimensional equation for PN v|  similar to
Ta Iy
one above, see (13)

[MQOaN + NQOO + Q alt + Qoo} Ug Tt
(A = AD) [uBgap + pBgy + Bai i + By e = 0, (17)

with g = (ug,pe) = (e, ¢2%). The determinant condition for existence of a non-trivial
solution to the ultimate equation gives the dispersion equation A\ = A(py,ps) for the model
Hamiltonian Ly of the periodic lattice.

4. Landau-Zener phenomenon and Bloch-functions on a quasi-2D periodic sandwich

The essence of the 1D Landau-Zener phenomenon is easy to see from the simplest ex-
ample of two parallel strings

1 0%t 9%u! 4 en? 1 0*u®  0%u?

- - cU J— e

i ot? 0z? ’ A2 o a2
manufactured from a magnetic material, weakly interacting due to their different or equivalent

polarity. Re-writing the above linear system in terms of Fourier-dual variables 7, ¢ (frequency
and momentum) as

+€u
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yields a dispersion equation in the form of a determinant condition for the Fourier-dual variables
p? = ¢ ?7% 4+ €. The branches A 5(¢) of the dispersion curve p = Ajo(e)7 are just straight
lines crossing at the origin of the (7, p) plane, but form two branches of a hyperbola for ¢ > 0.

The Landau-Zener effect is precisely the transformation of the crossing of the terms A (p), \2(p)

(%) N y(D

Fig. 5. One - dimensional Landau-Zener effect.

for ¢ = 0 into the “quasi-crossing” for ¢ > 0 , as it is shown in Fig. 5 . This effect was
first observed in [31], see an extended analysis of the 1D case in [12]. It was noticed that the
interaction of terms \; in solid-state quantum problems leads to pseudo-relativistic properties
of the corresponding particles/quasi-particles. Fresh interest for quasi-relativism in solid state
physics arose in connection with the discovery of the high mobility of charge carriers in graphen,
see for instance [13,20,28]. The 1D Landau-Zener effect in the case of weakly-interacting
lattices can be considered as a “blowup” of the 0-dimensional singularity at the crossing point
of the terms, see Fig.6 (1,2). Physicists have not yet decided on the magnitude of the mass
of the charge carrier in Graphen, but there are recent theoretical indications, see [13], that it is
small, but non-zero. This would mean that the conic dispersion surface presented in [20], may be
interpreted a blowup of the tip of the cone, see Fig. 6 (3,4) Unfortunately, this hypothesis would
contradict to our previous observations concerning the 2D Landau-Zener effect, see Fig. 8 (2).
It remains an important question if an essential anisotropy of the effective mass of electron in
graphen could be measured, to support the idea of the blowup resolution if the conic singularity
presented on the picture in [20], but the mathematical arguments support the anisotropic stance
of the resolution of the singularity on the line of intersection of two 2D terms blowing up in a
form of a gutter, see Fig. 8 ( 2).

Indeed, the Bloch functions of two electrons on a pair of remoted periodic lattices with
romboidal periods, see Fig 7, separated by a potential barrier (or two holes on lattices, separated
by a quantum well) can be obtained as the product of the the Bloch functions on the isolated
lattices. The corresponding dispersion equation for a single electron (hole) on the remoted lattices
is obtained as a product of dispersion functions on the lattices [E — E,(p)][E — E4(p)] = 0. But
if the mutual positions of the lattices permit the electron ( hole) to jump from one lattice to
another, then the product of the dispersion functions is transformed into the perturbed product
[E — E,(p)][E — Ea(p)] = e(E, p) with a small term in the right-hand side.
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1 Q}\ 3 HB

Fig. 6. The blowup of the zero-dimensional singularity for 1D terms (1,2) and 2D
terms (3, 4)

Our aim is to calculate the perturbed equation based on the spectral data of the lattices
and a model, see Fig. 8(1) of the interaction between lattices introduced via special assumptions
about tunneling across the - barrier, see below. A naive physicist would easily see that the
blowup of the intersection line of the dispersion surfaces £ = E,(p), E = E4(p) of the upper
and lower lattices with a barrier between them constitute a sandwich and would not give a cone
(with a rounded top), see Fig. 8(4), but rather a gutter-like shape of the resulting dispersion
surface, Fig. 8(3).

The final decision on the type of the blow-up (either the conic -like blowup or the gutter
like blowup) must be recovered from experiments aimed at measurement of the effective mass
anisotropy. But in this paper, based on our arguments above and also the modern analysis of
blowup from 1D and 2D singularities in [24], we represent, see Fig. 8 (2), a theoretical analysis
of the gutter-like blowup resolution of singularity localized of a curve obtained as an intersection
of the 2D terms arising from the two neighboring periods of the upper and lower lattices of a
quasi- 2D sandwich structure.

Our study is motivated by the recent discovery of the quasi-relativistic behavior of terms
in the man-made sandwich of two periodic quasi-2D lattices, see [5S]. We hope that the sand-
wich structures of two weak interacting quasi-periodic lattices can be used as a source of various
artificial material structures with useful and interesting transport properties. The study of the
Landau-Zener transformation in 2D case requires new analytic machinery, since, as we have no-
ticed above, the 1D technique, based on the transfer-matrix, fails because of the “ill-posedness” of
the Cauchy problem for Schrodinger equation on a square period. Thus we consider the periodic
2D sandwich based on Dirichlet-to-Neumann technique developed in the previous section.

a gu
e 1L
d
e 9

Fig. 7. Two-storied period of the periodic quasi-2D sandwich lattice

Originally we considered a 2-stordie period, see Fig. 7 with partial quasi-periodic bound-
ary conditions on the vertical walls r“¢ 1=1,2, a = 0,a, with the contact subspaces [V o,

1,007

zero boundary conditions on the upper and lower lids I',, I'_, and a bilateral potential barrier I,
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emulating the upper and lower layers of silicon heavily doped with borons and the intermediate
layer of pure silicon, substituted by the J-barrier.

This model is already soluble, but we make ome more step to obtain further simplification
by substitution of the rectangular barrier by a J- barrier, see Fig. 8(1). Denoting by nl‘f’" the outer
normals on both sides FZ’d of the ¢ - barrier, we represent the boundary condition on ', as

Py {8\11 ov

d
. d u
%U\Fu o d\rd} + 6V, =0, with ¥, = Py, ¥ \Fg = Py, U |r;;' (18)

Here we assume the continuity condition of the wave-function on the potential barrier

d
and a jump of the normal derivative g‘y + g—% = [g—i’] depending on the value of the
ry b Ty
Ny- projection Py, U*|  of the wave-function on the barrier.
ry

Once the magnitude of the tunneling constant 3 is fixed, we may consider the DN-map
of the two-storied period with the joint vertical walls I'; , = '}, U ¢ ,and N; = N* U N¢.

7,00

Then the dispersion equation for the 2D sandwich is similar to preV10us formulae (16,17).

Fig. 8. Two-story period of the periodic quasi-2D sandwich lattice

It is interesting to observe the behavior of the dispersion surfaces in terms of the tunnel-
ing parameter 3. To do this we consider the relative DN-maps of the upper and the lower stories
O, Q% of the whole 2-story period € of the sandwich. Denote by N¥, N¢, N, the contact sub-
spaces associated with the corresponding walls I'y, ;, T8 ;, ', and by Nlu’L, Nid’L, N;- the relevant

orthogonal complements in the spaces of square- 1ntegrable functions on the walls.

DNY DN, DN,
DN" = | DNY DNY DN |, (19)
DNY, DN DN

with 2 blocks
pae — ( PIDNGo Pt PIDNG o By
oo’ =\ PyDNY, P! PyDNY., Py

and 2 x 1, 1 x 2 and 1 x 1 blocks

( PI'DN?, By

PNos =\ pyonE, Ry

), DN}, = (P'DN, P PYDN  P3) . DNy, = PADN P
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A similar representation is valid for DA, The joint DN-map DN/, of the period with

continuity condition in N, on I'y : Py, ¥| = B, V| and the tunneling condition on the barrier
ry g
ov
[Pb—} +BPY| =0
on r,

is given by the block-matrix acting on the vector (\I!Z, vy B, Ul \I!g) , with 2D components

Ve = (War, Wao), ¥g = (Yo, Uoo),

qjg = (\Ijgp Vi), qjg = (\Ijgp ‘Ijgz)

and 1D component P,W,,.

DN DN, DN, 0 0
DN, DN DN, 0 0
DNyp = | DN}, DNy, [DN},+DNY] DNY, DN |- (20)
0 0 DN, DNY, DN,
0 0 DN, DN?, DN,

Due to the partial zero condition on the walls and the lids with selected contact sub-
spaces N, N N& N& N, of the open channels, the components of the boundary vectors
are selected from these subspaces and the matrix elements are framed by projections onto
N, N¥ N N4 N,. We omit the projections in the formula (20) for the DN-map. The quasi-
periodic boundary conditions are represented, with the diagonal matrices p, = [ut, pb] and
g = [1¢, 1d] on the boundary vectors, as

oV
Ha Vs ~Ha
DNap W, A 21)
—1yd —10¥
o - ;
Md\yd Mg\ygan
“ on

The role of variables in these equations are played by the vectors W = (¥¥  UL) €
ovY oy, oVl owd  ovd ovd
N{* @& Nj and the vector ¥y, € N,.

u gy ) . . . .
The vectors a;/s , a(;/; enter only into the right side of the last equation and can be easily

eliminated, resulting in a homogeneous finite-dimensional linear system, which has a non-trivial
solution under the determinant condition:

Dll D12 0
det D21 D22 D23 =0 (22)
0 D3 Dss
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, Where

Diy = DN, pu + DN Gy + 11 DN, + 11 DNg,
D1y = DN, + 11a DN,

Dy = DNy, i + DNy,

Dyy = DNy + DNG, + 51,

Doy = DNy + DNy, pua,

D3y = DN, + 11y DN,

D33 = DN pig + DN + g DN, + 1aDNG,.

The determinant condition of existence of the nontrivial solution for large [ takes the
form:

det[DNY p, + DN, + mu, DN, + 1, DN, x

1 23
x det [DN?, j1q + DN + mug DNE, + 1sDNS]| = ) )

O

gives a dispersion equation for the quasi-2D periodic sandwich for large 3, which is represented
as a blow-up of the crossing of 2D terms of the upper and lower planes of the sandwich :

det [DN, pt, + DNy + o, DN, + 1 DN o) X
x det [DNY, pig + DN + pa DN, + p1aDNG] = 0.

Further simplification can be obtained via substitution of the matrix elements of DNyp by the
corresponding rational approximations near the resonance eigenvalues A%, \{... of the partial
Dirichlet problem, similar to (16, 17) in previous section. If there is only one simple resonance
eigenvalue A%, \¢ of the Schrodinger operator on each upper and low periods, then for the matrix
elements of the upper and lower periods we have

Qu,d

a,a! u,d
u,d a,a’?

)\ - )\1

which gives, due to finite dimension of the components, a rational equation for the dispersion
function

det [Q4, ttu + Qup + pu Qi + Qo + (A — AY) (Bag tu + B + ftu Bgy, + 1 Bgy )] %

det [Qf, Ha + Qap + Ha Qbq + 1aQbp + (A — M) (Baq a + Bag + tta By, + p1aBio)] = O(87Y),

corresponding to the blowup of the intersection L of the dispersion surfaces of the upper and the
lower components of the period. On a small neighborhood of a given point (A, p; € L) of the
intersection the blowup looks as a gutter oriented in the tangent direction of L, with curvature
of the cross-section proportional to 3, see Fig. 8(2). Thus the 2D Landau-Zener effect in the
case of a sandwich defines a gutter- like dispersion surface, with a small effective mass in the
direction orthogonal to the direction of the intersection L.

The practical receipt of construction of the dispersion surface for a two-storied quasi-
2D lattice consists of several steps. Assuming that the two-storied period €2 is connected with
neighboring ones by covalent bonds, we select the contact spaces Ny = N in a special way
to reflect the structure of the covalent bonds on the boundary I' of the period, and apply the
partial zero boundary conditions on the orthogonal complements N+ of N at the boundary of
the periods. Select the basis in Nt and construct the partial DN and ND -maps in N for the
Schrodinger operator on the period for a temperature interval of the spectral parameter close to the

(24)

w,d
DN{X,O/ ~



Landau-Zener effect for a quasi-2D periodic sandwich 45

Fermi level. Due to uniqueness theorem of the Cauchy problem for the Schrodinger equation, the
difficulties in construction of the partial DN-map near the eigenvalues of the Dirichlet problem
can be avoided via construction of the corresponding ND- map and using the connection between
them DN N'D = Iy. A one-pole (or, more generally, multi-pole) rational approximation of the
DN-map on the energy interval near the Fermi level, taking into account the polar terms at the
resonance eigenvalues on the interval and a regular approximation for the contribution from the
complementary spectrum. This permits to find the finite-dimensional determinant condition of
existence of nontrivial real quasimomenta and the corresponding “sandwich” Bloch functions
obtained as a hybridization of the Bloch functions of the upper-lower layers of the sandwich.

5. Dispersion equation for a sandwich with a resonance barrier

More interesting physical picture arises when the barrier possess resonance properties,
taken into account by the energy-dependence of the coefficient 3, see [30]. The resonance
properties may be caused by the size quantization on the space-charge region near the surface
of the emitter, see for instance [29]. In the previous section we modeled a straight rectangular
barrier by a § barrier at the mutual boundary I', of the upper and lower parts Q%? of the two-

storied period: [%] + Bu| = 0. In [7] the barrier has resonance properties defined by the
Iy

sub-bands of 2D holes. Such a barrier can be modeled by the energy-dependent parameter [3.

This parameter arises in the course of the construction of a zero-range model of the resonance

barrier. In this section we follow [21]when introducing the operator extension procedure for the

finite positive matrix A - the inner Hamiltonian of the barrier

A=Y 0! P,:E— E dmE=n < oc.

Here o? > 0- the eigenvalues of the inner Hamiltonian of the barrier and P, = v,) (v, are the
corresponding orthogonal spectral projections. We will establish, as a result of our analysis, a
duality between the eigenvalues and the dimension quantization levels, similar to the duality
between the eigenvalues of the Dirichlet and Neumann problems on an interval. Restriction of
the matrix A is equivalent to selection of the deficiency subspace for a given value of the spectral
parameter. We choose the deficiency subspace N; as a generating subspace of

A\ AW, = E,
k>0

such that p
+ 1l
CTEN,AN; =0, dimN; = d.
1- UN N 0 im N,
Set
D = (A—il) L (E4ON;)
and define the restriction of the inner Hamiltonian as A — Ay = A‘ DA Then N; C E 4 plays the

role of the deficiency subspace at the spectral point 7, dim N; = d, 2d < dim E4, and the dual
deficiency subspace is N_; = 4L A}, The domain of the restricted operator A, is not dense in
E 4, because A is bounded. Nevertheless, since the deficiency subspaces N.; do not overlap, the
extension procedure for the orthogonal sum [y ® Ay can be developed, as in, for instance, [21]. In
this case the “formal adjoint” operator for Ay is defined on the defect N; +N_; := N by the von
Neumann formula : Aje +ie =0 for e € NV;. Then the extension is constructed via restriction

of the formal adjoint onto a certain plane in the defect where the boundary form vanishes (a




46 N. Bagraev, G. Martin, B. S. Pavlov, A. Yafyasov

“Lagrangian plane”). According to the classical von Neumann construction all Lagrangian planes
are parametrized by isometries V : N; — N in the form

Tv={I=V)N

It follows from [21] that, once the extension is constructed on the Lagrangian plane, the whole
construction of the extended operator can be finalized as a direct sum of the closure of the
restricted operator and the extended operator on the Lagrangian plane.

Notice that the operator extension procedure may be developed without the non-overlapping
condition also, see [17]. In particular, in the case dimFE 4 = 1, which is not formally covered by
the above procedure, was analyzed in [25] independently of [17]. The relevant formulas for the
scattering matrix and scattered waves remain true and may be verified by direct calculation.

Choose an orthonormal basis in A;, say {f.},s = 1,2,...d, as a set of deficiency
vectors of the restricted operator Ay. Then the vectors f, = ﬁfﬁ s form an orthonormal basis in
the dual deficiency subspace N_;. Under the non-overlapping condition one can use the formal

adjoint operator A; defined on the defect N:

d
u=Y [z fot+ i fi] €N, (25)
s=1
by the von Neumann formula, see [1],
d
Afu =" [—iz, fo+i &, fi]. (26)
s=1

In order to use the symplectic version of the operator-extension techniques, we need to introduce
in the defect a new basis w +, on which the formal adjoint AJ is correctly defined due to the
non-overlapping condition above:

W _ fs + fS _ A f
ST 2 T AT
_ fs - fs _ I
W = T T Al
hence
Afw, . =w,_  Afws_ = —w, 4

It is convenient to represent elements u € N via this new basis as

d

u = ZK"’"S Ws, 4 + g—,s ws,—]' (27)

s=1
Then, using the notation Eizl s f, 1= g; we re-write the above von Neumann formula as

A 1 A .
T A—il A § (28)

u

— 1 —
u o u A+ — _ -
S YA
The following formula for “integration by parts” for abstract operators was proved in [21].

Lemma 5.1. Consider the elements u,v from the domain of the (formal) adjoint operator AJ :

A = 1 Fu _ A v 1 v
S St T AT VT ATt T A
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with coordinates £, £:

d d
- Zé-:,if&i S Nia gl = Z&g’ifs e N;,.
s=1 s=1

Then, the boundary form of the formal adjoint operator is equal to
T (,0) = (Afu,0) = (u, ATw) = (€1, ), — (€2.€)).. (29)

One can see that the coordinates fi, fi of the elements u, v play the role of the boundary
values similar to {U’(0), U(0), V'(0), V(0)} for the Schrodinger equation —U” + VU = AU on
(0,a). We call these symplectic coordinates for the elements u,v. The next statement, proved
in [21], is the main detail of the fundamental Krein formula [1], for generalized resolvents of
symmetric operators. In our situation it is used in the course of the calculation of the scattering
matrix.

Lemma 5.2. The vector-valued function of the spectral parameter

A+ o

u A 5 1 =«
MM =ar ST o Ao (0

satisfies the adjoint equation [Aj — M]u = 0, and the symplectic coordinates gi e N, of it are
connected by the formula
I+ )MA 5

£y = PNimf_ (1)
The matrix-function
I+ /\A
PNlA )\[ =M: N, = N,

has a positive imaginary part in the upper half-plane Sm A > 0 and serves an abstract analog
of the celebrated Weyl-Titchmarsh function, see [1, 15]. It exists almost everywhere on the real
axis \ with a finite number of simple poles at the eigenvalues o of A. The boundary values £
of the solution u of the adjoint equation [AT — AIJu = 0 are connected via the abstract Weyl-
Titchmarsh function as

§- = Mg, (32)
We obtain the zero-range model the resonance barrier I', imposing of elements ¥ = (¢?, ¢, "),
Pt € Ly(Q), ¢ € E, 9" € Ly(Q%) boundary conditions at the barrier I'y. In what follows we
restrict our analysis to the case of a one-dimensional defect, d = 1, that is scalar {1, M and
the one-dimensional jump of the normal derivative Pbg—g at the barrier Then, following [29] a
selfadjoint boundary condition at the barrier can be selected based on a choice of 3D complex
vector 5 = (1, 8,1) defining the Datta-Das Sarma boundary condition at the barrier imposed on

the partial boundary values \If‘rb = (1/1d, &, wu) , U ‘Fb = ( awd yEa, Pb > with the normal
directed outside the barrier:
v, LA, | || F

For the selected above vector parameter E = (1,,1) this boundary condition looks like the
condition at the J-barrier:

oy

8n|rg

wu

P
’ only,

+ By + 06 =0, Pyt = Pyt =57 =0, (33)
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Eliminating the inner components &£ of the boundary values based on (32), we obtain the bound-

ary condition imposed on the partial jump Pb%f |rd + B, aaﬁ - ‘Fu = [g—‘g] , of the wave-function:
b b
ov
{Pba—} +|B8PM B, = 0. (34)
1y

The dispersion equation for the sandwich with a resonance barrier is obtained from 21 via
replacement of 32 by |3|>M ™. In fact at each zero of M the corresponding dispersion surface
endures Landau-Zener effect, because the crossing of 2D terms is , in fact, transformed into
quasi-crossing. Hence the zeros of M play the role of resonance levels of the dimensional
quantization. This defines the duality between the eigenvalues of the inner Hamiltonian of the
barrier and the poles of M which appear as resonance peaks corresponding to the sub-bands of
2D holes, similar to the duality revealed in our paper [29]. One can see that the resonance peaks
at the sub-bands are dual to the eigenvalues of the inner Hamiltonian, which can be interpreted
as the dimensional quantization levels, similarly to [29].

Suggested approach to calculation of the dispersion function and the Bloch waves is
naturally extended to multidimensional lattices and sandwiches and forms a convenient analytical
base for relevant computing. We postpone description of the corresponding material to the
oncoming publications.

6. Superconductivity in a quasi-2D periodic sandwich: Landau- Zener gap enhancement

N Jf

T © b

Fig. 9. Additional spectral gap arising from a simple and flat band overlapping:
transformation of the band’s crossing (1) into the quasi-crossing (2) (1D schematic

figure)
\/\/

8]1

3 ®)

Fig. 10. Additional spectral gaps arising from the 2D Landau-Zener phenomenon:
transformation of the crossing of the dispersion surfaces into the quasi-crossing (2)
(the 2D section of the 3D gutter)
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In [7] high-temperature superconductivity was observed in a Si-B sandwich. This is
interpreted as a Josephson effect arising due to the interaction between the Bloch electrons on
the upper and lower plates of the sandwich, defined by the boundary condition on the barrier
I'y, see Fig. 10. The transformation of the crossing of the corresponding 2D terms into quasi-
crossings — the Landau-Zener phenomenon — is similar to that discussed in [2] with the standard
and flat bands overlapping, see Fig. 9. It was shown in [2] that in the one-dimensional model the
spectral gap 0,7, arising due to the Landau-Zener phenomenon (Landau-Zener gap) causes the
enhancement of the BCS gap and hence better high-temperature stability of the superconductivity
phenomenon. In [7] additional electrodes were used to manipulate the positions of the sub-bands
in the barrier, and the stable high-temperature conductivity effect was observed. The presence of
the flat band is not essential for the theoretical interpretation of the superconductivity observed:
the Landau-Zener gap arose due to the sandwich structure with a resonance barrier. But in the
case [2] when the flat band is involved, the density of states [V,A] ! is automatically large, while
in the case of the SiB sandwich we do not have yet any theoretical estimation of the density of
space to explain the HTSC effect. We hope to develop computing, based on above analysis, to
obtain thew estimation in further publications.
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Consider the quasi-static irreversible evolution of a connected network, which minimizes the average distance
functional. We look for conditions forcing a bifurcation, thus changing the topology. We would give here a
sufficient conditions. Then we will give an explicit example of sets satisfying the bifurcation condition, and analyze
this special case. Proofs given here will be somewhat sketchy, and this work is based on [9], in which more details
can be found.

Keywords: optimal transport, Euler scheme, minimizing movements, average distance.

1. Introduction

Historically, the so-called “minimizing movement theory” was introduced by De Giorgi
in [8] to study evolution processes with some kind of variational structure. In this paper we will
consider the general quasi-static, rate independent, evolution for connected networks related to
an average distance functional, and our main goal is to analyze whether optimal sets exhibit a
bifurcation.

Given a domain €2, S C () with dimyS = 1, consider first these problems: given the
system

—Ayu=1 in Q\S
u=20 on S

we aim to minimize (among all S satisfying some length constraints) the associated energy,
namely

1 p
F(S) = (1= ) [ [9ulpds

If we let p — oo, then the energy F,, I'-converges to the so called average distance, i.e.

F(S) ::/Qdist(as,S)das.

This will be our main functional in the paper. As this energy operates on Hausdorff
one-dimensional, connected, compact sets with limited Hausdorff length, we denote

Ay = {X C Q: X compact, connected and H'(X) < I}, A= U Aj. (1.1)
j=0
Both A; and A depend on the domain 2, but to simplify notations, when there will be no

risk of confusion, we will omit this dependence.
The average distance functional has a sort of monotonicity:

Proposition 1.1. Given a domain Q, for any Sy, So € A, with S; C S, we have F(S1) > F(Ss).
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Proof. The proof is straightforward, by writing the thesis explicitly (in the integral form):

F(S)) = /Q dist(z, S1)dz,  F(Sh) = /Q dist(z, Sy)dx

and S; C Sy implies dist(x, S7) > dist(x, Se) thus integrating on €2 we have

/dist(x, Sl)d:z:}/dist(x, So)dx.
Q

Q
U

A consequence of this is that prescribing the maximum length is the same as prescribing
the length: this helps when we have to pass to the limit, as for any fixed [ > 0, A; is sequentially
compact, but 4;\ Uy ;, 4; is not.

This paper will be structured as follows:

e in Section 2 we will present preliminaries, in particular results concerning regularity of
optimal sets;

e in Section 3 we will analyze conditions sufficient to force a bifurcation;

e in Section 4 we will exhibit an explicit example, and use results from Section 3 in this
particular case.

This paper is an extended version of the talk given during the conference “Operator
theory and boundary value problems” in Orsay in May 2011, and some proofs are somewhat
synthetic; we refer to [9] for more details.

Notations

In order to simplify notations, unless explicitly specified, if a notation is used in two
different Definitions/ Propositions/ Lemma/ Theorems, there is no connection between them.
The only notable exceptions are:

e A; (with [ > 0), and A: if there is a given domain (2, they always denote the sets defined
after (1.1),

e F' which always stands for the average distance functional

e V(-) which stands for the Voronoi cell of the point.

We will work only with compact connected domain in R? with positive Lebesgue mea-
sure, and “domain” will always refer to a similar domain.

2. Geometry of optimal sets in the static case

In this section we present some results about the geometry of optimal sets in the static
case, as they will be useful later in discussing the evolution case. All these results can be found
on [4], [5] and [9].

The following are results concerning prohibited subsets of minimizers of the average
distance functional:

Proposition 2.1. Let be ) a given domain, | > 0 a fixed quantity, and ¥, € argmin, F. Then
Yopt cannot contain

(1) a loop (a subset homeomorphic to S');

(2) a cross (a subset homeomorphic to {x* + y* < 1: zy = 0});
2
(3) a triple point P with an angle among the three angles here that does not measure 3™
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[0 0

4 Vi

€

Fig. 1. This is a schematic representation of what happens if we remove the
portion A,

> Q > Q2

opt €
I
& e 6/4 € - N
A\)/‘ j.' } N J.'

Fig. 2. 3. is obtained from X,, by replacing the infinitesimal cross A, with a
slightly shorter Steiner graph

The proof rely on the “cut and paste” technique, in which we first remove a subset,
estimate the variation in energy, and then add it elsewhere. These figures show what happens for
cases (1) and (2) (case (3) is similar), and in both cases the loss in energy is comparable with
3. The next result shows that the gain in energy by adding similar sets elsewhere, is larger:

Proposition 2.2. Given a domain ), let be S C () be a connected set, if we add a segment \. to
a non endpoint of S (with H'(\.) = ¢), then the “gain” F(S) — F(S.) is comparable with %2,
where S, = S U ..

£2

c?
=2

1/2

Fig. 3. All the shaded area, whose area is comparable with /=, gains something

in path

The detailed proof can be found in [9]. Here we limit to present a sketch:
Step 1: scale the configuration (see Fig. 4).
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b

Fig. 4. After scaling, we can do all the computation in this configuration

Step 2: points (z,y) which project on (0, €) satisfy
[yl = dist((z,y), (0,¢)) = Va* + (y — )*,
which corresponds to the parabola, of area O(c'/?);

Step 3: consider the trapezium, its area is O(c'/2) while points on it gain O(e) in path,
thus the total gain for the energy if O(£%/?).

Minimizing movements

Now we present the minimizing movement problem in our case:
let be €2 a given domain, we work on the space is A, endowed with the Hausdorff distance
metric, and our kinetic term is

F(Xl) if X C X, and X € At+7_[1(20)
00 otherwise ’

F(t, Xy, Xy) = {

where > € A is the initial datum.
So, given a positive time step 7 > 0 and an initial datum Sy € A, our Euler scheme is

w(n +1) € argming: (x)<p1 o)+ (nt-1)nwmyca F (X)

A minimizing movement can be thought as the limit case for n | 0 of Euler schemes:

Definition 2.3. Given T' > 0, the function u : [0,T| — A is a minimizing movement associated
with initial datum g and kinetic term F, and we will write w € MM (F, A, ug) if there exists a
sequence <, | 0 for which

VEe[0,T] e, (t) — ult).

Existence is guaranteed by [2]: it states that limit functions exist if the following condi-
tions are verified:

e the convergence in (A;, dy) is sequentially compact;

e the irreversibility condition is compatible with the convergence;

e every nondecreasing function ¢ : R — (A, dy) is continuous up to countably many
points.

The first two conditions are easy to verify.
The third arises from the following argument: consider a generic nondecreasing function v :
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0

Fig. 5. The presence of the shaded triangle 7" makes adding at an endpoint more
convenient than at a non endpoint at least when the added portion has sufficient
small length

R — (A;, dy), and suppose that it has discontinuity points {x;};c;, with z; < x; when i < j.
As 1) is nondecreasing, we can write

(1) CY(x9) C o h(s) CP(wiga) C -+ CYP(supay),

iel
and passing to the H' measures,

H (Y1) < HH(W(2)) < H (Y(@:) <H (P(xi41)) <+ <H (P(sup ;) < oo,

iel
which is possible only if I is at most countable, as being {z; };,cr discontinuity points,
the difference H' (¢ (x;41)) — H'(¢(x;)) are positive for any j.

3. Bifurcation condition

In this section we will try to find a condition sufficient to force a branching behavior.
Several tools are needed.

Definition 3.1. Given a domain (), S € A a generic element, a non endpoint P € S is “smooth”
if there exists v > 0 such that:

(1) there exists an homeomorphism f : B(P,r) NS — (0,1);
(2) there exists an unique direction 0 such that for any sequence P, — P in B(P,r) the
directions of the line L(P,, P) converge to 0.

A subset of S is smooth is all its non endpoints are smooth.

For these points the estimate of Proposition 2.2 applies. The next results compares the
gain for I’ when adding at smooth points with when adding at other points.

Proposition 3.2. Given a domain <), let S € A be a smooth set, and let it have an endpoint O
which satisfies:

(%) there exist p,6 > 0 and a triangle T' C V(O) with a vertex in O and sides p,
p, P/ 2(1 — 2 cos ) (the order is not relevant) that does not intersect S.

Then there exists g such for any € < &g adding a segment \. at O, with H*(\.) = ¢ in
O is more convenient that adding any connected set with same length at any non endpoint.

We present here a sketch of the proof. for more details we refer to [9]:
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Step 1: adding a straight segment along the bisector of the angle in O, the gain is positive
on at least half of the triangle 7" (which has finite area), and it is comparable with O(¢);

Step 2: from Proposition 2.2 we know that adding sets with length ¢ to smooth non
endpoints the gain is comparable with O(¢/?), thus the choice in Step 1 is better.

3.1. Bifurcation

We investigate now the situations that may appear during the evolution. Given an initial
datum Sy € A, ¥ : [0,7] — A a minimizing movement function, a time 7y € (0,77, we are
interested in the following behaviors:

(1) any point X € Sy has the same multiplicity as ;(X) € X(¢), where i, : Sy — X(t)
denotes the identical inclusion, except for endpoints which have multiplicity 1 or 2 in
E(t);

(2) there exists a non endpoint Xy € Sy, to > 0 such that i;,(X,) has different multiplicity
from X, or some endpoint X; € Sy has i;,(X;) € X(¢) with multiplicity at least 3, with
iy, So —> 2(to) denoting the identical inclusion.

In order to provide an upper bound to the branching (which falls into case (2), where a
point increases its multiplicity) time, we need to establish when choice (2) becomes necessary
preferable to choice (1).

Proposition 3.2 shows that under those conditions a branching is not optimal, so to obtain
a contradiction, we must let the hypothesis of Proposition 3.2 fail. The only ways to reach a
contradiction is admit the existence of non smooth points, or negate the existence of endpoints,
or negate condition (), i.e. all its endpoints do not satisfy (). The last reads:

“for any endpoint O', for any p,0 > 0, for all triangles with a vertex in O" and sides p, p, p\/2 — 4 cos 0
the set 3(t) intersects that triangle”.

Let us try to negate condition ().

These following tools will be used:

Definition 3.3. Let S be a compact connected set in a given domain ), P € S a point, and a
positive value R > 0. The “the inner radial projection” is the function

mpr : B(P,R) — 0B(P,R), mpr(z) == 0B(P,R)N Pz
where Px denotes the halfline starting from P and passing through x.

In other words the inner radial projection maps a point to the the point on the border
having its same direction (when putting P as the center).
Now we can define the equivalent of a loop:

Definition 3.4. Given a domain ), let be I" a curve, a subset v C 1 is “general loop” around a
point () € S if'it is a closed connected set satisfying:

(1) There exists a R’ for which v C B(Q,R’) and mgr/ (7N B(Q,R')) = 0B(Q,R');

(2) No connected proper subsets of v satisfies the first condition.

Graphically a general loop may be thought as a minimal set that “wraps around” a point.
Using the above notations:

Definition 3.5. Given a domain ), let be I a curve, P € 1" an endpoint, and suppose that there
exist a sequence {p,}>>, with p, | 0 such that for any n np, (I' 0N B(P,p,)) = 0B(P, py).
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1

o

Fig. 6. (1) is what a general loop may look like, while (2) is not a general loop

Then if there exists a partition of ' in general loops, namely I = U L,, in which every L, is a

n=0
general loop and P ¢ L and for every n OB(P, p,,) contains the farthest point of L,, from P
and L, C B(P, p,)\B(P, pn+1), then {p,}5°, is a “distance sequence” for P.

Not every endpoint has a distance sequence, and even if it had one, this is not unique, as
a distance sequence can be arbitrary truncated at its beginning (i.e. if {r, },> is a distance, then
{rn}n=n With h > k is a distance sequence for the same point).

Theorem 3.6. Given a domain ), let be Sy € A (A defined just after (1.1)) be the initial datum
of e rate-independent evolution 3 : [0, T] — A. Moreover, suppose the evolution does not stop.
Then, a change in topology occurs, i.e. 3(t) is not homeomorphic to 3(0) for any t > 0,
if the following condition is satisfied.:
(xx) any endpoint P' € Sy has a distance sequence {p,(f')};;ozo and a constant Wr(P") which
verifies
. P’
lim sup logpglp/) wari <Wr(P') < 2.

n—oo

We need to prove it first for Euler schemes:

Proposition 3.7. Given a domain ), let be Sy € A (A defined just after (1.1)) the initial datum,
and consider the Euler scheme

U)(O) = So cA
w(k —1) Cw(k)
w(k) € argming x)—peq201(s,) £ (X)
Then if condition (xx) of Theorem 3.6 is verified, there exists €, such that for ¢ < &,
w(1) presents a bifurcation.

Proof. We assume first that 3(0) = Sy has an unique endpoint P. Let us analyze what happens
if we add some set J., (with length ¢/ > 0 small) at P: we have to estimate the gain for the
energy. As J.. C B(P,¢’), the gain is upper bounded by the quantity

EIB(P, pinhy )|

m(n)—1
where p,,(,)—1 Will be explained in the following.

As the point P satisfies condition (xx), there exists a maximum m(n) for which pg?n) <
(P) (P)
m(n)—1 m(n)—2

(P) / (P)
'Om(n) e < pm(n)—l

g <p so the total gain can be estimated by 7(p )2¢’, and as
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the logarithmic condition in (%) gives

P P r(P)? r(P)?

&2 <p£n()n)_2)2 < (pin()n))Q/W (P) < £2/Wr(P)? _ 0(61/2)
and the total gain is an O(eF2/Wr(P)) = (£3/2),

So, considering the gain obtained in Proposition 2.2, adding J.. in this way (when &’
becomes small enough) is not optimal. This argument can be generalized to Sy having more
endpoints (by applying it to all endpoints of S), so the proof is complete.

O

Now we can prove the result for the rate-independent case:

Proof. (of Theorem 3.6)

Step 1:

By hypothesis > : [0,7] — A is the minimizing movement with initial datum ¥(0) = S, i.e
there exists a sequence {e, }°, with £, | 0 such that, put

w(0,n) =Sy € A
w<k - 17”) - w<kan) )
U)(k', n) S argminHl(X):kan+H1(SO)F(X)

t
EE ) = | )
(0 =u(| =]
and for any t € [0,7] X(t) = lim, . 2, (f); then by hypothesis ¢ = 0 is the time at which
condition (xx) is satisfied, and let us analyze the topology of ¥(¢) for ¢ > 0.
We assume first that 3(0) = Sy has an unique endpoint P.

Step 2:

Suppose that there exists &' > 0 such that ¥(¢) has the same topology for any ¢t € [0,4’) (obvi-
ously, if this is true for ¢’, it holds for any positive 0 < §” < ¢’ too).

The proof of Proposition 3.7 shows that adding length in P is not optimal for Euler schemes
with small enough time step. To pass to the limit, we need uniformity for the estimate, i.e. there
is a positive ¢ such that adding length in B(P,¢) is not optimal. This is done by considering
that there is always a non point Z such that adding length ¢ here the gain is at least B,¢*?, with
By > 0 depending only on the geometry of Y(#) near Z, while adding near P the gain is o(e%/?)
for sufficiently small €, as P verifies condition ().

Step 3:
This argument can be generalized to Sy having more endpoints (by applying it to all endpoints
of Sp). As the evolution does not stop, the new part added must be connected to the original set
by a connected path, thus a bifurcation arises.
O

The entire proof relies on the fact that evolving too close to P becomes not optimal for
the presence of the distance sequence.
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4. Examples

In the previous section, we have found a condition (given by Theorem 3.6) sufficient to
force a branching behavior, so now we look for an example in which Theorem 3.6 is applicable.
Let the logarithmic spiral S; with proportion 3 (i.e. naming Y7, Y5, the points as in

. H(OYy) . .
Figure 8, ——————~— = 3 for any k) be our initial datum (see Fig. 7).
— B
3 \-\_ﬂ S;: / \
: é .\] I: .‘"!: ’/I & .‘.-'I
\ N i h //f
\\\\ p

Fig. 7. This will be our datum, and it satisfies the conditions of Theorem 3.6

S has two endpoints, we do the computations on one of them. We impose the following
two coordinate systems (a cartesian one and a polar one) (see Fig. 8).

vl (xy=(r.6
e, ¥
/'J- :\x/ r\r:l:
/ T i
-
| Te A 3

Fig. 8. Some computations are easier on cartesian coordinates, some on polar coordinates

Let us analyze the endpoint O: it verifies condition (%) of Theorem 3.6, as its has a
distance sequence {p&o)}: if we divide the part around it into L, Lo, ---, with L, the piece
between Y}, and Y}, 1, naming pSZO) = H'(OY,,), we have

7o, (S5 N B(O, pl)) = 0B(0, p”)  ¥n

where 7.. denotes the inner radial projection. Moreover Y, € L; for any k, so the
sequence {pﬁ?)}go:l is effectively a distance sequence, and it verifies

logp;O) ngr)l — L.
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So hypothesis of Theorem 3.6 are all verified, and given any positive time 7', any minimizing
movement ¥ : [0,7] — A with £(0) = 5§ will exhibit a bifurcation, at the very beginning,
with 3(¢) having different topology from S§ for any ¢ > 0.

Notice that we can alter the set in any way, it suffices to keep conditions of Theorem
3.6 verified. The next example, not as regular as the one in Figure 7, has the same bifurcation
property.
. . 1.
Let be © := D? our domain, and points Z,, := (0, 2—n) in 2. The we connect each Zj,
with 7., with an injective arc

Vi [0, 1] — {Zx} U {Zk11} U (conv(B((0,0), 2_k))\COnU(B((()’ 0), 2—k—l)))
such that:

® (0) = Zk, (1) = Zis;;
o T0,2-+(7([0,1]) N B(0,27%)) = 0B(0,27").
Notice that these ~, can be highly irregular.
These conditions are sufficient to force {¢,}, &, := 27" to be a distance sequence for (0,0), and
the logarithmic condition is satisfied, as

lim logy-n 27" ' =1< 2.

n—oo
So the same bifurcation result follows.
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In this article, we consider two initial-boundary value problems with nonlocal conditions. The main goal is to show
the method which allows to prove solvability of a nonlocal problem with integral conditions of the first kind. This
method is based on equivalence of a nonlocal problem with integral conditions of the first kind and nonlocal problem
with integral conditions of the second kind in special form. Existence and uniqueness of generalized solutions to
both problems are proved.

Keywords: hyperbolic equation, nonlocal problem, integral conditions.

1. Introduction

In this paper, we consider a mixed problem with nonlocal integral conditions for a hyper-
bolic equation. Before considering a problem it will be convenient to recall certain features that
are common to nonlocal problems.

Let €2 be a bounded domain in R" with smooth boundary 0f2, () be the cylinder {2 x
(0,7), T < o0, S =08 x (0,7) be the lateral boundary of Q.

Consider an equation

Uy — (a5 (T, 1)Uz, )z, +c(w,t) = f(2,1) (1)

(repeated indices imply summation from 1 to n) and set a problem: find a function u(z,t) that is
a solution of (1) in (), satisfies initial data

u(@,0) = ¢(x), w(z,0)=1() 2
and the following condition for n > 1:
ou
— K =0.
as ‘s + / (z,t)u(z,t)de =0 3)
Q

Here 2% = a;;(x, t)uy, (z, t)y;
point, K (x,t) is given.

In a special case n = 1 the lateral boundary of Q = (0,1) x (0,7") separates into two
parts: x = 0 and x = [. As a consequence the condition (3) separates into two conditions:

, v(z) = (v,...,v,) is outward normal to OS2 at the current
S

l

Vlux(oat) + P f K1<l‘, t)U'(xa t)d.fl? = Oa
0

z (4)

72“&?(07 t) + p2 f KQ(xa t)U(l’, t)d[E = Oa
0

where pf + p3 > 0.
Note that (3) and (4) are nonlocal conditions. By nonlocal condition we mean any relation
between values of required solution at boundary and interior points of the domain Q. If & = 0
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then condition (3) is called the nonlocal condition of the first kind, if @ # 0 — of the second
kind. Likewise, each of (4) is the nonlocal condition of the first kind if ; = 0.
Let us remark here that nonlocal integral conditions of the form

u(0,t) + p jKl(x,t)u(x,t)dx =0,
g ©

u(l,t) + p2 [ Ka(z, t)u(z, t)de =0
0

forn =1, and
u(a, ) + / K.y, tyuly, O)dy = 0, (,1) € §
Q

for n > 1 are also of interest and are considered in [14], [15] ( see also references in these
papers). Nonlocal problems with time-dependent Steklov’s conditions — in [16,17] for hyperbolic
and parabolic equations respectively.

Recently, nonlocal boundary value problems for parabolic and hyperbolic equations with
integral conditions have been actively studied. Such problems arise in mathematical physics in
the study of heat-transfer processes (see [1-3]), plasma phenomena [4], certain technological
processes [5], vibration of a media [6]. Note that inverse problems with integral overdetermina-
tion are closely related to nonlocal problems [7,8]. Studies have shown that classical methods
often do not work when we deal with nonlocal problems [3,9,13]. To date, several methods have
been proposed for overcoming the difficulties arising from nonlocal conditions. The choice of
method depends on a kind of nonlocal conditions. If & # 0 in (3) then we can use compactness
method. The major advantage of this approach is possibility to derive an identity that is a base
of a definition of a solution to the problem. Using Sobolev’s embedding theorems we obtain a
priori estimates and prove solvability [10]. It is easy to see that this approach fails for « = 0 in
(3)ory =72 =01in(4)

This difficulty can be overcome easily and with elegance by suggested in this paper
approach when n = 1.

We are now equipped to state a main problem and prove solvability.

2. The Main Result

Let Q = (0,1) x (0,T), I,T < oc.
Problem 1. Find a function u(x, t) that is a solution of an equation
Ut — Ugy + C(l’, t)u = f(xa t) (6)

in (), satisfies the initial data (2) and nonlocal conditions

I
/Ki(x)u(:t, t)yde =0, i=1,2. (7)
0

The main objective is to show that under certain conditions on data there exists the unique
solution to Problem 1.
Theorem 1. Let

c(z,t) € C(Q), cilw,t) € O(Q), Kix) € CY0,1 N C%0,1),
K1 (0) K (1) — K (1)K (0) # 0,
K1:(0)K2(0) — K9,(0)K1(0) = K1, (1) Ka(l) — Kop (1) Ky (1),
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Ko (DE (0) = Koo (DER(0))G ) > 092 = (G, o),
f(l’,t) S L2(Q)7 ft<x7t) € LQ(Q)7 W(x) S W21<07 l)7 1/}(1;) S L2(07 l)

Then there exists a unique generalized solution to Problem 1.

(A definition of a solution to Problem 1 will be given later.)

We shall divide the proof of this statement into two steps:

1. Proof of equivalence of Problem 1 and the problem (name it problem 2) with integral
conditions of the second kind.

2. Proof of solvability of Problem 2.

Now we begin to carry out this scheme.

Step 1. Equivalence.

Lemma. Let u(x,t) satisfies equation (6), initial data (2),

c(x,t) € C(Q), f(z,t) € Ly(Q), K;(z) € C?0,1],
A = Ki(0)Kx(l) — K1 (1) K2(0) # 0
and consistency conditions hold:

[ K@ewis =0, [ K@i =o. ®)

Then (7) are equivalent to the conditions of the second kind:

uz(0,t) = aqu(0,t) + Sru(l, t) + le(x,t) (z,t)dx + fP1 ) fdz,

9 )]

uy(l,t) = asu(0,t) + Bou(l, t) + ng(a:,t) (z,t)dx + sz ) fdx,
0

where K1a (0) K (1) — Ko (0) K (1) K12 (0) K (0) — Ko (0)E (0)
A , (g = A )
Koo (K (1) — K1.(1) Ko(1) B Ko (1) K1(0) — Ky, (1) K2(0)
A ) 62 - A )
[Kipo () — (2, 1) Ky (2)] Ka(l) — [Kaze(7) — (@, 1) Ko ()] K1 (1)
A )
(Ko () — (2, ) K1 (2)] K2(0) — [Kope () — ez, 1) Ka(2)] K1(0)
A )
A .

o =

b=

M (z,t) =

My(z,t) =

P1<$) _ Kl(x)KQU) ;K2<x)K1(l)’ PQ(Q:) _

Proof. Let u(z,t) satisfies equation (6), initial data (2) and conditions (7). Multiplying
(6) by K;(z), integrating over (0, () and using (7) we get:

K1 (0)ue(0,6) = F (e 1) = Kru0)u(0,6) = Kol 1)+
+faqm@y—d%w ()m@tdx+fK¢ f(z, t)dz,
K51<0>ux<o,t>—f<2<wux< ) = Ky (0)u <o ) = Kau(u(l, 1)+
[ Faeala) = el ) Ko(a)ula, ) + ng o, t)da.

(10)
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As A = K(0)K»(l) — K1(1)K5(0) # 0, we can solve this system with respect to u,(0,¢) and
u(l,t). Then we immediately get (9).

Let now (9) holds for the solution u(z,t) of (6). Obviously (10) also holds. Multiplying
(6) by K;(z) and integrating over (0,[) we get a system of ODE:

o5 /K = 0. (11)

Consistency conditions (8) give initial data:

/K u(z,0)dx =0, /K Jug(x,0)dz = 0.

By virtue of uniqueness of a solution to the Cauchy problem

/ Ki(2)u(z, t)dz = 0.

This means that conditions (7) hold.
Problem 2. Find a function u(x,t) that is a solution of (6) and satisfies (2) and (9).
Step 2. Solvability of Problem 2
Denote

W3(Q) = {v(x.t) v € W3(Q), v(z,T) =0},
where W3 (Q) is Sobolev space.

Definition. Function u(x,t) € W, (Q) is said to be a generalized solution to Problem 2
(as well as to Problem 1) if u(x,0) = ¢(z) and identity

T

T 1
//(—utvt + uv, + cuv)dzdt + /U(O, t)[oau(0,t) + ru(l, t)]dt+
0 0

T

+ / 0(0,4) / Mz, t)ulz, t)dadt — / oL, 8)[au(0, £) + Byu(l, 1)) di—

0
l

_/T [t /lMQ (x,t)u(z, t)dxdt = /U($70)1/J(x)dx+

0
l l

T 1 T
+D/D/fvdxdt+/[v( /P1 fdx—vlt/Pg ) fdx]dt (12)

0 0 0

holds for every v(z,t) € W(Q).
Theorem 2. Let

c(z,t) € C(Q), Mi(x,t) € C(Q), My(x,t) € C(Q), Pi(x) € C[0,1],
f(xat) € LQ(Q)ﬂft<xat) € LZ(Q)v 90(33) € W21<Oa l)7 (33) € L2(07l)a
az+ B =0, a1+ (B1 — a2)1G — B2 2 0 Vz = ({1, G).

Then there exists a unique generalized solution to Problem 2.
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Proof. We start by choosing

t
fu:zcndn, 0<t<T,

v(x,t) = (13)

0, 7<t<T

in the inequality (12) with f(xz,t) = 0, ¥(z) = 0. After some simple manipulation we obtain:
I

%/[zﬂ(x, )+ 02(z, 0)]dz + %[aw?(o, 0) + (81 — a)v(0,0)u(l, 0) — Byv?(l, 0)] =

0
T 1
= / / covdxdt—
0 0
T T

- / 0(0, %) /l My (2, yu(z, t)dadt + / 0(0, 1) / My (z, tyu(z, t)dadt. (14)

l

In order to derive a priori estimate note that

v (x,t) < T/U2<I,t)dt, (15)
0
I I
v?(€;,1) < 2l/v£(m,t)da:+%/v2(x,t)das (16)
0 0

where £, = 0, & = [. These inequalities follow easily from (13) and a relation
&

o6 1) = / ve(£,8)d€ + v(z,t), i=1,2.
0

Now by using Cauchy, Cauchy-Bunyakovskii inequalities as well as (15) and (16) under the
conditions of Theorem 2 we get from (14):
l

T 1 T 1
[u?(x,7) + v2(x,0)]dr < Cy u?(x,t)dxdt + 41 v2(z, t)dzdt, (17)
j J aemnsaf

0
where C; > 0 depends only on ¢(x, ), K (x) and T

Introduce a function w(x,t) = fum(x, n)dn. 1t is easy to see that v, (z,t) = w(x,t) —

0
w(x,7), vy(x,0) = —w(z,7) and we get from (17) an inequality
l T 1
/[uQ(x, 7) 4+ w?(z, 7)]dr < Cy / /[uz(x, t) + w?(x, t)dxdt (18)
0 0 0

that is true for 7 : 1 — 8/7 > 0. Taking into account that 7 is arbitrary set 7 € [0
by using the Gronwall lemma, we obtain: u(z,t) = 0 for ¢ € [0
get u(z,t) = 0 for t € [&
(see [11], p.212)

’16l] Then,
, 16[] At a subsequent step we

TR 8l] By repeating the above argument several times, it follows that

u(z,t) =0V(z,t) € Q.
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This means that there exists at most one solution to Problem 2.
Let wy(z) € C?[0, (] be arbitrary system of linearly independent functions that is complete
in W3 (0,1). Without loss of generality we assume (wy, w;)r,(04) = Ox-
We seek an approximate solution of Problem 2 in the form
u™(z,t) = cr(t)wi () (19)
k=1
from relations
!

!
/(u?;‘wj + up'w; 4 (@, t)u"w;)dx 4 w;(0) / Ki(z, t)u"dx—
0 0
l l
—w, (1) / Ky(z, t)u™de = /f(a:, tyw;dz, (20)
0 0
in addition,
cx(0) = ag, ¢, (0) = B (21)
where oy, 05 are coefficients of the sums

P (x) = ) auwi(@), Y(@) =Y Brw(@),

approximating as m — oo the functions (), ¢(x) in the norms W3 (0,1) and Ly(0,1) respec-
tively. Under the conditions of Theorem 2 the Cauchy problem (20)—(21) has a unique solution
such that ¢}/(t) € L1(0,T). It follows that a sequence u™(x, ) is constructed.

Let us now prove that this sequence converges and its limit is a required solution to
Problem 2. To this end we need to derive an estimate. Multiplying (20) by ¢;(¢), summing with
respect to [ from 1 to m and integrating over (0, 7) we obtain:

l T l

//(ugu;” + ultuly + c(x, t)u"u")dedt + /ul”(O,t)/Ml(x,t)um(:zj,t)dxdt—
00 0 0

T l T

—/u?(l,t)/Mg(as,t)um(as,t)dxdt+/u;ﬁn(O,t)[alum(O,t) + fru™ (1, t)]dt—

T

_ / (1, D) asu™ (0, 1) + Byu™ (1, )] dt =

= //f(a:,t)[um(x, t) +u™(0,t)P(x) — u"(l,t) Po(x)|dzdt. (22)

Consider first term in the left part of (22). Integrating by parts we obtain

T 1 T 1
//(u?ﬁu? + ultuly + c(x, t)u"uy")dedt = / / cu™uy drdt+
00 00
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! l
1

2
0 0

+y [l e m)? 4 e )P = 5 [0 G0 + (e, 0))de

67

Consider in more detail the terms generated by nonlocal conditions. At first we integrate by

parts:

T

T l l
/ut (&, t /MZ (x,t)dxdt = / (&, 1) /MZ x, Vuy(z, t)dedt—
0 0

T

l
/ (&, t /Mztu x, t)dxdt + u™ (&, t) /MZ (x t)dx
0

0
Now we can derive followmg inequalities:

T ]
‘/um(fl, /Ml z, tuy (z,t) dxdt‘
0 0
T ol
/ (u™ (&, 1) 2dt+72 / / V2dadt,
0
T I
‘/um(il, /Mzt x, t)u(z,t) dxdt‘
0 0

1 f m}
<5 [ (W&, ) dt + —- (u?”‘(o:,t))Qda:dt;

T

<

N | —
(e

\

(W™ (&, 7))* + (um(&, 0))*+

1
2

0

‘ " (& )/ M (z, t)uy (x, t)dx

L
2

=)
o\
~

S o

("o r) o+ 7 [ (e, 0)d

l

where m{ = max [ M?(x,t)dz, m} = max [ Mj(z,t)dz.
0,71 § 0,71 §

As (see [11])
(u™(x,7))%dx + ¢ j "(x,7))*dz,
0

I I
[ (u(x,t)*dadt + 2 [ (u™(x,0))*dx
0 0

(um(&,7))* <e

(u™(z,7))*dr < 271

o
oty o

then
T l T l

‘ / a0, 1) / Ml(:c,t)um(:c,t)da:dt‘+‘ / un (1, ) / My (z, t)u™ (z, t)dadt| <

0 0 0 0

(23)

24)
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<e /(u?(m, 7))3dx + Cs / /[(uf(x, 2+ (u(z, 1) + (u™(z,t))?|dodt+

+C, /[u?(m, 0)]? + (u™(z,0))*dx.

0
Consider now next two terms and after some manipulation we obtain:

T T

/ w0, )agu™(0, 8) + Bru™ (1, £)]dt — / (1 1) anu™(0, £) + Bou™ (1, £)]dt —

0 0

:EﬂaﬂumﬂlTD2+(ﬁl—cwﬁfxoﬂﬁumﬂfﬂ-—Bﬂumﬂfﬂ)ﬂ—

o (0 (0,0))° + (51 — a)u™(0,0u™(1,0) — fo(u™(1,0))%

Then using Cauchy inequality and (24) we get:

| / / Fla )™ (2, £) + ™ (0, £) Po(x) — u™ (1, £) Py )| dudt] <

T 1
1
5// (x,t) dmdt—l—C%// (1)) dadt+
0 00
T 1
3 2(
—+§ F2(2, t)dadt
0

where C = max{ f P?(z da:}

Letting now € = 7 in (25) we get from (22), (25), (26), (27) required estimate:

[[u™ (@, )llwi@) < Ly
where L does not depend on m.

(25)

(26)

(27)

(28)

The above-proved estimate implies that we can extract a subsequence {u"*(z,t)} from
{u™(x,t)} such that u™*(z,t) converges weakly to u(z,t) € W, (Q). It remains to show that
this limit function is the required solution to Problem 2. For this purpose multiply (20) by
d;(t) € C?0,T] with d;(T) = 0. After summing over [ from 1 to m;, and integrating over [0, 7]

we get an equality
T

// u;“’“nf +ul nf + cum’“nk)da:dt + /nk(O, t)[aau™ (0, t) + Sru™ (1, t)|dt+

0
l T

+/77k(0,t)/Ml(x,t)um’“(x,t)da:dt—/nk(l,t)[agum’“((),t)+Bgum’“(l,t)]dt—
I I

—/Tnk(l,t)/Mg(x,t)umk(:c,t)dxdt: /nk(m,O)umk(m,O)daj+

0 0
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T
k
—i—o/o/f(x,t)n (x,t)dzdt+

+ / (0, 1) / Py (o) fde — 1(1,1) / Py(a) f (. t)da)dt (29)

my
that is true for every n*(z,t) = 5 di(t)w;(z).
i=1

By taking into account the above-proved weak convergence of the subsequence {u™*(z,t)}
in W3(Q), one can pass in (29) to the limit as m; = oo and certain n*(x, ) is fixed. Denote

the set of all n¥(x,t) by M. Since |J My, is dense in WQ(Q) ([11], p.215) it follows that (29)
k=1

holds for any v(z,t) € W}(Q) which implies that the required solution to Problem 2 exists.

The solvability of the main problem 1 follows from Lemma and Theorem 2. The proof
of Theorem 1 is completed.

Remark. All results are true for more general hyperbolic equation u;; — (a(z, t)u,), +

c(z,t)u = f(x,t) ifa(x,t), a;(x,t) € La(Q).
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We give a review of recent developments on the study of threshold eigenfunctions and threshold resonances of
magnetic Dirac operators and Pauli operators. Emphasis is placed on a proof of the non-existence of threshold
resonances of the magnetic Dirac operators in a concise manner.

Keywords: Dirac operators, magnetic potentials, threshold energies, threshold resonances, threshold eigenfunctions,
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1. Threshold eigenfunctions

The relativistic operators we consider are magnetic Dirac operators

1 .
HA:oz-(?VI—A(x))%—mﬂ, z € R3, (1.1)
and Pauli operators
L1 0 2
_ 3
PA_§ (78—%—&(@) —0-B, z€R’ (1.2)

Here oo = (v, ag, ag) is the triple of 4 x 4 Dirac matrices

0 o, )
w=(0 %) =129

with the 2 x 2 zero matrix 0 and the triple of 2 x 2 Pauli matrices

(01 (0 =i (10
01 = 1 0 , 02 = i 0 , 03 = 0 —1/°

and

= (Ay(x), As(x), As(x)) is a vector potential,
and B = V x A is the magnetic field. By o - (+V, — A(z)) in (1.1), we mean

and similarly by o - B in (1.2) we mean Z?’:l o;B;.
We need to make various assumptions on the vector potential in the present section. It
is notable that all these assumptions share one common feature that each component of A is a
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real-valued function decaying at infinity in a certain sense. Therefore, any of these assumptions
assures that H, is essentially self-adjoint on [C5°(R3)]%. The unique self-adjoint realization in
the Hilbert space [L?(R?)]* will be denoted by H, again. Note that the domain of the self-
adjoint operator H 4 is given by the Sobolev space of order 1, i.e. Dom(H4) = [H'(R3)]. It is
straightforward that the spectrum of the self-adjoint operator H 4 is given as follows:

o(Ha) = (—o0, —m] U [m, 00).

By the threshold energies of H 4, we mean the values m and —m.

It is a natural question whether these threshold energies become eigenvalues of H 4. It is
well-known that +m are generically not the eigenvalues of H 4. Precise description of this fact
is given as follows.

Theorem 1.1 (Balinsky-Evans-Saito-Umeda). The set
{Ae [P®RY] | Ker(Ha Fm) = {0} }
contains an open and dense subset of [ L*(R?)] °

For the proof of Theorem 1.1, see Balinsky-Evans [3, Theorem 2], together with Saito-
Umeda [13, Corollary 2.1 and Theorem 4.2]. Theorem 1.1 says that the set of vector potentials
which give rise to threshold eigenfunctions is sparse. A similar result in a different class of
vector potentials also holds true. Actually, Elton [8] analyzed the structure of the set of vector
potentials which produce threshold eigenfunctions.

Theorem 1.2 (Elton-Saito-Umeda). Let A be the Banach space defined by
A= {A€[C'R)] | |A(x)] = of|z|™") as x| — oo }
equipped with the norm
4l = sup{ ()| A@)]}
Define
ZE={Ac A|dim(Ker(H¥m)) =k}

fork=0,1,2 ---. Then

() 2 = 2, forall k, and A =J,-, 2.

(i) Z5° is an open and dense subset of A.

(iii) For any k and any open subset QU(# 0) of R? there exists an A € Z,Ci such that
Ae [Cem)’

(iv) For k =1, 2 the set Z,;t is a smooth sub-manifold of A with co-dimension k.

For the proof of Theorem 1.2, see Elton [8, Theorems 1 and 2], together with Saito-
Umeda [13, Corollary 2.1 and Theorem 5.2].

By simple computations, one can see that P4 = {0 - (+V — A)}*. Hence one can define
the Friedrichs extension in [L?(R*)]* of P4 on [C§°(R?)]? under appropriate assumptions on A
and B. Balinsky-Evans [2, Theorem 4.2] showed the following result.

Theorem 1.3 (Balinsky-Evans). The set
{ B e [L*R*)]” | Ker(Pa) = {0} and Vx A= B}

contains an open and dense subset of [L*/ Q(Rg)f.
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As was shown in [2, Lemma 2.2], there exists a unique vector potential A such that
Ac [L3(R3)}3, V x A = B and divA = 0. Theorem 1.3 says that the set of magnetic fields
which give rise to a zero mode of P4 (an eigenfunction of P, corresponding to the eigenvalue
0) is sparse.

It is not only necessary but also important to mention examples of vector potentials A(z)
which yield threshold eigenfunctions of H 4 as well as P4. For this purpose, it is convenient to
introduce Weyl-Dirac operator

1
Wy=0-(=V,— A(x)).
i
When A is sufficiently smooth, it is well-known (Thaller [16, p. 195, Theorem 7.1]) that

v (5 n() = 1(2) ()

Since Py = W} (see the paragraph before Theorem 1.3), it follows that
Prp =0 <= Wyp =0,

provided that A is in [C'*(R?)]® and satisfies an appropriate condition. Therefore, it is apparent
that a zero mode of W, provides a threshold eigenfunction of H4 corresponding to either one of
the energies +m, as well as a threshold eigenfunction of P, corresponding to the energy 0.

Example 1.1 (Loss-Yau). Define
A(z) = 3(z) {1 — |z[*)wo + 2(wp - )z + 2wo X 2} (1.3)

where (z) = \/1+ |z|?, ¢o = (1, 0), and
wy = ¢o - (0¢) := ((%, 01%)@2, (¢o, 0—2¢0)C27 (¢o, 03%)@2)-

Note that wy -  and wy x = denotes the inner product and the exterior product of R3 respectively.
Then

o(z) == (x)73 ([2 + 10 - x)qbo (1.4)
is a zero mode of the Weyl-Dirac operator .

Following and developing the ideas in [9], Adam-Muratori-Nash [1] constructed a series
of vector potentials which give rise to zero modes of the corresponding Weyl-Dirac operators.
All of their vector potentials share the property that |A(z)| < C(z)~? with the one given by
(1.3).

Recently, Saito-Umeda [14] found an interesting connection between the series of the
zero modes constructed in [1] and a series of solvable polynomials.

It follows that the zero mode defined by (1.4) has the asymptotic limits ¢(z) =< |z|~2 as
|z| — oo. According to Theorem 1.4 below, every zero mode exhibits the same asymptotic limit.

Theorem 1.4 (Saito-Umeda). Suppose that |A(z)| < C{x)™?, p > 1. Let ¢ be a zero mode of
the Weyl-Dirac operator Wjy. Then for any w € S?, the unit sphere of R3,
: 2
1 .
{(w-AW)) L +io - (wx Ay)) }e(y) dy,

47T R3

where the convergence being uniform with respect to w € S,
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See Saito-Umeda [11] for the proof of Theorem 1.4.

Theorem 1.4 excludes the case p = 1. In Balinsky-Evans-Saito [6], they were successful
to derive estimates for zero modes of the Dirac operator of the form Hg = a - TV + Q(z) with
Q(x) = O(|z|™) as |z| — oo, where Q(z) is a 4 x 4-matrix-valued function. Their estimates
are as follows:

| Alal et} fal o < o0
|z|>1
for any k € [1, 10/3).

2. Threshold resonances

To define threshold resonances, we introduce a weighted Hilbert space
L*~*(R®) = {u| [[{z)"ull 2 < 00 }.

A C*-valued function f is said to be an m-resonance (resp. a —m-resonance) if and only if
f belongs to [L*~*(R*)]* \ [L*(R?)]* for some s € (0, 3/2] and satisfies Haf = mf (resp.
H,f = —mf) in the distributional sense. By a threshold resonance of H,4, we mean an m-
resonance or a —m-resonance.

Theorem 2.1 (Saito-Umeda). Suppose that |A(x)| < C{z)™?, p > 3/2. Let f ='(p", ¢7) €
[L275(R3))* = [L2*(R3)]? @ [L>~%(R3))? for some s with 0 < s < min(1, p — 1).
() If f satisfies Haf = mf in the distributional sense, then f € [H*(R®)]* and ¢~ = 0.
(i) If f satisfies Haf = —mf in the distributional sense, then f € [H'(R3)|* and
ot =0.

Theorem 2.1 implies the non-existence of the threshold resonance of H 4 as far as p > 3/2
and 0 < s < min(1, p—1). As was mentioned in Section 1, the vector potentials by Loss-Yau [9]
and by Adam-Muratori-Nash [1] satisfy the inequality |A(z)| < C(x)~2 Therefore, these vector
potentials do not yield +m-resonances.

As an easy corollary to Theorem 2.1, one can get the following result, which seems a
more natural formulation of the non-existence of threshold resonances from the physics point of
view.

Corollary 2.1. Suppose that f € [L} (R®)|* and that
f(x) = Cilz|™ + Colz| 2 + o|z|™?) as |z] — oo.
If f satisfies either of Hf = £mf in the distributional sense, then C; = 0.

We shall give an outline of the proof of Theorem 2.1. Although the reader can find the
proof in Saito-Umeda [13], it heavily relies on Saito-Umeda [12], hence the whole story of the
proof is separated into two different papers. For this reason, we believe that it is beneficial to
illustrate the whole story in the present article in a concise manner.

Before giving the outline, we prepare two lemmas.

Lemma 2.1. Let K be an integral operator define by

Keolo) = [ i TZY) oyay,

s Arm|lx —y|?

1 1 .
Then K(o-=V)p = ¢ if p € [L>732(R*)]* and (o - 7V)gp € [L*'(R®)]? for some t > 1/2.

i
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Proof. We give a formal proof. A rigorous proof can be found in [12, Section 4].
Note that K = (0 - +V)I, = (0 - TV), where I, denotes the Riesz potential (cf.

Stein [15, Chapter V]). It follows that
1 1
K(o-=V)p = Lo =V)"0 = L(=0)p = ¢,

)
since (o %V)Z = —/\. Here the anti-commutation relations ;0 +010; = 20,,1, were used. [

Lemma 2.2. Ift > 1, then the Riesz potential I, is a bounded operator from L*'(R?) to L*(R?).

Proof. Let 4 € C3°(R?), where 4 denotes the Fourier transform of u. Then

1 1 1 1
22:— —A 2 <_ ~ 2 <_ 221
Il = g || EEl©Pds < 5 [ IVel©)F de < —lulin

where we have used the Hardy inequality with respect to ¢ variable. See, e.g., [5, p. 19] for the
Hardy inequality. 0

Outline of the proof of Theorem 2.1. We shall give the proof only for an m-resonance. The proof
for a —m-resonance is similar and shall be omitted.

Let f = (¢, ¢7) be in [L>~*(R?)]* and satisfy H4f = mf in the distributional sense.
We then have

1
met +o - (7V —A(x))p~ =me™

1
o (=V = A))e" —me~ =mp~
1
in the distributional sense, which is equivalent to

o (l_v — A(x))p” =0
i 2.1
0 (ZV = Al@)p" = 2mp”

in the distributional sense. Since ¢~ € [L*>*(R*)]?, it follows from the first equation in (2.1)
that

(0 2V)p™ = (o A)p™ € L2, 22)

where p — s > 1. Hence Lemma 2.1 is applicable to ¢, and we have
_ 1 _ _
% :K(O"?V)QO =K(o-A)yp. (2.3)
It follows from (2.3) that

@< [ e AW wla = Fh(e- e e e

The inequality (2.4), together with Lemma 2.2, implies that o~ € [L*(R?®)]®2. Noting that
(0 - +V)¢~ € [L*(R?)]? by (2.2), we can conclude that ¢~ € [H'(R?)]%.
On the other hand, it follows from the second equation of (2.1) that
1 .
(0 =V)p" =2me™ + (0 A)p" € [L*(R?)]". (2.5)
1
To conclude that o~ = 0, we need to show that

1
((U ’ 7v)§0+7 W_)[sz - ((0 ’ A)90+7 SO_)[LZ]?’ (26)
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(see Remark 2.1 below). In fact, combining (2.5) with (2.6) and noting that m > 0, we can
conclude that o= = 0.

The fact that ¢~ = 0, together with the second equality in (2.1), implies that o - (%V —
A)pt = 0. It is now evident that one can repeat the same arguments above for ¢~ to conclude
that o™ € [H'(R?)]2. O

Remark 2.1. A rigorous proof of (2.6) can be found in [13, Lemma 6.1], where the condition
s < 1 is used. Since the proof of (2.6) is lengthy, we prove it by a formal argument as follows:

1 1
((0 ’ 7V)§0+, 80_)[L2]2 = (504_’ (U ’ XV)SD_)[LQ]Q
= (§0+a (o A)SD_)[LQ]Q (2.7)
= ((0 ’ A)Sp+a 90_)[[;]2-

Here we have made integration by part in a formal manner in the first equality in (2.7), and in
the second equality in (2.7) we have used the first equality in (2.1).

As for the non-existence of zero-resonances of Pauli operators, Morita [10] recently
obtained the following result.

Theorem 2.2 (Morita). Suppose that A € [C*°(R3)]® and that
A (@) + [VA;(2)| < Cl)™", p=2

Jorj =1,2 3. If p € [H"*(R?))? for some s with 0 < s < 1 and satisfies Pap = 0 in the
distributional sense, then ¢ € [H'(R?)]*. Here

HY*(R?) = {u ] [[{2) " ullz2 + [[{@)*Vul|z2 < 00 }.

One should note that L2(R3) ¢ HY73(R?), but H-~5(R3) \ L*(R?) # 0. Obviously,
there is room for improvement in Theorem 2.2.
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Yyeckoro cMektiuka C* B OrpaHUYCHHOMH suelike BO BHEIIHEM JJICKTPHYECKOM moie. B monoOHbIX cucremax, obmna-
JIAfOIINX OPUEHTAIIMOHHON OMCTAaOMIBHOCTBIO, OBUTH PacCUUTaHBI MPOCTPAHCTBEHHBIE PACTIPENCICHUS TUPEKTOpA.
B c1abpIx 3MeKTpUYIECKUX MOJSIX OIMCAH IEPEX0] MEXIY IByMsl PABHOBECHBIMH KOH(PUTYpAUAMU NIPH N3MEHEHUU
BEJIMYMHBl U HAIPABJIEHUs BHEIIHETo IO, KOTOPBIM MMeeT XapakTep rucrepesuca. OleHeHa BelIMYMHA MOpPOro-
BOTO MOJIsI, MPUBOJSAILEIO K MEePeopUeHTaluu AupeKkTopa. PacueTs! mokasany, 9YT0 U3MEHEHHE CIIOEBOM CTPYKTYpPBI
MPOMCXO/UT JIMIIb B CWIIBHBIX IOJISIX, KOTIa HeJb3s IpeHeOperaTh KBaJpaTH4HbIM 110 MOJII0 BKJIAZAOM B CBOOOIHYIO
sHepruio. B aToM cityuae Obula paccuMTaHa MPOCTPAHCTBEHHAs: U OPUEHTALIMOHHASI CTPYKTYpPa IEBPOHHOTO CMEKTH-
ka C* Ipy pa3IUyYHbIX COOTHOIICHUSIX MEXIY IIABHBIMH 3HAUCHUSAMH TEH30pa JAUAJICKTPUYECKON MPOHHLAEMOCTH.
IToka3aHo, 4TO B HEKOTOPBIX CIIy4asX YBEIMYEHHE BHEIIHETO IO JOJDKHO MPUBOIUTH K MEPEXOAY K CTPYKType

«KHUKHOH TTOJIKID?.

KiaroueBrnle cioBa: HJCBpOHHbIﬂ CeFHeTOBHeKTpI/I‘ICCKI/lﬂ CMCKTHK, TOHKHC IIJICHKH, 6I/ICTa6l/IJ'lI)HOCTl), TMOPOTOBLIC

T10JI.

1. BseneHue

B nocnennee BpeMst 000N HHTEPEC MPOSIBIISETCS K UCCIICAOBAHHUIO CTPYKTYPHBIX H3Me-
HEHHUH CETHETOIEKTPHUUECKUX CMEKTUKOB (™ TIpW pa3IMYHBIX BHEUIHUX BO3IEHCTBHAX. B 3aBH-
CUMOCTH OT PACIIOJNIOKEHUS CMEKTUYECKUX CIIOEB M OPUEHTALMU AUPEKTOPA Ha OTPAaHUYHUBAFOIINX
MOBEPXHOCTSX B siYeiike cMeKTHKa C* BO3HUKAIOT PAa3JIMYHBIC THUIBI CTPYKTYPHOH M OPHEHTAIH-
OHHOM ynopsitodeHHOCTH. OIHOM 13 HanOoJIee MHTEHCUBHO MCCIIEAYEMBIX SIBIISICTCS IIEBPOHHAS
cTpykTypa cMektuka C*. Eciu opueHTHpYIOle NOBEPXHOCTH PACIIOJIOKEHbI MONEPEK CMEKTH-
4yeckux cinoeB B A-dase (Tak Ha3plBaeMasi, CTPYKTypa «KHWKHOW MOJIKH»), TO MPU HOHIKCHUH
Temneparypsl u nepexoae B C* a3y, BO3HHKAET LIEBPOHHAs CTPYKTypa, B KOTOPOH CMEKTHYe-
CKHE CJIOM PAcIOJararTcs M0J HEKOTOPHIM YITIOM K OPHEHTHUPYIOIIUM IOBEPXHOCTSIM M UMEIOT
U3JIOM B cepeauHe siueiiku. dopma IIeBpoHa U OpPUEHTALMs JUPEKTOpa B SYEHKE ONpPENEIISIOT-
Csl YCIOBMSIMM Ha OIPaHUYMBAIOIIUX MOBEPXHOCTAX. OCcOObIN HHTEPEC BBI3BIBAET HUCCIIEIOBAHNE
BJIMSIHMSI BHELLTHUX AJIEKTPUUECKUX MOJIEH Ha OPUEHTALIMIO JUPEKTOPA B TAKUX CTPYKTypax. ITo B
3HAUYUTENbHON Mepe 00yCIOBIEHO BO3MOKHOCTBIO HCIIOJIB30BaHMSI TUEEK IIEBPOHHOIO CMEKTHKA
C* B KauecTBe ONTUYECKUX IepeKIrodaTeneil.

XOTst cO BpEMEHH OTKPBITHSI IIEBPOHHOW CTPYKTYpPHI B OTpaHHYEHHOM cMeKkTuke C* mpo-
uuto 6onee 20 ner [1], onvcaHne OpUEHTALMOHHON U MPOCTPAHCTBEHHON CTPYKTYpPBI MOJOOHBIX
CHUCTEM IO-TIPEKHEMY IPUBJIEKAET BHUMAHUE HCCIIENOBATENICH M €l NajJeKo 1O 3aBEpPIICHUS.
[lepBast Mozmenb Uil ONMUCAHMS IIEBPOHHOW CTPYKTYphI B CMeKTHKe (', TIOMEIICHHOM MEXIY
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JIBYMs TUIOCKOMApaIeIbHBIMU TJIACTUHAMU Oblila TpeasiokeHa B pabore [2]. B srToit momenu
MIPOCTPAHCTBEHHAs! OPUEHTAIUS JUPEKTOpa Mpeanoarajach HEPEPbIBHO MEHSIOLIEHCS M0 Ha-
MPaBJIECHUIO OT OJHOM OTPaHUYMBAIOUICH IIOCKOCTH K JIPYroil, B TO BpeMsl KaK Yroj HakjiIoHa
CMEKTHYECKHX CJIOEB CKaYKOM MEHSJICS B CepeIuHe MEKIY OTPaHHYMBAIOUIMMH IUIACTHHAMU,
¥ OCTaBaJICS MMOCTOSIHHBIM IPU NMPHOIMKEHUH K KaXI0HW U3 miacTuH. B ganmpHelimem onucanue
OpPHEHTAIIMOHHBIX U TPAHC(POPMAITOHHBIX CBOWCTB MOIOOHBIX CHCTEM IPOBOAMIOCH B OCHOBHOM
YUCICHHBIMU METOAAMHU C UCIOJIb30BAHUEM PA3HBIX MOAEEH NI CBOOOAHON 3HEPIUU MCKaXKe-
Hus cMektuka C*. B pabortax [3—5] yuuteiBanachk d3HEPTrHsi UCKAKECHUS TIOJSI BEKTOpA TUPEKTOpA
Y DHEPTUS CIKATUSA-PA3PEIKEHUST CMEKTHYECKUX CIIOEB C JKECTKUMHU [3,4] uin Markumu [5] ycio-
BUSIMU Ha OPUEHTHPYIOIIUX TUIOCKOCTAX. B padote [3] ObLIO MOTyueHO aHATUTHYECKOE pElIeHHe
CUCTEeMbI ypaBHeHHI Ditnepa-Jlarpanka, HanmucaHHBIX B MPUOMMKEHUH MajbIX YIJIOB ITOBOPOTA
BEeKTOpa qupekropa. B pabore [4] Oblia yuTeHa BO3MOXKHOCTH OTJIMYHMS yIJIa HAaKJIOHA CMEKTH-
YECKUX CJIOEB IO OTHOIIEHUIO K HOPMAajM K OPUEHTHUPYIOIIMM MOBEPXHOCTSIM OT yIla HaKJIOHA
JUPEKTOpa OTHOCUTEIBHO HOPMAJIH K cl1oAM. Takxke TaMm Oblia NpeJioskeHa UTepalluOHHas Ipo-
Leaypa A1 yueTa KOHEUHOM BeJIMYMHBI yIvIa IOBOPOTa BEKTOpa AupeKkTopa. B psizne pabot, ncxons
n3 monenu Jlannay-Jle XKena st cBodonHo# 3Hepruu, [6—11] paccmarpuBaiock U3MEHEHUE OpU-
CHTAllMOHHON U MPOCTPAHCTBEHHOM YMOPSJAOYEHHOCTH B PA3JIMYHBIX CMEKTHKAaX INPHU NEpexoje
OT T€OMETPHUH «KHIKHOM MOJKW» K IIEBPOHHOMY CMEKTHKY.

BozzeiicTBre BHEIIHErO 3JEKTPUYECKOTO TMOJIS Ha HIEBPOHHBIA CMEKTUK (™ M3ydanoch
B pajae paboT, U3 KOTOPBIX YKakeM Juinb Hekotopble [11-19]. Beimo obHapykeHo, 4yTo B Cia-
ObIX BHEIIHUX MOJSAX, KOTAA TJIABHBIM SIBISETCS JIMHEWHBIM MO TOJI0 BKJIAJA, OTBETCTBEHHBIN
3a B3aMMOJICUCTBUE CO CIIOHTAHHOW mosgpu3anueil [12], He TPOUCXOAUT W3MEHEHUI B CIIOEBOU
CTPYKTYpE LIEBPOHA, B TO BPEMS KaK OPUEHTALIMSI TUPEKTOPA CYLIECTBEHHO 3aBUCUT OT BEJTUYHHBI
U HanpasjeHus BHewHero nois [14]. Ilo paccesiHuo peHTI€HOBCKUX BOJIH Ha IIEBPOHHBIX CMEK-
tukax C* B [18] ObUIO HaiiIEHO, YTO B CHIJIBHBIX BHEIIHUX TOJISIX, KOTJA TIaBHBIM CTAHOBHTCS
KBaJpPaTHUYHbIN 10 MOJIFO BKJIAJ, CBA3aHHBIA C aHU30TPONUEH JUANIEKTPUUECKON BOCIIPUHUMYHBO-
CTH, IPOUCXOJUT pa3pylIeHHe IEBPOHHON CTPYKTYphI. PacueTsl MpoCcTpaHCTBEHHON OpHUEHTALIUN
JTUPEKTOpa B CIa0BIX BHENTHUX TOJISAX BBINOJHSIUCH YUCICHHBIMUA MeTofamMu B pabdotax [11,13],
Ha ocHoBe Monenu tuna Jlanmay-Jle XKena ans cBoOomHOM >Hepruu. PaspyiieHue meBpoHa B
CWJIBHBIX TOJISIX aHATU3UPOBajoch B [19], ucxons u3 mpemioKeHHON aBTOpaMH MOJTYMUKPOCKO-
MUYECKON MOJIeH, B KOTOPOU MCKaKEHUE CIIOEBON CTPYKTYPHI CBA3BIBAJIOCH C BOSHUKHOBEHUEM
BO BHEIITHEM I10JI€ KPYTSAIIET0 MOMEHTA, KOTOPBIM OPUEHTHPYET MOJIEKYJbI BIOIb HAPABICHUS
BeKTOpa nosisipusanuu. HecMoTpst Ha 60JbIII0Oe BHUMAHUE K BO3/IEHCTBUIO BHEIIIHETO JIEKTpUYE-
CKOTO TIOJISl HA CTPYKTYPY IIEBPOHHOTO cMekThka C*, 3amada KOppeKTHOTO onucaHus 3GpQexTon
MOPOTOBOH MEPEOPUEHTALIMN U U3MEHEHHS CIIOEBOM CTPYKTYPHI 10 KOHIIA HE pellIeHa.

Hacrosmas pa60Ta MOCBAIICHA ACTAJIBHOMY UCCIICAOBAHHIO MTPOLCCCOB NMEPCOPUCHTALIUN
U UBMCHCHUA CTPYKTYPbI CMCKTUKOB C* BO BHEIIHEM QJICKTPUYICCKOM II0JIC. PacueTs! BhIIIOJIHE-
Hbl YHUCJICHHO IIYTEM MHWHHUMHU3AIIHU CBO6OHHOﬁ OHCPIruu CHUCTEMbI U TaM, I'IC 3TO BO3MOXKHO,
aHayuTuyecku. Ocoboe BHUMaHUE YACACTCA IMOBECACHUIO CMCKTUKOB C* BOIM3U IIOpOroB.

Pabora moctpoena cienyromuM obpasom. Bo Bropom pasnene mpuBeAEHBI OCHOBHBIE
YpaBHEHUS, OMUCHIBAIONINE OPUEHTALIMIO U HIEBPOHHYIO CTPYKTYpYy cMekTHKoB C*. Tpetuii pas-
JIeJT TIOCBSIIIEH aHAJIM3y PAaBHOBECHOW KOH(UTYpaIlH IIEBPOHHON CTPYKTYpbl. B deTBepToM H
IISITOM pa3jiesax UCCIIELYeTCs OpUEHTAlUsl U U3MEHEHHE HallpaBJICHUsl JUPEKTOpa BO BHEIIHEM
ANIEKTpUUECKOM role. B mectoMm pasnene paccMoTpeHa fedopMaliysl IIEBPOHHON CTPYKTYpPHI B
CUJIBHBIX TOJISX.
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2. OcHOBHBIE yPABHEHUS

[IleBpoHHast CTpyKTypa cMeKkTHKa C™ BO3HHUKAET U3 CTPYKTYPHI THIIA «KHMKHOM IMOJIKKDY
JUISI CMEKTHKA A TIpH TIOHW)KCHUH Temrieparyphl U nepexozae B C* ¢asy. OHa oOpa3yercs BClea-
CTBHE TOT'0, YTO IPU HAKJIOHE MOJIEKYJ JJIMHA CIIOS JOJDKHA YBEIMYMBATHCS, & OTPAHUYEHHOCTD
pa3sMepoB SUEHKU U 3aKpEIUICHHE MOJIEKYJ Ha IpaHMIaX MPUBOIAWT K U3rHOy ciaoes. [Ipu aToM B
CHCTEME BO3MOXKHBI J[BA THIIA OPUEHTAIMOHHOIO YIOPSIOYCHHS MOJIEKYJ, KaK 3TO [MOKAa3aHO Ha
Puc. 1.

U-cocTosiHne D-cocTosiHue

Puc. 1. IleBponnas ctpykrypa cmektuka C*. B U —cocTossHUM MOJIEKYJIbl HAKJIO-
HEHBI B I0)KHOM HalpaBJIeHUU, B [) —COCTOSTHUU B CEBEPHOM.

Bynem cuurare, 4to cucreMa Haxomautcs B C* ¢ase nmpu PUKCHPOBAHHON TeMIeparype.
Jns onucanus nedopmaruu ciIo€B U OPUCHTAITMH MOJICKYJI BO BHEITHEM 3JICKTPUYECKOM IT0JIC
MpencTaBuM cBOOOIHY0 3Hepruto F' cmektuyeckoro KK B Buae cymmbl Tpéx ciiaraembix. [lepBoe
ciaraeMoe Oy[eT OMHCHIBATh MCKAXKCHHS BEKTOpa JUPEKTOpa h, BTOpPoe — nedopMaIiul CIoEB,
TPEThE — B3aUMOJIEHCTBUE C BHEIIHEM noneM, [ = Fy. + F, + Fg.

Jlns BKIJIajga, OTBEUAIOIIETO 32 MUCKAXEHUS TUPEKTOpPa N, HCIIOIb3YyeM BBIPAKEHUE IS
IJIOTHOCTHU 3Heprun dpaHka B OTHOKOHCTAHTHOM MPUOIIMKEHUU:

o KF?"

fFr 9

(V1) +(V x )7, (D

rne Kp, —monyns @paHka.
[TnoTHOCTH 3HEprUM AedhopMaIuu, CBI3aHHOM C UCKAKEHUEM CMEKTUYECKUX CII0EB, UMEET
Buna [3]:

fu= (A 2 [(Vu)? = (6], @)

rae K, — Monyns ynpyroctu, B — MOAyNb CKaTHs CIOEB, ) — yroi HaKJIOHA TUPEKTOpa N OTHOCH-
TEJIBHO HOpMaJH K ciior0 N, % — CMEIIeHHE CII0EB OTHOCUTEIIBHO TIOCKOCTH «KHIKHOW TTOJTKID
(Puc. 2), 1 — ko3¢ duIMeHT, yYUTHIBAIONIUEN OTIUYHE YIIa HAKIIOHA IEBpOHA d OT yria . OObI4HO
ero 3Hauenue nopsiaka 0.85, [5].

Bknag B TIIOTHOCTH CBOOOJHON HEPTHH CETHETOAIEKTPUYECKOTO KHJKOTO KpHUCTaIa
3a CY€T PHEPTUU BHEIIHETO IEKTPHUYECKOTO MOJsI ONpeneNseTcss OByMs ciaraeMbiMH. llepBoe
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Puc. 2. Cucrema koopAMHAT [yl ONMCaHUS LIIEBPOHHON CTPYKTYphl cMeKTHKa C*.
3[eCh M — COCTABIIAIOIIAs BEKTOPA AUPEKTOpA N, NEPIECHIUKYIISIPHAsS HOPMAIU K
cioro N, L —paccTrosiHue MeXAy OpHEHTHPYIOIUMH MoBepXHocTsaMU. L{udpamu
1 u 2 o6o3HaueHbl (HOPMBI CMEKTHUYECKOIO CJIOS B MEPBOH WU BTOPOH MOAEISIX
COOTBETCTBEHHO. KOHYCHI OIpenesitoT 00J1acTh pa3pelIeHHbIX HAlpaBiIeHUH u-
pPEeKTOpa N B KayKJOU TOYKE.

OTBEYAeT 3a B3aMMOJEHCTBHE BHELIHETO IOJS CO CIOHTAaHHOW mossipu3auuedt cpensl P, a Bro-
poe mpeAcTaBiIsieT COOOH PHEPTUIO AMAIEKTPHKA BO BHEIIHEM II0JIC, CBSI3aHHYIO C TOSBICHUEM
WHIYIMPOBAHHOIO JUIIOJBHOIO MOMEHTA.

fr=—(P-E)- =
&
e D = £ - E, D — BekTop 31eKTpUUeCKON UHIAYKIMH, & — TEH30DP JUAICKTPUIECKOM MPOHHUIIAc-
MOCTHU.
Tensop € ynoOHO NpeCTaBUTh B BHE CYMMBI IPOEKIMI Ha HANPaBJICHUE BIOJb M TOIIe-
pek aupekropa. s 3Toro BBeIEM €IMHUYHBIA BEKTOP P, KOTOPHIM OPTOrOHAIEH AUPEKTOPY U
JICKHUT B IINIOCKOCTU CMCKTHYCCKOT'O CJIOA.

[N x n]
P= "o 4)
[N X n]|
Torma
Eap = €1MaNp T €2(0ay — Nally)PyDp + €3(0ay — Natty) (45 — Do) (5)

= €3 504,8 + Ae NaNng + O¢e PaPgs,

e Ae = g1 — €3, 0¢ = €9 — €3. €1,E9,E3 - TIABHBIC 3HAYCHHS TCH30pa TUAICKTPUUCCKOM
MIPOHUIIAEMOCTH.

Hcxons u3 cuMMeTpHH, BEKTOp CIIOHTAHHOW MoJsipu3anuu cMekTuka C™ 00s13aH Jexarb
B IUIOCKOCTH CMEKTHYecKoro cinos [20] aHanmoru4so BekTopy p (4), Torma:

P=Fp, (6)

rac PO — BETMYHMHA CIIOHTAaHHOM noJisipu3anuu.
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Jlisa nanbHeliero aHanusa yaioO0HO BBECTH JIEKapTOBY CUCTEMY KOOPAMHAT, H300paXeH-
Hyto Ha Puc. 2. Ocp X HampaBiieHa NEPHEHIUKYISIPHO OTPaHUUYMBAIOLIMM ITOBEPXHOCTSAM, a
KOOpJMHATHAs IJIOCKOCTh Y Z PACIONIOKEHA IIOCEPENNHE MEXy OTPAHUYUBAIOIIMMHU II0BEPXHO-
CTSIMH, IPUYEM OCh Z HAIPaBJIEHA BIOJb OCH JIETKOTO OPUEHTUPOBAHUS, ONPEAEIAIOLIEN OPHEH-
TalUI0 TUPEKTOpa N Ha rpaxule. [lockonbky B fanbHeleM OyayT paccMaTpuBaTbCs JKECTKHE
rpaHUYHBIE yCIOBUS, 3PPEKTOM KUPATHHOCTH OyzieM mpeHedperars.

s onucaHus OpUEHTALMU JUPEKTOpa U CTPYKTYphI LIEBPOHA BBEAEM YIrOoJ HAKJIOHA
CJIOEB 0, OTHOCHTENIBHO IUIOCKOCTH 2 = (), M a3UMYTaJbHBIA YTOJ ¢, ONUCHIBAIOIINI MOBOPOT
JUPEKTOPa N BOKPYT HOPMAJIH K CII00, OTCUMThIBaeMblii oT ocu Y, (Puc. 2). Toraa aist KOMOOHEHT
BEKTOpa JUPEKTOPA IOJIyYHM:

n = (—sinf cosdsin p + cosfsind, sinf cos, sindsinfsing + cos b cos ). (7)
Cuwnrast yriel 6 1 § ManbIMu, uMeeM [4]
n=(—0sinp+9, fcosyp, 1). (8)

Bbynem mpenmonararb, 4to yroia € 3aBHCHT TOJBKO OT TEMIIEpaTyphl, T.e. B HalIeW 3a-
Jla4e OH MMEET MOCTOSHHOE 3HAa4eHHE. YTOJI HAaKJIOHA CIOEB O CBS3aH CO CMEIICHUEM CIOEB U
COOTHOILICHUEM:

d
PR — ©)
dx
HopMaJib K IJIOCKOCTH CJI08 YAOOHO BBIPA3UTh Y€PE3 yroi o:
N = (sind, 0, cosd) (10)

bynem cuutarh, 4To BHelIHee noje E HampaBieHO MO HOpPMalu K OrpaHMYMBAIOIIUM
wiockoctsm E = F(1,0,0), T.e. Baonb ocu X. Torna mosiHasi SHEpPrs CHCTEMbI 3allUILIECTCS B
BUJIE:

Fes |’ fix (11)

L
2

rie S = L, L, —mnnomans sueiiku. II10THOCT 9HEPruu AaeTcsi COOTHOLIEHHEM

f =15 [07(0)? — 208" cos o + ()] + £ (8)? + § (02 — (u6)”) — (12)
—PyE cos 6 cos ¢ — g—j [Ae(—sin @ cos d sin p + cos @ sin §)? + Oe cos? ¢ cos? J]

Hanee 6ynem cuutars, uto Kp, = K, = K [21].
YCJIOBI/ISI Ha FpaHI/ILIaX HUMCHOT BU.

L s
5 (i%) ) (14)

Takum 00pa3om, s HaXokKACHUS (GOPMBI IIIEBPOHA W OPUEHTAIIUH JUPEKTOPA CIICAYET MUHHUMH-
3UpoBaTh CBOOOMHYIO dHepruto (11) mo yrmam d u ¢ ¢ rpanudHbIME yermoBusmu (13) u (14).
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3. PaBHoOBecHbIe KOH(PUTYypaluy IEBPOHHOU CTPYKTYPbI

[Ipu OTCYTCTBUM BHEILIHErO IOJIs ypaBHEHUs Oiiepa-JlarpaHika, KOTOpblE OMMCHIBAIOT
CHUCTEMY B PAaBHOBECHOM COCTOSIHHM, UMEIOT BUJ:

1
o' = g Cos® 5"
15)
. B[I,ZQQ 52 (
25,/ — Q(Sln QO)H = —W 6 (]. — ,u202)

AHaJIUTHYECKOE pEeIlleHHe CUCTeMbI ypaBHeHHH (15) ¢ rpaHMYHBIMU YCIOBUSIMH OTHE-
CEHHBIMU Ha OECKOHEYHOE PacCTOSHHE OT CepeluHBbl sueiKH, ObLIO MOCTpOoeHO B pabote [3] B
MPEINOI0KEHUH, UTO YTOJI ¢ Mall. B peanbHO# orpaHu4eHHOM siueiike IeBpOHHOTO cMekThka C'™
3TO MPEINON0KEHIE HE BBIMOIHACTCS, @ AHAIUTUYECKOE PEIIeHUE dTONH CUCTEMbl HEITHMHEWHBIX
YpaBHEHHUH B Clydae MPOU3BOJIBHBIX YIJIOB ( TIOKA HE HaWeHO. [|JIs penieHns CHCTEMBI YpaBHE-
Huit (15) ¢ rpannunbiMu ycnoBusmu (13) u (14) MoryT OBITH IPUMEHEHBI YHCIICHHBIE METOIBI,
OJTHAKO, yI0OHEe PaBHOBECHYIO KOH(HUTYpAIUI0 CHCTEMbl HAWTH C TIOMOIIBI0 YHCICHHOW MUHH-
Mu3anuu QyHKInoHana ceodonuoi suepruu (11). Oganm u3 Hanbonee 3pPeKTUBHBIX CIIOCOO0B
pelieHus 3a7a4l MUHUMU3ALUU SBISIETCS METOJ, CETOK, KOTOPBIM M ObUT IPUMEHEH IS TaHHOU
CUCTEMBI.

B pa6ore [2] muaumusupoBanack cBoOonHas sHeprus (11) B nmpeanonoxxeHuu, 4To yroi
HakyIoHa ciiost 0 = —6, mpu x < 0 m 6 = O, mpu x > 0. [Ipu 3TOM U3 yCIOBUS HENIPEPHIBHOCTH
MOJISl AUPEKTOpa CIEA0Bajo, YTO B CEepelrHE SYEHKH BEKTOp IUPEKTOpa N JOJDKEH JieXkaTb B
wiockoctd Y Z, 1.e. n,(0) = 0. Yroa ¢ npu 5TOM MOXET MPUHUMATH TOJBKO [1Ba 3HAYCHUSL:

p(z — £0) = £ (16)

p(z — £0) = £(7 — o), (17)

e o = arcsin (tg 6/ tg6). Ha Puc. 3 nokazana 06:1acTh CONMPUKOCHOBEHHSI KOHUYECKUX TTOBEPX-
HOCTEH, Ha KOTOPBIX MOJKET JIeXkKaTh IUPEKTOp Ha Iutockocty x = (. /Iy HamIIIHOCTU KapTHHA
IIEPECEUYCHHs] KOHYCOB IIPEJICTABIIEHA C ABYX Pa3HBIX CTOPOH.

B pamkax 3Toil Mogenu cuctema ypaBHeHuH (15) coBmecTHa, ecnu yron ¢ — mai. Ilpu
ITOM OH YJOBJIETBOPSIET ypaBHEHUIO " = 0, T.. (o ABJIACTCS JUHEHHOW QyHKIUCH T

o=2 (T —p) oty (18)
I7Ie BEpXHUM 3HaK NAa€T pemeHue npu x > 0, a HuKHUM 3HaK npu © < 0.

Bropas moznens, npeanoxkeHHast B pabote [3], mpeamnosnaraina miaakoe U3MEHEHUE yIiia
HAaKJIOHa ) BO BCEH sUeiiKe, B TOM YHCJIE€ M B CEpPEIUHE. YTOJ (¢ MPEAINoJarajcs MalbM H
CYHTAIOCH, uTO |0| = 0 u di/dxr = 0, HAa JOCTATOYHOM PACCTOSHUH OT CEPEAMHBI IIeBpOHA. B
ATOM CIly4yae pelIeHue JJIsi 0 UMEeT BUJIL:

d(z) =6 th (%x) (19)

rie | = /K /B — napaMerp, UMEIONIHH pa3MEPHOCTb JJIHHBI, U MO TOPSIKY BEIMIUHBI COBIIA-
JAIOUIUM C PacCCTOSIHUEM MEKIY CMEKTHUECKUMHU CIIOSIMH.
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Puc. 3. PazpenieHHble NOJI0KEHNS AUPEKTOPA N HAa BEPLIMHE LIEBPOHA B IEPBOI
MOJIENIH 1LIEBPOHA: @ — BUJ BAOJIb OcU Y, b— BUJ BIOIb ocu X.

Jlst orpaHMYEHHOM sTueiKy MoACTaHOBKa BhIpaskeHus (19) B mepBoe ypaBHEHHUE CUCTEMBI
(15) mo3BossieT HaiTH yron ¢(x), KOTOPBIi OKA3bIBACTCS PABHBIM:

0 22 (m 0L
p = th (2_l x)+7<§—th (4—l>> (20)

Ha pucynkax 4 u 5 npuBezieHa 3aBUCUMOCTD yTJIa HAKJIOHA CIIOEB O M a3UMYTaJIBHOTO yIiia
© OT pacCTOSHHUS [I0 CEepEelUHBbl SYCHKH, pacCUUTaHHAs YUCIEHHO MUHUMH3AIUEH BBIpaKEHUS
(11) B OTCYTCTBMHU BHENIHETO MO C rpaHUYHBIMU yciioBusaMu (13) u (14). Tam sxe mpuBeICHBI
pesyabrarbl (18)-(20), monydyeHHbIE B paMKax MOICIBHBIX NMpeAcTaBIeHUH u3 paodor [2,3]. U3
PHCYHKOB BHIHO, YTO TJIQJIKOC U3MECHEHHUE yIJla HAKJIOHA CIIOEB 0 B CEPEIUHE SUCHKHU, IPUBOIHUT
K TJIaJKOMy U3MEHEHHIO a3UMYyTalbHOTO yTIia (.

OOpaTtiM BHUMaHUE Ha YIUBUTEIbHBIN (PaKT COBMNAJCHHS YNCICHHBIX PACUETOB C PE3YIIb-
TaTamu, TIOJTYYCHHBIMU aHATUTUICCKU B MIPEIIIOI0KCHHHA MAJIOCTH YIa (.

B pacuerax ObuIM HCIONB30BaHBI CIEAYIONINE 3HAYCHUS MAapaMETPOB HCCIEIyEeMOH CH-
cremer: 0 = 15°, K =4-107" J/m, L=1 pum, B=28-10°J/m3, n = 0.85 .

4. Pacuer opuMeHTAMH JMPEKTOPA BO BHEITHEM YIEKTPHYECKOM T0JIe

Bhauasie paccMoTpuMm cityyail JOCTaToO4yHO ciaObIX IMOJIEH, BIUSIOIIMX HA OPHEHTALHIO
JTUPEKTOPa, U HE OKAa3bIBAIOIIUX 3aMETHOIO BIMSAHMSA Ha CTPYKTypy weBpoHa. Ha Puc. 6 npu-
B€JICHAa 3aBUCHMOCTH CJIaraéMbIX IIOTHOCTH CBOOOIHOM SHEPrUM, CBA3aHHBIX C BO3AECHCTBHEM
BHEIIIHETO 3JIEKTPHUUYCCKOTO MOJIs, OT a3MMYTAlbHOTO yria . 3Hadenue nomst K = 6 V/um,
BbIOpaHO TakUM 00pa3oM, UTO ClloeBasi CTPYyKTypa He nedopmupyercs, B TO BpeMsl KaK a3uMmy-
TaJbHBINA Yroj MOBOPOTA AUPEKTOpPA U3MEHSIETCS 3HAYMTEIbHO. BUIHO, 4TO HanOONbIINN BKJIA
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Puc. 4. IlpocTpaHCTBEHHBIC 3aBHCHMOCTH YIJIa HAKJIIOHA CIIOEB 0, a — 3aBUCH-
MOCTH BO Bceil siueiike, b —B e€ cepenune. CIuiomHoM nTuHHEH 0003Ha4YeHA 3a-
BHCHMOCTb, COOTBETCTBYIOIIAs pemieHnio B moaenu Hakarassl [3], myHKTUPHOM —
B monenu Knapka u Paiikepa [1,2], ToukamMu U TpeyrojibHUKaMH — PE3yJIbTaThI

IPOBE/ICHHBIX HAMU pac4eToB. ToukaM COOTBETCTBYET /4 = 1, @ TPEYrOJIbHHUKAM —
= 0.85.

BHOCHT JINHEHHOE TI0 TOJIO ClIaraeMoe, CBSI3aHHOE CO CIIOHTAHHOM mossipu3anueil. BropeiM, mo
BEJIMYMHE BHOCHMOTO B SHEPrHIO BKJaJa, OKA3bIBACTCS CJaraeéMoe, CBA3aHHOE C IONEPEYHBIM
KO3 PUITEHTOM aHM30TPOIHMH AUAIEKTPHYECKON MpoHHIaeMocT Jc. CpaBHUBAs ATH J(Ba Clla-
racMbIX, IMOJYYUM OLCHKY IJid BCIIMYUH oyie B KOTOPBIX KBaJAPaTHUYHBIMH BKJIIaJJaMH MOXXHO
peHeopeyb.

87TPO
9% (21)

JU/1sl THTIMYHBIX 3HAYEHUH MapamMeTpoB cMekTukoB C* umeem: Py = 1074 C'//m?, 9z = 0.2
[22], B pesynbrare nonyunm £ < 114 - V/um.

Takxe kKak U B clydae OTCYTCTBHS MOJS pacyeThl OyieM BBITIOJIHATH IS ABYX MOJENIEH
OMMCaHUs CTPYKTYPHI IEBpOHA. B nepBoit Mozaenu [2] eAMHCTBEHHBIM BapbUPYEMBIM ITapaMeTpPOM
SIBJISIETCSI YTOJI (, TIOCKOJIBKY YIrOJ HaKJIOHa CMEKTHMYECKHX CJIOEB MPAKTUYECKH HE 3aBUCUT OT

E < By =
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Puc. 5. IlpocTpaHCTBEHHbIE 3aBUCUMOCTH a3UMYTaJIBHOTO YIJIa IOBOPOTA AUPEK-
TOpa (¢, a — 3aBUCUMOCTH BO Bceil siueiike, b - B e€ cepeaune. CriiomHon TuHUEH
0003HaYCHA 3aBUCHMOCTh, COOTBETCTBYIOIIAs PelIeHUI0 B Mojenn Hakarassr [3],
IyHKTHpHOU — B Mojenu Knapka u Paiikepa [1,2], ToukaMu ¥ TpeyroJbHUKaMHU —
pe3yibpTaThl MPOBEACHHBIX HAMHU pacdyeToB. ToukaMm COOTBETCTBYET f = 1, a Tpe-
yrosibHUKaM — 1 = (.85.

BEJIMYMHBI C)1a00T0 BHENIHeTo 1ojst. CBoOoaHAs SHEpTrus nedopManuu cMekTuka C™* BO BHEIITHEM
AIIEKTPUUYECKOM I10JI€ B 3TOM CIIy4ae MOXKET ObITh 3aIlMcaHa B BHJIC

F = SK®* / (%(g&’)Q + ap cos ¢> dx (22)

ol

tne ap = PyEcosd/(K6?). Bennunna [z = 1/4/|ag| uMeer cMbICT MPOCTPaHCTBEHHOTO Mac-

mrada HCOOAHOPOAHOCTHU PACIIPCACICHUA NUPCKTOPA, BBI3BAHHOT'O BHCITHHUM JJICKTPHYCCKHUM I10-
JICM.

Munumu3anys cBOOOIHOM SHEPTUN MPUBOINT K CISIYIOIIEMY ypaBHeHUI0 Dittepa-Jlarpamka
JUIsL yriia p:

@ = —agsiny (23)
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Puc. 6. CpaBHeHHE BKJIQJIOB B INIOTHOCTh CBOOOJHOW SHEPIHH, KOTOPHIE CBS3a-
HbI C BO3JICUCTBMEM BHEUIHETO 3JIEKTPUUYECKOTO MOJIA Ha KUAKUM KPUCTAILI, TIPH
Pa3IMyYHBIX 3HAYEHUAX a3UMYyTaJbHOIO yria . IIlyHKTHpHON nuHMENH 0003HauYeH
BKJIQJl OT CIOHTaHHOU ToJisipu3anuu Fy. CIUIOMHON JIMHUEH — BKJIAJ, CBSI3aHHBIN
C TIOTepeYHBIM K03(h(PHUIIMEHTOM aHU30TPOIIHH TUAICKTPUICCKON TPOHUIIAEMOCTH
Oe. JluHueH, COCTOAIICH M3 TOYEK — BKJIAJ] OT MPOAOJIbHOW aHu3oTporuu Ac. 3a-
BHCHMOCTH MOCTPOEHBI MPU 3HaYCHHHU BHemHero monst = 6 V/um.

¢ rpanuuHbsiMu ycioBusmu (16) u (17) B cepenune meBpona u yciousimu (13) Ha opueH-
TUPYIOLIUX TUIOCKOCTSX. YpaBHeHHE (23) MOKeT ObITh pelIeHO aHAIUTHYEeCKH. BO3MOXKHOCTBH
CYIIIECTBOBAHUSA JIByX Pa3HBIX HANpaBiICHUI OpPUEHTALMU JUPEKTOpa B CepelrHE IIeBpOHA, T.C.
npu x = (, IPUBOTUT K JBYM pa3zHbIM pelleHusM ypaBHeHus (23). bynem Ha3wIBaTh, Kak 3TO
BIIEPBbIE OBUIO IpeIokeHo B [2], D-cocTosgHueM moine aupekropa ¢ n, > 0 npu x = 0, 4ro
COOTBETCTBYET ycnoBHIO (16), U-cocTosiHueM pacipezeneHie AMpeKkropa B ciaydae n, < 0 npu
x = 0, yto obecneunBaercs yciosuem (17).

OpueHTanus BeKTopa qupekropa B obnactu x > 0, Oyaer onuchiBaTbes ypaBHeHHEM (23)

C YCJ'IOBI/IeM
L T
Ly_T 24
77 (2> 5 (24)
Ha OPUEHTHUPYIOIIEH MOBEPXHOCTH, U YCIOBUEM B CEPEIMHE IIEBPOHA
©(0) = ¢o, (25)
JJISL D—COCTOHHI/I}I, Hu
80(0) =T — Yo, (26)

st U-cocrosinust. YpaBHenue (23) mociie yMHOXEHUsI IPaBOii U JIEBOM YacTel Ha ¢ u mepexona
K HOBOIi IIEpeMEHHOM 1) = /2 nprobpeTaeTt B

((1//)2>/ — —ap (sin?v) . 27)

BHemnee mone OyaemM cuuTarh HampaBiIeHHBIM Baoib ocu X, T.e. £ > (. UnTerpupys ypaBHe-
Hue (27), ¥ 3amuchiBas TOCTOSHHYIO MHTErPUPOBAHKS B BUIE ap/k?, uMeeMm:

(¥)? = 2—’; (1— ksin? ) . (28)
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HuTerpupoBaHue 3TOr0 ypaBHEHHUs MO3BOJSET BBIPA3UTh MPOCTPAHCTBEHHYIO 3aBUCH-
MOCTb yIVIa (¢ Yepe3 HOpMaJbHbIN JUIMNTHYECKU uHTerpan Jlexanapa neporo pona [23,24]

¥ dt
Fok) = [ —— (29)
0 1 — k2%sin“t
3aBUCUMOCTh a3UMYTAJIBHOTO yIJIa ¢ OT KOOPIAMHATHI & B HESIBHOM BHJIC 33J1aCTCS YPABHECHHSIMU

F <§7’f0> _F (%,k()) - i\/% (x _ g) , (30)

I7ie BEpXHUH 3HAaK B IPaBOM YacTU COOTBETCTBYET [)-COCTOSIHMIO, a HW)KHUN — UJ-COCTOSHUIO.
[TapameTp ko HaXOaUTCS U3 TPAHUYHBIX YCIOBHH (25) 1 (26), KOTOpbIE TPHOOPETAIOT BUI

(5 - () =5 o

™ — g s L [ag
ol Qi —F(—,k):—,/—, 32
s U-cocTostHUS.

Ecnu BHelIHee 1oJie MEHSIET HalpaBieHHe Ha npoTuBonoiokuoe (£ < 0), To mpu z > 0
OpHUEHTALMs JUPEKTOpA 3a1aeTCsl yPABHEHUSAMU

=9\ (T )~ flasl (L
F< > ,k:o) F(4,k0>_i 2 <2 x) (33)

rae, kak ¥ B (30), BepxHUil 3HaK B MpaBOW 4acTU COOTBETCTBYET [)-, a HUXKHUU U/-COCTOSHUIO.
[TapameTp ko HaXoaUTCS U3 YCIOBUI

s D-cocrosiuust, U

™ — $o ™ L |aE|
foll Qi Uy —F(—,k:):— el 34
( ' 0> L) = 5 (34)
s D-cocrosiuust, U
©o T L [|ag|
F(20) - F (Tk) = - £, flosl 5
2 0 4 0 2 k% ( )

s U-cocTossHUS.
B o6nactu —L /2 < z < 0 pacmipenesieHue yriia ¢ MOYKHO HallTH, MOJIb3YsICh HEYETHOCTHIO
€ro 3aBUCUMOCTH OT Z:
p(—z) = —p(x). (36)
Pesynbrarsl Beruncnenuid no ¢popmynam (30), (33) u (22) npueaenst Ha Puc. 7 u 8. Ha
Puc. 7 noka3aHo pacnpeneiieHHe OpUEHTALMi AUPEKTOPa, 3a1aBacMO€ a3UMYyTaIbHBIM YITIOM (0
IIPU pa3HbIX 3HAUEHUSX MPUIOKEHHOro BHeHIHero noissd g U- u D-COCTOSHUM IS IJIEHKU
tonmuHoi L = 1 pm. OOpaTtumM BHUMaHHUE, YTO CKAYOK a3MMYTAJIBLHOTO YIJIa (0 TIPH MEPEXO0JIe C
OJTHOM YacTH LIEBpOHA Ha APYyTylo obecreunBaeT HelpepbiBHOE M3MeHeHue aupekrtopa (Puc. 3).
Bropast Mozenb, B KOTOpO Kak BEKTOp AWPEKTOpa N, TaK M YroJ HAKJIOHA CIIOEB 0,
MPEATOIATAI0TCS TIAJKUME (QYHKIIUSIMH KOOPIUHAT, MOXKET OBITh POAHATM3UPOBAHA YHCICHHO.
Pesynbrarel pacy€roB mpezctaBieHsl Ha Puc. 8. 3xech mokazaHa 3aBUCHMOCTH a3uMy-
TaJIBHOIO YIJIa (¢ OT KOOPAUHATHI T MIPU Pa3HbIX 3HAYCHUSIX BEJIMUMHBI BHEIIHETO 3JIEKTPUUECKOTO
nojnst F. Tak jxe Kak ¥ B IIEpBOIl MOJIEM MOXHO BBIIENIUTh [J- U U-COCTOSIHUS, TOJIBKO C YITIOM
©(0) = 0 mmm (0) = 7. IIpoBeaeHHbIE pacyeThl MOATBEPIHIH, YTO 3aBUCUMOCTD YIJIa §, OIpee-
JISIOLIET0 HAKJIOH CMEKTHUYECKOTO CJIOSI, OT PACCTOSHUS J10 CEPEIMHBI IUIEHKH B PaCCMaTpUBaeMOM
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Puc. 7. TlpocTpaHCTBEHHbIE 3aBUCUMOCTH a3UMYyTajlbHOro yria ¢ ans D- u U-
COCTOSIHMM NPH pa3HbIX 3HAUYEHUSAX HAIPSDKEHHOCTH BHEUIHETO 3JIEKTPUYECKOTO
noJisi, HaleHHas s mojenu Kimapka u Paiikepa (22) . [na D-coctosnus: 1 —
E = —-1V/um,2—E = 0V/um, 3—FE = 1V/um. dna U-cocrosuus: 4 —
E=-1V/um,5—E=0V/um,6—E =1V/um.

HHTCPBAJIC 3HAUYCHU I QJICKTPUYCCKOI'O IT10JI HE OKA3bIBACT BJIMAHHUC HA (i)OpMy IICBpOHA, a BIUACT
JIMIIIb Ha aSI/IMYTaHBHHﬁ yroia @, onpeaciIAromero HalpaBJICHUC TUPCKTOPA.

5. Hepekﬂmqeﬂne BO BHECIITHEM JJICKTPHUYECCKOM I10J1€

Jlnst Toro, 4TOOBI BRISICHUTH, KAKOE M3 pacIpeiesieHuid opueHTanuu aupekropa, U wmm
D, 6oiiee BBITOHO MPU PA3HBIX HAMPABICHHUSX W BEJIMYMHAX BHEIITHETO IMOJIs, OblIa BRIYUCIICHA
no ¢opmyne (22) cBoOomaHas HEpTUsi cucTeMbl. Pesynsrarsl mpencraeieHsl Ha Puc. 9. 3xech
n300pakeHa 3aBUCHMOCTh M3MEHEHHUS CBOOOIHON YHEPTHU CHUCTEMBI, OTHECCHHOW K CIMHHIIC
IUIOIIATN STICHKU

AG = (F(F)—F(0))/S (37

OT BEJIMYMHBI U HAMpaBJIeHUs BHeNIHero noist £ qias U- u D-coctostnuit. Buano, uro ipu £ > 0
sHepreTuyecku Oosiee BHITOAHBIM Oyner U-cocrosiHue, a npu F < 0 BbironHee [D-COCTOSTHUE.

HccnegoBanune BTOpO Bapuanuu

§°F = SKO* | ((6¢')* — ap cos p(d¢)?) dx (38)

|
ol S — e
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Puc. 8. TIpocTpaHCTBEHHBbIC 3aBUCHMOCTH a3MMYTAIBHOTO YIVIa (o MPH Pa3HbIX
3HAYEHMSIX HANPSHKCHHOCTH BHELIHETO 3JICKTPHYECKOTO OISl HANICHHAsT BO BTO-
poii mMozmenu meBpoHa: a— s U-coctostausi, b— st D-cocrosius. B oGonx
cocrosHmsix: 1 —FE =1V/um,2—E =0V/um,3—E = -1V /um.

MOKa3bIBaeT, 4T0 00a pemieHwus, naBaeMbie BeipaxeHusMu (30) u (33), u onuceBaomue D- u
U-cocrosiHus, SBIAIOTCA YyCTOMYMBBIMU Kak npu £ > 0, Tak u npu 2 < 0. DT0 03HayaeT, 4ro
JTa)Ke€ SHEPreTHUeCKU MEHEE BBITOJIHOE COCTOSHHE MOXKET CYLIECTBOBATh, KAK METACTAOMIIBHOE.
B nelicTBUTENBHOCTH NIPU MEPEKIIOUEHUN HAIPABICHUsI BHEIIHETO IOJIS JO0JKEH UMETh MECTO
ructepe3uc [25]. 3HaueHue KOIPUUTUBHOTO Mo )y, TpU KOTOPOM MPOUCXOAUT U3MEHEHHE Ha-
MIpaBJICHUs] AUPEKTOpa B LEHTPE LIEBPOHA MpH mnepexoae u3 D-coctosHus B U-cocTosiHUE, WIN
HA000pPOT, OrpenesseTcs BEIMUNHON MOTEHIUATBHOTO 0apbepa MEeXKAY dTUMU COCTOSIHUAMU. [Ipu
MIOBOPOTE IUPEKTOpa, Hanpumep, u3 D- B U-cocTosHUE, CUCTEMA IPOXOIUT Yepe3 MOTEHIUAb-
HbII Oapbep. Bennuuny 3T0ro 6apbepa MOXKHO OLIEHUTb, BBIYUCIIUB SHEPTHIO CUCTEMBI, Y KOTOPOH
JUPEKTOP B LIEHTPE LIEBPOHA JIEKUT B IUIOCKOCTU X Z. OHAKO, BBIYMCIUTH TY SHEPTHUIO, OCTa-
BasICh B paMKax IEPBON MOJENH, HEBO3MOXHO, ITOCKOJIbKY KaK TOJBKO B IIEHTpE LIEBPOHA, T.C.
npu x = 0, AMPEKTOp OTKIOHSAETCS OT IJIOCKOCTH Y Z, Tak cpa3y B LIEHTPE LIEBPOHA BO3HUKAET
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Puc. 9 3aBI/ICI/IMOCTB BCIIMYUHBI AG OT HAIIPAKECHHOCTHU BHCHIHCTO J3JICKTPHUYC-
CKOT'0O 1TOJIA, 4JIst MOACIIN C OCTPBIM YITIOM

JTUCKJIMHALIMSA, ¥ MPH HAXOXKIACHUU BBICOTHI MOTEHIIMAIBLHOTO Oaphepa HEOOXOAMMO YUHMTHIBAThH
SHEPIHI0 3TOW IUCKIMHALMU. M30ekaTh 3Ty TPYIHOCTb MOXHO B paMKaX BTOPOH MOJEIIH.

[Ipennonoxum, 4TO0 M3HAYAIBHO cHcTeMa Haxonutcs B D-coctosHuu. lIpu mepexone B
coctosHue U, 3HaueHue yma ¢ B cepeauHe stueku u3MeHutced Ha 180°. Ilpu atom nupektop B
BEpIIMHE HIEBPOHA MIOBOPAYMBATHCS BO KOHYCY, IPOXOS YEPE3 SHEPIeTUUECKH MEHEE BBITOJIHBIC
cocrosiHus 110 cpaBHeHUIo ¢ U u D. Cpean 3THX COCTOSIHUEN Oy/IeT caMoe HEBBITOJHOE, KOTOPOe
U OTIPEJICNIUT BHICOTY NOTEHIUAIBHOTO Oapbepa W, ...

Jns Toro 4toObl BBIYUCIUTH BeNUYUHY W, HaliIEM 3aBUCHMOCTH MOJHON YHEPTUU
cucteMbl I OT TIONOKEHHS a3UMYTAlTbHOTO yIiia B cepeanne stueiiku (0). 3aqaay MUHHMU3AIHN
¢dynkuuonana (11) ¢ pukcupoBaHHOM OpHEHTAIMEH a3UMYTAIBHOTO YIJIa IOBOPOTA AUPEKTOPA HE
TOJIKO Ha KpasiX, HO U B CEPEUHE SYEHKH, MOKHO PELIUTh OTIEIbHO JUIS KaXKA0M U3 obiacTei
z < 0wuzx > 0. Jng 370ro NOJHYIO SHEPrHI0 CUCTEMBI yAOOHO NPEJICTaBUTh B BUJE CyMMBbI
BKJIAJOB OT HOJOBHUH siueliku c x < 0 u x > 0:

0 %
F=5 [ fe-6do+ 5 [ forb.)d (39)
0

ol

7€ ¥4, 04 COOTBETCTBYIOT IPOCTPAHCTBEHHBIM PacIPEACICHUsIM a3UMyTaJIBHOTO yIila TOBOPOTa
JMPEKTOpa M yIlla HAaKIIOHa CMEKTHUYECKOTro ciiosi B obmactu © > 0, a ¢o_ M 0_ pacnpenesieHue
TeX ke yroB B obnactu = < 0.

B pe3synbrare unciieHHONH MUHUME3AIKU (GYHKIIMOHAIA CBOOOIHOM sHepruH (39), koTopas
IPOBOJMJIACE IO U3JIOKEHHOH BBIIIE CXeMe, ObUTH Hail/IeHbl paBHOBECHBIE KOHPUTYPAIIHU ¢4, )4
U p_,0_ A7 pa3HBIX 3HAUYCHUH a3UMMYTaJIBHOTO YIJIa B CEpelUHE STYCHKH.

Ha Puc. 10 nzo0pakeHa BBIYHCICHHAS 3aBHCUMOCTh CBOOOIHOM 3HepriH F, oTHECEHHOI K
€IMHULE TUIOIIAN SYEHKHU,0T 3HaUE€HUs a3UMYyTaJIbHOIO yIila B cepeiuHe IuieHku. /st ynobcrsa
3Ha4YeHUsl F OTCUMTBIBAIOTCS OT BEIIMYMHBI CBOOOAHOM SHepruu B D- min U-koHurypamnmu, T.e.

Wi(p(0)) = M,. ITpusenénnas kpuas W (¢(0)) umeer BUI MOTEHIHAIBHOTO Oapbepa, Ko-

TOPBIM HAZ0 MPEOI0JIETh cucTeMe Ipu nepexone u3 D- B U-cocTosHue wim Hao60poT. O4eBUIHO,

YTO BBICOTA MMOTCHIMUAJIBHOI'O 6apbepa OMpeaAcIdaCTCA U3 COOTHOLICHUS
Fz — Fy
S I

Winaz = (40)
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Puc. 10. 3aBucumocth CBOOOIHON 3HEPrUM KUAKOTO Kpuctamia W, or 3Haye-
HHSl a3UMYTaJIbHOTO yIVIa IOBOPOTa JHMPEKTOpa B cepeamHe «imeBpoHay ¢(0).
[IpepeiBUCTast JIMHUSA — PE3yIbTAThl MMPOBEACHHBIX HAMU PACUeTOB, CIUIOLIHAS —
pe3yibpTaThl pacueToB B paMKax JIMHeapu30BaHHON Monenu Hakarassl [3]

rae F'z — coOTBeTCTBYET CBOOOLHOM SHEPrHH CHCTEMBI C a3UMYTAIBHBIM YIIIOM B CEPEAMHE sT4Cii-
ki o(0) = 7/2 , Fy — cBOOOIHAst SHEPrusi HadanbHOro coctosaust, U wiun D.

OtmeTHM, 4TO Gapbep HE MPEOJOTUM 3a CUET TEIUIOBBIX (DIYKTyalMii, BCIEACTBHE KOTO-
PBIX TUPEKTOP CIOCOOEH OTKIOHUTHCS Ha YIIIbI TTopsaka S5-6° [20].

PanHee yxe 0oTMEYanoch, 4YTO aHAJTUTHYECKHAE 3aBHCUMOCTH JUIsl yIIIoB O u ¢ (19), (20),
paccuMTaHHblE B NPUOIMKEHUH MaJbIX YIVIOB, YIAMBUTEIBHBIM 00pa30M XOpOIIO COMIACYIOTCA
C pe3yibraTaMHi TOYHBIX YHMCIEHHBIX PAcdeTOB, Jake B 00jacTH OosblIuX YIIoB ¢. B pamkax
3TOr0 NMPHUOIMKEHUS Mbl PACCUUTAIN BBICOTY U (JOpMY NOTEHIUAIBHOTO Oapbepa. 3aBUCUMOCTh
cBoboHOM dHeprun ot yria ¢(0) uMeer BUA:

K6 (31(4p(0)* + (m — 2416)*) — Li*0(2 + gtors ) th(“gF))

A _ a1
F2(p(0)) = oL (41)

Ha Puc. 10 Taxxe npuBelneH BUJ MOTEHIMAIBHOTO Oapbepa, paCCYUTAHHOTO B pPaMKax
3TOTO MIPHOIMIKCHHSI.

_ FA(0) = FAO) _ 2K70(0)
WA(0)) = . - =T

Buano, uto ynpoienHas moneins (19), (20) na€r cymecTBeHHO APYTrylo BbICOTY MOTEH-
IMaJbHOrO Oapbepa. DTO CBA3aHO C TEM, YTO B 3a/laue ONpeesIeHUs BhICOTHI U (hopMBbl Oapbepa
yrojl ¢ HUKaK He MOXET CUMTAThCs MaJIbIM.

[ToporoBoe none E;;, MOXET ObITh OLEHEHO M3 YCIOBUS PaBEHCTBA IOJHOW 3HEPIUU
B3aMMOJICHCTBUS C 3JIEKTPUUECKHUM MOJIEM, OTHECEHHYIO K €IUHUIIE TUIOIIAIN SYEHKH:

(42)

L/2
Fp = / PyE cospcosd dx
~L/2

sHepreTrueckomy o6apwepy W,.., Halinennomy Boime (40). Ilpu aTom, ucxons u3 odmeit popmy-
JB1 IS ONpeAieNieHnss cBOOOAHOM sHeprun (39), 04eBHIHO, YTO BBICOTAa Oapbepa eCTh (PyHKIHA
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OT TONIIUHBI TYEHKH, T.€. Winae = Winae (L). OlleHUB HHTETpa B MOJIEBOM BKIIA/IE B CBOOOMHYIO
SHEPIUI0 MAKCUMAIIBHBIM 3HAYEHUEM, TIOJTYYUM:
By, = Vmar(L) 43
th = T v (43)
L Py cos(ub)

O4eBHIHO, UTO MOPOTOBOE 3HAYEHME I0JI 3aBHCHUT KaK OT IapaMeTpOB KUIKOIO KpHUCTAIUIA,
TaK M OT TOJIIHMHBI TWIeHKH L. J{is onpeneneHus 3aBucumoctd Fyp, (L) 3agauy MUHHMH3ALUH
cBoOomHOM sHepruu (39) HEOOXOAMMO PEHIMTH Il PAa3HBIX TOJIIWH TUICHKH M (UKCHPOBaH-
HBIX 3HAUEHMSIX a3UMYTaJIbHOIO yIJIa (o HE TOJBKO HA OrpPaHMYMBAIOLIUX MOBEPXHOCTSIX, HO U B
cepeivHe IUICHKU:

L s s T L
Pz (—§> =5, v-30)==5, ¢+:(00=-5, vz (5) =

L T L
¥Y—,0 (—§> = 5 90—,0(0) =0, 90+,0(0) =0, P+,0 (5) =

IJI€ UHJEKCHI + U — COOTBETCTBYIOT JIEBOW M ITPABOM MOJIOBUHAM IUIEHKH, HHAEKC () — HaYaIbHOM,
U- wnun D-koHUTYpanuy, a HHICKC 7/2 COOTBETCTBYET KOH(PHUIYPAIUK C HAUMEHEE BHITOHBIM
3HAYCHHWEM a3UMYTaJbHOTO YIVIa TIOBOPOTA JHUPEKTOpa B cepeiuHe muieHku. /s yrma 0, Kak u
MpeXJie, UCIOJBb30BAIMCh IpaHuuHble ycnoBus (14). B pesynbrare pemieHust 3ajaud MUHUMH-
3anuK (PyHKIHOHAMa cBOOOAHOW sHepruu (39) Obl10 OoOHapyeHo, yTo ¢opMa IIEeBpoHa, T.C.
pacripeniefieHie yriia 0 He 3aBUCUT OT 3HAYCHHs a3MMYyTaJbHOTO YIVIa (p B CEPEIMHE SUCHKH.
[ToaToMy BbIpaskeHHE IS BBICOTHI MOTEHLIMATBHOTO Oapbepa (40) MOXKHO MPEACTaBUTh B CIEY-
IOIIEM BUJIE:

(44)

ISR

Winaz (L) = 2K x

2

xq f (92 ((90/_ %)2 _ (90'_70)2) — 20 (5’_7%30’_,% cosp_x — 6. 5! cos 90_7())) dx + 45)

L
3

+/ (02 ((80;3)2 - (90/+,0)2> —20 (5;5%0:“% COS P4z — O 0¥t COS 80+,0>> dx
0

Paccuntannas no dopmyne (45) BbicOTa MOTEHIMANBHOTO Oaphepa MO3BOJMIIA HANTH 3aBHCH-
MOCTH IOPOTOBOTO NOJS Fy;, OT TONIIUHBI IJICHKU. Pe3ynbraTsl pacyeToB mnpeacTaBieHsl Ha Puc.
11. TIpexne Bcero, cienyeT OTMETUTh, YTo Tojie Fy, HaMHOTO ObICTpee YObIBaeT C pocToM L, ueM
B 3bdexre Dpenepukca, rae Fyy, ~ 1/L. OCOOSHHO SICHO 3TO BUAHO M3 3aBHCHMOCTH ITOPOTOBOTO
HanpspkeHust Uy, oT TommuHbl TwieHkH. B otnuuane ot addexra Openepukca, roe Uy, = const,
371ECh SIBHO BHIHO MOHOTOHHOE yObIBaHHE ITOPOIOBOTO HAPSKEHHS C POCTOM TOJILIMHBI TUIEHKH.
OtMetuM, uTo coracHo ¢opmyne (43) Takoil THUN 3aBUCUMOCTH OT TOJIIUHBI TUICHKH UMEET U
BBICOTA MOTEHIUATBHOTO 6apbepa W, (L). YobiBatue W4, ¢ pocToM L 00yCIIOBICHO yMEHB-
[IEHHEeM OTHOCHUTEJIBHOIO BKJIaJa O0OJIACTH M3JIOMa LIEBPOHA B CEpelMHE SYEHKU B CBOOOAHYIO
SHEPTHIO.

Ha Puc. 12 nocrpoena 3aBucumocth cBoOOIHOM 3Heprun AG, BhIYHCICHHOW 1O (op-
mynam (11), (12) u (37), OoT BeIMUMHBI W HAIpaBICHUS MpUiIokKeHHoro nons E mis U- u D-
cocTosiHUM. PacueTsl mpoBeaeHb! AJis UIEHKH TONMUHOM 1 um. Ha rpaduke mokasaHbl 3Haue€HUS
IIOPOTOBOr0 NOJS £ [y, IPU KOTOPHIX NPOUCXOAUT rnepexon u3 U- B D-cocTosiHuEe U HAa00OpOT.
Buano, 4To mosydeHHast KpuBasi UMEET BHL METIIU THCTepe3uca.

Ha Puc. 13 noka3aHo, kak U3MEHSETCSl IPOCTPAHCTBEHHOE paclpeiesieHue a3uMyTallb-
HOTO yIJla ¢ MpU U3MEHEHUM HAIIPABJICHUS BHEILIHEIO MOJIsl U MIPEOI0JIEHUH TIOPOrOBOro 3Have-
HUS HaNpsHDKEHHOCTH 3JIEKTpUdecKoro nois Ly, npu nepexone us U- B D-coctosHue. CpaBHUM
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Puc. 11. 3aBucumocTs OporoBoro mojist Ly, (CruioniHas KpuBas) U MOPOrOBOTO
HanpsokeHust Uy, (MyHKTUpHAs KpUBas) OT TOJIILMHBI INIEHKU L.
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Puc. 12. Ilepexox mexnay U- u D-COCTOSHUSIMHM IPU U3MEHEHUH HalpaBJICHUS U
BEJINYHMHBI BHEIIHETO 3JIEKTPHUUYECKOTO MOJIS.

3HAYEHHE JUIs TIOPOTOBOTO MMOJs Fyy, BeIUMCIEHHOE TI0 (hopmyrie (43), co 3HAYCHHEM, IOJTyYeH-
HeIMU B pabote [13] mia npyroit momenu cBoOOAHOM sHepruu. J[ns pacyeToB ObLINM BBHIOPAHBI,
ucrnojab3yeMble apropamu [13], 3HaueHus mapameTpoB cuctemsbl: L = 2 um, 0 = 20°, By =
107*C'/m?, B = 105 J/m?®. B cootBeTcTBMM C OlEHKOH (43) ObUIO HaiileHO 3HAYEHHE MOPO-
rosoro moist Ey, = 0.39 V/pum, koTopoe cornacyercs ¢ BeJIMYHHON, HallIeHHO# B pabore [13]
Ey, = 0.45 V/pum. TlpuBenéunast OleHKa MOKa3bIBAET, YTO MOPOTOBOE HAMPSKEHUE HEOOXOIMMOE
JU1s1 OMCTA0MIIBHOTO TIEPEKITIOUEHUs STUYCHKH JIKUT B ripeaenax 1 V.

6. Jledopmanusi c10€Boil CTPYKTYPHI BO BHEIIIHEM YIEKTPUYECKOM TOJI€e

B cooTrBercTBHM ¢ JaHHBIMH dKcniepuMeHTOB [15, 16, 18], nedopmanus ciioeBoi CTpPyK-
Typbl cMekTuKa C*, MPOMCXOIUT B OY€Hb CUJIbHBIX BHEIHUX 3JIEKTPUUYECCKUX MOJSAX. BenmnuuHsb
TaKUX TOJIEH 3HAYUTENBHO MPEBBIIIAIOT 3HAYCHUE NOJs [y ,KOTOpoe ObUIO MPHUBEICHO B OIICH-
ke (21). IloaTomy, KpomMe JIMHEWHOTO MO TOJIO BKJIAJa, B CBOOOJHOW SHEPrHM MJisi OMHUCAHUS
nedopmalm cioeBol CTPYKTYpbl HEOOXOUMO YUUTHIBATh KBAJIpPaTUUHBIN BKIIAJ, CBSI3aHHBINA C
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Puc. 13. IIpocTpaHCTBEHHbIE 3aBHCHUMOCTH a3MMYTAJbHOTO yINIa ¢ TpU Tepe-
xone u3 U- B D-cocTosiHME, BBI3BAHHOM H3MEHEHHEM BEJIMYMHBI U HalpabJe-
HUSI BHEIIHETO sjekTpuueckoro monst: 1 —E = 5V /um, 2—E = 0V /um, 3 —
E=-063V/um,4—FE =—-0.75V/um,5—E =—-5V/um .

AHM30TPOIUEH JUAIIEKTPUICCKON MPOHUIIAEMOCTH cpefibl. TakuM 00pa3oM, CBOOOIHAsI DHEPTHUs
CHUCTEMBI OonuchIBaeTCs BeipakeHusmu (11), (12).

XapakTep aeopMamuy CIOEBOW CTPYKTYpPHI B AJIEKTPUYECKOM II0JIE 3aBHCUT OT COOT-
HOILEHUS MEXKIY INIaBHBIMH 3HAYCHUSIMU TEH30pa IUAJIEKTPUUECKON MPOHUIIAEMOCTH €1, €2, €3
T.€. OT TOTO, KaKOH 3HaK MMEKT MapaMeTpbl aHu3oTpornuu Os, Ae B BbipaxkeHnuu (5). Bce-
r0 BO3MOXXHO BOCEMb pa3jIM4YHbIX BapuaHTOB KoMmOuHammii 3 Ac > 0, Ae < 0, Ae = 0 u
Je >0, 0e <0, 0e =0 (cnyuaii Ac = Je = (0 OTHOCHUTCSI K H30TPOITHOM cpele).

OOparuM BHHMaHHE, YTO B CHJIBHBIX MOJSIX paclpelesieHHe YIIIOB 0 U (p 3aBUCUT OT
3HAKOB MapaMeTPOB TUICKTPUUECKON aHM30Tponuu. B wactHoCTH, B ciydyae O < (0 AUPEKTOp
BO BCCH sIYCHKE OPUEHTHPOBAH B IUIOCKOCTH X Z. [Ipy 3TOM yroj HakJIOHa CMEKTHYECKUX CIIOCB
MOXET YBEIUYMBATHCSA. DTO, B YACTHOCTH, Habmomaeres st ciydast Oz < 0 u Ae > 0.

JJ1s1 OITHOOCHOTO KHUIKOTO KprcTamwia ¢ Jc = () pacmpeneseHue 1o yriy ¢ He JOCTUTaeT
npeebHBIX 3HAYCHUI MIPU BEIOPAHHOM 3HAYCHUH TOJIS.

Haubonee muTepecHbIM mpenctaBisieTcs ciaydaid O > 0 u Ae < 0, korga TupekTop
JISKUT B TUIOCKOCTH Y Z, 4TO COOTBETCTBYeT yriny ¢ = (. Ilpu 3TUX 3HaueHUSX aHU3O0TPONUU
HaOJTFOIAeTCs TIEPEXO0] OT IIEBPOHHOI» CTPYKTYPBI K CTPYKTYPE «KHIDKHOU MOJIKWY. DTO U3ME-
HEHHE CJII0CBOM CTPYKTYPBI MOKET OBITH ONMMCAHO aHAIUTUICCKH.

[Tpearmonaras o aHAJIOTUH C METOMIOM, TIPEIJIOKEHHBIM B paboTe [3], 4TO rpaHuUIbl STUeH-
KU OTHECEHbl Ha OECKOHEYHOCTb, MojcTaBuM B BbipaxkeHue (11) ¢ = 0. YuutsiBasg ManocTtb
yIoiIa §, OJIYYUM CIICTYIOIINE BRIPAKEHUS IS TUIOTHOCTH CBOOOIHOM YHEPTHH:

Ba

f=K()?+ %54 — 752, (46)

rae
2

1 E
292 2
a = -0 B 2P E + o (Oe — cos®0Ae)| . 47)
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MuHuM#3amus cBOOOAHOM YHEPTHH C IUIOTHOCTHIO (46) MPUBOIUT K CIIEAYIOIIEMY ypaB-

HCHHUIO: )
25 5 ,
d—§2+1(06—5)—0, (48)

rae & = x/l. DT0 ypaBHEHHE UMEET [[Ba PEIICHUS:

0(§) = vath (\/gﬁ) : (49)

5(€) = 0. (50)

W3 ananusa mIOTHOCTU CBOOOJHOMW sHeprun (46) criemyeT, uTo /Uit 3HaYeHU o F npu

KOTOpBIX v > (), perenuem ypaBHenus (48) Oynet Beipaxkenue (49). Ecnu xe o < 0, To MUHUMYM

CBOOOIHOM PHEPTUM JOCTUTAETCs MpU BTOpoM pemieHud (50). DT penieHus: mo3BOJSIOT HAWTH

BbIpaXEHHE JI1 CBOOOJHOW PHEPIHMM BO BHEILIHEM 3JIeKTpudeckoM nosne. s o > 0 cBoOonHas

SHEPrHsl MOXKET OBITh HaliJieHa MHTerpupoBaHueM (46) ¢ POCTPAHCTBEHHBIM PACIIPEICICHHEM
yIJla HaKJIOHa CJI0€B U3 ypaBHeHUs (49). OTa 3aBUCUMOCTb UMEET BUJ:

sl on (e (45) ] ()} o

B cnydae o < 0 BennumHa cBOOOIHOM SHEPTUs paBHA HYIIIO.

0. 18 Ep
0.0F 1 T
/////
- 05 e
§-
Q -1.0r
H
g - 1.5}
- 2.0} B
-
0. 18 Ep
E, V/um

Puc. 14. 3aBucumocTb CBOOOAHON 3HEPTUU OT BHELIHETO AJIEKTPUYECKOTO IOJIS.
[Ipu BbIYMCIEHUSAX OBLIIM UCIIOJIB30BaHbI CIEYIOIIME 3HAYEHUS TapaMeTpoB: K =
0.15% 107N, B = 0.5 % 105J/m?, Py = 10~* C'/m?, 0 = 0.3, Ae = —1.03,0 =
7/9,u=0.9L=4pum.

3aBUCUMOCTh CBOOOAHOM 3Hepruu F OT BHEIIHEro 3JeKTpUYECKOro MoJjs MpeicTaBlieHa
Ha Puc. 14. U3 rpaduka BUJHO, YTO AJ1s HEOOIBIINX O BEJIMYHUHE TOJIEH «IIEBPOHHAS) CTPYKTY-
pa OKa3bIBaeTCsl SHEpreTudecku Oosee BhIrOIHON. [Ipy MOBBIIEHNH BETMYMHBI BHELIHETO OIS
cBOOOJIHAsI SHEPrusl «UIEBPOHHOIO» cMekThka C* Bo3pacTaeT M IpH HEKOTOPOM 3Ha4eHUU [p
nocruraet 3HaueHus F' = (. C 37TOro MOMEHTa CTPYKTYpa «KHUKHOM MOJKNW» ¢ 0 = () CTAHOBUTCS
npennoururenbHei. Kax cienyer u3 Bolpakenus (51), paBeHcTBO F' = (0 BO3MOXHO HE TOJIBKO
B ciayyae o = (0, HO ¥ PU HEKOTOPOM IOJOXKHUTEIbHOM 3HAYEHUHU MapaMmerpa «, JUIsi KOTOPOTro



Bausanue snexmpuueckoeo nonsi na cmpykmypy ule8pOHHbIX CMEKMUKO8 97

BBIp@KEHHE B QUTYPHBIX CKOOKax B (51) oOpamiaercs B HOJIb. DTO B CBOKO OUepE/Ib O3HAYACT,
YTO B COOTBETCTBUH C (opMylioii (49) mepexoq OT CTPYKTYPhI «IIEBPOHA» K «KHHUKHOH ITOJIKE
HOCHT TIOPOTOBBIN Xapakrep. st Toro, 4roObl HAWTH 3HAYCHHE MApaMeTpa o = «up U TOPOro-
Boe mnosie F'p, 3aMeTUM, 4TO BBIpaKeHHE B (DUTYpHBIX CKOOKax B (51) oOparraercs B HOJIb MpU
OOJIBIINX 3HAYCHUSIX apTyMEHTOB rUnepOoIuIeckux QyHKIui. B 3TOM cirydae MOKHO 3aMEHUTh
rurnepoomyeckue PyHKINNA UX aCHMITOTUKAMH U TOTJA:

800 [2

9 L
OT0 BeJIMYMHA OKa3bIBaeTCs KpailHe MaJloil U M03TOMY IOPOroBo€ Mojie [p MOXKET ObITh

OLICHEHO U3 ypaBHEHUsI (47), B KOTOPOM MapaMETP (v MOYKHO MOJIOKUTh PAaBHBIM HYIIIO:

ap = (52)

=20 Py + /AT P} + 21202 B(0e — Ac cos? 0)
B OJe — Ae cos? 0

Ep : (33)
Ilepexon OT CTPYKTYpBI «IIEBPOHA» K CTPYKTYPE «KHMKHOH IOJIKW» IIPOXOAUT B JBa 3Ta-
na. Ha mepBoM yroi HakjioHa CIIO€BOM CTPYKTYpHI ) TUIABHO YMEHBIIAETCS C POCTOM BEITMYUHEI
BHELIHETO 3JIEKTpUUecKoro nois. Korna nosne gocturaer noporoBoro 3HaueHus £p yroi noHuxa-
eTCsI 10 KPUTHIECKON BEIUYHHBI Jp (&), OMUCHIBAEMOl ypaBHEHHEM (49) ¢ mapaMeTpoM o = aup.
Ha BTOpOM 3Tame mpOMCXOIUT CTYNEHYaToe yMEHBIICHHE yIia ¢ A0 HYJIEBOTO 3HAUYCHHsS HpPU
yBenuuenuu nossi. 3 Beipakennit (49) u (52) cienyert, 4To IPOCTPAHCTBEHHOE PACTPEICIICHHE
dp(£) 3aBUCHUT TOJIBKO OT YHPYTUX XapaKTEPUCTHK KUAKOTO KPUCTAIIA U TOJIIHHBI SYCHKH.

Ha Puc. 15 moka3aHbl M3MEHEHHs «IIEBPOHHON» CTPYKTYpHI JJsl OBYX HaOOpOB mapa-
MeTpoB. PucyHOK 15a neMoHCTpUpyeT pe3yabTaTbl BBIYUMCICHUN JUIsl CUCTEM C KOPOTKHM IIAarOM
crMpayd ¥ OOJBIIUM 3HaYEHHEM CHOHTaHHOM nosjspusauuu Fj, KOTOpble ObLIM UCCIEIOBAHbI B
CepUH 3KCIIEPUMEHTOB, onUcaHHbIX B pabdore [18]. Ha Puc. 15b nmoka3ans! pe3ynbsrarbl aHanorud-
HBIX BBIYMCIICHUH, HO JJI CUCTEM C JJIMHHBIM L1aroM CIMPaId U HU3KMM 3HAYCHHEM CIIOHTAH-
HOH mousisipu3anuu F, Kak 3T0 ObUIO UCCIIEI0BAHO YKCIEPUMEHTaIbHO B padote [15]. Xapakrep
nedopMalK CJIOEB B CUJIBHBIX HOJSAX KaYECTBEHHO COINIACYETCs C pe3ysbTaTaMH 3KCIIEpUMEH-
ToB [15, 18]. Bennunna nmoporoBoro mosis, HaOrogaeMasi B 9KCIIEPUMEHTAX, 3HAYUTEIILHO HUXKE
pacyeTHON. DTO HECOOTBETCTBHE MOXKET OBbITh BBI3BAHO TE€M, YTO BBHIYHUCIEHHSI OCHOBBIBAJINCH HA
UJCATbHON MOZEIIH «IIEBPOHHOW» CTPYKTYpPBI C )KECTKUMHU YCIOBHSAMM HA IPAHMIAX, TOIJA KaK
00pa3ibl UCCIENyeMbIe B IKCIIEPUMEHTE OOBIYHO COEPIKAT Pa3IMYHBIC TUIIBI Je(EKTOB.

7. 3akiao4yeHue

IIpoBeneHbl pacueTbl OPUEHTALMOHHON M MPOCTPAHCTBEHHOM CTPYKTYpPBI IIEBPOHHOIO
cmekTrka C* BO BHEIIHEM AJIEKTpHYecKoM moje. OmnucaHne MpOBOAMIKMCH IS IBYX MOZIETEH
meBpoHa ¢ pe3kuM (22) u mnaBHbM (11), (12) u3MeHeHue yriia HaKJIOHA CIIOEB B CEpEMHE
auyeiiku. B pesynbrare npoBeeHHOro aHajan3a ObUIN MOJIyYEHBI CIEAYIOLIUE PE3YIbTaThI.

bbu1o 0OHapykeHO, YTO B OTCYTCTBUU BHELIHETO 3JIEKTPUUYECKOTO IOJIS MPEeAIOKEHHbIe
panee mozenu [3,4], B KOTOpbIX cucTeMa ypaBHeHUH (15) Obl1a TMHeapu30BaHa M0 a3UMYTajIbHO-
My YOIy ¢, JaioT AOCTaTOYHO XOpoIlee OnucaHue OMCTaOMIBHON OpUEHTAllMOHHOM CTPYKTYpBI,
JlaKe IS cilydasi, Korja yroil ¢ He SIBISETCS MaJIbIM.

B caObIx BHEIIHMX 3JIEKTPUYECKUX MOJSAX ObUIO HAlJAEHO aHAJIUTHYECKOE PELICHUE AJIs
pacrmpeniesieHue a3uMyTaIbHOTO yIia (0 OPUEHTAlUU AUpEKTopa s MmoAenu [1,2] u uynuciaeHHoe
pemenue s Monenu [3,4]. Oba pemieHus ObLIM paclpoCTpaHEHbl Ha Cilydaill orpaHMYEHHOU
AYCHKH.
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Puc. 15. Ilepexox OT «IEBPOHHON» CTPYKTYPBI K CTPYKTYpPE «KHUKHOU ITOJIKH»
TOJ1 IEHCTBMEM CHJILHOTO BHEIIHETO 3JIEKTpUdeckoro nojs. Ha rpadukax mpu-
BEJICHBI MPOCTPAHCTBEHHBIE 3aBUCHMOCTH CMEIIEHHS CIIOEB U, TIPH Pa3IMYHBIX
3HAYEHMAX BHELIHETO MOJIs. [P BHMUCIEHUAX OBUIM HCTIONB30BAHBI CIIETYIOIINE
3Hadenus napametpoB: K = 0.15 % 107N, B = 0.5 x 10°J/m?3, 9 = 0.3, Ae =
—1.03,0 =7/9, 4 =0.9. Buactu a : Py = 11x107* C/m? L = 15 pum, B yactu
b:Py=10"*C/m? L =4 um.

bruia HalifieHa 3aBUCUMOCTb CBOOOJHOW SHEPIrUU CUCTEMBI OT BEJIMYMHBI U HAIIPABICHUS
BHEIITHETO 3JeKTpudeckoro noist. MceaemoBana gopma u BeICOTA MOTEHIIMAIBLHOTO Oapbepa, Ko-
TOPBIN TOJKHA MIPEOIOJIETh CUCTEMA IIPH NEPEXOAE U3 OFHOTO CTAOMIIBHOTO COCTOSIHUSA B JIPyroe.
[TosmyueHa oueHka AJ1s IOPOrOBOM HAPSPKEHHOCTH AIIEKTPUUECKOTO MOJIsA, PU KOTOPOH MpOMC-
XOIUT MEPEeXoi OT OJHOI0 CTAOMJIBHOTO paclpesieeHusl AUPEKTopa K APYroMy MpH U3MEHEHUU
HaIpaBJICHUs BHEIIHETO IOJI.

B cuinpHBIX BHEIIHMX IOJSAX B CUCTEMAxX C PA3JIMYHBIMU COOTHOLIEHUSAMH MEXIY IJIaB-
HBIMU 3HAYEHUSIMU TEH30PA TUAJIEKTPUUECKON MPOHULIAEMOCTH HalIeHbl paclpeesieHUs] OpUEH-
Taluy JUPEKTOpa U yIvla HaKJIOHA LIEBPOHA IO ToJIIMHE s4eiku. [loka3aHo, 4To MpU HEKOTOPHIX
COOTHOUICHMSIX MEX1Y IIaBHBIMU 3HAYEHUSMHU TEH30Pa IUNIEKTPUUYECKON IPOHUIIAEMOCTH, yBe-
JIMYEHUE HANPSHKEHHOCTH AIEKTPUUECKOTO MOJIsl IPUBOJUT K IIEPEXOY OT IIEBPOHHOM CTPYKTYPbI
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K CTPYKTYpPC «KHIDKHOM ITOJIKH. Honyqua OILICHKa JIA HOpOFOBOﬁ HAIpsHKCHHOCTHU BHCUIHETO
noJust, Ipu KOTOpOI>’I IMPOUCXOOUT I3TOT IIECPECXO.

HpOBeI[eHHBIe PacuCThl IMO3BOJIMIN KOJIMYCCTBCHHO OIMMCATh OPHUCHTALIMOHHBLIC U CTPYK-
TYPHBIC UBMCHCHUA B CCTHETOIJICKTPUUICCKOM MICBPOHHOM CMCKTHKE C* BO BHeEIIHEM QJICKTpHUUC-
CKOM IIOJIC, YTO ABJIACTCA Ba’XHBIM IJIA pa3pa60TKH OIITHYCCKUX HepeKJIIO‘-IaTeJICﬁ Ha HNICBPOHHBIX
AYCUKax.

PaGora BeimosnHeHa npu mnoanepxkke rpanta 0.37.138.2011 nmo mnporpamme pas3Bu-
tus CIIOI'Y.
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Ha ocHoBe MeTO1a MOTIEKYIIIPHOH AUHAMHKH TIPEIUIOKEH aITOPHUTM, BIIEPBBIE TO3BOJLFOIINI MOICITHPOBATH TIOCKOE
TeyeHue Quiionsa B HaHOKaHaJaxX C IEpenajoM JaBieHus. B3ammopeicTBue Mosekyn (uionga MOJEIHPOBAIOCH
MOTEHIMAIOM TBepabIX cdep uim noreHuuanom Jlennapa-/xonca. Vizydensl cBoiicTBa HaHoTeueHuil. [lokasano, uto
CTpYKTypa (uironaa B HaHOKaHaJIE CyIIECTBEHHO OTIIMYAETCSl OT €ro CTPYKTYphl B oObeme. [IpencTaBiensl 1aHHbIE
0 3aBucHMOCTH Kod(p¢uuunenTta tpeHus ¢uironga Ha creHke oT yucen Knyncena u PeitHosnbaca. YcTaHOBIEHO, 4TO
MaJICHUE JTABJICHHUS CYNICCTBEHHO 3aBUCHT OT KO3 GUIIMEHTOB akkomonanuu (st ¢ironaa TBepasix cdhep) Wim ot
apaMeTpOB B3aMMOJCHCTBHS MOJIEKYN CTEHKH ¢ MoJekynamu (uronna (mms ¢monna Jleanapa-/Ixonca).

KaroueBble cji0Ba: HaHOKaHANBI, MAACHUE ABICHUS, CONPOTHUBICHUE TPEHMS, METOJ MOJEKYISIPHOW ITMHAMHKH,
CTPYKTypa XKHUIKOCTH.

1. BaeaeHue

AKTUBHOE U3y4YeHHE MHUKPOTEUEHHUIl JKUAKOCTH W Ta3a, HaOmrojarolieecs B IOCIIEAHEe
JIBa/IIaTUIIETHE, MOTUBUPOBAHO IMOSIBICHUEM OOJBIIOIO YHUCIA MUKPOIIETPOMEXAaHUYECKUX CH-
cteM (MOMC), a no3zaHee U HaHOTeXHOJOrMH. J[aHHAs TeMaTuka CTOJIb aKTyaslbHa, YTO YXKe
CYLIECTBYIOT CIIeL[MAIN3UpOBaHHble MOHOrpaduu. 1 eciu B koH1e 80-x rogoB, Korjna HHTEpeC K
ATON TEMaTUKEe CTaj OYEBHJIEH, OCHOBHBIE €€ NMPUIIOKEHUS CBOJMWINCH K CO3JIaHUIO Pa3IMYHBIX
MOMC u OGuoxumuyeckux cuctem tumna lab-on-chip, To, yxxe Haumnas ¢ 90-X, IPOUCXOIUT ee
nuBepcudukanus. [llupe cranoBUTCS 001aCTh MPUMEHEHHMS, B TOM YMCIIE B MEIUIMHE, (hapMaKo-
J0TuM, OUOJIOTUH, TEIUIOIHEPTeTUKE, TPUOOPOCTPOCHHUH, KaTalIU3€ U T.J. YKE B 3TOM CTOJETHH
HPOSIBUIICS. aKTUBHBIA MHTEpEC U K HaHOTeYeHUsAM. CBsI3aHO 3TO HE TOJIBKO C CO3JJaHWEM HaHO-
TEXHOJIOTMH Pa3JIMYHOIO HAa3HAYEHUs, HO U C MUCCIEAOBAaHUSAMHU B JOCTaTOYHO TPAJAUIMOHHBIX
oOJacTsx: OuoIoruu, reopusmkKe, TeIIo3HepreTuke u T.4. Jlo CUX IOp OIHUM M3 CaMbIX 3arajod-
HBIX TPOLIECCOB SABISETCA MEPEHOC MUTATENbHBIX BEIECTB B PACTCHUAX M JKUBBIX OpraHU3Max.
AKTHBHO IPOBOJSATCS UCCIIEN0BAHUS 110 CO3/IaHUIO PA3IMYHOTO PO/Ia MUKPOIIOPUCTBIX NOKPHITHM
U TEYEHUH B HUX. AKTyalbHOCTb JUIsl Poccuu HedTe- 1 ra3000bI4N CETOHS MOHSATHA BCEM, a TH-
IIUYHBIE pa3MepbI MOp B HECYLIUX (OopMaLMsIX MEHSIOTCS OT JIECATKOB HAHOMETPOB JI0 JECSATKOB
Wi Jaxe coreH MUKpoH [1]. Takum 0Opa3oM, u 34€Ch UMEIOT MECTO MUKPO- M HAHOTCUCHUSI.

Kak u3BecTHO, B OOBIYHBIX YCIOBHUSX TEUEHHUS JKUAKOCTEH M HE CIMILIKOM pa3pexeHHBIX
ra3oB BIIOJIHE MOXKHO OIUCHIBaTh METOAAMHU MEXaHWMKM CILIOUIHOHM cpenbl. OJHAKO B MUKpPOKa-
HaJlaX CUTYyalUs CYLIECTBEHHO MeHseTcs. MUKpOKaHalaMu OOBIYHO HAa3bIBAIOT KaHAJIbl, OJUH
U3 XapaKTEepPHBIX Pa3MEpPOB KOTOPHIX h (HampuMmep, BbICOTA IJIOCKOTO KaHasla WM JUaMeTp LH-
JIMHJPUYECKOr0) oKa3biBaeTcs nopsaka ot 1 no npumepHo 300 MkM. B 3TuX ycinoBusix TedeHus
JKUJKOCTH M ra3a, Kak IPaBUJIO, CIENyeT OMMCHIBATh M0-pa3HOMY. JeHCTBUTENIBHO, €CIIU a3 HE
CJIMIIIKOM TUTIOTHBINA (10 naBieHuid mpumepHo 10-20 arm.) cooTBercTBytomiee yucio Kuyncena
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K'n Takux MUKpoTeueHui u3MenseTcs B npegenax: 1072 < Kn < 10%. B 3ToM quana3oHe yucen
KHyncena TedeHHe y)Ke HE ONMCBHIBAECTCA YPAaBHEHUSAMH TMAPONMHAMHMKHU. TouHee, Ha HW)KHEM
IIpeJeNe BCe ele MOXKHO HCIOoJb30BaTh ypaBHeHUs HaBbe—CTOKCa, HO ¢ IpaHUYHBIMHU YCIOBH-
MU CKOJILKEHHs1. 3areM nmpumepHo 10 uucen Kuyacena Kn ~ 107! HeoOXoauMo npUMeEHSTH
ypaBHeHus bapHerrta, a moTOM — KMHeTHYeckoe ypaBHeHHe boibimana. [Tpu 3ToM cTouT UMeETh B
BUJY, UTO K MCIOJb30BAHUIO YpaBHEHUN bapHeTTa HEOOXOIMMO OTHOCUTHCS C OCTOPOKHOCTBIO.
CTporo roBopsi, OHU HE IOJIHBIC U HE YYUTHIBAIOT dPPEeKTOB mamstu [2].

KoHuenuus CrulomHoi cpeapl Ais KMAKOCTEH paboTaeT, eciu MOXKHO BBIIEIUTH T'MJI-
pOAMHAMHYECKUH (PU3MYIECKH OECKOHEYHO MAaJIblii MacmITad 7, 9TOOBI (IYKTyalusMH BHYTPH
COOTBETCTBYIOIIET0 00beMa MOXKHO ObLIO mpeHedpeds. Jist xuakocT 1, ~ v dh [2], toe d —
XapaKTEepHbIM pa3Mep MOJIEKYJbl KUAKOCTUH. Ecim MUKpOKaHal MMeeT BBICOTY h ~ 1 MKM, TO
r, ~ 2-107% cm, 4TO y’Ke BMOJHE COMOCTABUMO C BBICOTOM KaHana. [109TOMY NpU HaIMYuu
B TaKOM TEUEHUH I'PATUEHTOB MAaKPOCKOIMYECKHUX NMEPEMEHHBIX I'MIPOAMHAMUYECKOE ONMCAHUE
Oyner naBarh cOou. TpyaHOCTHM BbI3bIBaET Aa)K€ MPOCTO BBEIEHHE MAKPOCKONMMYECKHX Iepe-
MEHHBIX, KOTOPbIE 110 ONPENEICHHUIO €CTh CPEeHUE N0 (PU3MUecKH OECKOHEUHO MajloMy 00beMy
COOTBETCTBYIOUIUX JUHAMMUYECKHUX MEPEMEHHBIX MOJIEKYJISpHON cucTeMbl. TakuMm oOpa3om, Ha-
quHAs pUMEpHO ¢ 50 MKM, JIJIsI MOAETHPOBAHUS MHUKPOTCUCHUI HEb3sl MPUMEHSITh OOBIYHBIC
ruipoAuHaMudeckue Meronl. KakoBa ansrepHaruBa?

[Tpu onucaHuM ra3oB CieyeT, IPEKIE BCEro, UMETh B BUJY, YTO B MUKpOKaHaJIax HE0O0-
XOJIMMO aHAJU3UPOBaTh HECKOJBKO MapaMeTpoB Moao0us. TUIMMYHON ABIsSETCS CUTyalus, Koraa
uncno Knyacena nmo mmpune pasao Kn < 107%, a no Beicore— Kn > 1, B HaHOKaHaax —
Kn > 10. Kazanoce Obl, AJi1 MOACIUPOBAHUS MOKHO HCIOJIB30BAaTh METOJI MPSIMOTO CTaTUCTHU-
yeckoro mozaenupoBanusi Monte—Kapio (IICM) [3]. OnHako CKOpOCTH TEUCHHU B MUKpPOKaHaIax
O0OBIYHO HE BEJUKH, a B 3TUX ycioBusax meron IICM pabGoraer He yaoBIeTBOPUTENIbHO. Peannb-
HOTO IPOJBHMKEHUS MOXKHO OXKMJIaTh, pellas JJIs JaHHBIX 3a7ad IOJIHOE ypaBHeHHE bonbliMaHa
WIN IPUMEHss MeTo/l MosieKysipHoit auHamuku (M/I). B nmocnennee Bpems 10CTaTOYHO aKTUBHO
pa3BUBaeTCs METOJ, B KOTOPOM JJIsl ONMCAHUS TEUEHUs ra3a B MUKpPOKAaHAJIE UCIIOJB3YETCS TO
WIM UHOE MOJIETIbHOE KHHETHUECKOE ypaBHEHHE.

ITpu MozenMpOBaHUYU TEUYEHUH IIJIOTHBIX Ia30B U KUAKOCTEH, KaK YXKe YKa3blBaJIOCh, IS
JIOCTaTOYHO MaJIbIX MMKPOKAHAJIOB HEJb3sl UCIOJIb30BATh OOBIYHBIN T'UAPOJUHAMMUYECKUN MOA-
xo/1. PaKTUYECKH €MHCTBEHHBIM METOJIOM MOJEIUPOBAHMSI, HE BI3bIBAIOIINM KOHIENTYaIbHbBIX
BO3paxkeHui, ssisiercsa Meron MJI. AKTMBHOE H3y4Y€HHE CBOMCTB MMKPOTECYEHHMM 3TUM METOJOM
HAYaJIOCh C CEPEIUHBI BOCBMHIECITHIX TOJIOB MPOIILIOTO BeKa (CM., Harpumep, [4] 1 TuTUpyeMyto
TaM JIMTEPaTypy), 3a 3TO BpeMsI ObLIO MOJYyUEHO TOCTaTOUHO MHOI'O MHTEPECHBIX pe3yibraroB. B
OCHOBHOM OOBEKTOM MOZEIMPOBAHUS SBIISUINCH MUKPOCKOIINYECKHE aHAJIOTH XOPOILO U3BECTHBIX
teuenuit Kystra u Ilyazeitns.

Teuenune KyaTTa, Kak paBUit0, MOIEIUPYETCS C IIOMOILIBIO TYEHKH, 1BE TPAHULIBI KOTOPOU
IPEACTaBISIIOT cO00M ABMXKYIIMECS B HMPOTHUBOINOJIOKHBIE CTOPOHBI IUIACTHHBI. Mexay HUMHU
HaXOAATCSA MOJIEKYJIbl KUAKOCTU. J[1sl Takol cUcTeMbl OBUIM IOJYYEHbI JAaHHBIE O MPOQHIIAX
CKOPOCTH U JIPYT'MX XapaKTepUCTHUKax TeueHus (cM., Hampumep, [5]). ToBops o coorBeTcTBUM
mMozenu TeueHus Kyarra u peanbHbIX T€YEHHUH TAKOTO POZa, OTMETUM, YTO CKOPOCTH cABura B M/|
MOJICJIMPOBAHUHU B COTHHU Pa3 MPEBOCXOAAT pealbHO JOCTUKUMBIE, UTO CBSI3aHO C OTPaHMYEHHBIM
OBICTPO/IENCTBUEM COBPEMEHHBIX KOMITbIOTEPOB. B ocTanibHoM M/I TeXHOIOTHS MOJEINPOBaHUS
JTAHHOTO TE€YEHHUSI COOTBETCTBYET peanbHOMYy TeueHHuto Kyarra.

B 1o xe Bpemsa npu M/I monenmupoBanuu teuenus llyaseiunst 1uis ero reHepauuu BBO-
JIUTCSl HEKoTopasi (PUKTHBHasI cuia (CM., Hanpumep, [4-7] U LUTUPOBAHHYIO TaM JIUTEPATypy).
Yacto 3Ty cuily Ha3blBalOT I'PAaBUTALMOHHOW, HO OHA HAa MOPSIAKH IpeBbIIAeT nocienHiow. C
JIPYrold CTOPOHBI, HAJIMYUE MOCTOSHHO JEHCTBYIOLIEH CHIIBI MOPOXKIAET YCKOPEHHE MOJIEKYJ B
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MIPUPOZIE OTCYTCTBYIOLIEE, O3TOMY MPUXOAUTCS HCIIOJIB30BATh PA3JIMUHbIE METOJIbI KOPPEKLUU
UX CKOpOCTeH (Tak Ha3bIBa€MbIN TEPMOCTAT M T.II., CM., Hanpumep, [4,7]). B pe3ynsrare ucronb-
30BaHUA CTOJIb UCKYCCTBEHHBIX MPOLIEYp TaK U HE YAAETCS CMOJAEIUPOBATh PealbHOE TEUCHHUE,
BO3HUKAIOIIEE B KaHAJIE MO ACHCTBUEM Mepernaja J1aBIeHUsl.

B nanHoll pabote mpeanaraercs HOBbIM M/I anroputm, Mo3BoSIOIIMN MOJEIMPOBATH
peasibHOE IUI0CKOE TeueHue Tuna Ilyaseiins, Xxapakrepuzyemoe onpeaeeHHbIM IPaJueHTOM JaB-
JeHUs1, U 00CYXKTAIOTCSI 0COOCHHOCTH TUIOCKMX TEYCHUH B HAHOKAHAJAX.

2. MeToauka MOJ€/JIMPOBAHUS TCUCHUS

B nmanHoif pabore Momenupyercs IIOCKOe Te4eHue (BHAOIb OCH x, CM. pHUC. 1) MOJEKy-
nspHOTO (pIIrOMa B KaHAIE JUIMHOW L MeXIy IByMsl MapaUIebHBIMU TUTACTHHAMHE, PACCTOSHHE
MEXJy IUTACTUHAMHU PaBHO h. Sldelika MOICTUPOBAHUS MPEACTABISIET COOOW MPSIMOYTOJIbHBIH
HapaUIeNIeIUIe ], HIKHSSL M BEPXHSSI TPAHH KOTOPOro (IEPHEHIUKYISPHBIE OCH Z) SIBISFOTCS
CTCHKaMU KaHaja. Pa3mep siueiiku BIOJb OCH i paBeH b > h ¥ B 3TOM HalpaBlICHHH UCIIOJIb3Y-
I0TCSl OOBIYHBIC TIEPUOANYCCKIE TPAHUYHBIC YCIOBUSI.

Puc. 1. Cxema MOACIHUPOBAHUA TCUCHUS B IIJIOCKOM KaHAJIC C IICCBAOIICpUOANYIC-
CKUMHU I'PaHUYIHBIMHU YCIIOBUAMHU

YroObl Oprann3oBarh TeueHue (ronaa, Obu1 pa3padboTaH alropuT™, UCHOIb3YIOIIUN CIie-
IaJIbHBIM 00pa3oM MoJu( MIMPOBaHHbIE IEPUOIMYECKHE I'PaHUYHbIC YCIOBUS Ha JIEBOM U Ipa-
BO# TpaHsX siueiKy (MePIeHANKYISIPHBIX OCH ). MOJEKyIbl, HAXOSIINECss BHYTPH KaHaja, He
MOTYT IepeceKaTh JIEBYIO I'paHb siueiiku (Hampumep, mosiekyia 1 Ha puc. 1), B3aumoneiicTsue
c HeH 3amaércst 3epKaJbHBIM WK TU(GQY3HBIM TPAaHUYHBIMH yCIOBHAMHU (cM. HIke). IIpaByro
rpaHb MOJIEKYJIBI MOTYT IEPECEKaTh, MPU 3TOM ISl MOJIEKYJIbl, MPOXOAAIIEH MPaByl0 T'PaHUILY
(Hanpumep, Mosekyna 2a Ha puc. 1), co3maercs komus Ha jeBoi (2b ma puc. 1). Koopauna-
Thl & LIEHTPOB MOJIEKYJIBI U KOIHUU OTJIMYArOTCS Ha L, OCTalbHbIE UX KOOPAUHATHI U CKOPOCTH
oInHaKoBbl. [Ipy pemenny ypaBHEHUN ABUKEHUS TAKOW MOJIEKYJIbl YYUTBIBAOTCS €€ B3aUMOACH-
CTBUS C MOJIEKYJIaMM, HAXOIALUIMMHCS KaK y JIEBOM I'PAaHULBI, TAK U Y IIPABOM, YTO COOTBETCTBYET
NIEPUOINYECKUM I'paHUYHBIM yciaoBusM. Korna mosnekyna, nepecekaeT npaBylo I'PaHb SYEHKU U
IIOJIHOCTBIO BBIXOIUT U3 KaHaja, €€ KOIKsA y JIEBOM I'paHH ocTaeTcsi. E€ ckopoCTh pa3bIrpblBaeTCs
cilydaiiHbIM 00pa3oM B COOTBETCTBUU C paclpezencHueM Makcpesia

_ M mo; L
f (Ul) - 52kT SXP \ — 55T y VL =T,Y, 2,

fw)=dnr (2:;T>5 v? exp (—%) :

(1)
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rae ' — temneparypa JIeBoi CTeHKH, k — nmocTosHHas boibiiMana, m — Macca MOJIEKYIbL, v;— KOM-
MIOHEHTa CKOPOCTH, ¥ — MOAYJIb CKOpocTU. [Ipu 3TOM mpOEKIusi CKOPOCTH MOJIEKYNBl HAa OCh &
BCErJa 3a/1aeTcs MOJMOKUTENbHOM. Takum 00pas3omM, JIeByI0 IpaHUIly KaHalla MOKHO paccMaTpH-
BaTh KaK MCTOYHHK MOJIEKYJ, CKOPOCTH KOTOPBIX pactpenenensl no 3akony (1). [Tonnoe uucio
MOJIEKYJ B STYCHKE B JaHHOM aJITOPUTME HE MEHSETCA, YTO YAO0OHO IS €ro MporpaMMHOM pea-
JU3ALIUY.

Jlns onrcaHus B3aUMOJICHCTBUS MOJIEKYI (UIFOH1a UCTIONIb30BaIUCh MOTeHan Jlennapa-

Jlxonca (JI/T) |
wor= ()" (2)) 8

iy noteHman teepapix chep (TC)

o0, 1< d
rae o, € —napameTpsl noreHuuana JIJ1, a d — nuamerp TBepaoi cdepbl, MOAEIUPYIOIIEH MoJIe-
KYJTy.

BsaumopeiictBue Moisekyn (Irouaa co CTEHKOM 3aJaBajioch JIByMsl pa3UYHBIMH CIO-
co0amu, B 3aBHCHMOCTH OT BHJa UCIOJB3YEMOT0 MEXMOJEKYISPHOTO MOTeHIHana. B nmepBom
ciydae, st TedeHus Quronna JIJ Moiexyn, Kaxmas CTeHKa MOJICIHPOBANIACH ABYMS PsIaMu
HETOJIBIKHBIX MOJIEKYJI, PACIIOJIOKEHHBIX B y3JIaX KyOWYECKOM TpaHelleHTPUPOBAHHON PEUIECTKU
(MpUHLHMITHATIEHO BO3MOXHO PEaJIn30BaTh JIIOOYI0 YKIAIKy). B3aumozeiictBue Monekyn (ironia
C MOJIEKYJIaMU CTEHOK 3aJ1aeTcsl MOTEHLHAJIOM (2), mapaMeTpbl KOTOPOTO ONPENESUIUCH C TIOMO-
I[bI0O KOMOMHALIMOHHBIX COOTHOIIEHUI: 012 = /011022, €12 = 1/E11€22, TA€ 011, €11 — APAMETPEI
B3aMMOJICHCTBUSL MOJIEKYN (UIIOHIA, & 099, 99 — MOJIEKYJI CTEHOK. B pacuerax, MpUBEIEHHBIX B
3TON paboTe, MU3y4alloCh TeueHUe aproHa: oij; = 3.405 A, e /k = 119.8 K [8]. ITapamerpsr
MOJIEKYJI CTEHOK COOTBETCTBOBAIH YIIIEPOLY: Oa = 3.4 A, £90/k =28 K [9].

Jns Teuenus darouaa TBepAbIX chep BEpXHsAS M HUXKHSS CTEHKH KaHalla MOJEIHpOBa-
JIUCH ABYMS TBEPIBIMHU MapaijieIbHBIMHU TTOBEPXHOCTIMH. B3aumoseiictBue Mosekyn ¢ironaa co
CTEHKaMH MPOUCXOINUII0 MIHOBEHHO, UX CKOPOCTH MOCJE COyIapeHUs CO CTEHKOW KaHaja oIpe-
JeNsIach MO0 3epKabHBIM 3aKOHOM, JTH00 nud¢y3HbM, 1100 3epkanbHO-auddy3HBM. [IpH
3epKaJIbHOM OTPaKEHUU MOJIEKYJa U3MEHSET 3HAK MPOEKIUUA CKOPOCTH HA HOPMAJIb K CTEHKE v,
IPOEKIHMH v, U v, He MeHsAoTcs. [Ipu nuddy3HoM oTpakeHHH KOMIIOHEHTBI CKOPOCTU MOJIEKYJIbI
pasbITphIBatoTCs 1o 3akoHY (1) ¢ cooTBeTcTBYyMOMIIEH Temmneparypoil. Hakoner, npu 3epkaibHO-
b dy3HOM OTpaskeHHH OIS MOJIeKy:T ) B3anmozeicTBoBana auddysHo, a (1 — ) — 3epkajibHO.
OTMmeTHM, 4TO 3epKajibHble TPAHUYHBIC YCIOBHSI COOTBETCTBYIOT HYJIEBOMY 3HAYEHUIO KOIPPUITH-
€HTa aKKOMOJIAllMU UMITyJibca f cTeHKH, kod(pduuneHT akkomomganuu AU Qy3HbIX CTEHOK paBeH
eIUHUIIE.

B HayanbpHBI MOMEHT BPEMEHU MOJIEKYJbI (PIIIOMIa Pa3MEIIAIUCh B sYEHKE MOJEIHPO-
BaHMS PABHOMEPHO. VX MIOTHOCTH ompesensuach napamerpom Ban-nep-Baanbca € = nd® mus
TC dmouna u ey = nod s JIJT durona, TAe N — YUCIIoBas KOHIEHTpanus Monekyrl. Cko-
pOCTH MOJIEKyJl B HayalbHbIII MOMEHT 3aJaBaJIUCh COMNIACHO pacmpeaeneHuo Maxkcsemna (1).
3aremM paccuuThIBajIach BONOLUA cucTeMbl. s cucteMsl JIJ| Mosekyn ucmonbp3oBagach cxema
[Modunna, nus TC monekyn — cranaapTHeiid anroputM MJ[ monenupoBanus [10]. Ilar unTe-
rpupoBanus 1o BpeMenu pasusiicas At = 107'%c. Paguyc neiicteus JIJI moreHmmana Bo Beex
pacuetax paBeH 2.350. Ilocne 3aBepiieHusl pesakCalMOHHBIX IPOLECCOB, BpeMsl KOTOPBIX 3a-
BHUCUT OT Pa3MEPOB KaHaJIa, MJIOTHOCTU XKUAKOCTU U YCIOBHM B3aUMOJCHCTBUS CO CTCHKAaMH, B
KaHaJle yCTaHaBJIMBACTCS TEUCHUE KUAKOCTH. Jlanee HaUMHAETCS pacyET HYKHBIX XapaKTEPUCTHUK
(mosneit KOHIEHTPALMK, CKOPOCTH, JABJICHUS U T.1.).
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s onpenenenus aasnenus JIJI Mmonekyn ucnosnb3oBanack Gpopmysa, sBISIOIIANACS Cle-
CTBUEM Teopembl Bupuaia [11]
N
S 3F AR S )
B 2m

3V i=1 6V =1 j#i
Jusa TC dumronna noTeHnyan B3auMoJelcTBrs U cwiia F;; cunryisipaele. B 5ToM ciydae Bupuan
cunsl (r;; - F;;) 3agaercs UMITyJIbCOM, TIEpElaHHBIM B CTOJKHOBCHHMSX, U JaBJICHUE OLPEACIIACTCS

dbopmyoin
N
SNt Ly (A
3V 4 2m 6V i At
i= i=1 j#i
3nech r;; — paccTOsHUE MEKILY MOJIEKYIaMH, B MOMEHT CTOJIIKHOBEHHS OHO PAaBHO MX JUAMETDY,
Ap;; —MI3MEHEHHE MOy MMITyJIbCa ¢-OH MOJICKYJIBI 3a BpeMs At 3a CUET €€ CTOJNIKHOBEHHUS C

j-oi.

3. XapakrepHble 4epThl HAHOTEYEHH B IUVIOCKOM KaHaJle

Onucansbiil Boiie M/J[ anropuTm BIepBbl€ MO3BOJIWI CMOAEIUPOBATh PEABHOE ILIOC-
KO€ TeUeHHUE, B KOTOPOM MMEET MECTO Iepenaj AaBlIeHus BJI0JIb KaHana. B mponecce sBomonun
MOJIEKYJISIpHOTO ()TIOH/Ia B KaHAJIe YCTaHABIMBACTCS CTAIlHOHApHOE TeueHne. Ero xapakrepucTu-
KH, UX 3aBUCUMOCTb OT '€OMETPUHU KaHaJIa, XapaKTepa B3aUMOAEHCTBUSA MOJIEKY] CO CTEHKAMH,
CTpYyKTypa (ironsia B KaHaje OyIyT OIHUCaHbl B JaHHOM pazjeine. Bo Bcex ciyyasx u3ydasuch Te-
YeHMs B HaHOKaHaziax. BeicoTa kaHana BapbHpoBaach oT 6 1o 50 quamMeTpoB MOJIEKYI, JUIMHA —
ot 60 mo 250 nuamerpoB, a mupuHa — ot 6 g0 20 guameTrpoB (mis JIJI Monekyn B kadecTBe MX
JaMeTpa BeIOMpalics mapamerp o). TakuM oOpa3oM, camblil AJTMHHBIA KaHa1 UMEJ AJUHY BCEro
TuIbs 9yTh Oosbire 70 HM, a €ro BBICOTA BapbupoBasiack oT 2 a0 15 um. IlnmotHoCTh (ronma
M3MEHsIAach B JIOCTAaTOYHO IMPOKUX mnpenenax: ey = 0.0014 + 0.88.

3.1. IIpoduib ckopocTH TedeHHUs

ANTOpUTM MOZAEIUPOBAHUs, ONUCAHHBINA B paszeiie 2, MPeaoaracT Haludue BXOJHOTO
U BBIXOIHOTO YYacCTKOB TEUEHMs, KaK 3TO UMEET MECTO U B peallbHbIX TeueHusX. CranuoHap-
HO€ TEYECHHE YCTAaHABJIMBAECTCA HAa HEKOTOPOM PACCTOSHUHU OT BXOJa (JI€BOW IpaHMIIbI KaHaa,
IIPEICTaBIEHHOr0 Ha puc. 1). @opMupyemblii B TEUEHUH NPOPUIb CKOPOCTU 0OYCIIOBIIEH B3au-
MozelcTBUeM Moliekyn ¢mrouna co crenkoit. s JIJ| ¢mronna Bo Bcex ciydasx GpopMupyercs
napabonniyeckuil mpoduiIb CKOPOCTH BHIA

u = A(z* — zh — 5h), “4)

rae A — HEeKoTopasi KOHCTaHTa, a 0 — TaK Ha3blBaeMasl JUIMHA CKOJIBKEHHSI, ONpeelsieMasi COOT-
HowrenueM u(z = 0,h) =0 (Ou/02)|,_¢ -

D¢ dexT cronpxeHus HabNonaiacs U paHee B U3BECTHBIX paborax nmo M/I moxenuposa-
Huto HaHoreueHuit JIJ| dmronma. Teuenne TC dmronma momenupyercs BrepBbie. 31ech mapado-
JTMYECKUI PO CKOPOCTH BHUA (4) GUKCHPYETCs, TOIBKO €CIIA B3aMMOJICHCTBHAE MOJIEKYIT CO
CTEHKOW HE sBIsETCA 3epKalbHbIM. [Ipu 3epkanbHOM B3aUMOJCHCTBHH IO BCEW JUIMHE KaHaJa
HaOJI01aeTCsl yAapHbIM IpopuiIb CKOPOCTH.

B peasbHBIX MaKpOCKONMMYECKMX TEUECHUSAX JKUAKOCTH OOBIYHO CUMTAETCS, YTO MMEEeT
MECTO NpWIHNaHuEe (Iouja Ha CTEHKE, T.€. CKOPOCTh TE€UYEHHUS Ha CTEHKE paBHA CKOPOCTU ca-
Mo cTeHKH. CKoNbKeHHe PUKCUPYETCs JIMIIb JUIsl TEYEHUH pa3pexeHHoro rasa. B atom ciyuae
0 ~ 1 ~ Kn, tne | — nmuaa cBoOOAHOTO Mpodera monekyisl [12]. Takum 00pa3om, 0OBIYHO CUH-
TaeTCsl, YTO YUET CKOJIbKEHUsI He0OX0nUM, HauuHas ¢ uucen Kn ~ 5 - 1073, [Tockonpky nuHa
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CKOJIBKEHHS TIPOIOPIIMOHAIBHA [, TO B MAKPOCKOIIMUECKHUX TEUCHHUSAX HE CIIUIIKOM Pa3peskeHHOTO
rasa MM, €CTECTBEHHO, MOXHO npeHeOpeub. CoBepiiraeMasi omnoKa Mpu Majbix yuciax Kayncena
OyneT MaJa.

[Tpupoma TOSIBICHHSI CKOJIBKEHUS B TEUCHUSAX JKHJIKOCTEH CIIO)KHEE, YeM B TEUYCHHSIX
ra3oB. W eciu 1715 Ta30B CYIIECTBYET CHCTEMATHYECKAs TEOPHS, OTIPEACIISIONIAs JJIMHY CKOIbXKE-
HUS, TO JJIS KUJIKOCTEH COOTBETCTBYIOIIETO aHaora HeT. TeM He MeHee, SKCIIEPUMEHTATBHO JTH-
Ha CKOJIbKEHUS B MUKPOTEUECHMSIX MOCIEIHUE TOAbl OUeHb aKTUBHO M3ydaeTcs. Peructpupyrorcs
JUTMHBI CKOJIBKEHUS! OT HECKOJIbKMX HAHOMETPOB JI0 IPUMEPHO ABaanaTu Mukpometpos [13]. Ipu
UCTIOJIB30BaHUU THIPO(GOOHBIX M B 0OCOOCHHOCTH TaK HA3bIBAEMBIX YIBTPAaruapOoQpOOHBIX MTOKPHI-
TN JUIMHA CKOJILXEHHUSI MOXET OBbITh emie Oonbiie [14,15]. SIcHO, 4TO Hamu4Yue CTONb OOJBIINX
3HAYCHHUH (BIIPOYEM, KaK U MAJIbIX, TTOPSIKA HECKOJIBKUX HAHOMETPOB) JJIMHBI CKOJIBKCHUS HEJb-
351 OOBSICHUTH C TOUYKH 3PEHUSI KHHETUYSCKOU TEOPHUHU.

[Tpu mognenupoBanuu JIJ[ duronna ¢ MOMOIIBI0 OMMCAHHOTO B pasdenie 2 anropurMa
npouiIb CKOPOCTH YCTAHOBUBIIETOCS TEYCHHSI OMpPENeNseTcs JUIb apaMeTpaMu MOoTeHIraa
B3auMOJIeHCTBUS (UIOH]Ia C MOJIEKYJIaMU CTEHKH. B mpoBeleHHBIX pacueTax AJUHA CKOJIbKEHUS
YMEHBIIAJAch C POCTOM IUIOTHOCTH (utonaa. [IoBepXHOCTH MOIEIUPOBAIHCH CUCTEMOM MOJIEKYI,
PacroNOKEHHBIX B y3J1aX KyOMUeCKOl IrpaHelleHTpUpoBaHHON pemeTku. OJIHaKo B 00IIEM cilydae
XapakTep B3aMMOJEHCTBUS MOJIEKY (IIIor/a CO CTEHKOM, a 3HAUUT, U BEIMYMHA JUIMHBI CKOJIbXKE-
Hus OyZIeT 3aBUCETh OT TUIIA KPUCTAJNIMYECKON pPEIIeTKH TBEP/BIX MOBEPXHOCTEN, 00pa3yIommX
KaHai. B yactHocTH, B pabote [16] ObLJIO yCTaHOBIEHO, YTO HA JUIMHY CKOJBKEHHUS OKa3bIBaeT
BJIMSIHME THUI YIIaKOBKM MOJIEKYJ CTEHOK KaHalla ¥ yroj OpUEHTAIMHU MOTOKa HJIKOCTH OTHO-
cuTenbHO 0a3ucoB oOpa3yroliel CTeHKY KpUCTaIn4eckoil pemeTku. TakuM oOpa3oM, W3MeHss
TOTIOJIOTHIO CTEHOK, MOKHO PETYJIUPOBATh CONMPOTUBIICHUE IBUKEHHIO KHUJIKOCTH B HaHOKaHAJIE.

Jnuna cxonbxxenus i Tedenus TC doronna 3aBucena B epByo ouepeb 0T Kodphuiu-
€HTa aKKoMoJalu 0 1 ¢ ero pocToM yMmeHblianach. Tak, eciau npu 6 = 0.5 AJIUHA CKOJIBXKEHUS
pasusuiace 1.7d (mnotHocts uronma ey = 0.88), To mpu yBeawdeHHH € 10 SAWHUIBI JIJIH-
Ha CKOJIbXEHMsI yMeHblIanach Oojee yeM B Tpu pa3a u paBHsiach 0.5d. EctectBeHHo, JynHa
CKOJIBKEHHUS B O0OILEM Cllydyae YBEIMUMBAETCS M C YMEHbIIEHUEM IUIOTHOCTH (ironaa. Tak, npu
wiotHoctu Quronna ey = 0.0014 ona cocrasmisuia okoio 10d.

3.2. Ilagenme naBJjIeHUSA

OO6b1uHOE cTanuMoHapHoe TedeHue Ilyaseilns —3To TedeHue, opmupyroLeecs Mpu 3a-
JTAHHOM T'paJiMeHTe JaBJICHUs U, KaK CIEICTBHUE, C 3a/JlaHHBIMU 3HAYCHUSMH JIABJICHUS HA BXOJE
u BbIxoze. [lanenue naBieHus BAOJIb KaHaia OOYyCIIOBJIEHO TpPeHHEM Ha cTeHKax. Jlo cux mop
MeToaoM M/I He ynaBajoch CMOAENUpPOBaTh NaJE€HUE JaBICHMs BIOJIb KaHana. OXHUM U3 J0-
CTOMHCTB IPEAIaraéMoro ajJropurMa siBISE€TCS pealu3alys TEYEeHUs C JIMHEHHBIM IpaJlie€HTOM
JIaBJICHUS BAOJIb KaHaia. YuclieHHbIe 3HAUeHUs TPaJUeHTa JaBJICHUS 3aBUCIT HE TOJIBKO OT Ieo-
METpUM KaHaja (BBICOTHI U JUIMHBI), HO U B IIEPBYIO Ouepelb OT MapaMeTpOB B3aHMMOJEHCTBUsA
duronaa co cteHkaMu kaHana. Ha puc. 2 npuBeieHbl TUIIMYHBIE JJAaHHBIE JUIS MACHUS 1aBJICHUS
IPU Pa3JInYHBIX TUMAX B3aUMOAEHCTBHS MOJIEKYJ (IIIouaa MeX1y co0oi U co CTeHKaMM KaHaja,
JTaBJIeHHE HOPMUPOBAHO Ha COOTBETCTBYIOLIYIO BEJIMUMHY Ha BXoje KaHaia. [lageHue naBieHus
BJ0JIb KaHajIa CBSI3aHO C COIPOTHUBIIEHUEM, 00YCIOBIIEHHBIM B3aUMOJIEHCTBUEM MOJIEKYIN (IIIOU-
na co creHkamu. [losToMy npu 3epkanbHOM oTpakenuun monekyn TC dmrouna gaBieHue BIOIb
KaHaja ocTaeTcs HeM3MeHHbIM (JinHus 1 Ha puc. 2). BenuunHa rpagueHTa AaBieHUs pacTeT ¢
yBEeJIMYEHUEM KO3 (dULIMeHTa aKKOMOAaLUU (CpaBHU JIMHUU 1 U 2).
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Pacxon :KMAKOCTH 3a7aeTCsl COOTHOIIEHHUEM
h

1
Q=3 [ pul) b
0

rae S, h u b— COOTBETCTBEHHO TUIOIIAh TIOMEPEYHOrO CEUCHUs, BHICOTA M IIMPUHA KaHAIa, p,
U — MaccoBasl MJIOTHOCTh U CKOpOCTh durronna. CpeHsisi CKOPOCTh TEUEHHUs, OIpeessiemMas pac-
X0moM, paBHa: 4 = ()/p. OHa, KaK U Pacxojl, 3aBUCUT OT TeOMETPUH KaHaia. BiusHue pasmepos
KaHata 00yCIIOBIEHO OCOOCHHOCTSIMHU HCIIONB3YEMOro alroputMa. TedeHue B KaHalle CO3JaeT-
Csl 32 CYeT YCJIOBUH, (GOpMyTupyeMbIX Ha JIEBOM M mpaBoil rpaHuIax kanana. C yBeTUUeHUEM
BBICOTHI KaHaJla UX IUIomaAb pacTeT, €CTCCTBEHHO PAaCTCT U OOJIA MOJICKYJI, CKOPOCTH KOTOPBIX
YBCIMYHUBACTCA IIPpU BSaHMOHCﬁCTBHH C 3TUMHU TI'paHULIaAMHU. Ha060p0T, C YBCJIMYCHUCM [JIMHBI
KaHaJla OTHOCHUTCJIIBHOC KOJNMYCCTBO TAaKUX MOJICKYJI CHUKACTCA, YTO IMPUBOAUT K YMCHBIICHUIO
CpeaHEN CKOPOCTH TECUECHUSI.

I
40 X

0.6 '
10 20

s |
L=

Puc. 2. 3aBucuMOCTb JaBJICHUS OT IPOIOJILHOM KOOpAUHATHI KaHana. Jluaus 1 —
TC dmoun, 6= 0, muuaus 2 — TC dmroun, 6 = 0.5, muaus 3 — JII dmronn. L = 600,
h =60, ey = 0.79

3.3. KospduuneHT cONpOTUBIIEHUSA

BeisiBneHre oTauuuii TedeHUs B HaHOKaHale OT OOBIYHOTO TMAPOAMHAMHYECKOrO 4pe3-
BBIYAlHO Ba)KHO C MPAKTUYECKOW TOUKH 3peHMs. OHOM U3 BaXHEMIINX XapaKTEPUCTUK TEUECHUS
ABJsieTCs K03(hPULMEHT ruaApaBINYEeCcKOro CONPOTUBIIEHHS, KOTOPBIN onpenensercs no Gopmyie
Hapcu—Beiicbaxa
dp 2
dx pu?

B TedeHnn, peann3oBaHHOM IIOCPEACTBOM MPEUIOKEHHOTO 31eck M/] anroputma, He n3-
BECTHA CBSI3b MEX]y I'PaJIMEHTOM JaBJIeHUs U pacxoinoM. [loaromy cpaBHeHue kos3dduuueHra
TpeHusl, nonydeHHoro 8 M/l MonenupoBanuy, ¢ THAPOAMHAMUYECKUM BBIIIOJIHAJIOCH IIPU OJMHA-
KOBBIX Ilepenajax JaBjleHus win pacxonax. Ha puc. 3 npencrasiieHbl pe3yinbraTsl CONNOCTABICHUS
ko3¢ uIMeHTa TpeHus, noiaydeHHoro B M/ MozxenupoBaHuy, ¢ TUAPOAMHAMUYECKUM KO3 hu-
LIMEHTOM IpPU OAMHAKOBBIX Iepenajax AaBlIEHUS. 31€Ch HENpepbIBHAs KpHUBAas COOTBETCTBYET
TUIpOANHAMUYeCKOMY KoddduiieHTy conporusieHus \, = 24/ Re, a M 1aHHBIM — KPECTHKH.
[TynxTtupHas kpuBas nosnydeHa no M/l gaHHbIM METOJJIOM HaMMEHbBIIUX KBajaparoB. O0e KpuBbIe
Kaue€CTBEHHO NOAO0OHBI, HO TUAPOJMHAMUUYECKHUE 3HAYCHHSI HECKOJIBKO BbIlie. ClienyeT 3aMEeTUTb,

A=h
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Puc. 3. 3aBucumocts ko3 dunreHTa COMPOTHBICHUS B HAHOKaHAJIE OT YHCIa
Pelinonbaca. HenpepbiBHAs KpuBas — rUAPOAMHAMUYECKOE 3HAYCHHE, ITyHKTUPHAS
kpuBast — M/I naHHbIe

YTO 3TU 3HAYEHUS ITOJIyUEHBI TOJIBKO JUIs MajblX uyncen PeliHonbaca. C 1pyroi CTOpoHbl, UMEHHO
9TH yucia PeliHonbca 0ObIMHO M TUMTUYHBI 1711 HAHOTEUECHUI.

Crnenyrommii Tpaduk (puc. 4) MOKa3bIBaCT 3aBUCUMOCTH KOA(PPUITMCHTA COTPOTHBIICHUS
ot yncia Kayncena. 31ech KBaapaTHKH COOTBETCTBYIOT KOd(UIMEHTY akkomomanuu 6 = 1, a
kpectuku — @ = (0.5. Kak u cienoBango oXKuaaTh, C poCTOM KO3 PHUIHEHTa aKKOMOAALUH yBEIIH-
YUBaeTCs U KO3()(UIIMEHT CONPOTUBIICHUS. B 9TOM CBSA3M CTOMT OTMETUTB, UTO YUCIIO PeifHonmbaca
aBisieTcs: 6osee TpyObIM apaMeTpoM MOAOOHS U B HEKOTOPOM CMbICIE 0oJiee YHUBEPCATBHBIM.
PaznuunbiM KodddUIIIEHTaM aKKOMOAALUK MPOCTO OyIyT COOTBETCTBOBATh pa3Hble yucia Peii-
HOJIbJICA.

4. O cTpyKTYype KUAKOCTH B IUIOCKOM KaHaJe

HecMoTpst Ha oTMeUeHHbIE BO BBEJIEHUM HEAOCTATKU MPEAJIOKEHHBIX PAHEE aJITOPUTMOB
MOJICJIUPOBAHUS TEUEHUH, C UX MOMOILIBIO ObUIM MOIYYEHbl BaXKHBIE PE3YJIBTAThl [0 U3YUEHUIO
CTPYKTYpHI )KHJIKOCTH B HAHOKaHase. bblI0 yCTaHOBJIEHO, YTO BOJIM3M CTEHOK KaHalla HaOmoma-
IOTCS. MAKCUMYMBI TTPO(MUIIS TUIOTHOCTH KUAKOCTH. PaHee, onHako, He MOIETHPOBAINUCH TEUCHHUS
TC ¢mrouna. Ha puc. 5 nmpoBeseHo conocTaBieHne npoduiiell MiIOTHOCTH B OMUHAKOBOM KaHaJe
s TC u JIJ pronnos.

B o0oux crmyuyasix IUIOTHOCTH KBa3HIIEPHUOAMYECKH MeHsieTcsi momepek kaHaita. B TC
duronie MaKCUMyMbl I MUHUMYMBI MPOQUIIS TUIOTHOCTU HPOSIBISETCS 3HAUYUTENBHO CHIIBHEE,
CYIIECTBEHHO BBIIIEC OKA3bIBAIOTCS M MEPBbIE MAKCUMYMBI TUIOTHOCTH Y CTEHOK. DTO CBSI3aHO B
NEpBYIO ouyepeb ¢ Ooyiee SIBHO BBIpAKEHHBIMU 30HaMH dkpaHupoBanus aiisg TC Monekyn y mo-
BEPXHOCTH CT€HOK. Hannuune 3TuxX 30H NpUBOIUT K TOMY, UTO 3((EKTUBHBIN 00BEM, 3aHUMAEMBbII
JI monexkynamu, Oosnbie, yem 3anumaembiii TC monekynamu. [lo sToit npuunne 3pdexruBHas
wiotHocTh TC daronna Heckonbko Bhille, yeM JI/I ¢mronaa. C pocTom e Mm10THOCTH 3P PEKThI
CTPYKTYpUpPOBaHUS (IIOMAA YBEIMUNUBAIOTCS.
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Puc. 5. Tlpodwunb mioTHOCTH B monepeyHoM cedeHnn kanana TC momnexymsl (+),
JI monekyset (X ). L = 600, h= 60, ey = 0.79
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Puc. 6. Iloxe mnorHoctu B Ha”HoKaHane. L = 60d, h= 6d, ey= 0.79

CrpykrypupoBanue ¢uronjia B KaHaje SBISETCA MPUHLIUMNUATBHBIM (akTom. OgHAKO
BIOJIb KaHajia XapakTep 3TOro CTPYKTypHpoBaHHs MeHsieTcs. [lajgeHue naBieHUs B U30TEPMHU-
YECKUX YCIOBHSX JIOJDKHO BBI3BIBATh COOTBETCTBYIOIIEE YMEHBIICHUE IIOTHOCTH (uronaa. Ha
puc. 6 IpEeACTaBIEHO MOJ€ IUIOTHOCTH BJOJIb KaHajla. XOpOLIO BUAHO, YTO CTPYKTypa IOJIs
IJIOTHOCTH 3aMeTHO MeHsieTcs. Eciu BHavasie kaHasa >KMJIKOCTh XOPOIIO CTPYKTYPHPOBAHA, TO
CTEMEeHb 3TOTO CTPYKTYPUPOBAHUS BJIOJIb KaHaa CHIbKaeTcs. CBsI3aHO 3TO C TEM, YTO IJIOTHOCTh
BJIOJIb KaHajla yMeHbInaetrcs. DIou oKa3bIBAeTCsl CYIIECTBEHHO CxkuMaeMbiM. CpemaHuil pac-
xoJ1 (pironaa ocTaeTcs MOCTOSHHBIM B JIFOOOM MONEPEYHOM CEUEHUH KaHala, IO3TOMY CHUKEHHE
IUIOTHOCTU MPUBOIUT K POCTY CpPEIHEH CKOPOCTH M0 Mepe yIAaJlleHusl OT Hadaja KaHana. B stom
CMBICTIE peajn3yeTcsi OYeHb JII0O0OMbITHAs cuTyanus. [ py0o roBops, mapaMeTpbl TEUCHUS] MEHsI-
IOTCSL OT CEUYEHUS K CEYCHUIO TPU TOM, UTO T€UECHHUE SBISIETCS CTAllMOHAPHBIM, OHO TIOBTOPSIEMO U
peanusyercs ¢ nepuogoM L /u. Takum o6pa3om, Mbl HMeeM crelupHIecKoe CTallHOHaPHOE Teue-
Hue. MI3MeHeHne IUI0THOCTH B/I0JIb KaHajla CBA3aHO, KaK YK€ OTMEYanoch, C MaJICHUEM JaBJICHHUS.
Cpe)IHSISI IINIOTHOCTBh XXHUAKOCTH OCTAaCTCA MOCTOSTHHOM I10 BCEH AJIMHE KaHaJla JIMIIb OJId Cliy4das
3epKAIbHOTO B3aUMOACHCTBUS cO cTeHKoU TC-momekyi.

2 T T T T T T T

Puc. 7. Ilpodunu maoTHOCTH B HaHOKaHAJaX Pa3IMYHON BBICOTHI ¢y = (.88,
l1-h=60,2—h=120,3 —h =240,4—h =480

BaxHO MOTYEepKHYTH, YTO YIOPSJOYEHHOCTD KUAKOCTH BOJIHM3HM CTEHOK SIBJISICTCS Xapak-
TEPHOU YEPTON TEUEHU! B HAHOKAHAJIAX, OHA HE MCYE3ACT IPU YBEIMYCHUU PACCTOSHUS MEKIY
CTEHKaMHU KaHasla. DTO WLIIOCTPUPYET PUC. 7, Te NMpeAcTaBiIeHbl NPOo(UIN IIIOTHOCTH HONEepeK
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KaHAJIOB C pa3HOM BBICOTOM. 3/1ech KpuBasi 1 COOTBETCTBYET BhICOTE h = 60, KpuBas 2 — h = 120,
kpuBas 3 — h =240 u kpuBas 4 — h = 480. CTpyKTypUpOBaHHE )KHJIKOCTH B KaHAJIC IPAKTUICCKU
nepecTaeT 3aBUCETh OT €ro BBICOTHI Ipu i > 100 u HaOmromgaeTcs Ha PacCTOSHUSX MOPSIKa
5-60.

[Tpodue IIIOTHOCTH AAaeT JOKATBHYIO HH()OPMAIHIO O CTPYKType kuakocTi. Ho ananms
puc. 5-7 MoKa3bIBacT, UTO B KaHAJE y KMJKOCTH MEHSIETCS XapakTep ONMKHEro mopsjaka. ITo
JIOJKHO HaOJII0/1aThCs, 10 KpaiiHel Mepe, BOJIM3H CTEHOK KaHalla. XapaKTep CTPYKTYPbI XKUJIKOCTH
JIETeKTUPYETCs MapHOW pagualibHON (YHKIMEW pactpeesieHus] MOJIeKyIl

dN 5

- drner2dr’ )
rae dN —4ucio MOJIEKYJd B paJHalIbHOM CJI0€ TOJNIIMHOW dr Ha PACCTOSHUU T OT BBIJIEICHHOU
MoJieKysbl. JlaHHast (QyHKITHS TTOKa3bIBALT, KAK PacIpe/ieieHa MIIOTHOCTh MOJICKYJT BOKPYT MTPOU3-
BOJILHOW BBIJICIICHHON. PactipeienieHue miIoTHOCTH B HAHOKAHAJIE HEOJTHOPOIHOE, TO3TOMY, YTOOBI
MOJYYUTh TOCTATOYHO OOBEKTHUBHYIO MH(POPMAIIMIO O CTPYKTYpE KUIKOCTH, paauaibHble (yHK-
UM pacrpeaeNieHus cIenyeT CTPOUTh B CIOSX TONIIUHON dh, mapayiedbHbIX CTEHKaM KaHaja u
HaXOJSIIMUXCS HA Pa3HOM PacCTOSIHUM OT HUX

g2(7)

g2(r,h) = %Ji% (6)
& T T T T
6 _
4t i
2k i
DU IE |3 |—1 ¥

Puc. 8. PagmanpHas QyHKOUS pacrpelneicHus g, B oObeme (CIUTOIIHAS JIMHUSA)
U B CJIO€ MEPBOTO MAaKCUMyMa IUIOTHOCTH XKUIKOCTH B HaHOKaHalle (ITyHKTUpPHAs
nunus), h = 60, ey = 0.88

XapakTep noiyvaromencs paguanbHON QYHKINUN pacipeaesieHus, TOCTPOSHHOM IS mep-
BOT0 MaKCUMyMa IIOTHOCTH (CM. pHC. 7), IpecTaBieH Ha puc. § (MyHKTUpHAas KpuBasi). 311eCh ke
JUTSL COTTOCTABJICHHUS TIPUBEICHA paiaibHast QYHKIHMS pacrpenesieHust Uit (Ironaa Ton ke TIoT-
HOCTH B 00beMe (HenpepbIBHas KpHBasi). PaccTosiHuE Ha TOM pUCYHKE HU3MEPSIETCSI B €IMHULAX 0.
ComnocrapneHue 3TUX PYHKLINN OKa3bIBAET, YTO BOIHM3H TOBEPXHOCTHU XapaKTEP CTPYKTYPbI KU~
KOCTHU CYyILIECTBEHHO MeHseTcs. Eciu B 00beme OIMKHUN NOPSAIOK MPOSIBISIETCS HA PACCTOSIHUSIX
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nopsiaka 1 am (30—40), To BOMU3M MOBEPXHOCTH (PAKTHMUECKH UMEET MECTO KBa3UJAIbHUN MOPSI-
JIOK. 3aTyxaHue paauanbHON (PyHKIIUN pacnpeesieHus MPOUCXOAUT Ha PAaCCTOSHUX, IO KpaiHe
Mepe, Ha MOopsIoK 0obIINX, ueM B o0beme. [lapHas ¢pynkuus pacnpenenenus (6) onpenensercs
JUTSE MOJIEKYJI, HAXOSIIUXCS Ha OIMHAKOBOM PACCTOSIHMM OT TPAHHUIBI KaHajla, TO €CTh B 30HE
IIPAKTUYECKH OJIMHAKOBOM KOHLIEHTpauuu. Eciiv roBOpUTh 0 CTPYKTYpPE KHUAKOCTH BO BCEM KaHa-
JIe, TO 3[eCh CUTYalHs CYIIECTBEHHO Oojiee CIIOKHAsl. YIOPSJOYEHHOCTh MOJIEKYJI 00yCIIOBIIEHA
JIBYMs (hakTOpaMu: HaJIU4YUeM ONMKHEH CTPYKTYpbl BOKPYT Ka)XIAOW MOJEKYJIbl M B3aUMOCH-
CTBUEM HUJIKOCTH CO CTEHKAMHU.

5. 3akaw4uenue

Anroput™ M/I MonennpoBaHus, IPeAOKEHHBIN B HacTosAIIEeH paboTe, BIEpBbIE TO3BOIHII
CMOJEJINPOBATh TEUYEHUE C I'PAJUECHTOM JABJIEHUS BIOJb KaHaJa, aHAJOrOM KOTOPOIO SBIIAETCS
crauuoHapHoe TedeHue Ilyaszeitnsa. Bmecte ¢ TeM peann3oBaHHOE Te€UEHHE SABISETCS HEOOBIYHBIM
CTAI[MOHAPHBIM TEUEHHEM, €r0 MapaMeTpbl MEHSIOTCS BJOJb KaHasla. B 4acTHOCTH, H3MeHseTcs
IUIOTHOCTH ()IIOMJa, OH BeJeT ceOs Momo0HO CKMMAaeMOMy ra3y Jaxke MpH IDIOTHOCTSX COOT-
BETCTBYIOLUX KHUJIKOCTH. ETo C:KMMaeMoCTh, OHAKO, IIPOSBIISIETCS] TOJIBKO B TOM Cllydae, Korna
MMEET MECTO ajieHue AasiieHus. OHO B CBOIO ouepeb HaOIoaaeTcst JIMIIb Ipu AUPPY3HOM HIn
3epKalbHO-IU((PY3HOM 3aKOHE OTPAKEHUS MOJIEKYJ OT CTEeHKHU. [IpM 3epkajibHOM OTpakeHUH
MOJIEKYJl OT CTEHKH Mpo(UiIb CKOPOCTH BIOJIb KaHala He MeHsercd. M eciu Ha BXxone OH ObLI
yIOapHbIM, TO TaKUM U ocraercs. IlaneHue naBineHus B 9TOM Cilydae TakkKe OTCYTCTBYeT. Takum
o0pa3oM, najieHue JaBjeHUs] 00yCIOBICHO UCKIIOYUTEIbHO 3aKOHOM B3aUMOJAEHCTBHS MOJIEKYII
¢monna co creHkoi. Ilorepu naBneHus B CBOIO o4epenb MHIYLMPYIOT CHU)KEHUE IUIOTHOCTU
(Temmneparypa ¢urona 0CTaeTCs MPAKTHYECKU MTOCTOSTHHOM).

Xapakrep teuenus JIJI u TC ¢mronoB kKauecTBEHHO OAMHAKOB. B 00omx ciydasix mMeer
MECTO Teperna/y 1aBjieHus B KaHane. ['paguent nasnenus B kaHane ¢ JIJ{ dronnom onpenensiercs
napamMeTpamMy NOTEHIIMAIa B3aUMOICHCTBHS MOJIEKYI (prouia ¢ MosieKyaamMu cTeHKu. CyIecTBy-
IOT TapaMeTphl, KOTJIa XapaKTePUCTHKH TeUCHHUS 000X (PIIOMI0B OKA3bIBAIOTCS MICHTHYHBIMH.
OTO0 MaeT peanbHbI HHCTPYMEHT ISl ompeneneHus ko duuenToB akkomonaun [17].

B3anmozeiicTBHE CO CTEHKOH CyIIeCTBEHHO MEHSET U CTPYKTYpY (hrona B kanaie. Bomu-
31U CTEHOK, Ha PAcCTOSHUHM B HECKOJBKO Pa3MEPOB MOJIEKYJ IUIOTHOCTH (hIIOMJa 3HAYUTEITHHO
BbIILIE cpenHer. Kpome Toro, ;KHIKOCTh Ha 3THUX PACCTOSIHUAX OKa3blBAE€TCS CTPYKTYPHPOBAHHOM,
a BOJNIM3U CTEHKH MMEET MECTO Jlake KBa3uAaJbHUH MOpsIoK. BapbupoBaHHMe BBICOTHI KaHala
IIOKA3bIBAET, YTO XapaKTep 3TOr0 CTPYKTYPUPOBAHUS OT HEE MPAKTUUECKU He 3aBHCUT. Takum 00-
pa3oM, BOJIHM3HM MOBEPXHOCTH CYLIECTBYET HAaHOPa3MEpHBIN cioi (ironia TOIIUMHON OUH — JBa
HaHOMeTpa, obyajarouii ocoobiMu cBoiicTBaMU. [lo-BUAMMOMY, HIMEHHO HAJIM4YUE 3TOrO CJOS
U OIpeNeNsieT B UACAIBHBIX YCIOBUAX JUIMHY CKOJIBKEHHS. DTOT CJION Urpaer posb ciost Kuyn-
CeHa B pa3pexeHHOM rasze. Ero Haimume, oHako, HUKaK HEe OOBSICHSAET pealbHO HaOIroIaeMble
B DKCIEPUMEHTE JJIMHBI CKOJIbKEHHUS B IECATKH U Jake COTHU HAaHOMETpoB. M3-3a uero BO3HHU-
KalOT CTOJIb OOJbIINE JAJIUHBI CKOJIbXEHUsI? Eciiu OTBIIEUBCS OT BO3MOXKHBIX «HEUIEATBHOCTE»
peanpHOro (pIrousa, HaupuMep, ero ra30HachIEHHOCTH, BCIEICTBUE YEro B HEKOTOPBIX Cllyda-
X BO3HUKAaeT «ra3oBas CMa3Ka», TO Haubosiee pealbHOM MPUUMHON MOXKET SBUThHCS HaJIU4HUe
HEOJHOPOAHOCTEN Ha cTeHKe. DUKcHpyeMble MEPOXOBATOCTH HAa TBEPABIX MIOBEPXHOCTAX UMEIOT
pa3Mmep OT HECKOJIbKUX HaHOMETPOB. be3yciioBHO, 3TO OyneT MEHSTh XapakTep B3aMMOAEHUCTBUS
co cTeHKoM. M u3ydyeHue 3Toro Bolpoca sBIsSeTCs OHOM U3 HanboJjee akTyallbHbIX 3a7ad PU3UKU
MUKPOTEUEHUI.

[TonBoas uTor, ciaenyer OTMETUTh, YTO pa3pabOTaHHBIN I MOJAEIUPOBAHUS MUKpOTE-
yeHud M/l anropuTM He JMIIEH HEIOCTATKOB. [JIaBHBIM M3 HUX COCTOUT B TOM, YTO AJITOPUTM
HE MO3BOJISIET 3aJ]aBaTh HEMOCPEICTBEHHO I'PAJUEHT JaBJIEHUS, XOTS €ro ylaeTcs Hpeackasarb ¢
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HEIUJIOXOH TOYHOCTBIO 10 M3BECTHBIM pa3MepaM KaHajla, CBOMCTBaM KHJIKOCTH M CTEHOK. Eie
OJTHAM HEJIOCTaTKOM SIBJIICTCS HE(DU3UIHOE JTaTbHOICHCTBYIOIIEE B3aMMOJICHCTBIE MOJICKYJI, Ha-
XONISIINUXCS y BBIXOJa M3 KaHAJIa, ¢ MOJIEKyJIaMH Ha €ro BXOjle. JTO BIUSHHE HE CTOJb Jpama-
TUYHO, TTOCKOJIbKY UMEET MECTO JIMIIb B Y3KHUX PEIaKCAIlMOHHBIX 30HAX, Ha BBIXOJE U3 KOTOPHIX
COOCTBEHHO M pean3yeTcsi TCYCHUE C TPAJIUCHTOM JaBJICHHUS.

PaGora BrinonHena npu yactuyHoi nopaepxkke POOU (rpant Ne 10-01-00074) u OLII
«Hayunbple W Hay4YHO-TIeAarornueckue kaapbl mHHOBanmoHHOW Poccum na 2009 — 2013 romei»
(T'oc. xonTpaxts! 11230, 14.740.11.0579).
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[TpoBeneHo mMonenupoBaHre 0Opa3oBaHUsl M POCTa YAaCTHL] JUOKCHAA THTaHA B pabodeil 30HE IIa3MOXMMHYECKOTO
peakropa. M3ydeHo BIMSHHE TETEPOTCHHON PeakIMu U Mpolecca HyKiIeaun Ha pazMmep dactum. [IpoBeneHs! ma-
paMeTpuUYecKie pacyeTsl 00pa30BaHMSA U POCTa YACTHIl ANOKCHIA THTAaHA B 3aBHCHMOCTH OT BEJIMYUHBI PAcXoja U
CKOPOCTH BIlyBa CTPYHM TE€TPaxJOpHAa THTAHA.

KaroueBnlie ciioBa: HaHO4YaCTULbl AUOKCH/Aa THUTAaHa, IUIa3MOXUMUYECKHUI PCaKTOp, OAHOCKOPOCTHAA MHOI'OKOMIIO-

HCHTHas Cpclia, rOMOICHHas U IreTCpOrCHHas peakKluu, Koaryisaus.

1. BseneHue

B nacTtosiiee Bpemsi HOBbIE pa3paOOTKH B METAUTyprHUH TUTaHA, aTIOMHUHHS, KPEMHUS
HAaIleJIEHbl Ha YJEIUIeBIEHUE MPOIECCOB 3a CUET MPSIMOTO MOJYYEHHUS UX MOPOIIKOB U CIUIABOB,
MUHYS CTAIUIO BBIIUIABKH KOMIAkTHOro metaiuia [1]. IlepcekTHBHBIM SIBISETCS IMIa3MOXUMHU-
YECKUH CIOoCO0 BOCCTAHOBJICHHS METAJUIOB, IPEUMYIIECTBOM KOTOPOTO SIBISIETCSI TO, YTO BCE
MPOILIeCChl BOCCTAHOBJICHUS M CUHTE3a CIUIABOB U COCIMHEHUN MPOUCXOIST B ra3oBoil ase, rue
OTCYTCTBYIOT OT'PaHUYCHUS Ha CKOPOCTH PEaKIUi, CBSI3aHHBIC ¢ MeJICHHOW auddy3ueli B cirydae
peareHTOB B KOHICHCHPOBAHHOM (haze, 4TO XapakTepHO s TeTepoda3HbIX METaJUTypruveCcKIX
nporeccoB. B o06mel mocTaHoBKe 3Ta 3a/1a4a Obljla paccMOTpeHa B pabote [2], rae mpeaiokeH
MEXaHHM3M 3apOKJICHHS, pOCTa U KOAryJsIuu JacTuil Auokcuaa tutana TiO,. OgHako B [2] He
YUUTBHIBACTCS BIUSHUE Ta30[IMHAMUKU TEUCHUS PEareHTOB, CTENEHM MX NEepeMElIMBaHUs Ha Xa-
pakTep pacrpene’eHus YacTHIl JUOKCH A TUTaHa 10 pa3MepaM B pa3IUYHbIX CEUEHUSX peakTopa.

B [3] Ha ocHOBe pa3paboTaHHOTO B [4—6] aaropuTMa CMOJEIMPOBAHO B3aUMOJICHCTBHE
pearupymonmx cTpyi KUCIOpoAa U TETpaxJIopyuaa TUTaHa B 30HE CMEIICHHUS MJIa3MOXHUMHUYECKOTO
peakTopa. [IpoBenensl mapameTpuyeckue pacdeTsl mporecca o0pa3oBaHus razohazHoil KOMIIO-
HEHTHl JMOKCUIA TUTaHA B 3aBHUCHMOCTH OT BEJIMYMHBI Pacxolla U MecTa BIyBa CTpyH TeTpa-
xjopyaa Tutana. MccienoBanbl ra30/MHAMHUYECKUE ACTIEKTHI MPOIIECCOB MHKEKIIMU U CMEIICHUS
KOMITOHEHT cMecH. [1oiy4eHbl KaueCTBEHHBIE U KOJIMUECTBEHHBIE XapaKTEPUCTHKU Ipoliecca 00-
paszoBaHus Ta3oda3zHoil KoMmoHEHTHI Ti0;.

B nannoii paboTe Ha OCHOBE MPEIOKEHHBIX B [2, 7, 8] MEXaHU3MOB 3apOXKICHUS, POCTa U
KOAryJisiliiy 4acTull Auokcuaa TutaHa Ti0y ¢ y4eTOM BIMSIHHS Ha 3TH MPOLIECCHl Ta30AHHAMUKU
TEYCHUS PEarcHTOB MPOBEICHO MOJCIIMPOBAHNE 00pa30BaHUS U POCTA YACTHII JHOKCHIA TUTAHA
B peakrope, opMa U pazMepbl KOTOPOTO COOTBETCTBYIOT PEATbHOM 1a00paTOPHON yCTaHOBKE.
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Puc. 1. Cxema paboueit 30HBI MPOTOYHOTO PEeaKTOpa

2. ITocTraHOBKa 3a1a4M

Ha puc. 1 noka3zana cxema paboyeii 30HbI POTOYHOTO PeaKTOpa (peasbHOE MOI0KEHNE —
BepTUKaiabHOe). JlnmnHa peakropa 444 MM, nuamerp 32 MM, JuiMHA KaHaina 38 mM, auamerp 10
MmM. [lepexon OoT kaHana K peakTOpy OCYIIECTBISIETCS 4Yepe3 KOHMYECKUH y4acTOK JIMHOW 33
MM H HakjJoHOM 15°. bokoBas mienb MUPUHON h = 2MM pacrojioKeHa Ha CTeHKe kaHana. Yepes
KaHal1 B pabouyro 30HY co ckopocThio u; = 100 m/c BTekaeT cTpys BO3dyXa C TeMIepaTypou
T = 3100 K. Pacxon ctpyu Bozmyxa ()1 = 2.5 1/c. Uepe3 OOKOBYIO IEib IMPHU TEMIIEPaType
Ty =400 K nonaercs rerpaxiopus turaHa. CKopocTh OOKOBOM CTPYH M pacxojl Bapbupyrotcs. B
30HE CMEIIEHUsSI UIET peakiusi ¢ 00pa3oBaHMeM CHavana razodasHoil komnoHeHTsl Ti0s, 3aTeM
gactuil TiO, .Jlanee mo Mepe NBIKSHHSI YaCTHI] BIOJb PEaKTOpa MPOUCXOAUT UX POCT 3a CUET
MOBEPXHOCTHOW PEAKIMH U KOATYIISIIIHH.

MogenupyeTcsi TedeHHe BSI3KOW TEIUIONPOBOJHONW cMecu ra3oB. KOMMOHEHTHI cMecH -
05, Ny, TiCly, TiO,, Cl,. JIBe mociieqHue KOMIIOHEHTHI MOSBIISIOTCS B pe3yibTare 0000IeHHOM
XUMUYECKOU peakuuu [4]:

TiCl, + Oy —2 TiO, + 2Cl,,

nporekaronieit npu remmneparype 7' > 1000 K.

PaccmarpuBaeTcst OJHOXKHMJIKOCTHBIM PEXHUM TEUEHMsI, KOTOPOE MOAEIUPYETCS C IOMO-
IIbI0 CUCTEMBI KBazurazoquHamuueckux ypaBHeHuil (KI'/l), obobmaromeil cucreMy ypaBHEHUI
HaBbe—CTOKCa M OTIMUAIOLIEICsl OT HEE JONOIHUTEIbHBIMU JUCCUIIATUBHBIMU CJIaraéMbIMHU C
MaJIBIM TapameTpoM 7 B KadecTBe kodddumumenta [4]. C yuyeToM BHEUTHHX CHJ U MCTOYHHKOB
TEIUIa 3Ta CUCTEMAa UMEET BUJL:

Jdp e
§+dlv‘]m—0
%_Fdjv(jm@u)—i—Vp:pF-i-diVH (1)
o0(F
%—i—div(jm]{)—i—divq:(j F)+div(T-u)+Q

BCKTOp INIOTHOCTHU MOTOKA MAaCChl OIIPCACIICH CICAYIOIUM COOTHOMICHUCM!

jm = pu —7[div (pu ® u) + Vp — pF].
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34€Ch P— JaBJICHUC, p — IINIOTHOCTB, U — BCKTOP CKOPOCTH CMECH, jm — BCKTOP IINIIOTHOCTH I10TO-
Ka MacCcChI, F— BCKTOP IINIOTHOCTHU MacCoOBOH CHIJIBI, 11— TCH30P BA3KHX HaHpH)KeHHfI, E —nonnas
OHCPIruda CAUMHHIIbI O6’beMa; H — nonnas YACIIbHAA SHTAJBIINA; Q — yAaciibHaA TCIJIOTa, 7 — IIapa-
MCTp pcClIaKCalluu.

K »Toli cucreme ,Z[O6&BJ'IHIOTC5{ YPaBHCHHA HCPA3PLIBHOCTH IJII KOMIIOHCHT CMCCHU:

p;

i, = 3000
o +divj,, = j JY (2)
1 00bEMHOM KOHUEHTPALMK TBEPAOM (asbl:
0 .
_actp + div (cpu) = Zj: Jp) (3)

31ech p; — IIOTHOCTD i-ii KOMIIOHEHTBI; ¢, — 00bEMHasl KOHIIEHTpAIus TBEpAOH (asbl, j’, — BeK-
TOP IUIOTHOCTH IIOTOKA MACChI -l KOMIIOHEHTHI, J (%) — HHTEHCHBHOCT IIPEBPALLEHHS MAcChl J-1
KOMIIOHEHTHI B i-10 B eIMHHIE 00beMa cMecH; JUP) — HHTeHCHBHOCTD NIPEBpAIICHHs MACChl j-i
KOMITOHEHTHI B TBEpAYIO ¢a3zy B eauHHUIlE oObeMa cMecH. B mpaBbIx yacTax ypaBHeHH# (2)—(3)
YUTEHBI CIIEAYIOIIUE KUHETUYECKHE COOTHOLICHMS, ONUCBIBAIOIIUE W3MEHEHHE KOHLIEHTPALUN
TETpaxJIOpHIa TUTAHA, JUOKCHIA TUTaHA B Ta30BOM M TBEpAOH (a3ax 3a cyeT TOMOTCHHOM, reTe-
POTEHHOU peakIuii 1 (a3zoBOro IMepexosa:

1

e ==k =~y + ko A) O,

dC?

W - l{?gcl - kpC2, (4)
3

% = k,C A + k,C.

3neck Ct, C?%, C3 — maccoBble KOHLEHTPALMKH TETPAaxJIOPUIa TUTAHA, JUOKCUIA TUTAHA B Ia30-
BOM (pase M IMOKCHJA TUTaHa B TBEPIOW (ase, k — CKOPOCTh 0000LIEHHON peakuuy, k, — CKo-
POCTh TOMOI'€HHOM peakIMH, ks —CKOPOCTb NMOBEPXHOCTHON peakluH, k,— CKOPOCTh (pa30BOro
nepexona, A — OTHOCHTEIbHAS TUIOIIA b YACTHII.

JIOTIOTHUTETBHBIE COOTHOIICHHUS, 3aMBIKAIOIINE CUCTEMY YPaBHEHHI UMCIOT BUJI:

My

1—¢

p = pR,,T . i =pi/p, BRwm=Ra|> oifm;]|,
(2
rae I’ — HopMHpOBaHHas TeMiieparypa, R, — yieinbHas ra3oBasi IOCTOSIHHAs cMecH, [ — ynenb-
Has ra3oBas IOCTOSHHAs, (v; — MaccoBas JI0JI i-i KOMIIOHEHTBI, 11, — MaccoBas JOJIA Ta3a, 11; —
MOJICKYJIIPHBIN BEC ¢-1 KOMIIOHEHTBHI.
Ecnu x cootnomenusim (1)—(4) no6aBuTh ypaBHEHHE JUIsl YUCIIa YacTHIL [4]

dN BN2
E - kgCIN(w - T (5)

rae N —9Hcio 4acTull B equHuIe o0beMa; /N 4y, — 9ruciao ABOrajpo, 5 — napamerp KOaryJisiiuH,
TO, C Y4€TOM M3BECTHOI'O UX HadaJIbHOro paauyca Ry = 0.2 HM, MOXKHO paccuuTarh CpeIHUN pa-
JIMYC YaCTHI] B AJIEMEHTapHOM 00bEME B IPOU3BOJIBLHBI MOMEHT BpeMeHH. BennunHa HauanpHOTo
panuyca cooTBeTCTBYeT 00beMy MoHoMmepa TiOs(~ 3.32 x 10723 cm?), ykazannomy B [7].

Jlis penienust KpaeBoi 3a7a4u IOCTABIIEHBI CIIEAYOIIME rpaHuYHbIe ycinoBus. Ha crenkax
peakTopa — ycJIOBHsI NPWINIAHUS, OTCYTCTBHE NOTOKA TEIJa U PaBEHCTBO HYJII HOPMAJIbHOM
IIPOM3BOIHOM OT 1aBieHUs (3TO JOMOJIHUTENIBHOE yClIoBUE BbI3BaHO cnerudukoit KI'Jl-cuctemsr).
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s cTpyit 3agaroTes pacxon M Temieparypa. i BHIYMCIIEHUsS 3HaU€HUH JaBJIeHHUs, IVIOTHOCTH
U CKOPOCTH Ha BXOAHBIX I'PaHMLIAX CTPYH HMCIOJIb3YIOTCS TPaHUYHbIE YCJIOBHs, OCHOBAaHHbIE Ha
UCIIOJIb30BaHUN MHBapuaHTOB Pumana n1i1s ypaBHeHuil Ditnepa.

ITpu yucieHHOM MHTerpupoBaHuM ypaBHeHHH (1)—(3) oHuM 3amuchIBalOTCA B LWJIMHAPU-
YeCKOW CHUCTeMe KOOpJAMHAT (3a/1aua 0CEeCUMMETpPHUYHAas) U NPUBOIATCS K 0e3pa3MEepHOMY BUIY.
B kauecTBe OCHOBHBIX pa3MEpHBIX MApaMETPOB 3aJaul BHIOMPAIOTCA: paJAMyC KaHaja, CKOPOCTh
3ByKa nokosuerocs npu temneparype 300 K B peakrope B HayaJlbHbIIf MOMEHT BPEMEHH BO3/yXa
U €ro IUIOTHOCTb.

JUIs 9MCIeHHOrO peleHHsl CUCTEMbl YpaBHEHUH HCIOJIb3YeTCsl sBHAs 110 BPEMEHM pas-
HOCTHas cxema. lIpou3BoziHBIE 1O BPEMEHHU alIPOKCHUMHUPYIOTCS PAa3HOCTAMHU BIIEpe] € Iep-
BBbIM TOPSIIKOM TOYHOCTH. [IpocTpaHCTBEHHbIE IPOM3BOAHBIE ANPOKCUMHUPYIOTCS LIEHTPAJIbHbI-
MU Pa3HOCTSIMU CO BTOPBIM HOPSIIKOM TOYHOCTH.

3. Pe3yabTarsl pacueTroB

[TpoBeneHbl pacueTsl IS ABYX BApPHAHTOB 3HAUCHUH MapamMeTpOB CTPYH TETPAXJIOPHIA
tutaHa: 1 — Qs = 1 1/c, us =22 m/c; 2— Q)2 = 2 1/C, uy = 44 M/C C UCIONB30BAHUEM JIBYX MO-
JIeJIel — ¢ Y4eTOM Koaryysiiuu 1 0e3 ydera. 3Ha4eHHs] KOHCTaHT B ypaBHeHHsIX (4)—(5) coracHo
[4] ObLTM 3a1aHBI CIEAYIOIIHE:

~10681 f _
k::826><104@q><——%¥§¥>, ks=:49><103@q)<—£§2§>,

—10681

k,=1.2x 10"
D X exp( T

), B=77x10"1.

RRO a R/RO 6

3= -

250 =
00 \ 0 =

150~

w1 .

04 Zz : 0.1 - ||:I Illf\l - I||| IZ_

Puc. 2. PacnpezencHue BAOJIb PeakTopa OTHOIIEHUS CPEIHEB3BEIIEHHOIO PasH-
yca 4acTHI[ Ha4aJlbHOMY paJnycCy. a —MOJCIb C Koaryisiuel; 6 — moxenb 0e3
koarymsian. (o = 1 /¢, ug =22 wm/c; 1 —t=0.1¢,2—t=02¢,3—t=035¢c—
CTallMOHAPHOE PEIICHHUE.

Ha puc. 2, 3 npuBenensl pacipeneneHus BA0Ib PeakTopa OTHOIICHUS CPETHEB3BEIIICHHOTO
panuyca yactul Rk HadalnbHOMY paauycy [Ry. CpeaHeB3BEIICHHBIN paJuyc YacTHIl ONpeaess-

etcs o ¢opmyne: R = N > R;N;, tne N; = Y  N;, Rj—paguyc 4acTui B j — il pacyeTHOiH
ig J
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RRO 0
a qR R 6

S0 =
150k
I d
.‘_"-1'1._—
300
250

200

0.1

Puc. 3. PacnpenencHue BAOJIb peakTopa OTHOIICHUS CPEIHEB3BEIICHHOTO PajIH-
yca YacTUI] HAYaIbHOMY paJuyCy. a — MOJAETh C Koaryisiwmei; 6 —Momens 6e3
Koarymsiun. (o =2 v/c, us =44 m/c; mnsa: 1 —t=0.1¢,2—1t =0.25 ¢ — cranwmo-
HapHoe pemenue; st 0: 1 —t=0.1¢,2—t=0.2 ¢, 3 —t = 0.3 c— cranmoHapHoe
pelieHue

AYEHKe 7 —T0 ceueHus1, N; —YHCIIO0 YaCTHIl B ¢ — M Ce4eHuH; N ; —4HCII0 YacTull B j — I pac-
YETHOM SYEHKE ¢ —TI'0 CEYeHHUs. BapuaHT «a» COOTBETCTBYET MOJAENIM C KOArylIsilUei, BApUAHT
«O» — 6e3 koarymsiuu. BuaHo, 9TO yBennueHUe pa3Mepa YacTHIl 3a CUET KOaryJsilud Ha Mops-
JIOK TIPEBBIIIAET UX POCT 3@ CUET TOJHKO MOBEPXHOCTHOM PEAKIIUU. DTO MPOUCXOIUT ITOTOMY, UYTO
IIPOLIECC KOAryisliMK UAET BO BCel 001acTh peakTopa, TOrna Kak pocT YacTHIl 3a CYET IeTepo-
TeHHOI peaklyy MPOUCXOAN B OTPAaHUYECHHOM O0JacTH, MPUMBIKAIOUICH K BBIXOAY M3 KaHaia, B
KOTOPOI ele UMeeTcsl He MpopearupoBaBIInii TeTpaxyiopu Tutana. [lpu ¢pukcupoBanHoOM 1inHe
peakTopa u 0e3 yuyeTa 3aBUCUMOCTU MapaMeTpa KOoaryJsluu OT TeMIlepaTypbl pa3Mep 4acTHIl
ompexensieTcss pacxogoM BBogumoro B peakrtop TiCly: pamuyc wactun mensercsa ot 60 HM 10
100HM TIpH yBETMYCHHUH pacxojia B JiBa pasa (cp. puc. 2a u puc. 3a). Ha 3Tux xe pucyHkax BUIHO
CyIlIECTBOBaHHE 00JACTEl, B KOTOPBIX Mpoliecchl 00pazoBanus yacTull TiOou UX POCT 3a CHET
TeTePOreHHON peakiuu COATaHCUPOBAHbBI, YTO MPHUBOAUT K MPUMEPHO MOCTOSHHOMY 3HAUCHUIO
CPEIIHEB3BEIIEHHOTO pajuyca (B Hayaje 3TUX o0JacTeil ecTh HEOOJbIINE YYacTKH POCTa, CM.
puc. 26 u puc. 30). IIpoTsukeHHOCTD 3TUX OOnacTeil, paBHas 0.1 A mepBoro BapuaHTa BXOAHbBIX
napameTpoB (puc. 2a) u 0.2 mig BToporo BapuanTa (puc. 3a), 3aBUCUT OT CKOPOCTH TOTOKa H
pacxona TiCly. B mepBom BapuaHTe B ceueHnH peaktopa z = ().1 cKOpOCTh CMECH Ha OCH paBHA
14 m/c , a BO BTOPOM COOTBETCTBEHHO 23 M/C, UTO CBSI3aHO C Pa3HBIMU CKOPOCTSIMH BIYBa CTpYi
TiCl,. MaccoBble J0/IM TETPaxJIOpUaa TUTAHA B 9TOM cedeHud paBHbl 5 - 1075 u 6 - 1073, uTo
CBUJICTEIILCTBYET O MpOoAOIIKaroIeMcs mnpouecce kouBepcuu TiCl4Bo BTopom BapuaHTe pacyera.
ITepexon k obiacTu pocTa pasmMepa YacTHI] 3a CUET KOaryJslUU XapaKTepu3yeTcs NpeKpalleHu-
eM 3apoxkaeHusi MoHoMepoB TiOsu, COOTBETCTBEHHO, YMEHBIIIEHUEM UX JIOJH MPU BBIYUCICHUU
CPEIHEB3BEIICHHOTO paanyca. Bpems BbIXoJa Ha CTAIMOHAPHBIN PEXUM, MPHU MPOYUX PABHBIX
YCJIOBHSIX, 3aBUCUT OT MapaMETPOB BIAYyBa€MOW CTPYH TETpaxJOpujia TUTAHA.

Ha puc. 4 npencrasneno pacnpezaenenue GyHKIUU jJorapudma I0THOCTH YUCIa YaCTHI
BJIOJIb peaKTOpa s mepBoro Bapuanta mapamerpoB ctpyu TiCly. U3 cpaBHenus puc. 4a u puc. 46
BUJIHO, YTO MOPSAOK YUCIIA YACTHI] IIPH yUETe MpOoIlecca KOAryaslid YMEHBIIAETCs BABOE.
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le(N) a lg(N) 6

Puc. 4. Pacnpenenenne Bnosb peakropa (GyHKIHUH JiorapudM IJIOTHOCTH YMCTIA
YaCcTHUI] a — MOJIENIb C KoaryJsiuei; 60 —moxaenb 0e3 koarymsamuu. Qo = 1 T/c,
up =22m/c; 1 —t=0.1¢,2—t =10.2¢c,3—t = 0.35 ¢ — cranimoOHapHOE PEILICHUE

[MTapannensHo ¢ pacyeTamu, Ha 1a0OPATOPHON YCTAaHOBKE MO OTPAOOTKE TEXHOJIOTHUECKOM
CXEMBI JICKTPOJYTOBOTO MpOIIecca MPOU3BOJICTBA IMOKCHIA TUTAHA KOHBEPCUEH TeTpaxyiopuaa
TUTaHa B KHCJIOPOIHOM IJIa3Me ObUIO MPOBEIECHO HECKOJIBKO MPOOHBIX IMyCKOB. BBUTH MOTyYeHBI
00pa31pl MOPOIIKAa JUOKCHJA TUTaHA. J{JI OLIEHKH pa3MepoB MOJYUYEHHBIX YACTHIL] MPUMEHSIICS
meton BOT, no3Bosstonuii onpeaenuTs yAeIbHY0 TOBEPXHOCTh MOPOIIKA AUOKCHIA TUTAHA Ha
OCHOBE HHM3KOTEMIIEpaTypHOU afcopOIMKM WHEPTHOro raza. Macca o0Opasia mopomika JTUOKCHIA
tutana coctaBmwia 0.188 1. CormacHO aHanM3y MOPOIIKa ¢ MOMOIIEI0 mpudopa «Copou-M» mto-
1a/1b yeIbHOM MOBEPXHOCTH 006pasia cocTaBuia 8.69 M%/r, cpeqHuil pa3mep yacTull (CYuTast UX
chepudecknmu) — 164 HM. B akcriepuMeHTax pacxoj TeTpaxJjopHa TUTaHA MOJYYHIICS PABHBIM
()2 = 3.42 r/c, uyTo MpPEBBIIIAIO 3a/1aBaeMbIii B pacueTax. JInHelHas SKCTPATOAIHS TOJTyYeHHBIX
B pacueTax JaHHBIX O 3aBUCUMOCTH pajuyca yactuil ot pacxoaa TiCl, maer pa3mep vactuil 160
HM. DTO IIO3BOJISIET TOBOPUTH, B IICPBOM HpI/I6JII/DKCHI/II/I, 00 YAOBJICTBOPHUTCIBHOM COOTBETCTBUU
MPEUIOKEHHOW MOJCNM pacueTa oOpa3oBaHHMS M POCTA YACTHI[ JUOKCHJIA THTaHA PEATBHOMY
npoIeccy.
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Ucnonwayst MeToj 3ucMaHa, pacCUMTaHbl 3HAUEHUS! KPUTUYECKOTO MOBEPXHOCTHOTO HATSKEHUS KUAKOCTH (PAaCTBOPHI
3TaHOJIA C PA3JIUYHBIM COJICPIKAHUEM BOJIbI) Ha TPAHHUIIC C TBEPABIM TeJIoM ((DpaKIMy MeCYaHOro TPyHTA C Pa3IHIHON
CTENEeHbIO AUCTIEPCHOCTH). [l0Ka3aHo, UYTO C yBEJIHMUEHUEM CTENEHH TUCIEPCHOCTH, 3HAUUTEIBHO BO3pPACTaeT 3arac
CBOOOIHO# MOBEPXHOCTHOM YHEPTUH U YCHUIICHHE MEKJYaCTUUHOTO B3aMMOJeicTBUs. Ha OCHOBaHMH MPOBEACHHOTO
HCCIICIOBAaHNUS, B Ka4eCTBE KPUTEPUEB Iporecca GOpMUPOBAHHUSA M XapaKTEPUCTUKUA COCTOSHUS IOBEPXHOCTH JIHC-
MIEPCHOTO ChIPbs MPEAIAraeTCsl UCIOJb30BaTh MOCTOSAHHYIO ['amakepa M KpUTHYECKOE 3HAYE€HUE MOBEPXHOCTHOIO
HaTSDKEHUS. DTO MO3BOJIUT OIEHUTH CHIIY B3aMMOCBSI3M KOMIIO3UTOB HAa OCHOBE HAHOCTPYKTYDP.

KuoueBble c10Ba: MUKpOT€TEPOreHHBIE CUCTEMBI, TOBEPXHOCTHOE HATSHKEHHE, TUIOMIA b TOBEPXHOCTH, ITOCTOSTHHAS
I'amakepa, HaHOpa3MEPHBIE CTPYKTYPHI.

1. BaeaeHue

Hanopa3smepHslii Marepuail XxapakTepu3yeTcs pa3MepOM YacTHIl, €ro COCTABJISIOIINX, B
npenenax 10-100 HM. OTH cuCTEMBI MO CTENEHU AUCIIEPCHOCTU SBJISIIOTCS MPOMEKYTOUYHBIMU
MEX/1y UCTUHHBIMH TOMOTEHHBIMU pacTBOpamH (pa3Mep yacTHil MeHee | HM) U MUKpOTETepo-
TeHHbIMH cucTeMamu (pasMep udactul 6osnee 1 mkm). Ilo cyTw, HaHOCHCTEMBI TPEICTABISAIOT
c060ii CTPYKTYpBbI, B KOTOPBIX BEIECTBO HAXOAMTCS B KOJUIOMAHOM cTenenu qucnepcHoctr (10—
107 cm~!). JanHbli (akT aenaeT BO3MOXKHBIM HCIIONB30BaTh OCHOBHBIE 3aKOHBI KOJLUIOMIHOM
XUMUU JUIsl ONIMCAHUS CBOMCTB HAHOCHCTEM. B 3TOM IutaHe BaXKHOW OTIWYUTEIBHOW OCOOEHHO-
CTBIO KOJIJIOMJITHOTO COCTOSIHUS BEIIIECTBA SIBJISICTCS HAIMYME TPOMATHON TUIOMIAAN MOBEPXHOCTHU
Matepuaia (CBOOOIHOM MOBEPXHOCTHOM »Hepruu). KonmnyecTBeHHON Mepoit CBOOOIHOM MOBEPX-
HOCTHOW PHEPTrUU B KOHJEHCHUPOBAHHBIX CHUCTEMax, JAPYTUMH CIOBAaMHU, KPUTEPUEM HaIlpaBIICH-
HOCTH M CAMOIIPOU3BOJILHOCTH TPaHC(OPMALIMOHHBIX MPOLIECCOB CIIYKHUTh BETUUMHA U3MEHEHUS
n300apHO-U30TepMHUUecKoro moreHiuana (ouepruu [ub6ca). Kak u3BEeCTHO U3 Ki1accHYecKoi
TEPMOAMHAMUKHU B YCIOBHX IMOCTOSHCTBA JABJICHUS U TEMIIEpaTypbl H3MEHEHHE CBOOOIHOM MO-
BEPXHOCTHOM SHEPTHU CUCTEMBI OIpeelisieTcs Xapakrepuctiuueckoi Gynkmueit (AG) U paBHO:

AG = 0 - ASy; + Sy - Ao

I7e 0 — BEIMYMHA IIOBEPXHOCTHOTO HATsKEHHs (H/M); Sy; — yAeNnbHas IUIOMAab MOBEPXHOCTH
(xr/m?) [1-4].

B ciydae TBepabIX Tell, mporece 00pa3oBaHUsS TBEPION MOBEPXHOCTH HOCHT HEOOpaTH-
MbIii Xapakrep. [TosiBiieHre cBOOOIHOM ITOBEPXHOCTH B TBEPIOM TEJIE CBSI3aHO C BOBHHKHOBEHUEM
ne(eKTOB, KOTOPhIE Pa3phIBAIOT MACCy BELIECTBA, OJIarofaps YeMy 4acTHIIbI OKa3bIBAIOTCS Ha I10-
BepXHOCTH. JlaHHast paboTa MPOU3BOAMTCS TOJIBKO BHEITHHMH MEXaHHYECKUMH cuiamu. Kpome
TOTO, €CJIM B JKUIKOCTH TIOBEPXHOCTHOE HATSKCHUE PEAU3YETCsl B BUJIE CTPEMJICHUS! COKPATHTh
MOBEPXHOCTh ¢ 00pasoBaHWeM CHEPHUYECKHUX Kallellb, TO B TBEPJAOM TEJI€ 3TOMY MPEMSATCTBYIOT
MEXaHUYECKUE CHJIBI )KECTKOCTH KPHCTAUIMYECKON perreTkd. [103ToMy, KaKk OTMEYarOT aBTOPHI
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[5], mapameTp o A TBEPHOIO Tela SIBISAETCS MEPON HAKOIUIEHWs 3HEPIUU B Pa3yIUIOTHEHHOM
IIOBEPXHOCTHOM cJ10€ (Mepoil cBOOOIHON MOBEPXHOCTHOM 3HEPTUM).

PeanbHOE 3HaU€HHE NMOBEPXHOCTHOIO HATSXKEHMsI TBEPIOTO TEJIA OIPEAEIUTh HEBO3MOXK-
HO, BMECTE C T€M, TOBEPXHOCTHYIO 3HEPTUI0 TaKOIO BELIECTBA MOXHO PACCUUTATH C ITOMOLIBIO
KPUTHYECKOTO TIOBEPXHOCTHOTO HATSHKECHHUS KHUKOCTH (0 ) HA TPAHUIIE C TBEPIBIM TEIOM (METOA
I''A. 3ucmana) [6,7].

Jlis ucnosbp30BaHus MeTO/la 3MCMaHa Ha MPAKTUKE HEOOXOIUMO MOJIyYUTh 3aBUCUMOCTb
cos ) = f(o) mns pa3mUUHBIX KUAKOCTEH U SKCTPATIONHUPYS YCPEAHCHHYIO KPUBYIO 10 cosf = 1,
OINPENEIUTh KPUTUYECKOE 3HAYCHHE MOBEPXHOCTHOIO HATSKEHMS, Ok, KOTOPOE W SIBISAETCS Xa-
PaKTEPUCTUKON MOBEPXHOCTHOW SHEPTHH €IMHHUIBI TIOBEPXHOCTH TBEPIOH (a3bl.

Llenbro 1aHHOM PabOTHI SABJIAETCS — SKCIEPUMEHTAIbHOE ONpE/IeIeHue 3HaUeHUH KpUTH-
YEeCKOTO TIOBEPXHOCTHOTO HATSHKCHHUSI TBEPIOM TOBEPXHOCTH, 00OPAa30BAaHHOM YaCTUIIAMU Pa3HOU
crenienu aucnepcHoctd (100 — 0,1 MKM) U pacuer 1o 3KCIEePUMEHTAIBHBIM JTAHHBIM JJIS TAHHBIX
CUCTEM BEJIMYMHBI CBOOOIHOM MOBEPXHOCTHOM SHEPTUM U OCTOSIHHOM ["amakepa — Kak KpuTepus
CHJIBI MEXYAaCTUYHOIO B3aMMOACHCTBUS 3a CYET JUCIIEPCUOHHBIX CHUII.

2. JKcHepuMeHTAJbHASl YacTh

B kadecTBe 00beKTa UCCIEIOBaHUI HAMU OBUT BHIOPAH MECYAaHBIA TPYHT, OTHOCSIIUICS K
YHCITy TPYHTOB — IIE€CKU TBUIEBATHIC)», MPEIBAPUTEIHHO OTMBITHIM OT TIIMHUCTBIX BKIIOYEHHUH U
BBICYILEHHBIN 10 NOCTOSHHON Macchl pu Temmneparype 110°C. U3 ucXoaHoro ChIpbeBOro Mare-
pHaia METOZIOM JAMCIIEPTUPOBAHUS OBUTH MOJyYEHBI YeThIpe PpaKIMy, OTIHYAIOUINECS CTETIEHBIO
nucrepcHocTH BemecTBa. Cpequuil pasmep yactuil Gpakmuu Nel omnpezneneH CUTOBBIM aHAJIH30M
u cocraBun 0,10+0,05 mm. Cpennane pazmepst gactuil ¢ppaxiuii Ne 2, No 3 u Ne 4 cocrasmmm 241
MKM, 400£100 aM 1 100£50 HM, coorBeTcTBeHHO. Ppakius Ne 2 rojydeHa MyTeM U3MeNbueHUs
dpaxuu Ne 1 Ha maposoit menpHHIIE Retsch PM 100 (Bpems momona — 30 muH mipu 420 06/MuH).
@paxmust Ne 3 momyyena apoOieHHEM BOAHOM CycneH3uu ¢pakuuu Ne 2 Ha KOJJIOWIHON Melb-
Hune IKA magic LAB (Bpems momoisia — 30 mun ripu 20000 06/muH), a dpaxius Ne 4 — xuakum
MIOMOJIOM TIPOJOJIKUTENBHOCTBIO 5 yacoB ¢pakiuy Ne 2 Ha IMIaHETapHOW IIAPOBOM METbHUIIBI
npu 420 o6/muH. Pazmep vactun dpakmuii NeNe 2-4 omnpenpensics Ha ycraHoBke Delsa Nano
Series Zeta Potential and Submicron Particle Size Analyzers. BMecte ¢ TeM Henb3si HE OTMETUTh
(bakT, U3T0KEHHBIN B UCCIEOBAHUAX [8], aBTOPHI KOTOPBIX OTMEYAIOT, YTO TOJIBKO KOMILJIEKCHBIN
MOJXOJ] K ONpEAEICHUI0 pa3MepOB HAaHOYACTHII, 0a3UpYIOMUNCA HAa UCIOJIb30BAHUU LIMPOKOTO
CIEKTpa METOIOB MOXKET JIaTh HaJeXHYI WHpOpMaluio o pasmepe dacTui. OgHAKO B HalleM
cilydae, Mbl CYMTAEM, MOXXHO OTPAHUYHUTHCS MOPSAIAKOM JAHHOW BEITMYMHBI, a HE aOCOIIOTHBIM
3HAYE€HUEM 3TOrO MapameTpa.

@pakuMOHHAsI IUIOTHOCTH IIECYAHBIX TPYHTOB OIpENeslachk CTaHJAPTHBIM METOAOM [9].
BennunHa ynenpHOM MOBEPXHOCTH W MOPUCTOCTU MarepHalia pacCUMTHIBAIACH M0 3KCIIEPUMEH-
TaJbHBIM pe3yjbTaTaM BO31YyXOINPOHMIIAEMOCTH IOBEPXHOCTH, U3MepseMoil meTonoMm ToBaposa
[10]. dns dpakumii ¢ pazmepom dactuil 400 u 100 HM ynenapHas TOBEPXHOCTh PACCUYUTHIBAIIACH
UCXOJSl U3 pa3Mepa JacTull (JOoIycKasl WX IJIOTHYIO YIAaKOBKY), TaK Kak MeTon ToBapoBa B 3TOM
Clly4ae peaqu30BaTh HEBO3ZMOXKHO.

Jns peanuzanuu MeToAa 3ucMaHa HaMH UCTIOJIB30BAIMCH PACTBOPBI TAHOJIA C PA3IMYHBIM
coJiepKaHreM BOAHOM (paKIiK, MPHUYEeM KOHLIEHTPALHUsS BOAHON (paKIHK B pacTBOpPE HE MPEBbI-
mana 50%. DTo cBsi3aHO ¢ OTpaHUYEHHUSIMH METOJA: BO-TIEPBBIX, /U1 U3MEPEHUS KPaeBOro yria
CMayMBaHMs CJIEAYET UCII0JIb30BaTh JIUIIb CIa00NOSPHbIE )KUAKOCTH; BO-BTOPBIX, IPU BETUUYHUHE
IOBEPXHOCTHOIO HATSKEHUS KUAKOCTU Oonee 35 mJx/M? METOl JaeT BBICOKYIO HOIPEIIHOCTD
[7]. IloBepXHOCTHOE HATSKEHUS BOJHBIX PACTBOPOB CHMPTA (U1 UCCIEA0BAaHUI HCIIOIb30BaNICA
CHUPT TEXHUYECKUH THIPOIU3HBINA, 96%) 1 yrosi cMaunBaHUs IOBEPXHOCTU AUCIIEPCHBIX CUCTEM
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m3Mepsu nipu Temmneparype 20°C na ycranoske KRUSS Easy Drop. B Ttabn. 1 npencrasieHsl
MOJTyYeHHbIE 3HAYEHHs MOBEPXHOCTHBIX HATSIKEHWH HCIOIb3YEeMBIX BOJHO-CIIUPTOBBIX PacTBO-
PoB ().

Jlyist onipenieyieHust yrila CMauMBaHUsT UCCIEAYEMbIX (DPAKIUi CHITydYero Marepraia HaMu
OBUTH M3TOTOBJICHBI HCITBITATEIBHBIC 00PA3Ilbl MyTEM 3alPECCOBKH COOTBETCTBYIOIICH (Dpakiuu
rpyHTta npu Harpyske 1,5 k[la B metannuueckyio ¢popmy, nruamerpom 10 Mm.

TABHI/H_IA 1. 3HaueHuA MMOBCPXHOCTHOI'O HATAXKCHUA BOAHO-3TAHOJIBHBIX PaCTBOPOB

Ne i/ | Conepaxanue Boapl, % | (0x+0,02)x 103, n/m
1 0 24,74
2 10 26,61
3 20 27,34
4 30 28,11
5 40 28,42
6 50 31,31

Kpome Toro, mpu npoBeieHUHM SKCIEPUMEHTOB CHELHMAIM3MPOBAHHON KOMIIBIOTEPHOM
IPOrpaMMOi BbIOMPAJIOCh BpeMsl MEPBOrO KOHTAKTA >KUIKOCTH C TBEPJOW MOBEPXHOCTBHIO Chl-
nydero marepuania. s Bcex ciyyaeB MCIBITAHUNM JaHHOE COCTOSHHE CUCTEMBbl CUUTAIIN MICEBJIO-
paBHOBeCHbIM. Kpome Toro, Hamu NpoBeeHbl aHAIOTUYHbIE HCCIe0BaHUs ¢ 00pa3LioM HeApoO-
JIEHOTO TIPUPOIHOTO KBapua (IWIOTHOCTh — 2,65 r/em® [11]).

3. Pe3yabtarbl U UX 00CykKIeHHE

Ha puc. 1 mpencraeieHa GyHKIMOHATbHAS 3aBUCHMOCTD cosf = f(oy) mns ucciemye-
MBIX 00paslioB, MOJyYeHHas HA OCHOBE KCIIEPUMEHTAJBHBIX JAHHBIX, @ B TaOJ. 2 MpHUBEICHBI
3HauYeHUs1 KOd((UIMEHTOB JIMHEHHBIX ypaBHEHUH 3TOW 3aBUCHUMOCTH, BETUYMHA YIIEIHHOHU I0-
BEPXHOCTH 00pa3IloB M paccuuTaHHble 3HaueHus o, U AG. Ha puc. 2 npuBeneHa 3aBUCUMOCTh
AG = f(pasmep uwacmuy), KoTopast TIOKa3bIBACT 3HAYMTEILHOEC BO3pACTaHHE 3amaca CBOOOMHOM
MOBEPXHOCTHOW SHEPTHH JIJIsl HAHOPA3MEPHBIX CTPYKTYD.

JlaHHbIE 110 U3MEPEHMIO KPAaeBOIo yIiia MOKa3alu, YTO JUIs BCEX UCCIENYyEMbIX 00pa3lioB
HaOMoIaeTcs JIMHeWHas 3aBUCUMOCTh cosf = f(0y) C BBICOKUM 3HaueHHEM Kod(duimeHra
koppemsiiiui. OnHako mst ¢pakuuid 1 u 2 (pasmep vactuil 0,1MM ¥ 2 MKM, COOTBETCTBEHHO)
YTOJl HAKJIOHA JIMHEHHOW (PYHKIIMU HE COOTBETCTBYET XapaKTEPUCTHKAM TBEPAON MOBEPXHOCTH,
JTaHHBIA (PaKT MOXKeT ObITh CBUAETEIHCTBOM CIa00r0 MEXKYaCTUYHOTO B3aUMOACHCTBUS B ITHUX
cucremax. BmecTte ¢ Tem, ¢ yBeIMYEHUEM CTENEHU DPa3IpOOJIECHHOCTH BELIECTBA 3aBUCHUMOCTH
cos 0 = f (o) mpUOIIKASTCS K XapaKTePUCTUKAM, TTOTy4eHHBIM /Tt obpasua KBapua (cM. puc. 1,
npsimast 5).

b.B. Jlepsrun ¢ coTpynHukamu emie B [12] B TeopuH MOJEKYISIPHOTO B3aUMOJCHCTBHS
MEXIy MHUKPOOOBEKTAMU MpeUIaraloT METOJ pacueTa YHEPruH B3aUMOICHCTBHUS MEXIY YacTH-
[[aMH, KOTOpas MPUMEHUTENbHO K HAIleMy CIy4Yal0 CBOAUTCS K HCIOJIb30BAHUIO CIIEAYIOIIETO
ypaBHeHus [13]:

cosO =14+ ——-—
2

12mhs . ox

T1€ Nmin — HAUMEHbINAs TOJIIMHA IUIEHKH, KOTOpas COOTBETCTByeT Ban-nep-BaanscoBomy pac-

crostauio (0,24 HM); 0, — OBEPXHOCTHOE HATSKEHUE J)KUIKOCTH; A — moctosiHHas ['amakepa npu
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cos©
1,8 1

1,6 -
14 -

1,2 -

1,0 -

0,8 -
0,6 1
04 -

0,2 1

1

00 :
23 24 25 26 27 28 29 30 31 9PV,

Puc. 1. ®dynkunoHanpHast 3aBUCUMOCTh cos O = f(ox): 1— dpakuus Ne 1
(0,1mm); 2 — dpakmus Ne 2 (2mkm); 3 — dpakaus Ne 3 (400uMm); 4 — dpakius
Ne 4 (100uMm); 5 - xBapIt

0 ; . . ; . . . ; —

a1 101 201 301

-140 4

-160 -

-180 4

Puc. 2. Vsmenenne napamerpa AG B 3aBUCHMOCTH OT pa3Mepa YacCTHIL
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TABIUIA 2. 3HaueHue KO3(PPUIMEHTOB B YpaBHEHHH oS ) = aoy + b, ox 1 AG

Opaxuus Kospumment | Kospuumenr o103, B/M | Sy, M2/KT AG, JIx/xr
a b KOPPEJISALHH, T A

Kgapiz -0,025 | 1,6 0,93 24,0 - -

100 HM -0,027 | 1,6 0,91 23,7 11320 -167,2

400 HM -0,021 | 1,5 0,96 25,0 3644* -44.9

2 MKM 0,26 -6,4 0,95 28.5 1337* =242

0,10 mm | 0,04 -0,5 0,96 37,5 70* -3,6

* 3Ha4eHUs (PPaKIMOHHON IIIOTHOCTH A 00pa3noB ¢pakiuit NeNe 1, 2 u 3 paBusI 2,61; 2,74 u
3,49 r/em? (cooTBeTCcTBEHHO). 3HAaUCHHE TUIOTHOCTH [Tl (hpakiuu Ned cocrasmio 2,65 r/em®
(1t IPUpPOTHOTO KBapIia)

B3aMMO/IEHCTBUY JKUJKOCTHU C TBEPBIM TEJIOM Ha I'paHuIle ¢ Bo31yXoM. ClieZ10BaTelIbHO, IOCTOSH-
Hast A MOXXET CITy)KHUTb KPUTEPUEM OIICHKH NMPHOIMKEHUS pa3apo0IIEHHOTO COCTOSHUS BEIECTBA
K COCTOSTHHIO TIOBEPXHOCTH TBEPAOIO Teja.

s pacyera noctosiHHON ['amakepa HamM MOCTpOEHB! (PYHKIIMOHAJIBHBIE 3aBUCUMOCTH
cos) — 1 = f(1/0x) s Bcex cepuii IKCIIepUMEHTa, KOTOpbIe UMEIOT JINHEiHbIH XapakTep. Ha
puc. 3 TpeacTaBlIeHbl JaHHbIE 3aBUCHUMOCTH U ppakiuii ¢ pazmepom uvactuil 400, 100 HM u
KBaplLa.

cos -1
0,05 -

0,00

]
o

-0,05 4

-0,10 -

-0,15 4

-0,20 -

-0,25 -

Puc. 3. dynkuuoHansHas 3aBUCUMOCTh Buaa cos ) — 1 = f(1/oy): 1 — dpakuust
400 u™m; 2 — dpakuus 100 uM; 3 — kBap

B Tabn. 3 mpuBeneHsl 3HaueHHUS KOAPUIIMEHTOB JTUHEHHBIX ypaBHEHUIN NaHHOW 3aBU-
cumoctu. Kpome Toro, B 3TOM ke TabnuIie MpeAcTaBlIeHbl PACCYUTAHHBIC 3HAUEHUSI KOHCTAHTHI
[amakepa (A), pudeM noaydeHHe pe3ynsTaroB s kBapua (4,1:10720 JIx) xopomo coBnagarot
¢ nureparypHbiMu JaHHbIMU (4,5-10720 JIx) [14]. OTpuuarensHble 3Ha4eHHs KOHCTAHTHL A s
¢dpakuuii 1 1 2, Ha HaIT B3MIIA, OOBSCHIETCS IOPHCTOCTHIO MOBEPXHOCTH 00PA3IIOB B CBSI3U C HE
IUIOTHOW YIIAKOBKOM YacTHUIl U, B CIEJCTBUU ATOTO, CJIa0BIM JHUCIIEPCUOHHBIM B3aUMOEHCTBHE.
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TABJINIA 3. 3HaueHue k03(h(UIIMEHTOB B ypaBHEHUU cosf — 1 = aoy + b

Dpaxis Koadpunuent Koadpunuent A 107, Tk
a b KOPPEJISIIHH, T

KBapn 0,019 -0,79 0,91 4,1

100 am 0,018 -0,78 0,93 3,9

400 aM 0,016 -0,66 0,94 3.4

2 MKM -0,180 6,17 0,94 -32,8

0,1 - 0,25 mm -0,028 0,52 0,95 -18,0

Pe3toMupys nonyyeHHbIe pe3ynbTaThl, CIEAYET OTMETUTh, YTO YMEHBIICHUE KPUTUYECKO-
ro 3HaYeHHUs MOBEPXHOCTHOTO HATSKEHUS OOPAa3IOB MPU YBEIMUEHUU CTENEHU TUCTIEPCHOCTH,
Ha Halll B3MVIS, CBSA3aHO C KOMIIGHCAIMEH 3amaca CBOOOMHOI SHEPruM CHUCTEMbl HA YCUIICHHE
MEXYaCTUYHOTO B3aMMOJICHCTBUA. YBETUUYCHHE KOHCTAHTHI ['amakepa MOXKET CBUACTEIIbCTBOBATh
0 TPUOTMKEHUH CWJIBl B3aUMOJCUCTBHS MEXKIY YaCTUIIAMH B HAHOAHMCIEPCHOM COCTOSHUM K
TBEpOM moBepxHoCcTU. MeTon 3ucMaHa MOKHO IPUMEHSTH JJIS ONpeIeNIeHUs] KpUTEPUsl Mpoliec-
ca GOpMUPOBAHUS U XAPAKTEPUCTHKU COCTOSHUS TIOBEPXHOCTU AUCTIEPCHOTO CHIPHS MPHU OILIEHKE
CHJIBI B3aUMOCBSI3U KOMIIO3UTOB Ha OCHOBE HAaHOCTPYKTYyp. B kauecTBe kputepues npejjaraercs
HCII0JIb30BaTh MOCTOSAHHYIO ['aMakepa U KpUTUUECKOE 3HAYEHHE MTOBEPXHOCTHOTO HATSKCHMUS.

PaGora BemmonHeHa npu momanepkke denepanbHOU 1eneBol mporpamMmbl «HaydHble u
Hay4yHO-TIeJJarOruYecKkue KaJpbl HHHOBaIIMOHHOW Poccum» Ha 2009-2013 ropsl.
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IToxa3aHo BIMAHUE XUMHYECKOI MPEABICTOPUH THAPOKCHIA XPOMa Ha TIPOLIECCHI ACTHAPATALUH U KPUCTAIIU3ALIUH B
cucreme Cro03-HoO B ycoBUSX TepMO- M THAPOTEPMaIbHON 00paboTKu. OnpeeseHsl yCIoBHs THAPOTEPMAIbHON
00paboTKH, MO3BOJISIIOIIME TTOJYYUTh HaHOKpHCTAaILIBl CraOs.

KaroueBrnlie ciioBa: HaHOYaCTHUIbl, HAHOIIOPOIIOK, OKCHUJ XpoMa, FH[[pOTepMaﬂbeIﬂ CHHTC3.

1. BaeaeHue

Oxcup xpoma CryOg sIBIISISICH OTHEYITOPHBIM MaT€pUalIoM C BBICOKOM TeMIepaTypoi Ii1aB-
JICHUSI U CTOMKOCTBIO K OKHMCIIEHHIO [ 1], IMPOKO IpUMEHseTCs JIIs [TOJIyUYeHUsl KepaMuku [2], city-
JKUT HOCUTEJIEM JUIsl KaTaJIu3aToOpoB WM BXOAUT B UX COCTaB, YTO J1a€T BO3MOXHOCTh IPUMEHSATH
Takue Karanusaropsl BIoTh 10 1000°C, 6e3 3aMeTHOTrO M3MEeHeHus cocTana [3].

B paGote [4] oTMeuaeTcs, 4TO HUCMONB30BAaHUE B Ka4€CTBE MCXOAHOTO HAHOPA3MEPHOTO
nopornika CroOs, MO3BOJISIET MOy4aTh MarepHaibl CO 3HAUYUTEIHHO OOJBIICH IJIOMIAIBI0 TO-
BEPXHOCTH, YIYUIIEHHBIMH MEXaHUYECKHUMH, CTPYKTYPHO-IIPOYHOCTHBIMU M KATaJIUTHUYECKUMU
CBOMCTBaMU.

B cBs3u ¢ 3TUM IpesCcTaBIsieT UHTEPEC U3YUEHHUE MPOLECcCOB (POPMUPOBAHUS HAHOKPU-
CTAJNINYECKOTO OKCHJIa XpOMa U HUCCIIEJOBAHUS €r0 CBOWCTB.

Jis cuHTe3a HaHOPa3MEPHBIX MATepHalIOB B HACTOALIEE BPEMs MCIOIb3YeTCs Psili Me-
To0B [5-10], B TOM umncie MeTon Jerujaparalud TMIPOKCUIOB METAJUIOB B THIPOTEPMaIbHbBIX
YCIIOBUSIX, TTO3BOJIAIOIINHI 10Jy4aTh HAHOKPUCTAIIIMYECKHE CI1a00aryIoOMEpUpPOBAHHbBIE OKCHUIHBIE
MarepHualibl ¢ JOCTAaTOYHO Y3KUM pacHpesesieHneM dacTull 1no paMepam [9, 10]. Bmecrte ¢ tem,
KaK MOXKHO 3aKJIFOUMTh M3 aHaju3a pe3ynbTaroB pador [11, 12], cymecTByeT HeKoTOpasi Hecora-
COBAaHHOCTh JAHHBIX OTHOCHUTENIBHO yCJIOBHM aeruaparaiuu B cucreme CroO3-HoO npu noBbl-
IIeHHOM aaBieHuu. Takum oOpa3zoM, yrouHeHue P-T-nuarpaMMbl XUMUYECKHX MpPEBpALCHUN B
cucreme CryO3-HyO 1 nonydyeHue HaHOKPUCTAIUIOB OKCHIa XpoMa sBISIeTCS aKTyalbHOW 3aia-
qel.

2. 3KC]’[epI/IMeHTaJIbHaﬂ 4acTb

B kadecTBe MCXOAHBIX BEIECTB, [l TUAPOTEPMATIbHON 00pabOTKU MCMOIB30BAIU THII-
POKCHJ XpOMa, MOTYYEHHbIN pa3audHbIMU Metonamu: 1) ocaxxnenuem u3 0.3 M pactBopa xiio-
puna (x4) xpoma, 12 M pactBopom NH,OH (ocu); 2) ocaxaenuem u3 0.3 M pactBopa HUTpara
(uma) xpoma, 12 M pactBopom NH,OH (ocu). Ocagox Cr(OH); nmpombiBanu 10 HeWTpaasHoro pH
Y OTpULATEIbHON PEeaKLMU Ha XJIOPUJ] WM HUTPAT MOHBI, 3aTeM CyIIMIuU npu temneparype 75°C.
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Jeruaparanuio TMAPOKCHAA XpoMa B THIPOTEPMabHBIX YCJIOBHSX NPOBOAMIM B LIU-
pokoMm pauamna3oHe 3HadeHuid Temmeparypbl (1° = 300-500°C), maBnenus (p = 0.1-50 MlIla) u
MIPOJOIKUTEIIPHOCTH U30TEPMHUECKON BhIIEPKKU (7 = 1-24 9) 10 METOAMKE, OMUCAHHOU B [9].
B kauecTBe rugpoTepMabHON Cpebl UCIOIb30BaIach NUCTUIUIMPOBAHHAS BOJA.

Jlis onpeneneHus 3IEMEHTHOTO cocTaBa 00pa3LoB UCIIOIb30BAIM METOJ SHEProAMCIIep-
CHOHHOTO MUKPOPEHTI€HOCHEKTPAJIbHOIO aHa/ln3a (MUKPO30H/10Basi IMPUCTAaBKAa K CKaHUPYIOIIE-
My 31ekTpoHHOMY MuKpockorny Oxford Link). ITorpemnocts onpezenenus coaepxaHust 3J1€MeH-
TOB cocTaBiisia B cpeadem =+ 0.3 mac. %.

@a30BbIil COCTAB MOIYYEHHBIX 00pa3LOB ONpenessuii METOJOM PEHTIeHO(ha30BOro aHa-
nmu3a Ha nudpakromerpe JJPOH-3M (CuK,,-u3nydyenue).

Pasmep wactuil onpezensiii B COOTBETCTBUE C peKoMeHIanusMu padotsl [13] mo ymm-
PEHUIO JIMHUM PEHTTEHOBCKOW Iudpakiuu o0pasioB ¢ ucmnosb3oBanuem (popmynsl Lleppepa u
METOJIOM NPOCBEYMBAIOMIEN IEKTPOHHOM MUKPOCKONHHU (MUKpOCcKon DM-125 ¢ Uye=75 kB).

HccnenoBanue BIUSHUS TeMIeparypHO o0pabOTKM Ha (ha30BBI COCTaB M CTPYKTYPY
HaHouacTul CroO3 NpoOBOAMIN METOAOM KOMILIEKCHOTO TEPMHUUYECKOIO aHAJIN3a, BKIIIOYAIOILIErO
muddepeHnnIbHO-CKaHUPYIOIIYIO KAJIOPUMETPHIO, TEPMOTPABUMETPHUI0, MACC-CIIEKTPOMETPHIO,
(cuaxponHbIi TepMmoaHanu3atop STA 429 CD ¢dupmbr NETZSCH, coBMemeHHbI ¢ Macc-CIeKT-
pomerpom QMS 403C), a Takke myTeM HarpeBa oOpasia J0 3aJlaHHON TeMIIepaTypbl CO CKOpO-
cThio 10°/MuH, OBICTPOTO OXJAXKICHUS U JATbHEHUIIEr0 peHTreH0(ha30BOr0 aHaIU3a.

[Tnomanp yaenbHON MOBEPXHOCTH ONPENEIISIIM METOAOM TEIUIOBOM AecopOuuu a3oTa.

3. Pe3yabtarsl u 00Cy:xKaeHHE

Pesynbrarel peHTreHo(ha30BOro aHaiauza 0Opa3loB, MOIYYEHHBIX OCAXIEHUEM THUIPOK-
CUJia XpoMa M3 PacTBOPOB XJIOPUAA M HUTpaTa Xpoma, CBHAETEIbCTBYIOT, YTO B 00OUX CilydYa-
X 00paslbl SBISIOTCS peHTreHoaMop(HbIMU. J[aHHBIE KOMIUIEKCHOTO TEPMHYECKOTO aHAJIM3a
(puc. 1) moka3pIBalOT, YTO MPHU HArpeBaHWU 00pasiia, MOJYYEHHOTO OCAXIACHHUEM U3 pacTBOpa
CrCls, na xpuBoii JICK (puc. 1.1a) B nnamazone temneparyp 75-500°C nabmomaercs MMUpOKU
SHIOTEPMUIECKUI A((HEKT COMPOBOKIAIONINIICS 3HAYUTEIBHON moTepelt macchl (puc. 1.16, Am
= 33%) u AByMs HaKJIaJbIBAIOIIMMUCSA NMHUKAMU Ha KPUBOM Macc-criekTpomeTpuu (puc. 1.1B),
COOTBETCTBYIOLIUMH COSAMHEHHUIO C MOJIEKYISIPHON Maccoil 18, 4To, mo-BUAMMOMY, OTBEYAET BbI-
nenenuto Bofbl. [Ipu aToM, cyas mo pesynbTaraM peHTreHo(a30Boro aHaiusa, o0pasel] ocTaercs
pertreHoaMopdubIM. TakuMm 00pa3om, MpU HarpeBaHUM THIPOKCHIA XPOMa, MOJIYYEHHOTO W3
pactBopa CrCl; B quanazone temneparyp 75-500°C HabmromaeTcst IpoTeKaHue Mporiecca AeTu -
paranuu ¢ oopazoBanuem amopduoro CroOs. [lpuuem, cienyer OTMETHUTh, YTO yAaJICHUE BOJIBI,
MO-BUAMMOMY, MpoucxoauT B aBa 3tama: Cr(OH)s3 0-310°C, crooH 200 Cry03 (cm.
puc. 1.1).

JanbHeiliee noselieHue teMieparypsl 10 590°C mpUBOAMT K IMOSIBIEHUIO HA TEPMO-
rpaMMe MHTEHCHBHOTO K30TEPMHUUYECKOr0o 3 (eKTa COMPOBOKIAIOIIETOCS TOCTaTOUYHO PE3KOM,
onHako He 3HaunTenbHOU (Am = 0.43%) nmorepeit maccol (puc. 1.10) u ¢ukcanuelr Ha KpuBOU
Macc-crekTpoMeTpuu (puc. 1.1B) MMKOB COOTBETCTBYIOUIUX BBIJCICHUIO BOJABI U CJIEIOBOTO KO-
JUYECTBA COCIMHEHHUS C MOJISIPHOM Maccoil 32, BO3MOHO kuciopona. [lo-sunumomy, ynaneHue
U3 OKCHJIa XpOMa BOJABI U KUCIIOPOJla MHUIIMUPOBAHO TpolrieccoM kpuctaminzauuu CrpOs.

[Ipu HarpeBanun obOpasua, nomydeHHoro ocaxzaeHueM u3 Cr(NOs);, xapakrep KpHBOH
JCK coxpansiercs (puc. 1.2a). B nnana3zone temmneparyp COOTBETCTBYIOUINX YHAOTEPMUUYECKOMY
3 QeKTy Ha KPUBBIX MOTEPH MACChl M MAacC-CIEKTPOMETPUH (UKCUPYIOTCS HaKJIaJbIBAIOIIIE-
cs muku, orBedaromue ynanenuto Boael: Cr(OH);—CrOOH — o 250°C u CrOOH—Cry,03 —
250-400°C, a Takke NMUKH, IO-BUIUMOMY, COOTBETCTBYIOIIME BBIIEICHHUIO MIPUMECHBIX HOHOB,
BOIIEAIUX B CTPYKTYpy B xone ocaxaenus Cr(OH)s. Crnenyer oTMETUTB, YTO TEMIIEpaTypPHBIA



128 A. H. byepos, O. B. Anvmawesa

JUara3oH MpOTeKaHHs MEepPBOro Mpolecca, T.e. AeTUAPATAllMd THAPOKCHIA XPOMa, MOIYYEHHOTO
OCaXJEHHUEM M3 HHUTpaTa XpoMa, COBIAJAaeT C TeMIIepaTypHbIM TUAMa30HOM IMPOTEKAaHUS Mpo-
necca aeruyaparauuu B ciydae HarpeBanus Cr(OH);, momydeHHOro ocaieHueM U3 pacTBOpa
xJopua xpoma. Torma kak Temiieparypa Hadasia Broporo stamna aeruaparaiun (CrOOH—CryO3)
3HaunTesbHO Hike (200-400°C), mo cpaBHEHHIO ¢ 00pa3IOM, MOTYYEHHBIM U3 XJIOPHAA XpoMa
(350-500°C).
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Puc. 1. Pesynprarel komrmiekcHoro tepmuueckoro aHanmuza Cr(OH)s, momyden-
Horo ocaxaerueM u3 pactBopoB CrCls (1) u Cr(NOj3)3 (2): a— nuddepenu-
aNbHAasg CKaHUPYIOLIas KaJopUMEeTpHs; 0 — TepMOrpaBUMETPUUYECKUN aHAIN3; B —
Macc-CIEeKTPOMETPUIECKUN aHaIu3 ra3oBoil ¢assl npu HarpeBanuu Cr(OH)s.

WHTeHcuBHbIN 3K30TepMuueckuil 3pdext Takxke cMeriaercss B o0nacTb 0ojee HU3KHUX
temneparyp npumepao Ha 110°C (490°C). Dx3orepmuueckuii 3PGEKT B TaHHOM CIIydae COMpO-
BOYK/1aeTCsl 0oJiee SIPKO BBIPAKEHHOW CTyNeHbIo noTepu Maccsl Am = 1.65%, 1o cpaBHEHHIO €
THIPOKCHIOM XpoMa, moiydeHHbIM u3 pactBopa CrCls. Ha kpuBoii Macc-CIEKTpOMETpUH, J1aH-
HBIH 3P PEKT COMPOBOKIAIOT MUKH COOTBETCTBYIOIIME BBIICICHUIO BOIBI, KHCIOPO/AA, OKCHUIIOB
aszota [ u II (puc. 1.2B).

[TosiBeHue B Macc-criekTpe 00oux oOpas3loB JUHUI, OTBEUAIOUINX BbIACICHUIO KUCIOPO-
J1a, MOXET OBITh BBI3BAHO MPOLEcCaMu BoccTanoBiieHust Cro, Haxomsmerocs B OBEPXHOCTHOM
CJ10€, MHULIMUPOBaHHbIMU KpucTanzauuei CryOs.

Cwmemenne TenoBbix 3¢ ¢extoB Ha kpuBoil JICK B Oosee BbIcOKOTEMIIEpaTypHYyIO 00-
nacte B ciydae Cr(OH)s, momyuennoro u3 pactBopa CrCls, mo-BuauMoMy, MOXKHO OOBSICHUTH
HAJIMYHMEM B €TO CTPYKTYpE HOHOB XJIOpa, KOTOphIe BepossTHO cTabmmmsupytor CrOOH, 3amermas
gactb OH ™ -rpynn (CrO(OH),_,Cl,).

I'mnopoxcuy Xpoma, NOTy4EeHHBIH OCaXKACHUEM M3 PacTBOPA XJIOPUAA XpoMa, MoJBepral-
csl ruapoTepManbHOil 00paboTke mpu Ttemneparype 450-500°C, masnenun 30-50 Mlla u npo-
JOJDKUTEIBHOCTH M30TepMUYECKOr BbIIEpKKU OT 0.5 1o 4 yacoB. Ha ocHOBaHuUM pe3yibTaToB
PDA MOXHO 3aKJIIOYNTh, YTO B CIIy4ae I'MJIpPOTEpPMaIbHON 00pabOTKH, TaKkKe KaK U IPU TEPMO-
00paboTKe Ha BO3IyXe IMpolecc 00pa30BaHUsl HAHOKPUCTAIUIOB OKCHJIa XpoMa MPOTEKAET B JIBE
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craguu. [Ipu temneparype 450°C 1 ©30TepMUYECKOM BBIIEPKKH OT 1 10 3 yac Ha peHTTeHOBCKOM
nudpakTorpamme GUKCUPYIOTCS pedIeKchl COOTBETCTBYIOIINE OKCUTHIPOKCUIY Xpoma (puc. 2,
KpuBbIe 2-5), uepe3 3.5 yaca MOSBIAIOTCS MHKH, OTBEYAIOIINE CIIEAOBOMY KOJIMYECTBY OKCHJIA
XpoMa, a BBIJIEP)KKA B TeueHUe 4 4acoB MPUBOIAUT K 00pa30BaHUIO B KaueCTBE KPUCTAJUIMYECKON
Moar(UKaIUK TOIBKO OKcHaa Xxpoma (puc. 2, kpuBas 7). OqHako, GUKCHpyeMOe Ha KPUBOH 7 B
00JIaCTH MaJbIX YIJIOB Tajo, KaK MMPaBHJIO, COOTBETCTBYIOIIEE HATHYHMIO BEUIECTBA B aMOp(pHOM
COCTOSIHUM M aHAJIU3 JIAHHBIX 3JIEKTPOHHOW MHUKpOCKONHUH (puc. 3a), Mo-BUANMOMY, CBUIACTEIIb-
CTBYIOT O TOM, YTO B YKa3aHHBIX ycloBusax nocie neruaparainuu CrOOH kpucraimuzyeTcs JIuiiib
He3HauuTenbHasg 4acTh CryOs. Crieqyer OTMETUTh, YTO COIVIAcCHO AuarpaMme (a3oBbIX MpeBpa-
menuit Cro03-HoO, npencraBnennoi B [15], hopMupoBaHue KPUCTAUTMYECKOTO OKCHIA XpoMa
HauyMHaeTcs mpu Oosiee Beicokoi Temiieparype — 500°C, a mpu noBeieHnn nasieHus 10 SOMI]a,
temreparypa aeruaparauu CrOOH nossimaetcs mo 600°C.

7
6
)
4
CrOOH
3
CrOOH
CrOOH
2
/
10 20 30 40 5 60 70
20

Puc. 2. PeHTreHoBckue qudpakTorpaMmbl 00pa3iioB, MOJyUYEHHBIX B X0O/IE THIPO-
tepmasibHON 00padoTku Cr(OH); mpu temmeparype 450°C B teuenue: 1 —0.5 ;
2—19;3—159;4—294;5—394;6—354; 7—4 u.
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[ToBbilIeHHE TeMIeparypbl TUApOTepMaibHON 00paboTku 10 500°C mpu mzorepmuye-
CKOM BBIZIEpKKE B T€UeHHUE 3 U MPUBOAUT K 00pa30BaHUIO HAHOKPUCTAIIIMYECKOTO OKCHA XpOMa
(puc. 4, kpuBas 2). HanouacTuipl UMEIOT (OpMY CILTIOCHYTOTO SIUIMIICA CO CPETHUM pazMepoM
okos10 35 HM (puc. 36). Cnenyetr orMeTuTh, uTo pazmep OKP monydeHHBIX HAHOYACTHUII, PACCUH-
TaHHBI HA OCHOBAaHUM aHAJIM3a YIIMPEHUS PEHTTEHOBCKUX MAaKCUMYMOB, cocTaBisieT 30 HM U B
npenenax MOrpelrHOCTH COBMAAAET C IAHHBIMU 3JIEKTPOHHON MHKpOCKONuuU (puc. 3).

a 6

Puc. 3. Muxkpodororpadpun Cr,O3 mocie rugporepMaibHO 00padOTKH MPH TEM-
neparype 400°C (a) u 500°C (6) B TeueHue 4 u 3 4aCOB COOTBETCTBEHHO.

HccnenoBanue BIMsHUS JaBJieHUs Ha niporecc kpucramumsaiuu CroO3 B ruipoTepMalib-
HBIX YCJIOBHUSX MPOBOIWIOCH NpU Temreparype o0padotku 500°C U MpomoIKUTEIbHOCTH H30-
TEPMHUYECKOU BBIJCPKKU 3 Yaca. PeHTreHOBCkHe MUpPaKTOrpaMMbl 00pa3ioB MPOIISANINX 00-
pabotky npu gasienuu 0.1 MlIla (tepmoodpaboTka npu armocdeprnom napnerun), 10 MIla u 50
MIla npencrasiieHsl Ha puc. 4. AHaJIHU3 pe3yJbTaTOB MPEACTABICHHBIX HA PUC. 4 CBHIICTEIIBCTRY-
€T 0 TOM, 4TO (Pa30BBIi COCTAB KOHEYHOTO MPOAYKTA B OOJBIION CTEIIEHH 3aBUCUT OT JABJICHUS
THAPOTEPMaTIbHON 00pabOTKH.

Tak TepMo0oOpaboOTKa rMAPOKCHIA XpoMa MPH aTMOC(EPHOM JaBJIEHUH NPUBOIUT K 00-
Pa30BaHUIO UCKJIIOUUTENIBHO KpucTamanueckoro CroOs ¢ pazmepom yactun okono 40 uMm. [lpu
yBenuueHuu nasieHus 10 10 MIla ¢a3oBblif cocTaB NPOAYKTOB PEaKLUU HE HM3MEHseTcs, Ha
PEHTIeHOBCKOM au(pakTorpaMMe (pUKCUPYIOTCS MUKHU OTBEUAIOIINEe OKCHIYy XpOMa, OIHAKO pa3-
mep OKP 3amerHo ymensmaercs 10 20 HM. B ciyuae rugporepmanbsaoii 06padotku Cr(OH)s mpu
nasnennu 50 MIla Ha peHTreHOBCKHX TudpakTorpamMmmax Hapsay ¢ Makcumymamu CroO3 HabmIO-
JIaeTCsl MOSBJICHUE ITMKOB COOTBETCTBYIOIUX OKCUTUIAPOKCUAY Xpoma (puc. 4). [Ipuuem pasmep
OKP kak Cry03, Tak 1 CrOOH HeckoibKO BBIIIE, YeM B CIIydae THAPOTEPMabHON 00paboTKu
pu MeHbieM aasieHud u cocrasisiet 47 um (CryO3), 20 am (CrOOH).

B cnyuae neruapartanuu TMAPOKCHAA XpoMa, MOJIYYEHHOTO OCaXIEHHEM U3 pacTBopa
Cr(NOs3)3, CKOpOCTB Mpoliecca JAeTHApPaTalii U CpeaHuil pasmep obpasyromuxcs gactuil CraOs
3HAUYUTENbHO BbIlIe, YeM npu aeruaparanuud Cr(OH);, mOIy4yeHHOro OcaKIeHHEM H3 pPacTBOpa
CrCl;. D10, MO-BHIMMOMY, BBI3BAHO TE€M, YTO MPH THAPOTEPMAILHOW 00pabOTKe JAaHHOTO 00-
pasiia B TUIpOTEepMaIbHBIA pacTBOp nepexoasiT noHbl NOs~ B 3HAUUTENBHON CTENECHU U3MEHSIS
pH pactBOpa u yckopsisi IPOLIECChl NMEPEKPUCTATUIMZAIUHN, TPUBOISIINE K POCTY YACTHUI[ OKCHIA
XpomMa.
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Puc. 4. Penrenosckue mudpakrorpammel CroO3, TOTYyU4EHHOTO B X0/1€ 00paboTKu
ruipokcua xpoma mpu remmeparype 500°C, BpeMeH! H30TePMUIECKON BBIICPIKKU

3 4y, u gaBiaedun: 1 —1 arm; 2— 100 arm; 3 — 500 arm.

4. 3axiaoueHue
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Takum 00pa3zom, MOKa3aHO BIUSHUE XUMHUYECKOW IMPEABICTOPUU THUIPOKCHAA XpoMma Ha
mpoleccsl aeruaparanu u kpucramuszanuu B cucteme CroO3-HoO B ycnoBusix TepMo- U Tuj-
porepmanbHON 00paboTku. Onpenenens! yciaoBus oopazoBanus CroO3 B X01€ THAPOTEPMATIBHOM
o0Opabotku. IlokazaHo, yTo oOpazoBaHHe HaHOKpucTammuueckoro CroOs B TUAPOTEpMAaNIbHBIX
yclIoBUsX HabiromaeTcs mpu O6osee HU3KOM TeMIlepaType, 4eM yka3aHo B padore [14].

ABTOpBI BBIpaXXalOT UCKPEeHHIO OnarogapHocTh B. B. I'ycapoBy 3a momortrs B 00cysxke-

HUU U TPAKTOBKE PE3yJIbTATOB.

Pabora BbimonHeHa npu (QUHAHCOBOW MOIJepkKe MHHHCTEpPCTBa 00pa30BaHMs M Hay-
ku PO (DenepanpHas ueneBas nporpamma «lccnenoBanus U pa3pabOTKH MO HMPUOPUTETHBIM
HaIpaBJICHUSIM Pa3BUTUA Hay4YHO-TEXHOJorudeckoro komiiekca Poccum Ha 2007-2013 rombi»,
I'K No. 16.516.11.6082) u Poccuiickoro ¢gonna ¢pyHIaMeHTaIBHBIX HccaenoBanuii (rpant No.

10-08-00267).
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NHDOOPMALIUA U ITPABUJIA 1JIAA ABTOPOB

TpeboBanusi K 0pOPMIICHHIO CTATEH VISl JKyPHAJIA
«Hanocucrembl: Gpu3NKa, XUMHUSA, MATEMATHKA»

XKypHan npuHuMaeT K myOIMKalUU UCCIIe0BAaTENbCKUE U 0030pHBIE CTAaThH, a TAKXKE
KpaTKue Hay4yHbIE COOOIIEHUS, HUTJE paHee HEe ONyOIMKOBaHHbBIE U HE MPUHSATHIE K U3JaHUIO
B JIpyrux xypHanaxX. CTaTb MOTYT OBITh NpPENOCTABIEHbl HAa PYCCKOM MM aHIJUICKOM
a3blKe. Bce cTtaThu pelieH3upyIoTes, Mociie Yero npu HeoOX0JMMOCTH BO3BPALLAIOTCS aBTOPY
Ha opaboTky. [lnaTa 3a myGnukanuio pykonuceil He B3UMaeTcs.

IIpenocraBiasieMblie MaTepuabl

1. @aiin cTaThy Ha PYyCCKOM WJIM AHTJIMKMCKOM S3bIKE, conaeprkamuii naaeke YK, Ha3Banue
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2. @aiin Summary Ha aHIIMHCKOM S3bIKE, COJACpXAIlUil Ha3BaHWE CTAThbU, (PaAMUINHM U
MHMIMAIBI aBTOPOB, Ha3BaHUs MeCT paloThl, ajpeca 3JIEKTPOHHOW MOYTHI, AHHOTALUIO
CTaThH, KIIOUEBBIE CJIOBa, a Takxke MoapoOHyro wuHopmamnuio o0 astopax: O.M.O.
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TpeOoBaHusi K 0(p)OPMIICHUIO TEKCTA

Crarbu npuHuMarotcs B popmate LaTeX (mpeanoururensho) uiu MS Word.

PekoMeH0BaHHBIIT 00BEM KpaTKUX COOOIIEHU 4-6 CTaHUI], HCCICIOBATEIbCKUX
crateit 6-15 crpanuil, 0630poB 10 30 cTpaHuIl.

@opmat cTpaHullbl — A4, HOJsA CTpaHMILBL: MPaBOE — 2 CM, OCTalbHbIE — 2,5 CM.
[pupt — Times New Roman, pazmep mpudrta — 12 pt, MEKCTpOUHBIH HHTEpBaT — 1.
Ao63ansbiii orctyn — 1,5 cm. HazBanue craThy mevaraeTcs 3ariiaBHBIMH OyKBaMH, pa3Mmep
mpudTa 16 pt, MOy KUPHBINA, BEIpABHUBACTCS 1O IeHTPY. MHUIMAaNs u GpamMuimm aBTOpoB
nevararorcs mpudtom 12 pt, 0OBIYHBIN, BEIpaBHUBACTCS 1O eHTPY. Ha3BaHue opranu3anumn
W JJIEKTPOHHBIM anpec medyataeTcss mpudTom 12 pt, OOBIUHBIN, BHIPABHUBACTCS IO IICHTPY.
Annoranus nevaraetrcs mpudTom 10 pt, oObIYHBIN, BeIpaBHUBaeTCA Mo mupuHe. OObeM He
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nojokeH npesblaTh 150 cioB. KitoueBwle cioBa mevararorcs mpudrom 10 pt, oObIUHBIM,
BbIpaBHMBaeTcs 1o mupune. HazBanus pasznenos nedatatotrcs mpudrom Times New Roman,
12 pt, momy>XUpPHBIA, MEXKCTPOUHBIM HHTEpBal — 1, BBIpAaBHUBAETCS IO JIEBOMY Kpalo,
OTJeNsAeTCs OT MPEeAbLAYIIEro pa3jiena MoJlyTOpHOM mycToit ctpokoil. Ha3zBanue noxpasaenos
nevaratorca wpudrom Times New Roman, 12 pt, momyXupHbI, MEXKCTPOUHBIH HHTEP-
BaJ — 1, BBIPAaBHMBAETCS IO JIEBOMY Kparo, OTAENAETCS OT MPEbIAYLIEro nojapas3zesna myCcTon
ctpokoil. [loamucu k pucyHkam neuartatorcss mpudprTom 10 pt, oObluHBIN, 0e3 ab3alHOTO
OTCTYIIA, BBIPABHUBAETCS M0 HIMPHUHE.

Odopmienne cratbu B LaTeX

IIpn noaroroBke cratbu B LaTeX, moxamyiicra, BKIOYaUTE B IMPEAOCTABIISIEMBIC
MaTepuaibl kak ucxoaubiii Teket LaTeX, Tak u orkomnunupoBanubiii PDF ¢aiin. Bl moxxere
UCIIOJIb30BaTh J1t00bIe TakeThl LaTeX, koTopble BXOAT B CTaHAApTHBIE JUCTPUOYTUBBI. Eciaun
Bbl BBIHY)KJEHbl HCIOJIb30BaTh CHEIU(PUUECKUI NakeT, Bbl JOJDKHBI HPUIOXKHUTH BCE
HeoOXoauMble JUIsl KoMOWIsAUuu (aiiasl. OnpeneneHHble BaMU MaKpOChl HE JOJKHBI
NIEPEONPEIENAT yKE CYIIECTBYIOLIHE.

JlJis BKJIIOUEHUSI PUCYHKOB B TEKCT MCIOJIb3YyHTE CTaHAAPTHBIE KOMaHMAbI, HAIPUMED,
\includegraphics, unu co3naBaiite pucyHku c mnomouibto komana LaTeX. OGparure
BHUMaHWE, YTO WCIOJIb30BaHUEe KoMaHa PostScript mans cozmanus cnenuanbHBIX dPQEeKTOB
HEINOCPEACTBEHHO B TEKCTE CTAaThH 3aIPELIECHO.

Jlnst Habopa BBIAETCHHBIX (POpPMYIT HCHOIB3YHTE OKpY)KeHHe equation, gather, align.
[ToxxanylicTa, He NCIIOJIB3YHTE OKPYKEHUS array U eqnarray.

Jns yckopeHus mpouecca moAroTOBKY Ballle CTaThy, MoAroToBiaeHHOM B LaTeX, BbI
MOJKET€ MCIIONb30BaTh CO3JaHHbIM HaMu Kiacc nsart.cls (KOTOpbIE MOMKHO 3ampOCHUTh B
PEeIaKIUY WK CKavaTh ¢ caiiTa )kypHaia http://nanojournal.ifmo.ru/).

Od¢opmaenne cratbn B MS Word

ITpu odpopmnenun cratbu B MS Word dopmynsl HaOupatorcss B peaakrope Math
Type. OyHKIMM W CHMBOJBI XUMHUYECKUX 3JIEMEHTOB HaOupatorcs mpudrtom Times New
Roman, npsimoit; nepemennsie Times New Roman, Haki10HHBIH; rpeyeckue OykBbel — Symbol,
npsMOii; cuMBOIIBI — Symbol, mpsimoii; marpunbl-Bekropa — Times New Roman, mpsimoii,
nony>kupHbIi; uncna — Times New Roman, npsimoii. Pasmepsr: oObrunbIi — 14 pt, KpymHBIIT
unaekc — 10 pt, menkuil uugexc — § pt, KpynHeiii cumBoa — 16 pt, menkuit cumBon — 12 pt.
Hywmepauuio hopMys 1 CCBIIIKM Ha JIUTEPATYpy KeJaTeIbHO AeaTh BPYUHYIO.

TpeGoBanns kK HWILTIOCTPALIUSIM

WnmocTpanii  MpeocTaBisIIOTCS  OTAETbHBIME  daitnamu. [IpenmouturensHee
WCITOJIB30BaTh BEKTOpHBIC (opMmathl daitnoB (eps, ps). Ecimm ke MCnonb3yroTcsi pacTpoBbIe
dopmartsl daiinos (bmp, jpeg, png), To pazpemeHue (aiinoB qomkHO ObITh He MeHee 300 dpi.
WnnrocTpanyy 10JKHBI ObITh KOHTPACTHBI, TaK KaK B MEYAaTHOM BEPCHM BCE WILIFOCTPALUU
OyayT dyepHO-OenbIMH. B 21IekTpoHHOH BepcuM JKypHalla COXPaHSAIOTCS —IIBETHBIC
WITIOCTPALHH.

TpeGoBanns k Ha3BaHUAM (ailnoB
B Ha3Banusx aiinoB ucnons3yiiTe aHrnuiickuii angasut. Crapaiitech BbIOMpaTh
Ha3BaHUs (DAMITOB WILUTFOCTPAIIMI COTJIACHO X HOMEpaM B cTaThe, HarpuMmep: figl.eps u T.1.
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TpedoBanne k 0(popMIiIeHHIO CTUCKA JIUTEPATYPbI
CchbUIKM Ha CHHUCOK JIMTEPAaTypbl MAIOTCS TOJNIBKO B TEKCTE CTaThbd HU(PpaMHU B
KBaApaTHbIX ckoOkax (B LaTeX HEoOX0IMMO MCIOBb30BaTh aBTOMATHYECKYIO0 HYMEPAIIHIO C
MTOMOIIIBIO KOMaH/IbI \cite{...}).
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[2] Pamwmmusa U.O., ®amumus U.0O. Ha3sanue crarbu / HazBanue xypHama. — 2000. —
T.1,Ne 5. —C. 17-23.
[3] ®ammmus U.O., ®amumusa N.O. Hazpanue noxnana // COOpHUK TpyAOB KOH(EpPEHINN
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[4] ®amumus W.O., dammmus W.O. Hassamme cratebun. — 2010. URL/arXiv:
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[5] ®amunusa U.O., ®amumug 1M.0. Ha3panue natenta // Ilatent P® Ne 11111. — 2010.
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[6] Pamunusa W.O., ®amunua U.0O. Ha3Banue nucceprauuu // Jluc. HOKT. ¢pu3.-Mat. HayK.
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NONLINEARITY-DEFECT INTERACTION:
SYMMETRY BREAKING BIFURCATION IN ANLSWITH A &' IMPURITY

R. Adami, D. Noja

We illustrate some new results and comment on perspectives of a recent research line, focused
on the stability of stationary states of nonlinear NLS with point interactions. We describe in
detail the case of a " & " interaction, that provides a rich model endowed with a pitchfork
bifurcation with symmetry breaking in the family of ground states. Finally, we give a direct
proof of the stability of the ground states in the cases of a subcritical and critical (in the sense
of the blow-up) nonlinearity power.

Keywords: nonlinear dynamics, quantum mechanics, solitons, symmetry breaking, pitchfork
bifurcation.

Riccardo Adami — Dipartimento di Matematica e Applicazioni, Universita di Milano Bicocca,
Italy, Assistant Professor, riccardo.adami@unimib.it.

Diego Noja — Dipartimento di Matematica ¢ Applicazioni, Universita di Milano Bicocca,
Italy, Assistant Professor, diego.noja@unimib.it.

ATTRACTIVE OR REPULSIVE CASIMIR EFFECT
AND BOUNDARY CONDITIONS

M. Asorey, J.M. Mufoz-Castaiieda

The Casimir force between two identical bodies, although highly dependent on their geometry
and structure of boundaries, is always attractive. However, this force can become repulsive if
the nature of the two boundaries is different. We analyze from a global perspective the
analytic properties of the Casimir energy function in the space of the consistent boundary

conditions M for a massless scalar field confined between two homogeneous parallel plates.

The analysis allow us to completely characterize the boundary conditions which give rise to
attractive and repulsive Casimir forces. In the interface between both regimes there is a very
interesting family of boundary conditions which do not generate any type of Casimir force.
We also find Casimirless boundary conditions which are invariant under the renormalization
group flow. The conformal invariant boundary conditions which do not generate a Casimir
force have not yet been exploited in string theory but open new interesting possibilities.
Keywords: Casimir effect, vacuum energy, boundary conditions, boundary renormalization
group flow.

M. Asorey — Departamento de Fisica Teorica. Facultad de Ciencias. Universidad de Zaragoza,
50009 Zaragoza, Spain. Professor, asorey(@unizar.es
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LANDAU-ZENER EFFECT FOR A QUASI-2D PERIODIC SANDWICH
N. Bagraev, G.Martin, B. S. Pavlov, A. Yafyasov

Bloch-waves in 1D periodic lattices are typically constructed based on the transfer-matrix
approach, with a complete system of solutions of the Cauchy problem on a period. This
approach fails for the multidimensional Schrédinger equations on periodic lattices, because
the Cauchy problem is ill-posed for the associated elliptic partial differential equations. In our
previous work we suggested a different procedure for the calculation of the Bloch functions
for the 2D Schrddinger equation based on the Dirichlet-to-Neumann map substituted for the
transfer -matrix. In this paper we suggest a method of calculation of the dispersion function
and Bloch waves of quasi-2D periodic lattices, in particular of a quasi-2D sandwich, based on
construction of a fitted solvable model.

Keywords: Landau-Zener effect, Bloch waves.

N. Bagraev — A.F.loffe Physico-Technical Institute, Russian Academy of Sciences, Saint
Petersburg, Russia.

G.Martin — NZ Institute for Advanced study, Massey University, Albany Campus, New
Zealand. Professor.

B. S. Pavlov — 1) NZ Institute for Advanced study, Massey University, Albany Campus, New
Zealand; 2) V. Fock Institute for Physics at Physical Faculty of the St. Petersburg University,
Saint Petersburg, Russia. Professor, DSc., pavlovenator@gmail.com.

A. Yafyasov — V. Fock Institute for Physics at Physical Faculty of the St. Petersburg
University, Saint Petersburg, Russia. Professor, DSc.

BIFURCATION CONDITION FOR OPTIMAL SETS
OF THE AVERAGE DISTANCE FUNCTIONAL

X.Y.Lu

Consider the quasi-static irreversible evolution of a connected network, which minimizes the
average distance functional. We look for conditions forcing a bifurcation, thus changing the
topology. We would give here a sufficient conditions. Then we will give an explicit example
of sets satisfying the bifurcation condition, and analyze this special case. Proofs given here
will be somewhat sketchy, and this work is based on the paper X.Y. Lu. Branching time
estimates in quasi static evolution for the average distance functional, Preprint on CVGMT, in
which more details can be found.

Keywords: Optimal transport, Euler scheme, minimizing movements, average distance.

X.Y. Lu — Scuola Normale Superiore, Pisa, Italy. PhD student in Mathematics, x.lu@sns.it
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A NONLOCAL PROBLEM WITH INTEGRAL CONDITIONS
FOR HYPERBOLIC EQUATION

L. S. Pulkina

In this article, we consider two initial-boundary value problems with nonlocal conditions. The
main goal is to show the method which allows to prove solvability of a nonlocal problem with
integral conditions of the first kind. This method is based on equivalence of a nonlocal
problem with integral conditions of the first kind and nonlocal problem with integral
conditions of the second kind in special form. Existence and uniqueness of generalized
solutions to both problems are proved.

Keywords: Hyperbolic equation, nonlocal problem, integral conditions.

L. S. Pulkina — Samara State University, Samara, Russia. Professor, louise@samdiff.ru

THRESHOLD EIGENFUNCTIONS AND THRESHOLD RESONANCES
OF SOME RELATIVISTIC OPERATORS

Y. Saito, T. Umeda

We give a review of recent developments on the study of threshold eigenfunctions and
threshold resonances of magnetic Dirac operators and Pauli operators. Emphasis is placed on
a proof of the non-existence of threshold resonances of the magnetic Dirac operators in a
concise manner.

Keywords: Dirac operators, magnetic potentials, threshold, energies, threshold resonances,
threshold eigenfunctions, zero modes.

Yoshimi Saitd — Department of Mathematics, University of Alabama at Birmingham,
Birmingham, USA, Emeritus Professor, saito@math.uab.edu.

Tomio Umeda — Department of Mathematical Sciences, University of Hyogo Himeji, Japan.
Professor, umeda@sci.u-hyogo.ac.jp.

EFFECT OF ELECTRIC FIELD ON THE STRUCTURE
OF THE FERROELECTRIC CHEVRON SMECTICS C*

K. G. Chernyak, V. P. Romanov, S. V. Ulyanov

We study the director orientation and variation of the layered structure of the chevron
ferroelectric smectic C* in a bounded cell in presence of an external electric field. The spatial
distribution of the director was calculated in systems possessing the orientational bistability.
We analyze the transition between two equilibrium configurations in weak electric fields
when the magnitude and direction of the field are changed. The transition has the form of a
hysteresis loop. The value of the threshold field leading to the reorientation of the director
was estimated. The variation of the layered structure occurs in strong fields when the
contribution of the quadratic term of the field to the free energy is essential. In this case the
spatial and orientational structure of smectic C* was obtained for different ratios between the
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principal values of the permittivity tensor. It was shown that in some cases the increase of the
external field should lead to the transition from the chevron to the "bookshelf" structure.
Keywords: Chevron ferroelectric smectic, thin films, bistability, the threshold fields

K. G. Chernyak — Saint Petersburg State University, Department of Physics, Saint Petersburg,
Russia, spiritus00@gmail.com
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SIMULATION OF FLOWS IN NANOCHANNELS
BY THE MOLECULAR DYNAMICS METHOD

V. Ya. Rudyak, A. A. Belkin, V. V. Egorov, D. A. Ivanov

On the basis of molecular dynamics method the algorithm for the first time enables to
simulate a plane flow in nanochannels with a pressure drop is proposed. Interaction between
molecules of the fluid is simulated by the potential of hard spheres or the Lennard-Jones
potential. The properties of nanoflows are studied. It is shown that the structure of fluids in
nanochannels differs significantly from its structure in the bulk. Data on the dependence of
friction coefficient on the Knudsen and Reynolds numbers are presented. It is established that
the pressure drop depends strongly on the accommodation coefficients (for the fluid of hard
spheres) or the parameters of the interaction of fluid molecules with molecules of the wall (for
the Lennard-Jones fluid).

Keywords: nanochannels, pressure drop, friction head loss, molecular dynamics method,
fluid structure.
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NUMERICAL SIMULATION OF FORMATION OF THE TITAN DIOXIDE
IN THE PLASMA-CHEMICAL REACTOR OF FLOWING-TYPE

S.M. Aulchenko, E.V. Kartaev, O.B. Kovalev

Results of numerical simulation of formation and growth of particles of a titan dioxide in a
working zone of the plasma-chemical reactor are presented. Influence of heterogeneous
reaction and nucleation of the particles is studied. Parametrical calculations of formation and
growth of particles of a titan dioxide depending on rate and velocity injection of the gas-phase
of TiCly are carried out.

Keywords: nanoparticles of a titan dioxide, plasma-chemical reactor, one-high-speed
multicomponent fluid, homogeneous and heterogeneous reaction, coagulation.

Aulchenko Sergey Mihailovich — Khristianovich’s Institute of Theoretical and Applied
Mechanics, Siberian Branch of Russian Academy of Sciences, Novosibirsk, Russia,
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EVALUATION CRITERIA OF ENERGY PROPERTIES
OF SURFACE OF NANOMATERIALS

M. A. Frolova, A. S. Tutygin, A. M. Aizenstadt
V.S. Lesovik, T. A. Makhova, T. A. Pospelova

Values of the critical surface tension of the liquid (ethanol solution containing different
amounts of water) on the boundary with the solid body (fraction of sandy soil with different
dispersion) were calculated, using the method of Zisman. Greatly increased supply of surface
free energy and the strengthening of inter-particle interaction with increasing of dispersion
were established. Based on this research, were proposed to use a constant Hamaker and
critical surface tension as a criteria for the formation and characteristics of the surface state of
the dispersed material. This will allow us to estimate the strength of the relationship of
composites based on nanostructures.

Keywords: microheterogeneous systems, surface tension, surface area, nanoscale structures.
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FORMATION OF NANOPARTICLES Cr,03
UNDER HYDROTHERMAL CONDITIONS

A. N. Bugrov, O. V. Almjasheva

It is shown that chemical prehistory of chromium hydroxide has an influence on dehydration
and crystallization of Cr,O3-H,O system under thermal and hydrothermal treatment.
Parameters of hydrothermal treatment allowing one to obtain nanocrystals of Cr,O; are
determined.

Keywords: Nanoparticles, nanopowder, chromium oxide, hydrothermal synthesis.
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