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ABSTRACT This paper is devoted to study a optimal movable point control problem for a pseudoparabolic equa-

tion with nonlinear control function in a two-point nonlinear boundary condition. The equation is studied with

Samarskii–Ionkin type boundary conditions on spatial variable x. Spectral problem is studied and eigenvalues,

eigenfunctions and optimality conditions are found. Loaded nonlinear functional equations are obtained with

respect to control function. We prove the existence and uniqueness of the control function by the method

of compressing mapping. The state function is determined. Convergence of the Fourier series for the state

function is proved.

KEYWORDS Nonlinear loaded functional equation, pseudoparabolic equation, two-point boundary condition,

Samarskii-Ionkin type conditions, eigenvalues, eigenfunctions, Fourier series, existence and uniqueness theo-

rems

FOR CITATION Yuldashev T.K., Kadirkulov B.J., Ramazanova A.T., Shermamatov Zh.Zh. Nonlinear optimal

control problem in a two-point boundary regime for a pseudoparabolic equation with Samarskii–Ionkin type

conditions. Nanosystems: Phys. Chem. Math., 2025, 16 (5), 563–576.

1. Formulation of the problem statement

Differential equations of mathematical physics have direct applications in the theory of nanosystems (see, for exam-

ple [1–13] and [14]). Partial differential and integro-differential equations of parabolic and pseudoparabolic types with

initial and boundary conditions were investigated widely by large number of scientists and have different applications in

sciences and technology (see, for example [15–28]). The spectral problems for finding eigenvalues and eigenfunctions

play an important role in solving mixed and boundary problems for differential equations of mathematical physics [29–37].

Optimal control theory is one of the most relevant branches of mathematical science. Many applied problems are

reduced to finding the optimal control function and the corresponding state function. A large number of analytical and

numerical methods for solving optimal control problems have been developed and are effectively used in solving various

problems of optimization process in science and technology (see, for example, [38–50]). In the works [51–54], the time-

optimal control problems for partial differential equations are studied.

It is well known that differential equations of parabolic type are associated with heat and diffusion processes. Neutron

diffusion plays a significant role in the operation of nuclear reactors. The diffusion equation makes it possible to calculate

the neutron density inside the core of a nuclear reactor, the neutron flux from the moderator surface, and the reflection and

transmission of neutrons by biological protection structures. We note that the processes describing by parabolic equations

can be studied more exactly by pseudoparabolic equations. Moreover, studying some problems for parabolic equations

is more difficult than studying this problem for pseudoparabolic equations. When investigating the parabolic equation

ut − uxx = f(t, x) on [0, T ] × [0, l] with final time condition u(T, x) = φ(x) and the Dirichlet boundary conditions

u(t, 0) = u(t, l) = 0, we obtain the function exp{λnT}, which goes to infinity as λn → ∞, where λn > 0 is eigenvalues

of the spectral problem ϑ′′(x) + λϑ(x) = 0, ϑ(0) = ϑ(l) = 0. Consequently, the present paper is devoted to study an

optimal control problem for a pseudoparabolic equation with nonlinear control function in a two-point boundary condition.

Control of the function in two-point boundary condition is important in metallurgy, partially, in aluminum production. The

equation is studied with Samarskii–Ionkin type boundary value conditions on spatial variable x. Samarskii–Ionkin type

boundary value conditions are nonlocal. It is used in the study of processes related to the gas lift oil production.

© Yuldashev T.K., Kadirkulov B.J., Ramazanova A.T., Shermamatov Zh.Zh., 2025
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The eigenvalues and eigenfunctions problem is studied. So, in the domain Ω ≡ (0, T ) × (0, 1), we consider the

equation
(

∂

∂ t
+

∂5

∂ t ∂ x4
+

∂4

∂ x4

)

U(t, x) = f(t, x) (1)

with boundary value conditions

α(t)U(0, x) + ωβ(t)U(T, x) = δ
(

x− η(t)
)

φ(t, x, p(t)), (2)

U(t, 1) = 0, Uxx(t, 0) = 0, (3)

Ux(t, 0) = Ux(t, 1), Uxxx(t, 0) = Uxxx(t, 1), 0 ≤ t ≤ T, (4)

where φ(t, x, p(t)) is nonlinear function depending from the control function p(t), f(t, x) is given function, α(t) ̸=
0, β(t) ̸= 0 are given real functions, ω is real nonzero parameter.

The function η(t) ∈ C[0, T ] describes the change in the position of a moving point source in the range from zero to

1. It is defined as the solution to the following Cauchy problem

η′(t) = ω(t, η(t)), η(0) = η0 = const,

where ω(t, η) ∈ C0,1(Ω).
We consider the control function p(t) ∈

{

p : | p(t) | ≤ M∗, t ∈ [0, T ], 0 < M∗ = const
}

and the following

functional of quality

J [p] =

1
∫

0

[U(T, y)− ξ(y)]
2
dy + γ1

T
∫

0

p2(t)dt+ γ2

T
∫

0

η2(t)dt, (5)

where 0 < γκ = const, κ = 1, 2 and ξ(x) is a given continuous function.

Problem. We find a pair of functions
{

U(t, x); p(t) ∈
{

p : | p(t) | ≤ M∗
}}

, first of which satisfies the differential

equation (1), the two-point boundary condition (2), the Samarskii-Ionkin type boundary conditions (3), (4), belongs to the

class of functions

U ∈ C
1,3
t,x (Ω), Utxxxx ∈ C(Ω), Uxxxx ∈ C(Ω), (6)

and the second of which deliver a minimum to the functional (5).

2. Some auxiliary materials about Riesz bases

Let
{

ϑn(x)
}

and
{

σn(x)
}

be two complete systems of functions from L2(a, b). Let us denote by
(

ϑ, σ
)

0
the scalar

product of functions ϑ(x) and σ(x) in L2(a, b):

(

ϑ, σ
)

0
=
(

ϑ, σ
)

L2(a,b)
=

b
∫

a

ϑ(x)σ(x)dx.

We use some known facts from the book [55].

1. Let the systems
{

ϑn(x)
}

and
{

σn(x)
}

form a biorthonormal system in some interval [a, b]:

(

ϑn, σk
)

0
=

b
∫

a

ϑnσkdx = δnk =







0, n ̸= k,

1, n = k.

Then the system
{

σn(x)
}

is called biorthogonally adjoint to the system
{

ϑn(x)
}

in the interval [a, b].

2. Let no element of the system
{

ϑn(x)
}

belongs to the closure of the linear span of the other elements of this system.

Then the system
{

ϑn(x)
}

is called minimal in L2(a, b).
The minimality of the system ensures the existence of a biorthogonally conjugate system.

3. The biorthogonal expansion of a function f ∈ L2(a, b) in a system
{

ϑn(x)
}

is a series

f(x) ∼
∞
∑

n=1

cnϑn(x),

where cn = (f, σn)0.

4. Let for any function f ∈ L2(a, b) there hold

∞
∑

n=1

∣

∣

(

f, σn
)

0

∣

∣

2
<∞,

where
{

σn
}

is biorthogonally conjugate system to
{

ϑn(x)
}

. Then a complete and minimal system of functions
{

ϑn(x)
}

is called Besselian.

5. A complete and minimal system of functions
{

ϑn(x)
}

is called a Hilbert system, if for any sequence
{

cn
}

with
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∞
∑

k=1

c2n <∞ there is one and only one function f ∈ L2(a, b), for which
{

cn
}

=
(

f, σn
)

0
are coefficients of its biorthog-

onal expansion in
{

ϑn(x)
}

.

6. A complete and minimal system is called a Riesz basis, if it is both Bessel and Hilbert basis.

Theorem 1 ( [56]). The following statements are equivalent:

1). The sequence of functions
{

σj(x)
}∞

1
forms a basis, equivalent to the orthonormal one, in the space R;

2). The sequence of functions
{

σj(x)
}∞

1
will be an orthonormal basis of the space R with the appropriate replacement

of the scalar product (f, g) by some new one (f, g)1, topologically equivalent to the original one;

3). The sequence of functions
{

σj(x)
}∞

1
is complete in R and there exist positive constants a1, a2, such that for any

natural n and any complex numbers γ1, γ2, ..., γn there holds

a2

n
∑

j=1

|γj |2 ≤
n
∑

j=1

|γjσj |2 ≤ a1

n
∑

j=1

|γj |2;

4). The sequence of functions
{

σj(x)
}∞

1
is complete in R and its Gram matrix (σj(x), σk(x))

∞

1 generates a bounded

invertible operator in space ℓ2;

5). The sequence of functions
{

σj(x)
}∞

1
is complete in R, corresponds to complete biorthogonal sequence of functions

{

χj(x)
}∞

1
and for any f(x) ∈ R it is true that

n
∑

j=1

∣

∣

(

f, σj
)∣

∣

2
<∞,

n
∑

j=1

∣

∣

(

f, χj

)∣

∣

2
<∞.

Lemma 1( [57]). Let be f(x) ∈ L2(0, 1) and ak =

1
∫

0

f(x)e−λkxdx, bk =

1
∫

0

f(x)eλk(x−1)dx, where λ is an

arbitrary complex number λ = α+ iβ with a positive real part α > 0. Then the series

∞
∑

k=1

∣

∣ ak
∣

∣

2
,

∞
∑

k=1

∣

∣ bk
∣

∣

2
converges.

3. Eigenvalues and eigenfunctions

First, we consider the following homogeneous differential equation

∂U(t, x)

∂ t
+
∂5U(t, x)

∂ t ∂ x4
+
∂4U(t, x)

∂ x4
= 0. (7)

We will look for a non-trivial particular solution of the equation in the form U(t, x) = u(t) · ϑ(x). Substituting this

product of functions, depending on different variables, into equation (7), we obtain

− u′(t)

u′(t) + u(t)
=
ϑ(IV )(x)

ϑ(x)
.

Hence, equating second fraction into λ, we obtain

ϑ(IV )(x)− λϑ(x) = 0, λ ≥ 0. (8)

Using conditions (3) and (4), from the product of two functions, we obtain conditions for the eigenvalues λ and eigen-

functions ϑ(x):

ϑ(1) = 0, ϑ′′(0) = 0, ϑ′(0) = ϑ′(1), ϑ′′′(0) = ϑ′′′(1). (9)

Solving the spectral problem (8), (9), we derive the eigenvalues

λn = (2πn)4, n = 0, 1, 2, ... (10)

Eigenfunctions, corresponding to the eigenvalues (10), have the forms

ϑ0(x) = 2(1− x), ϑ1n(x) = −2 sin 2πnx, ϑ2n(x) =
e2πnx − e2πn(1−x)

e2πn − 1
− cos 2πnx. (11)

The spectral problem (8), (9) is not self-adjoint and it is easy to see that the following problem is adjoint to it

σ(IV )(x)− λσ(x) = 0, 0 < x < 1, (12)

σ(0) = σ(1), σ′(1) = 0, σ′′(0) = σ′′(1), σ′′′(0) = 0. (13)

We also consider adjoint to it problem (12), (13). Solving this problem, it is not difficult to see that the eigenfunctions,

corresponding to eigenvalues (10), have the form

σ0(x) = 1, σ1n(x) =
e2πnx + e2πn(1−x)

e2πn − 1
− sin 2πnx, σ2n(x) = −2 cos 2πnx. (14)
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It should be noted that (11) and (14) are non-orthogonal system of functions. For example, for system (11), we have

(

ϑ0(x), ϑ1,n(x)
)

0
= −4

1
∫

0

(1− x) sin 2πnxdx = − 2

πn
̸= 0.

Let us study the issues of the basis of systems (11) and (14) in L2(0, 1).

Lemma 2. Systems of functions (11) and (14) are biorthogonal systems in L2(0, 1):

(

ϑ0, σ0
)

0
= 1,

(

ϑik, σjn
)

0
=







1, k = n, i = j

0, k ̸= n, i ̸= j
, i, j = 1, 2, n, k = 1, 2, ...

Proof. We present the proof of Lemma 2 for the functions ϑ1n(x) and σ1n(x). We calculate the integral

(

ϑ1k, σ1n
)

0
= − 2

e2πn − 1

1
∫

0

(e2πnx + e2πn(1−x)) sin 2πkxdx+ 2

1
∫

0

sin 2πnx sin 2πkxdx = Ikn + Jkn,

where

Ikn = − 2

e2πn − 1

1
∫

0

(

e2πnx + e2πn(1−x)
)

sin 2πkxdx = 0, k, n ∈ N,

Jkn = 2

1
∫

0

sin 2πkx · sin 2πnxdx =







1, k = n

0, k ̸= n
, k, n ∈ N.

Consequently, (ϑ1n, σ1n)0 = 1 for k = n and (ϑ1n, σ1n)0 = 0 for k ̸= n. The Lemma 2 is proved. □

Lemma 3. The systems of functions (11) and (14) are minimal in L2(0, 1).

The proof of Lemma 3 follows from the existence of a biorthonormal system which was established in Lemma 2.

Theorem 2. The system of functions (11) and (14) is complete in the space L2(0, 1).

Proof. First, we prove the completeness of (11). Assume the opposite, let the system of functions (11) be incomplete in

L2(0, 1). Then there exists a function ψ(x) from L2(0, 1), that is orthogonal to all functions of system (11). We will

expand the function ψ(x) into the Fourier series

ψ(x) = a0 +

∞
∑

n=1

(an cos 2πnx+ bn sin 2πnx),

which converges in L2(0, 1). Since ψ(x) is orthogonal to the system
{

− 2 sin 2πnx
}∞

n=1
, the last expansion will take the

form

ψ(x) = a0 +

∞
∑

n=1

an cos 2πnx. (15)

By assumption, ψ(x) is orthogonal to all functions of the form ϑ0(x), ϑ2k(x). Next, multiplying the series (15)

successively by these functions and integrating over the interval [0, 1], we have

0 = 2

1
∫

0

ψ(x)(1− x)dx = 2a0

1
∫

0

(1− x)dx+ 2

∞
∑

n=1

an

1
∫

0

(1− x) cos 2πnxdx = a0,

0 =
∞
∑

n=1

an

1
∫

0

(

e2πkx − e2πk(1−x)

e2πk − 1
− cos 2πkx

)

cos 2πnxdx = −1

2
ak, k = 1, 2, 3, ...

Hence, it follows that ak = 0, k = 0, 1, 2, ... Therefore, from (15), we obtain that ψ(x) = 0 on [0, 1] which contradicts

the condition ψ(x) ̸= 0. Thus, system (11) is complete in the space L2(0, 1).

Now, we will prove the completeness of system (14). Let there ψ(x) be a function from L2(0, 1), different from zero,

orthogonal to all functions of system (14). Since the function ψ(x) is orthogonal to system {−2 cos 2πnx}∞n=0, it can be

represented in L2(0, 1) as a sine series

ψ(x) =
∞
∑

n=1

bn sin 2πnx. (16)
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Next, multiplying the last series by σ1k(x) and integrating over the interval [0, 1], taking into account the orthogonal-

ity of the functions ψ(x) and σ1k(x), we obtain

0 =

∞
∑

n=0

bn

1
∫

0

(

e2πkx + e2πk(1−x)

e2πk − 1
− sin 2πkx

)

sin 2πnxdx = −1

2
bk, k = 1, 2, ... ,

i.,e. bk = 0, n = 1, 2, ... Then from (16), it follows that ψ(x) = 0 on [0, 1]. Consequently, the system (14) is complete in

L2(0, 1). Theorem 2 is proved. □

Theorem 3. The system of functions (13) and (14) forms the Riesz basis in L2(0, 1).

Proof. To prove the Riesz basis property of systems (11) and (14), according to Theorem 1, it is sufficient to establish the

completeness of these systems and the convergence for any ψ(x) ∈ L2(0, 1) of the following series:

(ψ(x), 2(1− x))
2
0 +

∞
∑

n=1

(ψ(x),−2 sin 2πnx)
2
0 +

+
∞
∑

n=1

(

ψ(x),
1

e2πn − 1

(

e2πnx − e2πn(1−x)
)

− cos 2πnx

)2

0

, (17)

(ψ(x), 1)
2
0 +

∞
∑

n=1

(ψ(x),−2 cos 2πnx)
2
0 +

+
∞
∑

n=1

(

1

e2πn − 1
(e2πnx + e2πn(1−x))− sin 2πnx, ψ(x)

)2

0

. (18)

The completeness of systems (11) and (14) follows from Lemma 2 and therefore we show the convergence of series

(17) and (18). Let us consider the series (11) and use the notation

I1 = 4
(

ψ(x), (1− x)
)2

0
, I2 = 4

∞
∑

n=1

(

ψ(x), sin 2πnx
)2

0
,

I3 =
∞
∑

n=1

(

ψ(x),
e2πnx − e2πn(1−x)

e2πn − 1
− cos 2πnx

)2

0

.

Applying the Cauchy-Shwartz inequality, for I1 we obtain

I1 = 4





1
∫

0

(1− x)ψ(x)dx





2

≤ 4

1
∫

0

(1− x)2dx

1
∫

0

ψ2(x)dx =
4

3
∥ψ(x) ∥2L2(0,1)

<∞.

Further, we have

I2 = 4

∞
∑

n=1

(

ψ(x), sin 2πnx
)2

0
= 2

∞
∑

n=1

(

ψ(x),
√
2 sin 2πnx

)2
= 2

∞
∑

n=1

c2n,

where cn =
(

ψ(x),
√
2 sin 2πnx

)

are the Fourier coefficients of a functionψ(x) in an orthonormal system
{
√
2 sin 2πnx

}

.

Hence, applying Bessel’s inequality, we obtain that

I2 = 2

∞
∑

n=1

c2n ≤ 2 ∥ψ(x) ∥2L2(0,1)
<∞.

Next, we consider I3. Since

A =

(

(

ψ(x),
e2πnx − e2πn(1−x)

e2πn − 1

)

−
(

ψ(x), cos 2πnx
)

)2

0

,

applying the inequality (a+ b)2 ≤ 2
(

a2 + b2
)

, we obtain

A ≤ 2

((

ψ(x),
e2πnx

e2πn − 1

)

−
(

ψ(x),
e2πn(1−x)

e2πn − 1

))2

0

+ 2
(

ψ(x), cos 2πnx
)2

0
.

Applying the previous inequality again, we get that

A ≤ 4

(

ψ(x),
e2πnx

e2πn − 1

)2

0

+ 4

(

ψ(x),
e2πn(1−x)

e2πn − 1

)2

0

+ 2 (ψ(x), cos 2πnx)
2
0 .



568 T. K. Yuldashev, B. J. Kadirkulov, A. T. Ramazanova, Zh. Zh. Shermamatov

Hence, we obtain

I3 ≤ 4

∞
∑

n=1

(

ψ(x),
e2πnx

e2πn − 1

)2

0

+ 4

∞
∑

n=1

(

ψ(x),
e2πn(1−x)

e2πn − 1

)2

0

+ 2

∞
∑

n=1

(

ψ(x), cos 2πnx
)2

0
= J1 + J2 + J3.

For J3, we have

J3 = 2

∞
∑

n=1

(

ψ(x), cos 2πnx
)2

=

∞
∑

n=1

a2n,

where an =
(

ψ(x),
√
2 cos 2πnx

)

are the Fourier coefficients for function ψ(x) in orthonormal system
{
√
2 cos 2πnx

}

.

Then, applying Bessel’s inequality, we obtain that

J3 =

∞
∑

n=1

a2n ≤ ∥ψ(x) ∥2L2(0,1)
<∞.

Since
(

ψ(x),
e2πnx

e2πn − 1

)2

0

≤ 4





1
∫

0

ψ(x)e2πn(x−1)dx





2

,

for J1, we derive

J1 ≤ 16

∞
∑

n=1





1
∫

0

ψ(x)e2πn(x−1)dx





2

= 16

∞
∑

n=1

b2n, bn =

1
∫

0

ψ(x)e2πn(1−x)dx.

Hence, taking into account Lemma 1, we obtain that J1 is finite. Similarly, we obtain that J2 is also finite. Thus,

the series I1 and I2 converge. Therefore, the series (17) also converges. The convergence of the series (18) is proved by

similar way. Theorem 3 is proved. □

4. Construction of solution of the boundary value problem

Taking into account the formulas (11) and (14) we look for a solution to the problem (1)-(4) in the form of the

following Fourier series:

U(t, x) = u0(t)ϑ0(x) +
∞
∑

n=1

(

u1,n(t)ϑ1,n(x) + u2,n(t)ϑ2,n(x)
)

, (19)

where

u0(t) =

1
∫

0

U(t, y)σ0(y)dy, u1,n(t) =

1
∫

0

U(t, y)σ1,n(y)dy, (20)

u2,n(t) =

1
∫

0

U(t, y)σ2,n(y)dy. (21)

Let the function U(t, x) be a solution to the mixed problem (1)-(4). Then, substituting representation (19) into equation

(1) and taking (11) and (14) into account, we obtain

u′0(t)ϑ0(x) +

∞
∑

n=1

(

u′1,n(t)ϑ1,n(x) + u′2,n(t)ϑ2,n(x)
)

+

+

∞
∑

n=1

λn
[

u′1,n(t)ϑ1,n(x) + u′2,n(t)ϑ2,n(x)
]

+

∞
∑

n=1

λn [u1,n(t)ϑ1,n(x) + u2,n(t)ϑ2,n(x)] +

= f0(t)ϑ0(x) +

∞
∑

n=1

(

f1,n(t)ϑ2,n(x) + f2,n(t)ϑ2,n(x)
)

,

where

f0(t) =

1
∫

0

f(t, y)σ0(y)dy, (22)

fκ,n(t) =

1
∫

0

f(t, y)σκ,n(y)dy. (23)

Hence, by virtue of (20)-(23), we obtain

u′0(t) = f0(t), (24)
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u′κ,n(t) + µnuκ,n(t) =
fκ,n(t)

1 + λn
, κ = 1, 2, (25)

where µn =
λn

1 + λn
, λn = (2nπ)4. Taking into account the formulas (11) and (14), we consider the function φ(x) as

in the case of (19):

φ(t, x, p) = φ0(t, p)ϑ0(x) +

∞
∑

n=1

(

φ1,n(t, p)ϑ1,n(x) + φ2,n(t, p)ϑ2,n(x)
)

. (26)

The differential equation (24) is simple. The differential equation (25) is the countable system of differential equations.

Taking (26) into account, from the two-point condition (2), we obtain

α(t)u0(0) + ωβ(t)u0(T ) =

1
∫

0

[

α(t)U0(0, y) + ωβ(t)U0(T, y)
]

σ0(y)dy =

=

1
∫

0

φ0(t, y, p(t))σ0(y)dy = φ0(t, p(t)), (27)

α(t)uκ,n(0) + ωβ(t)uκ,n(T ) =

1
∫

0

[

α(t)Uκ(0, y) + ωβ(t)Uκ(T, y)
]

σκ,n(y)dy =

=

1
∫

0

φκ(t, y, p(t))σκ,n(y)dy = φκ,n(t, p(t)), κ = 1, 2. (28)

First, we solve equation (24):

u0(t) = u0(0) +

t
∫

0

f0(s)ds. (29)

Substituting the presentation (29) into two-point boundary condition (27), we obtain

u0(0) =
φ0(t, p(t))

α(t) + ωβ(t)
− ω

β(t)

α(t) + ωβ(t)

T
∫

0

f0(s)ds. (30)

Substituting the presentation (30) into (29), we have

u0(t) = a0(t)φ0(t, p(t)) +

T
∫

0

K0(t, s)f0(s)ds, (31)

where a0(t) = (α(t) + ωβ(t))−1, K0(t, s) =







1− ω a0(t)β(t), 0 ≤ s ≤ t,

−ω a0(t)β(t), s ≤ t ≤ T.

We consider such values of the parameter ω, for which α(t) +ωβ(t) ̸= 0. These values of the parameter ω are called

the first regular values of the parameter ω. For the first regular values of the parameter ω, the presentation (31) is the

solution of the problem (24), (27).

Now we solve the countable system (25) of ordinary differential equations with two-point boundary value condition

(28). In this purpose, we rewrite the equation (20) as

u′κ,n(t) = −µnuκ,n(t) +
fκ,n(t)

1 + λn
, κ = 1, 2. (32)

Solving equation (32), we obtain

uκ,n(t) = uκ,n(0) exp
{

− µnt
}

+
1

1 + λn

t
∫

0

exp
{

− µn(t− s)
}

fκ,n(s)ds, κ = 1, 2. (33)

Substituting the presentation (33) into two-point boundary condition (30), we get

uκ,n(0) =
φκ,n(t, p(t))

α(t) + ωβ(t) exp
{

− µnT
}−

− ω

1 + λn

β(t)

α(t) + ωβ(t) exp
{

− µnT
}

T
∫

0

exp
{

− µn(T − s)
}

fκ,n(s)ds, κ = 1, 2.
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Hence, taking into account (33), we derive that

uκ,n(t) = φκ,n(t, p(t))
exp

{

µn(T − t
}

a2,n(t)
+

1

1 + λn

T
∫

0

Kn(t, s)fκ,n(s)ds, κ = 1, 2, (34)

where Kn(t, s) =















exp
{

− µn(t− s)
}

− ωβ(t)

a2,n(t)
exp

{

− µn(t− s)
}

, 0 ≤ s ≤ t,

− ωβ(t)

a2,n(t)
exp

{

− µn(t− s)
}

, t ≤ s ≤ T,

a2,n(t) = ωβ(t) + α(t) exp
{

µnT
}

, µn =
λn

1 + λn
, λn =

(

2nπ
)4
, n = 1, 2, ...

We consider such values of the parameter ω, for which a2,n(t) = ωβ(t) + α(t) exp
{

µnT
}

̸= 0. These values of the

parameter ω are called the second regular values of the parameter ω. For the second regular values of the parameter ω,

presentation (34) is the representation of solution of the problem (32), (30).

The sets of the first and the second regular values of the parameter ω is denoted by Λ1 and Λ2, respectively. We

consider the intersection Λ1 ∩ Λ2 of these values of the parameter ω. So, for regular values of the parameter ω from this

intersection Λ1 ∩ Λ2, we have to consider the Fourier series

U(t, x) = ϑ0(η(t)) a0(t)φ0(t, p(t)) + ϑ0(x)

T
∫

0

K0(t, s) f0(s)ds+

+
∞
∑

n=1

2
∑

κ=1

[

ϑκ,n(η(t))φκ,n(t, p(t))a1,n(t) + ϑκ,n(x)
1

1 + λn

T
∫

0

Kn(t, s) fκ,n(s)ds

]

. (35)

Smoothness condition S. Let the functions φ(t, x, p(t)) and f(t, x) be satisfying the conditions

φκ(t, x, p) ∈ C
0,5
t,x (Ω̄), φκ(t, 1, p) =

∂2

∂x2
φκ(t, 0, p) =

∂4

∂x4
φκ(t, 1, p) = 0,

∂

∂x
φκ(t, 0, p) =

∂

∂x
φκ(t, 1, p),

∂3

∂x3
φκ(t, 0, p) =

∂3

∂x3
φκ(t, 1, p),

f(t, x) ∈ C
0,1
t,x (Ω̄×R), f(t, 0) = 0.

Then, we integrate by parts (27), (28) five times and (22), (23) one time with respect to variable x, respectively, and obtain

φ1,n(t, p) = −
(

1

2π

)5 φ
(V )
1,n (t, p)

n5
,

φ
(V )
1,n (t, p) =

1
∫

0

∂5φ(t, z, p)

∂(z)5

(

e2πnz − e2πn(1−z)

e2πn − 1
+ cos 2πnz

)

dz, z = η(t),

φ2,n(t, p) =

(

1

2π

)5 φ
(V )
2,n (t, p)

n5
, φ

(V )
2,n (t, p) = 2

1
∫

0

∂5 φ(t, z, p)

∂(z)5
sin 2πnz dz, z = η(t),

f1,n(t) = − 1

2π

f
(I)
1,n(t)

n
, f

(I)
1,n(t) =

1
∫

0

∂f(t, y)

∂y

(

e2πny − e2πn(1−y)

e2πn − 1
+ cos 2πny

)

dy,

f2,n(t) =
1

2π

f
(I)
2,n(t)

n
, f

(I)
2,n(t) = 2

1
∫

0

∂f(t, y)

∂y
sin 2πny dy.

In addition, we have

∥

∥

∥ φ⃗(V )
κ (t, p)

∥

∥

∥

ℓ2

≤ C1

∥

∥

∥

∥

∂5φk(t, z, p)

∂ z5

∥

∥

∥

∥

L2[0,1]

,
∥

∥

∥ f⃗ (I)κ (t)
∥

∥

∥

ℓ2

≤ C2

∥

∥

∥

∥

∂fκ(t, x)

∂ x

∥

∥

∥

∥

L2(0,1)

.
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5. Unique solvability of the problem (1)–(4)

Theorem 4. If there exists a solution of Problem (1)-(4), then it is unique for regular values of the parameter ω from

the intersection Λ1 ∩ Λ2.

Proof. We consider the regular values of the parameter ω from the intersection Λ1 ∩ Λ2. Suppose that there exist two

different solutions U1(t, x) and U2(t, x) to the problem (1)-(4). Then the difference U(t, x) = U1(t, x) − U2(t, x) is

a solution of equation (1), satisfying the conditions (2)-(4) with functions φ(t, x, p) ≡ 0, f(t, x) ≡ 0. Then, it follows

from formulas (20)-(23) and (35) that uκ,n(t) =

1
∫

0

U(t, y)σκ,n(y)dy ≡ 0, κ = 1, 2. From this, due to the completeness

of system (14) in the space L2(0, 1), it follows that U(t, x) = 0 is valid almost everywhere on [0, 1] for any t ∈ [0, T ].
Since U ∈ C(Ω̄), it follows that U(x, t) ≡ 0 in Ω̄. Theorem 4 is proved. □

Theorem 5. Let the smoothness conditions S be satisfied. Then, for the regular values of the parameter ω from the

intersection Λ1 ∩ Λ2 and fixed values of control function p(t), the function (35) belongs to the class of functions (6).

Proof. We consider the series (35) and

∂4

∂t∂x3
Uκ(t, x) =

∞
∑

n=1

[

ϑ′′′κ,n(z)
(

a1,n(t)
)′
φκ,n(t, p(t)) + ϑ′′′κ,n(z) a1,n(t)

d

dt
φκ,n(t, p(t))+

+
ϑ′′′κ,n(x)

1 + λn

T
∫

0

K ′
n(t, s)fκ,n(s)ds

]

, (36)

∂5

∂t∂x4
Uκ(t, x) =

∞
∑

n=1

λn

[

ϑκ,n(z)
(

a1,n(t)
)′
φκ,n(t, p(t)) + ϑκ,n(z) a1,n(t)

d

dt
φκ,n(t, p(t))+

+
ϑκ,n(x)

1 + λn

T
∫

0

K ′
n(t, s)fκ,n(s)ds

]

, (37)

∂4

∂x4
Uκ(t, x) =

∞
∑

n=1

λn

[

ϑκ,n(z) a1,n(t)φκ,n(t, p(t)) +
ϑκ,n(x)

1 + λn

T
∫

0

K ′
n(t, s)fκ,n(s)ds

]

, (38)

where κ = 1, 2, z = η(t).
The proofs of convergence of the series (36)-(38) are similar. So, we will prove of convergence for the series (37).

Applying the smoothness conditions to (37), we have:
∣

∣

∣

∣

∂5Uκ(t, x)

∂t∂x4

∣

∣

∣

∣

≤ χ0 max
0≤t≤T

[

χ1
1

(2π)5

(

∥

∥

∥

∥

∂5φ(t, x, p(t))

∂ x5

∥

∥

∥

∥

L2(0,1)

+

∥

∥

∥

∥

d

dt

∂5φ(t, x, p(t))

∂ x5

∥

∥

∥

∥

L2(0,1)

)

+

+
1

2π

∥

∥

∥

∥

∂f(t, x)

∂x

∥

∥

∥

∥

L2(0,1)

]

<∞, (39)

where χ0 = max







∥

∥ a1,n(t)
∥

∥;
∥

∥

(

a1,n(t)
)′ ∥
∥; max

t∈[0,T ]

T
∫

0

|K ′
n(t, s) | ds







, χ1 =

√

√

√

√

∞
∑

n=1

1

n10
,

χ2 =

√

√

√

√

∞
∑

n=1

1

n2
=

√

π2

6
.

From estimate (39), it implies the convergence of the series (37). The convergence of the remaining series is proved

similarly. Theorem 5 is proved. □

6. Optimal control function

Let p∗(t) is optimal control function: ∆ J
[

p∗(t)
]

= J [p∗(t) + ∆ p∗(t) ]− J
[

p∗(t)
]

≥ 0, where p∗(t) +∆ p∗(t) ∈
C[0, T ]. We consider the following function

Q0(t, η(t))ϑ0(η(t))
[

a0(t)φ0 (t, p
∗
0(t)) + b0(t)

]

= γ1
[

p∗0(t)
]2

+ γ2
[

η(t)
]2
, (40)

Qκ(t, η(t))

[

∞
∑

n=1

a1,n(t)ϑκ,n(η(t))φκ,n(t, p
∗
κ(t)) +

∞
∑

n=1

bκ,n(t)

1 + λn
ϑκ,n(η(t))

]

=

= γ1
[

p∗κ(t)
]2

+ γ2
[

η(t)
]2
, (41)
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where

a0(t) =
1

α(t) + ωβ(t)
, a1,n(t) =

exp
{

µn(T − t
}

a2,n(t)
,

b0(t) =

T
∫

0

K0(t, s) f0(s)ds, bκ,n(t) =

T
∫

0

Kn(t, s)fκ,n(s)ds, κ = 1, 2.

The functions Qj(t, x) are defined by solving the following mixed problem

Qjt(t, x) +Qjtxxxx(t, x)−Qjxxxx(t, x) = 0, j = 0, 1, 2, (t, x) ∈ Ω, (42)

Qj(T, x) = −2 [Uj(T, x)− ξj(x)] , Qj(t, 1) = 0, Qjxx(t, 0) = 0, (43)

Qjx(t, 0) = Qjx(t, 1), Qjxxx(t, 0) = Qjxxx(t, 1), 0 ≤ t ≤ T, (44)

which is conjugated to problem (1)-(4). We note that

ξ(x) = ξ0ϑ0(x) +

∞
∑

n=1

[

ξ1,nϑ1,n(x) + ξ2,nϑ2,n(x)
]

, ξ0 =

1
∫

0

ξ0(y)σ0(y)dy,

ξκ,n =

1
∫

0

ξκ(y)σκ,n(y)dy, | ξ0 |+
∞
∑

n=1

| ξ1,n |+
∞
∑

n=1

| ξ2,n | <∞.

We will find the partial derivatives with respect to the control function in (40) and (41) and come to the following

necessary conditions for optimality

Q0(t, η(t))ϑ0(η(t))a0(t)
∂

∂p∗0(t)
φ0 (t, p

∗
0(t)) = 2γ1p

∗
0(t), (45)

Qκ(t, η(t))

∞
∑

n=1

a1,n(t)ϑκ,n(η(t))
∂

∂p∗κ(t)
φκ,n(t, p

∗
κ(t)) = 2γ1p

∗
κ(t), (46)

where
∂

∂p(t)
φ0 (t, p(t)) means that

∂

∂ξ
φ0(t, ξ)

∣

∣

∣

ξ=p(t)
.

Calculating partial derivatives in (45) and (46) again with respect to control function, we obtain another necessary

conditions for optimality

Q0(t, η(t))ϑ0(η(t))a0(t)
∂2

∂ [p∗0(t)]
2φ0 (t, p

∗
0(t)) < 2γ1, (47)

Qκ(t, η(t))

∞
∑

n=1

a1,n(t)ϑκ,n(η(t))
∂2

∂ [p∗κ(t)]
2φκ,n (t, p

∗
κ(t)) < 2γ1. (48)

We solve the adjoint problem (42)-(44) by the same way as we used for solving the problem (1)-(4). According to

the second condition of (43), the nonzero solution of the equation (42) are found from the system of differential equations

q′0(t) = 0, (49)

q′κ,n(t) = µnqκ,n(t), (50)

where qk,n(t) =

1
∫

0

Qk(t, y)σk,n(y)dy.

The solution of equation (49) is the arbitrary constant

q0(t) = C0, C0 = const. (51)

The solution of equation (50) is

qκ,n(t) = Cκ exp {µnt} , Cκ = const, κ = 1, 2. (52)

To find C0 and Cκ in (49) and (50), we rewrite (43) in the following form

qj,n(T ) = −2

1
∫

0

[

Uj(T, y)− ξj(y)
]

σj,n(y)dy, j = 0, 1, 2. (53)

Taking (31), (34), from condition (53), we obtain

C0 = −2

1
∫

0

φ0(T, z, p0(T ))

a0(T )
σ0(z)dz − 2

1
∫

0

[b0(T, y)− ξ0(y)]σ0(y)dy, z = η(t), (54)
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Cκ = −2 exp
{

− µnT
}

1
∫

0

φκ(T, z, pκ(T ))

a2,n(T )
σκ,n(z)dz+

+2 exp
{

− µnT
}

1
∫

0

[ξκ(y) + bκ(T, y)]σκ,n(y)dy, κ = 1, 2, z = η(t), (55)

where a2,n(t) = ωβ(t) + α(t) exp
{

µnT
}

.

Substituting (54) and (55) into (51) and (52), we, respectively, obtain

q0(t) = −2

1
∫

0

[

φ0(T, y, p0(T ))

a0(T )
+ b0(T, y)− ξ0(y)

]

σ0(y)dy, (56)

qκ,n(t) = −2 exp
{

− µn(T − t)
}

1
∫

0

[

φκ(T, y, pκ(T ))

a2,n(T )
+ bκ(T, y)− ξκ(y)

]

σκ,n(y)dy. (57)

From (56) and (57), we obtain the series

Q0(t, y) = −2ϑ0(y)

1
∫

0

[

φ0(T, y, p0(T ))

a0(T )
+ b0(T, y)− ξ0(y)

]

σ0(y)dy, (58)

Qκ(t, y) = −2

∞
∑

n=1

ϑκ,n(y) exp
{

− µn(T − t)
}

×

×
1
∫

0

[

φκ(T, y, pκ(T ))

a2,n(T )
+ bκ(T, y)− ξκ(y)

]

σκ,n(y)dy. (59)

Substituting presentations (58) and (59) into (45) and (46), respectively, we have

p0(t) = J0(t; p0(t)) ≡ −ϑ
2
0(η(t))

γ1

[

φ0(T, p0(T ))

a0(T )
+ b0(T )− ξ0

]

a0(t)
∂

∂p0
φ0

(

t, p0(t)
)

, (60)

pκ(t) = Jκ(t; pκ(t)) ≡ − 1

γ1

∞
∑

n=1

ϑκ,n(η(t)) exp
{

− µn(T − t)
}

×

×
[

φκ,n(T, pκ(T ))

a2,n(T )
+ bκ,n(T )− ξκ,n

] ∞
∑

n=1

a1,n(t)ϑκ,n(η(t))
∂

∂pκ
φκ,n

(

t, pκ(t)
)

. (61)

For determination of control functions p0(t) and pκ(t) (κ = 1, 2), we have two functional equations (60) and (61).

Theorem 6. Let the following conditions be fulfilled:

1). ∥φ0 (t, p0(t)) ∥C[0,T ] ≤M01, 0 < M01 = const;

2).

∥

∥

∥

∥

∂φ0 (t, p0(t))

∂p0(t)

∥

∥

∥

∥

C[0,T ]

≤M02, 0 < M02 = const;

3). |φ0 (t, p0(t))− φ0 (t, p̄0(t)) | ≤ L01 | p0(t)− p̄0(t) | , 0 < L01 = const;

4).

∣

∣

∣

∣

∂

∂p0(t)
φ0 (t, p0(t))−

∂

∂p̄0(t)
φ0 (t, p̄0(t))

∣

∣

∣

∣

≤ L02 | p0(t)− p̄0(t) | , 0 < L02 = const;

5). ρ0 = max

{

L02

γ1a0
M01; ρ01

L01

γ1a0
M02

}

< 1, where ρ01 =
1

γ1a0
(L01M02 + L02M01).

Then, for the first regular values of the parameter ω, from the set Λ1, the functional equation (60) has a unique control

function p0(t) (solution) on the segment [0, T ]. This solution can be found by the iteration process:

p00(t) = −ϑ
2
0(η(t))

γ1
a0(t)(b0(T )− ξ0),

pm+1
0 (t) = J0

(

t; pm0 (t)
)

.

(62)

Proof. By virtue of conditions of the theorem 6, from (62), we have

∥

∥ p00(t)
∥

∥

C[0,T ]
≤ 4(1− η(t))2

γ1
a0 (b0(T ) + | ξ0 |) ≤

4

γ1
a0 (b0(T ) + | ξ0 |) <∞, (63)

where a0 = max
0≤t≤T

| a0(t) |;

∥

∥ pm+1
0 (t)− pm0 (t)

∥

∥ ≤ L01

γ1a0
M02

∥

∥ pm0 (T )− pm−1
0 (T )

∥

∥+
L02

γ1a0
M01

∥

∥ pm0 (t)− pm−1
0 (t)

∥

∥ . (64)
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For t = T from (64), we have

∥

∥ pm+1
0 (T )− pm0 (T )

∥

∥

C[0,T ]
≤ L01

γ1a0
M02

∥

∥ pm0 (T )− pm−1
0 (T )

∥

∥

C[0,T ]
+

+
L02

γ1a0
M01

∥

∥ pm0 (T )− pm−1
0 (T )

∥

∥

C[0,T ]
≤ ρ01

∥

∥ pm0 (T )− pm−1
0 (T )

∥

∥

C[0,T ]
, (65)

where ρ01 =
1

γ1a0

(

L01M02 + L02M01

)

.

From the estimates (64) and (65), we obtain that there holds the estimate
∥

∥ pm+1
0 (t)− pm0 (t)

∥

∥

C[0,T ]
+
∥

∥ pm+1
0 (T )− pm0 (T )

∥

∥

C[0,T ]
≤

≤ ρ0

[

∥

∥ pm+1
0 (t)− pm0 (t)

∥

∥

C[0,T ]
+
∥

∥ pm+1
0 (T )− pm0 (T )

∥

∥

C[0,T ]

]

, (66)

where ρ0 = max

{

L02

γ1a0
M01; ρ01

L01

γ1a0
M02

}

. From the estimates (63) and (66), it implies that the operator on the

right-hand side of equation (60) is compressing mapping and the functional equation has unique solution on the interval

[0, T ]. □

Theorem 7. Let the smoothness conditions S and the following conditions be fulfilled:

1).
∥

∥ φ⃗κ

(

t, pκ(t)
) ∥

∥

ℓ2
≤Mκ1, 0 < Mκ1 = const, κ = 1, 2;

2).

∥

∥

∥

∥

∂

∂pκ
φ⃗κ

(

t, pκ(t)
)

∥

∥

∥

∥

ℓ2

≤Mκ2, 0 < Mκ2 = const;

3).
∣

∣φκ

(

t, pκ(t)
)

− φκ

(

t, p̄κ(t)
) ∣

∣ ≤ Lκ1 | pκ(t)− p̄κ(t) | , 0 < Lκ1 = const;

4).

∣

∣

∣

∣

∂

∂pκ(t)
φκ

(

t, pκ(t)
)

− ∂

∂p̄κ(t)
φκ

(

t, p̄κ(t)
)

∣

∣

∣

∣

≤ Lκ2 | pκ(t)− p̄κ(t) | , 0 < Lκ2 = const;

5). ρκ = max

{

Lκ2

γ1aκ
Mκ1; ρκ1

Lκ1

γ1aκ
Mκ2

}

< 1, where ρκ1 =
1

γ1aκ

(

Lκ1Mκ2 + Lκ2Mκ1

)

.

Then, for the second regular values of the parameter ω from the set Λ2, functional equation (61) has a unique solution

on the segment [0, T ]. This solution can be found by the iteration process:

p0κ(t) = − 1

γ1

∞
∑

n=1

ϑκ,n(η(t)) exp
{

− µn(T − t)
}(

bκ,n(T )− ξκ,n
)

,

pm+1
k (t) = Jκ

(

t; pmκ (t)
)

.

Proof of the theorem 7 is similar to the proof of the Theorem 6.

We substitute the found values of the control functions pj(t), j = 0, 1, 2 into the functions (35). Then we uniquely

determine the state function U(t, x). The proof of this statement is similar to the proofs of the Theorems 4 and 5.

7. Conclusion

In the domain Ω =
{

t ∈ (0, T ), x ∈ (0, 1)
}

, we consider a pseudoparabolic type differential equation with nonlinear

boundary conditions in regard to time variable. Samarskii–Ionkin type boundary value conditions in regard to spatial

variable x are used in solving the nonlocal optimal movable point control problem.

The scalar and countable system of nonlinear functional integral equations are obtained. The properties of eigen-

functions and unique solvability of scalar and countable system of nonlinear functional integral equations with respect

to state function is proved for fixed values of the control function. The optimality conditions are found. The equations

with product of nonlinear functions are obtained for control function. The Picar iteration process is built. The uniform

convergence of the Fourier series is proved. The results of this work make it possible to determine the solutions of huge

set of problems.

Moreover, the results obtained in this work will allow us in the future to investigate direct and inverse optimal con-

trol problems for other kind of partial differential equations of mathematical physics with different quality functionals.

Parabolic type differential equations, such as the heat equations or the diffusion equations, have different applications.

In [14], the problem of fast forward evolution of the processes described in terms of the heat equation is considered. The

matter is considered on an adiabatically expanding time-dependent box. Attention is paid to acceleration of heat transfer

processes. As the physical realization, the heat transport in harmonic crystals is considered. In [11], Sibatov R. T., Sve-

tukhin V. V. are studied the subdiffusion kinetics of nanoprecipitate growth and destruction in solid solutions. The authors

of the work [58] are proposed a numerical method for estimating the effective thermal conductivity coefficient of hydrate-

bearing rock samples using synchrotron-based microtomography data. In the work [59], is studied the development of

magnetorotation instability in the accreting envelope of a protostar in the non-isothermal case. The paper [60] is devoted

to the development of a multiscale approach to calculating gas flows near solid surfaces taking into account microscopic

effects. The work [61] discusses approaches to conducting comprehensive optimization of devices that protect against
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ultrawideband interference, known as modal filters. These devices can take the form of strip N-conductor structures with

a various number of conducting layers, as well as cables. Optimization is one of the important stages of their design.
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ABSTRACT We analyze the spectral characteristics of lattice Schrödinger operators, denoted as Hγλµ(K),

K ∈ (−π, π]3, which represent a system of two identical bosons existing on Z
3 lattice. The model includes on-

site and nearest-neighbor interactions, parameterized by γ, λ, µ ∈ R. Our study of Hγλµ(0) reveals an invariant

subspace on which its restricted form, Hea
λµ(0), is solely dependent on λ and µ. To elucidate the mechanisms of

eigenvalue birth and annihilation for Hea
λµ(0), we define a critical operator. A detailed criterion is subsequently

developed within the plane spanned by λ and µ. This involves: (i) the derivation of smooth critical curves that

mark the onset of criticality for the operator, and (ii) the proof of exact conditions for the existence of precisely

α eigenvalues below and β eigenvalues above the essential spectrum, where α, β ∈ {0, 1, 2} and α+ β ≤ 2.

KEYWORDS Two-particle system, lattice Schrödinger operator, essential spectrum, bound states, Fredholm

determinant.
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1. Introduction

Lattice models are fundamental to mathematical physics, particularly few-body Hamiltonians [1], which simplify

Bose-Hubbard models to finite particle interactions. Decades of research underscore their importance [2–16].

These discrete Hamiltonians also provide effective approximations for their continuous counterparts [17]. A prime

illustration is the Efimov effect [18], rigorously proven for continuous three-particle systems [19–22], and demonstrably

presented in lattice three-particle systems as well [2, 4, 9, 23]. The bound state energies of one- and two-particle systems,

situated in two adjacent 3D layers linked by a window, were numerically reported in [24].

Beyond theoretical significance, discrete Schrödinger operators model few-particle systems in periodic structures,

exemplified by ultracold atoms in optical crystals [25, 26]. Recent years have seen a surge in studying ultracold few-

atom systems in optical lattices, driven by precise control over parameters like temperature and interaction potentials

[25, 27–29]. This control facilitates experimental observation of phenomena like stable repulsively bound pairs [26, 30],

which challenges the typical formation of stable objects through attractive forces.

Lattice Hamiltonians also find application in fusion physics. For example, [14] showed that a one-particle one-

dimensional lattice Hamiltonian could enhance nuclear fusion probability in specific lattice structures.

A key challenge in lattice few-particle problems, unlike their continuous analogues, is the general inability to separate

center-of-mass motion. However, for a lattice Hamiltonian H on T
n·d, the von Neumann direct integral decomposition

provides a solution:

H ≃

⊕
∫

K∈Td

H(K) dK,

where T
d is the d-dimensional torus. This decomposition effectively transforms the problem into analyzing the fiber

Hamiltonians H(K), which act on T
(n−1)d and critically depend on the quasi-momentum K ∈ T

d [2, 3, 31].

In the present work, we focus on the spectral properties of Hγλµ(K) for K ∈ T
3, acting on L2,e(T3) as

Hγλµ(K) := H0(K) + Vγλµ.

The unperturbed operatorH0(K) defined by multiplication with the dispersion function EK defined in (3). The interaction

potential Vγλµ is independent of the quasi-momentum K ∈ T
3. Notably, the coupling constants γ, λ, and µ denote the

on-site, first-neighbor, and second-nearest-neighbor interactions within the lattice system, respectively.

The operators H0(K) and Vγλµ (with γ, λ, µ ∈ R) are both bounded and self-adjoint. Because Vγλµ has finite

rank, Weyl’s theorem establishes that σess(Hγλµ(K)) coincides with σ(H0(K)). This spectrum spans the interval

[Emin(K), Emax(K)], defined by (5).

© Akhmadova M.O., Azizova M.A., 2025
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The Hilbert space L2,e(T3) is decomposed into the direct sum of invariant subspaces for the operator Hγλµ(0):

L2,e(T3) = L2,e,a12(T3)⊕
[

L2,e,a12(T3)
]⊥
. (1)

Here, L2,e,a12(T3) comprises functions in L2,e(T3) that are antisymmetric in their first two variables, and
[

L2,e,a12(T3)
]⊥

is its orthogonal complement.

The decomposition (1) leads to the following spectral representation for Hγλµ(0):

σ(Hγλµ(0)) = σ(Hγλµ(0)|L2,e,a12 (T3)) ∪ σ(Hγλµ(0)|[L2,e,a12 (T3)]⊥), (2)

where A
∣

∣

K denotes the restriction of A onto its reducing subspace K. Consequently, the spectrum of the Hamiltonian

Hγλµ(0) can be studied separately for its restrictions to L2,e,a12(T3), and
[

L2,e,a12(T3)
]⊥

.

Importantly, the restriction V ea
λµ of Vγλµ to L2,e,a

12(T3) is independent of γ and has a rank of at most two. Conse-

quently, the restriction Hea
λµ(0) of Hγλµ(0) to L2,e,a

12(T3) is also independent of γ, and it possesses no more than two

isolated eigenvalues.

To investigate the exact number of discrete eigenvalues ofHea
λµ(0), we reduce the task of identifying these eigenvalues

to determining the zeros of its Fredholm determinant ∆λµ(z) by constructing a rank-two Lippmann-Schwinger operator

Bea
λµ(0).

Near the upper and lower threshold of σess(Hγλµ(0)), we have found the asymptotic expansions of ∆λµ(z). The

leading terms in these expansions are defined as the algebraic forms P+(λ, µ) and P−(λ, µ), respectively. As demon-

strated by Lemma 5, the polynomial P±(λ, µ) has a null set consisting of two separated smooth unbounded connected

curves τ±0 , τ
±
1 . As a result, the (λ, µ)-plane is split by these curves into three connected regions, denoted C±

0 , C±
1 , and

C±
2 .

Our first main result, Theorem 2 shows that the number of eigenvalues of Hea
λµ(0) lying in (24,+∞) (resp. (−∞, 0))

remains constant within each connected component C+
α (resp. C−

α ), α = 0, 1, 2. Theorem 3 subsequently provides the

exact value of this constant. Moreover, Corollary 1 provides a criterion, expressed in terms of the perturbation parameters

λ, µ ∈ R, for the operator Hea
λµ(0) to possess exactly α eigenvalues below or above [0, 24], where α ∈ {0, 1, 2}. Notably,

we have also derived a an imprecise lower boundary for the eigenvalue count of Hγλµ(K),K ∈ T
3 (detailed in Theorem

5), depending only on λ and µ.

In order to better explain the necessary and sufficient conditions on parameters λ and µ for eigenvalue birth and

annihilation, near the upper and lower thresholds of σess(Hγλµ(0)), we introduce the concept of a critical operator (for

more details see Definition 1). To conclude, we provide a clear characterization of this criticality in terms of interaction

parameters (Theorem 1).

First, in [32], the authors studied discrete Schrödinger operators involving a particle under the influence of an external

field on a three-dimensional lattice. The interaction energies of the system were non-negative and denoted by γ, λ, and

the eigenvalue characteristics, including their count and whereabouts were determined as functions of these parameters.

Subsequent works [11,12,33] extended these results to two-boson systems with on-site and nearest-neighbor interac-

tions for d = 1, 2, where the interactions are described by real parameters γ and λ.

For a system of two identical bosons on a d-dimensional lattice Z
d (d = 1, 2) with on-site (γ), nearest-neighbor

(λ), and next-nearest-neighbor (µ) interactions, the discrete spectrum of the associated two-particle Schrödinger operator

Hγλµ(k), k ∈ T
d has been studied and determined the number and position of isolated eigenvalues for all values of the

interaction parameters in [34–36].

Here’s how this paper is structured. Section 2 introduces the fiber Schrödinger operators for particle pairs at a fixed

quasi-momentum. Section 3 outlines the auxiliary information crucial for stating our primary findings. Our main results,

along with the definition of critical operators, are presented in Section 4. Finally, Section 5 contains the proofs.

2. Two-boson system Hamiltonian on the Z
3 lattice

2.1. Quasimomentum-fixed Schrödinger operator for particle pairs

For γ, λ, µ ∈ R and K ∈ T
3, the Schrödinger operator Hγλµ(K) describes interacting particle pairs. This operator

is bounded and self-adjoint in L2,e(T3) ( [3], [11], [35]), defined as:

Hγλµ(K) := H0(K) + Vγλµ.

The unperturbed operator, H0(K), acts as a multiplication operator, defined by the quasi-momentum-dependent pair

dispersion relation:

(H0(K)f)(p) = EK(p)f(p),

where the dispersion function EK(·) is given by:

EK(p) = 4

3
∑

i=1

(

1− cos Ki

2 cos pi
)

, p = (p1, p2, p3) ∈ T
3. (3)
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The perturbation operator Vγλµ is given by:

(Vγλµf) (p) =
γ

8π3

∫

T3

f(q)dq +
λ

4π3

3
∑

i=1

cos pi

∫

T3

cos qif(q)dq (4)

+
µ

4π3

3
∑

i=1

cos 2pi

∫

T3

cos 2qif(q)dq.

The rank of Vγλµ varies with γ, λ, µ ∈ R but is always at most seven. By Weyl’s theorem [37], σess(Hγλµ(K)) is

unaffected by these parameters. It coincides with σ(H0(K)), K ∈ T
3, forming the closed interval [Emin(K), Emax(K)],

where:

Emin(K) := min
p∈T3

EK(p) = 4

3
∑

i=1

(

1− cos Ki

2

)

≥ Emin(0) = 0,

Emax(K) :=max
p∈T3

EK(p) = 4

3
∑

i=1

(

1 + cos Ki

2

)

≤ Emax(0) = 24.

(5)

3. Auxiliary statements

3.1. Invariant subspaces of the fiber Schrödinger operators Hγλµ(0)

We define L2,e,a12(T3) as the set of functions within L2,e(T3) that are antisymmetric with respect to their first two

coordinates, specifically,

L2,e,a12(T3) = {f ∈ L2,e(T3) : f(p1, p2, p3) = −f(p2, p1, p3)}.

Let
(

L2,e,a12(T3)
)⊥

be its orthogonal complement within L2,e(T3). Notably, L2,e,a12(T3) and its orthogonal complement
(

L2,e,a12(T3)
)⊥

are both closed subspaces of L2,e(T3). Then the Direct Sum Theorem yields the decomposition (1).

Since E0(p) = 2ϵ(p) exhibits symmetry in its first two coordinates, andH0(0) corresponds to multiplication by E0(p),

the subspace L2,e,a12(T3), as well as
(

L2,e,a12(T3)
)⊥

is invariant for self-adjoint operatorH0(0). Taking into account the

identity

2 cosA cosB + 2 cosC cosD = (cosA+ cosC)(cosB + cosD)

+ (cosA− cosC)(cosB − cosD), for any A,B,C,D ∈ R,

from (4) one derives that

(Vγλµf) (p) =
γ

8π3

∫

T3

f(q) dq +
λ

8π3
(cos p1 + cos p2)

∫

T3

(cos q1 + cos q2)f(q) dq

+
λ

8π3
(cos p1 − cos p2)

∫

T3

(cos q1 − cos q2)f(q) dq

+
µ

8π3
(cos 2p1 + cos 2p2)

∫

T3

(cos 2q1 + cos 2q2)f(q) dq

+
µ

8π3
(cos 2p1 − cos 2p2)

∫

T3

(cos 2q1 − cos 2q2)f(q) dq

+
λ

4π3
cos p3

∫

T3

cos q3f(q) dq +
µ

4π3
cos 2p3

∫

T3

cos 2q3f(q) dq,

(6)

which implies that L2,e,a12(T3), and
(

L2,e,a12(T3)
)⊥

are invariant for Vγλµ and, hence, for Hγλµ(0). Thus, (1) implies

the spectral decomposition (2).

Let us denote by V ea
λµ andHea

λµ(0) the corresponding restrictions of the operators Vγλµ andHγλµ(0) onto the subspace

L2,e,a12(T3). Then (6) implies that

(

V ea
λµf

)

(p) =
λ

8π3
(cos p1 − cos p2)

∫

T3

(cos q1 − cos q2)f(q) dq

+
µ

8π3
(cos 2p1 − cos 2p2)

∫

T3

(cos 2q1 − cos 2q2)f(q) dq

and

Hea
λµ(0) = H0(0) + V ea

λµ.
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3.2. The Lippmann–Schwinger operator

Let {α1, α2} be a system of orthonormal vectors in L2,e,a12(T3), with

α1(p) =
cos p1−cos p2√

8π3
, α2(p) =

cos 2p1−cos 2p2√
8π3

, (7)

By using the orthonormal system (7) one obtains

V ea
λµf = λ(f, α1)α1 + µ(f, α2)α2, (8)

where (·, ·) denotes the inner product inL2,e,a12(T3). For any z ∈ C\[0, 24], we define the Lippmann-Schwinger operator

(or its transpose, see, e.g., [38]) as:

Bea
λµ(0, z) = −V ea

λµR0(0, z),

where R0(0, z) := [H0(0)− zI]−1 is the resolvent of the operator H0(0).

Lemma 1. Given λ, µ ∈ R, z ∈ C \ [0, 24] is an eigenvalue of Hea
λµ(0) with multiplicity m if and only if Bea

λµ(0, z) has

an eigenvalue of 1 with multiplicity m.

Proof. Let λ, µ ∈ R. For z ∈ R \ [0, 24], the operator R0(0, z) = [H0(0) − zI]−1 is well-defined within the space

L2,e,a12(T3). Therefore, the equation

Hea
λµ(0)φ = zφ, φ ∈ L2,e,a12(T3)

is equivalent to (H0(0)− zI)φ = −V ea
λµφ, and further to

φ = −V ea
λµR0(0, z)φ, φ ∈ L2,e,a12(T3).

This equivalence proves the above relationship between the eigenvalues. □

Remark 1. Lemma 1 reduces the spectral analysis of the non-compact operator Hea
λµ(0) to that of the compact operator

Bea
λµ(0, z). Since V ea

λµ has a rank of at most two, Bea
λµ(0, z) also has a rank of at most two. Consequently, the self-adjoint

operator Hea
λµ(0) possesses at most two (real) eigenvalues in R \ [0, 24].

Equation (8) establishes the equivalence between the Lippmann-Schwinger equation,

Bea
λµ(0, z)φ = φ, φ ∈ L2,e,a12(T3), (9)

and the following algebraic linear system:






[1 + λa11(z)]x1 + µa12(z)x2 = 0,

λa21(z)x1 + [1 + µa22(z)]x2 = 0,

where

aij(z) := (αi, R0(0, z)αj) =

∫

T3

αi(p)αj(p)

E0(p)− z
dp, i, j ∈ {1, 2}.

Let z ∈ R \ [0, 24] and

∆λµ(z) := det[I −Bea
λµ(0, z)] =

∣

∣

∣

∣

∣

∣

1 + λa11(z) µa12(z)

λa12(z) 1 + µa22(z)

∣

∣

∣

∣

∣

∣

.

The following lemma outlines the established relation between the operator Hea
λµ(0) and the function ∆λµ(·).

Lemma 2. Given λ, µ ∈ R, a real number z ∈ R \ [0, 24] is an eigenvalue of Hea
λµ(0) with the multiplicity m precisely

when it is a zero of ∆λµ(·) of the multiplicity m. Additionally, ∆λµ(·) has at most two zeros within the interval R\ [0, 24].

Proof. Assume that z ∈ R\ [0, 24] is an eigenvalue ofHea
λµ(0) with multiplicitym ≥ 1, i.e. 1 is an eigenvalue of compact

operator Bea
λµ(0, z) with the same multiplicity.

First, an eigenvalue z ∈ R\[0, 24] ofHea
λµ(0) corresponds to 1 being an eigenvalue of the Birman-Schwinger operator

Bea
λµ(0, z), which implies ∆λµ(z) = 0 (see [37, Chapter XIII.14]).

Since Bea
λµ(0, z) is compact operator of rank at most two, for any its isolated eigenvalue, its algebraic multiplicity

equals its geometric multiplicity (see [39, Chapter IV, Sections 3.1-3.5]). Furthermore, the multiplicity of a zero z of

the Fredholm determinant det(I − Bea
λµ(0, z)) corresponds precisely to the algebraic multiplicity of the number 1 as an

eigenvalue of the compact operator Bea
λµ(0, z), provided Bea

λµ(0, z) depends analytically on z (for more details, see [39,

Chapter IV, Section 5.3]). Combining these results, one directly establishes that the multiplicity of z as an eigenvalue of

Hea
λµ(0) is identical to its multiplicity as a zero of ∆λµ(z).

Finally, the fact that ∆λµ(·) has at most two zeros in R\ [0, 24] follows directly fromBea
λµ(0, z) being of rank at most

two. □

The forthcoming lemma details the global properties and asymptotic expansions of aij(z).
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Lemma 3. The functions aij(z), i, j ∈ {1, 2} are real-valued and exhibit the following behavior:

(i) The functions aii(z), i = 1, 2 are strictly increasing and positive on (−∞, 0], and strictly increasing and negative

on [24,+∞).
(ii) The equality

lim
z→±∞

aij(z) = 0

holds for all i, j = 1, 2.

(iii) The limits aij(0) = lim
z↗0

aij(z) and aij(24) = lim
z↘24

aij(z) both exist and satisfy the relations

aij(24) = (−1)i+j+1aij(0),

a11(0) > 0, a22(0) > 0, a11(0)a22(0) > a212(0).

(iii) The functions aij(z) admit the following asymptotics:

aij(z) =aij(0) +O(−z), z ↗ 0,

aij(z) =(−1)i+j+1 [aij(0) +O(z − 24)] , z ↘ 24.

Proof. The equality

a11(0)a22(0)− a212(0) =
1

2

∫

T3×T3

[α1(p)α2(q)−α1(q)α2(p)]
2

E0(p)E0(q)
dpdq

(where α1, α2 are as in (7)), along with the monotonicity of the Lebesgue integral, directly implies a11(0)a22(0) −
a212(0) > 0. For the remaining statements of this lemma, a demonstration similar to Proposition 1 in [35] can be employed.

□

Lemma 4. For any λ, µ ∈ R the function ∆λµ(z) is holomorphic in z ∈ R \ [0, 24]. Furthermore, this function is real

analytic for z ∈ R \ [0, 24] and possesses the following asymptotics:

(i) lim
z→±∞

∆λµ(z) = 1,

(ii) lim
z↗0

∆λµ(z) = P−(λ, µ),

(iii) lim
z↘24

∆λµ(z) = P+(λ, µ),

where

P±(λ, µ) = a [(λ∓ λ0)(µ∓ µ0)− b] , (10)

and

a = a11(0)a22(0)− a212(0), b =

[

a12(0)

a11(0)a22(0)− a212(0)

]2

,

λ0 =
a22(0)

a11(0)a22(0)− a212(0)
, µ0 =

a11(0)

a11(0)a22(0)− a212(0)

are positive real numbers.

Proof. In view of Lemma 3, the proof is obtained by a simple inspection. □

Lemma 5. In R
2, the set of points satisfying P±(λ, µ) = 0 precisely forms the graph of the function

µ±(λ) =
b

λ∓ λ0
± µ0.

This graph consists of two isolated smooth unbounded simple connected curves:

τ±0 = {(λ, µ) ∈ R
2 : µ =

b

λ∓ λ0
± µ0, ±λ < λ0},

τ±1 = {(λ, µ) ∈ R
2 : µ =

b

λ∓ λ0
± µ0, ±λ < λ0}.

and separates the (λ, µ)-parameter plane into three unbounded, contiguous, and connected components:
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C±
0 ={(λ, µ) ∈ R

2 : ±µ <
b

±λ− λ0
+ µ0, ±λ < λ0},

C±
1 ={(λ, µ) ∈ R

2 : ±µ >
b

±λ− λ0
+ µ0, ±λ < λ0} ∪ {(±λ0, µ) ∈ R

2},

{(λ, µ) ∈ R
2 : ±µ <

b

±λ− λ0
+ µ0, ±λ > λ0}, (11)

C±
2 ={(λ, µ) ∈ R

2 : ±µ >
b

±λ− λ0
+ µ0, ±λ > λ0}

The proof of Lemma 5 resembles that of Lemma 1 in [40].

4. Main results

4.1. Critical operators

To elucidate the mechanisms of eigenvalue birth and annihilation, we introduce the concept of a critical operator.

Definition 1. A parameter point (λ0, µ0) is lower-critical for Hea
λµ(0) if the number of discrete eigenvalues below the

essential spectrum is non-constant in every neighborhood of (λ0, µ0). Upper-critical points are defined analogously for

eigenvalues above the essential spectrum.

The following theorem characterizes criticality of the operator Hea
λµ(0) through its interaction parameters.

Theorem 1. A parameter point (λ0, µ0) ∈ R
2 is:

(i) Lower-critical for Hea
λµ(0) iff P−(λ0, µ0) = 0

(ii) Upper-critical for Hea
λµ(0) iff P+(λ0, µ0) = 0

The following theorem, establishes that the number of isolated eigenvalues of the operator Hea
λµ(0) lying above (resp.

below) its essential spectrum is constant within each connected component C−
α (resp. C+

α ), α = 0, 1, 2.

Theorem 2. Let C− resp. C+ be one of the open connected components C−
α resp. C+

α ,α = 0, 1, 2, of the (λ, µ)-plane

defined in (11). Then for any (λ, µ) ∈ C− resp. (λ, µ) ∈ C+ the number of eigenvalues of Hea
λµ(0), lying below resp.

above the essential spectrum remains constant (counting multiplicities).

Proof. Theorem 2 can be proved analogously to [36, Theorem 3.2]. □

We will now determine the exact number of eigenvalues of the operator Hea
λµ(0) lying below and above the essential

spectrum within the connected components C−
ζ and C+

ζ , ζ = 0, 1, 2.

Theorem 3. Let λ, µ ∈ R and ζ = 0, 1, 2. If (λ, µ) ∈ C−
ζ (resp. (λ, µ) ∈ C+

ζ ) then the operator Hea
λµ(0) has exactly ζ

eigenvalues lying below (resp. above ) its essential spectrum.

The next theorem demonstrates the exact number of eigenvalues of the operator Hea
λµ(0) that lie below and above the

essential spectrum within different unbounded smooth curves τ−ζ and τ+ζ , ζ = 0, 1, respectively.

Theorem 4. Let λ, µ ∈ R and ζ = 0, 1. If (λ, µ) ∈ τ−ζ (resp. (λ, µ) ∈ τ+ζ ) then the operator Hea
λµ(0) has ζ eigenvalues,

which lie below (resp. above) the essential spectrum.

Let us define the partitions {P−
ζ }2ζ=0 and {P+

ζ }
2
ζ=0 of the plane R

2:

P±
ζ := C±

ζ ∪ τ±ζ , ζ = 0, 1 and P±
2 := C±

2 .

Now, we present a criterion, based on the perturbation parameters λ, µ ∈ R, detailing when the operator Hea
λµ(0) has

exactly α eigenvalues in (−∞, 0) or (24,+∞), α ∈ {0, 1, 2}.

Corollary 1. Let λ, µ ∈ R and ζ ∈ {0, 1, 2}. The operator Hea
λµ(0) has exactly ζ eigenvalues in (−∞, 0) if and only if

(λ, µ) ∈ P−
ζ . Similarly, it has exactly ζ eigenvalues in (24,+∞) if and only if (λ, µ) ∈ P+

ζ .

Let us define

Gαβ = P−
α ∩ P+

β , α, β = 0, 1, 2. (12)

Corollary 2. Let λ, µ ∈ R and the number α, β = 0, 1, 2 satisfies α + β ≤ 2. Then, Hea
λµ(0) has α eigenvalues below

and β eigenvalues above its essential spectrum if and only if (λ, µ) ∈ Gαβ .

Proof. Corollary 2 can be proved by combining Corollary 1 and (12). □
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The following theorem offers a lower estimate for the number of eigenvalues of the operator Hγλµ(K),K ∈ T
3,

dependent only on λ, µ.

Theorem 5. Let γ, λ, µ ∈ R and α, β ∈ {0, 1, 2}. If (λ, µ) ∈ Gαβ , then for each K ∈ T
3, the operator Hγλµ(K) has at

least α eigenvalues below and at least β eigenvalues above its essential spectrum.

Proof of Theorem 5. Theorem 5 can be proved as Theorem 3 in [40]. □

5. Proof of the main results

Proof of Theorem 1. Due to symmetry, we only prove the statement for the upper threshold.

Assume that P+(λ, µ) = 0. Then Lemma 5 shows that (λ, µ) ∈ τ+α for some α ∈ {0, 1}, and any neighborhood of a

point (λ, µ) ∈ τ+α contains points from both C+
α and C+

α+1. Moreover, Lemma 4 states that:

lim
z→+∞

∆λµ(z) = 1 and lim
z↘24

∆λµ(z) = P+(λ, µ).

Since P+(λ, µ) exhibits different signs within C+
α and C+

α+1 for each α = 0, 1, this implies that ∆λµ(·) has a different

number of zeros on (24,+∞) in these regions. Consequently, by Lemma 2, the number of eigenvalues of Hea
λµ(0) lying

in (24,+∞) is not constant in any neighborhood of (λ, µ). This indicates that Hea
λµ(0) is critical at the upper threshold.

We now assume that Hea
λµ(0) is critical at the upper threshold for some (λ, µ) ∈ R

2, and proceed to prove that

P+(λ, µ) = 0. Assume for contradiction, that P+(λ, µ) ̸= 0. Then, Lemma 5 implies (λ, µ) ∈ C+
α for some α ∈

{0, 1, 2}. Since C+
α is an open set, there exists a neighborhood Uδ(λ, µ) ⊆ C+

α . Within this neighborhood Uδ(λ, µ),
Theorem 2 ensures a constant number of eigenvalues of Hea

λµ(0) lying above the essential spectrum and therefore Hea
λµ(0)

is not critical at its upper threshold, leading to a contradiction.

□

Note that Hea
λµ(0) has at most two discrete eigenvalues. Let us denote these eigenvalues, arranged in increasing order,

by z1(H
ea
λµ(0)) and z2(H

ea
λµ(0)).

Lemma 6. (i) For each fixed µ ∈ R, the maps

λ 7→ z1(H
ea
λµ(0)) and λ 7→ z2(H

ea
λµ(0))

are non-decreasing on R.

(ii) Analogously, for each fixed λ ∈ R, the maps

µ 7→ z1(H
ea
λµ(0)) and µ 7→ z2(H

ea
λµ(0))

are non-decreasing on R.

Proof. (i) Let µ ∈ R be fixed and λ1 < λ2 be an arbitrary real numbers. Then, the representation (8) and the inequality

λ1 < λ2 imply that

(Hea
λ1µ

(0)ψ,ψ)− (Hea
λ2µ

(0)ψ, ψ) = (λ1 − λ2)(ψ, α1)
2 ≤ 0, i.e.

(Hea
λ1µ

(0)ψ, ψ) ≤ (Hea
λ2µ

(0)ψ, ψ), ∀ψ ∈ L2,e,a12(T2).

For each n = 1, 2, the last inequality leads that

zn(H
ea
λ1µ

(0)) := sup
ϕ1,...,ϕn−1∈L2,e,a12 (T2)

inf
ψ∈[ϕ1,...,ϕn−1]⊥, ∥ψ∥=1

(Hea
λ1µ

(0)ψ,ψ)

≤ sup
ϕ1,...,ϕn−1∈L2,e,a12 (T2)

inf
ψ∈[ϕ1,...,ϕn−1]⊥, ∥ψ∥=1

(Hea
λ2µ

(0)ψ,ψ) = zn(H
ea
λ2µ

(0)).

(ii) For every fixed λ ∈ R, the case of µ ∈ R 7→ zn(H
ea
λµ(0)), n = 1, 2 can be proved similarly. □

Proof of Theorem 3. We’ll prove the ”plus” case, as the ”minus” case follows a similar logic and its proof is omitted for

brevity.

Let us start the proof with the case α = 1 and assume that (λ, µ) ∈ C+
1 . From (10) and (11), we deduce that

P+(λ, µ) = a [(λ− λ0)(µ− µ0)− k] < 0.

Then, Lemma 4 demonstrates that

lim
z→+∞

∆λµ(z) = 1 and lim
z↘24

∆λµ(z) = P+(λ, µ) < 0.

Since ∆λµ(·) changes sign on (24,+∞), it has at least one there. If there were more zeros, the endpoint sign changes

would require at least three, contradicting Lemma 2. Thus, ∆λµ(·) has exactly one zero in (24,+∞), which Lemma 2

then implies to a unique eigenvalue of Hea
λµ(0) in the same interval.

Case α = 0. Assuming (λ, µ) ∈ C+
0 , we have from (11) that

µ <
k

λ− λ0
− µ0 and λ < λ0, (13)
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which implies P+(λ, µ) > 0. Lemma 4 then allows us to obtain

lim
z→+∞

∆λµ(z) = 1 and lim
z↘24

∆λµ(z) = P+(λ, µ) > 0. (14)

Relation (14) and Lemma 2 imply that ∆λµ(z) possesses either zero or two zeros above the essential spectrum.

Assume, for contradiction, that there are two such zeros, z1(H
ea
λµ(0)) and z2(H

ea
λµ(0)), satisfying

24 < z1(H
ea
λµ(0)) ≤ z2(H

ea
λµ(0)). (15)

In other hand, (11) states that

(λ0, µ) ∈ C+
1 ∀µ ∈ R.

Further, the inequality λ < λ0 in (13), the relation (15), and Lemma 6 yield

z2(H
ea
λ0µ

(0)) ≥ z2(H
ea
λµ(0)) > 24,

indicating that Hea
λ0µ

(0) has at least two eigenvalues located in (24,+∞), contradicting the previous result. Thus, for all

(λ, µ) ∈ C+
0 , Hea

λµ(0) lacks eigenvalues in (24,+∞).

Take any (λ, µ) ∈ C+
2 . Then, (10) and (11) provide the inequalities

P (λ, µ) = a [(λ− λ0)(µ− µ0)− k] > 0, (16)

µ > µ0, λ > λ0.

Using Lemma 4 and (16), we find that

lim
z→+∞

∆λµ(z) = 1 and lim
z↘24

∆λµ(z) = P+(λ, µ) > 0. (17)

Note that (λ0, µ) ∈ C+
1 and so Hea

λ0µ
(0) has exactly one eigenvalue z1(H

ea
λ0µ

(0)) > 24. Then the relation λ > λ0 in

(16) and Lemma 6 give that

z1(H
ea
λµ(0)) ≥ z1(H

ea
λ0µ

(0)) > 24,

which yields that Hea
λµ(0) has at least one eigenvalue in (24,+∞). Then, Lemma 2 implies that ∆λµ(·) has at least one

zero in (24,+∞). On the other hand, (17) indicates that ∆λµ has the same sign at the endpoints of (24,+∞); therefore,

it must possess an even number of zeros (counting multiplicities). Thus, Hea
λµ(0) has exactly two (simple) eigenvalues

located in (24,+∞). □

Proof of Theorem 4. The function (λ, µ) → n+(H
ea
λµ(0)) (resp. (λ, µ) → n−(H

ea
λµ(0))) is continuous on each P+

ζ

(respectively, on each P−
ζ ), for ζ = 0, 1, 2, where, n+(H

ea
λµ(0)) (respectively, n−(H

ea
λµ(0))) denotes the number of

isolated eigenvalues of Hea
λµ(0) located in (24,+∞) (resp. (−∞, 0)). This proves the assertion. □

Proof of Corollary 1. Let (λ, µ) ∈ P+
α . Then Theorem 3 implies that Hea

λµ(0) has exactly α eigenvalues in (24,+∞).
For the converse, assume Hea

λµ(0) has precisely α eigenvalues in (24,+∞). We proceed by contradiction to establish

that (λ, µ) ∈ P+
α . Suppose (λ, µ) /∈ P+

α . Since {P+
0 ,P

+
1 ,P

+
2 } forms a partition of R2, there exists β ̸= α such that

(λ, µ) ∈ P+
β . Theorem 3 then implies that Hea

λµ(0) has exactly β ̸= α eigenvalues above its essential spectrum, directly

contradicting our initial assumption. □

6. Conclusion

This paper meticulously analyzed the spectral characteristics of the lattice Schrödinger operators, Hγλµ(K), which

model two identical bosons on Z
3 with on-site and nearest-neighbor interactions. Our study of Hγλµ(0) revealed an

invariant subspace where its restricted form, Hea
λµ(0), depends only on λ and µ. To elucidate eigenvalue birth and annihi-

lation for Hea
λµ(0), we defined a critical operator and developed a detailed criterion in the λ− µ plane. This involved: (i)

deriving smooth critical curves that delineate the onset of criticality; and (ii) proving exact conditions for the existence of

precisely α eigenvalues below and β eigenvalues above the essential spectrum, with α, β ∈ {0, 1, 2} and α+ β ≤ 2.
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[12] Lakaev S.N., Özdemir E. The existence and location of eigenvalues of the one particle Hamiltonians on lattices. Hacettepe J. Math. Stat., 2016,

45, P. 1693–1703.

[13] Lakaev S.N., Khalkhuzhaev A.M., Lakaev Sh.S. Asymptotic behavior of an eigenvalue of the two-particle discrete Schrödinger operator. Theoret.

and Math. Phys., 2012, 171(3), P. 438–451.

[14] Motovilov A.K., Sandhas W., Belyaev V.B. Perturbation of a lattice spectral band by a nearby resonance. J. Math. Phys., 2001, 42, P. 2490–2506.

[15] Muminov M.I., Khurramov A.M., Bozorov I.N. On eigenvalues and virtual levels of a two-particle Hamiltonian on a d-dimensional lattice.

Nanosystems: Phys. Chem. Math., 2023, 14(3), P. 295–303.

[16] Lakaev S.N., Kurbanov Sh.Kh., Alladustov Sh.U. Convergent Expansions of Eigenvalues of the Generalized Friedrichs Model with a Rank-One

Perturbation. Complex Analysis and Operator Theory, 2021, 15, P. 121.

[17] Faddeev L.D., Merkuriev S.P. Quantum Scattering Theory for Several Particle Systems. Kluwer Academic Publishers, Doderecht, 1993.

[18] Efimov V.N. Weakly Bound States of Three Resonantly Interacting Particles. Yad. Fiz., 1970, 12, P. 1080. [Sov. J. Nucl. Phys., 1970, 12, P. 589].

[19] Ovchinnikov Y.N., Sigal I.N. Number of bound states of three-body systems and Efimov’s effect. Ann. Phys., 1979, 123(2), P. 274–295.

[20] Sobolev A.V. The Efimov effect. Discrete spectrum asymptotics. Commun. Math. Phys., 1993, 156(1), P. 101–126.

[21] Tamura H. The Efimov effect of three-body Schrödinger operators. J. Funct. Anal., 1991, 95(2), P. 433–459.

[22] Yafaev D.R. On the theory of the discrete spectrum of the three-particle Schrödinger operator. Mat. Sb., 1974, 94(136), P. 567–593.

[23] Dell’Antonio G., Muminov Z.I., Shermatova V.M. On the number of eigenvalues of a model operator related to a system of three particles on

lattices. Journal of Physics A: Mathematical and Theoretical, 2011, 44, P. 315302.

[24] Bagmutov A.S., Popov I.Y. (2020). Window-coupled nanolayers: window shape influence on one-particle and two-particle eigenstates. Nanosys-

tems: Physics, Chemistry, Mathematics, 11(6), P. 636–641.

[25] Bloch I. Ultracold quantum gases in optical lattices. Nat. Phys., 2005, 1, P. 23–30.

[26] Winkler K., Thalhammer G., Lang F., Grimm R., J. Hecker Denschlag, Daley A.J., Kantia A.n, Büchler H.P., Zoller P. Repulsively bound atom
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1. Introduction

The Friedrichs model is among the most fundamental and classical frameworks in spectral theory and quantum

mechanics [1–3]. It was introduced by Kurt Friedrichs as a simplified model to investigate how discrete spectra may

become embedded in, or interact with, the continuous spectrum under perturbations. The Friedrichs model, also referred

to as the Friedrichs-Lee model, is a quantum mechanical framework describing the interaction between a discrete energy

level and a continuous spectrum. It is worth noting that the properties of the Friedrichs model find applications in various

fields, including the quantum field theory of unstable particles, non-relativistic quantum electrodynamics, and quantum

optics.

It should be noted that the Friedrichs model is among the most widely used and powerful theoretical tools for the

mathematical analysis of quantum decay, resonances, and energy leakage into the continuum in nanosystems [4]. This

model enables both analytical and numerical investigations of the stability of quantum dots, the lifetimes of resonance

states, energy exchange processes, and decoherence phenomena.

In [5], a family of Friedrichs models hµ(p), with µ > 0 and p ∈ (−π;π]3 of the generalized Friedrichs model

featuring a rank-one perturbation, associated with a two-particle system moving on a one-dimensional lattice, is studied.

The existence of a unique eigenvalue below the bottom of the essential spectrum of hµ(p) for all non-trivial values of p

is established under the assumption that hµ(0) possesses either a threshold energy resonance (virtual level) or a threshold

eigenvalue. The threshold energy expansion of the Fredholm determinant associated with a family of the Friedrichs

models has also been derived.

In [6], a family Hµ(p), µ > 0, p ∈ (−π;π] of the generalized Friedrichs model with perturbation of rank one,

associated with a system of two particles, moving on the one-dimensional lattice is considered. The existence of a unique

eigenvalue E(µ, p), of the operator Hµ(p) lying below the essential spectrum, is established. Moreover, for all p in a

neighborhood of the origin, the Puiseux series expansion of the eigenvalue E(µ, p) at the point µ = µ(p) → 0 is derived.

Furthermore, the asymptotic behavior of E(µ, p) as µ → +∞ is established.

In [7], a family of the generalized Friedrichs models Hµ(p), µ > 0, p ∈ (−π;π]3 with the perturbation of rank one

is investigated. An absolutely convergent expansion for the eigenvalue at the coupling constant threshold is obtained. It is

shown that the form of this expansion crucially depends on whether the lower edge of the essential spectrum corresponds

to a threshold resonance or a threshold eigenvalue.

In the present paper, we consider a family of Friedrichs models h(γ)
µ (k), depending on the parameters µ, γ > 0 and

k ∈ (−π;π] with the rank-one perturbation associated to a system of two arbitrary or identical quantum mechanical

particles moving on the one-dimensional lattice. Here we note that the kinetic part of h(γ)
µ (k) contains a parameter γ > 0

and differs from the above-mentioned works in this respect. One of the important aspect of studying such type Friedrichs

models is that they describe the Hamiltonian for systems of both bosons and fermions (see, for example, [8–11]). It is

© Rasulov T., Umirkulova G., 2025
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important that when considering three particle model Hamiltonian on a lattice, the role of two-particle discrete Schrödinger

operators is played by a family of Friedrich’s models [12–14]. For each fixed number γ > 0, it is proved that there exists

a critical point µ0
γ such that for any µ ∈ (0;µ0

γ ] the Friedrichs model h(γ)
µ (0) has no negative eigenvalues, and for any

µ ∈ (µ0
γ ; +∞) the Friedrichs model h(γ)

µ (0) has a unique simple negative eigenvalue. For any fixed µ > 0 and γ > 0 we

study the expansion for the Fredholm determinant ∆(γ)
µ (k ; z) associated to h(γ)

µ (k) with respect to the spectral parameters

k and z.

2. Statement of the problem

Let T be the one-dimensional torus and L2(T) be the Hilbert space of square integrable (complex) functions defined

on T.

For any fixed µ > 0 and γ > 0, we consider a family of Friedrichs models h(γ)
µ (k), k ∈ T, acting in the Hilbert space

L2(T), given by

h(γ)
µ (k) := h

(γ)
0 (k)− µv,

where h
(γ)
0 (k) is the multiplication operator by the function Eγ(k; ·):

(h
(γ)
0 (k)f)(x) = Eγ(k, x)f(x), f ∈ L2(T),

Eγ(k, x) := ε(k) + ε(x) + γε(k + x), ε(x) := 1− cosx,

and v is a non-local interaction operator:

(vf)(x) = sin(x)

∫

T

sin(t)f(t)dt.

It is clear that the family of Friedrichs models h(γ)
µ (k), k ∈ T is a linear, bounded and self-adjoint operator in L2(T).

We note that in [15,16], by analyzing the spectra of two Friedrichs models with rank-two perturbations, the existence

of eigenvalues located inside the spectrum, within the spectral gap, and below the bottom of the essential spectrum of the

tensor sum of these Friedrichs models has been established.

Throughout the paper, the notations σ(·), σess(·), σp(·) and σdisc(·) are employed to represent the spectrum, the

essential spectrum, the point spectrum, and the discrete spectrum, respectively, of a bounded self-adjoint operator. For the

reader’s convenience, we provide the definitions of the essential and discrete spectra for a linear, bounded, and self-adjoint

operator A in a Hilbert space H. The set of all isolated eigenvalues of finite multiplicity of the operator A is called the

discrete spectrum of the operator A. The complement set σ(A) \ σdisc(A) is called the essential spectrum of the operator

A.

The perturbation operator v corresponding to the unperturbed operator h
(γ)
0 (k) is a self-adjoint operator of rank one.

Hence, according to the Weyl theorem regarding the invariance of the essential spectrum under finite-rank perturbations,

the essential spectra of the operators h(γ)
µ (k) and h

(γ)
0 (k) coincide. It is evident that the unperturbed operator h

(γ)
0 (k) has

a purely essential spectrum and the essential spectrum σess(h
(γ)
0 (k)) equals [mγ(k);Mγ(k)], where the numbers mγ(k)

and Mγ(k) are defined by

mγ(k) := min
x∈T

Eγ(k, x), Mγ(k) := max
x∈T

Eγ(k, x).

Consequently, the essential spectrum σess(h
(γ)
µ (k)) equals [mγ(k);Mγ(k)], and does not depend on the parameter µ > 0.

Notably, when k = 0 the following equality

σess(h
(γ)
µ (0)) = [0; 2(1 + γ)]

holds.

For any µ, γ > 0 and k ∈ T we define an analytic function ∆(γ)
µ (k ; ·) (the Fredholm determinant corresponding to

the Friedrichs model h(γ)
µ (k)) in C \ [mγ(k);Mγ(k)] by

∆(γ)
µ (k ; z) := 1− µ

∫

T

sin2(t) dt

Eγ(k, t)− z
.

The following lemma is a straightforward consequence of the Birman-Schwinger principle and the Fredholm theorem.

Lemma 2.1. Let µ, γ > 0 and k ∈ T be fixed. The Friedrichs model h(γ)
µ (k) has an eigenvalue zµ,γ(k) ∈ C \

[mγ(k);Mγ(k)] if and only if ∆(γ)
µ (k ; zµ,γ(k)) = 0.

Lemma 2.1 thus yields the following equality

σdisc(h
(γ)
µ (k)) = {z ∈ C \ [mγ(k);Mγ(k)] : ∆

(γ)
µ (k ; z) = 0}

for the discrete spectrum of h(γ)
µ (k).

At this point, we specify the number and location of the eigenvalues of the Friedrichs model h(γ)
µ (k).
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Lemma 2.2. For any fixed µ, γ > 0 and k ∈ T, the Friedrichs model h(γ)
µ (k) has at most one simple eigenvalue to the

left of mγ(k) and no eigenvalues to the right of Mγ(k).

The proof of Lemma 2.2 relies on the monotonicity of the function ∆(γ)
µ (k ; ·) over (−∞;mγ(k)), the inequality

∆(γ)
µ (k ; z) > 1 for all z > Mγ(k), and Lemma 2.1.

Since for any γ > 0 the function Eγ(·, ·) has non-degenerate global minimum equal to zero at the point (0, 0) ∈ T
2,

the following expansion

Eγ(x, y) =
1

2

(

∂2Eγ(0, 0)

∂x2
x2 + 2

∂2Eγ(0, 0)

∂x∂y
xy +

∂2Eγ(0, 0)

∂y2
y2
)

+ o(x2) + o(y2)

holds as x, y → 0. Hence, one can find positive constants C1(γ), C2(γ) > 0 and δ > 0 for which the following estimates

C1(γ)(x
2 + y2) ≤ Eγ(x, y) ≤ C2(γ)(x

2 + y2), (x, y) ∈ (−δ; δ)× (−δ; δ), (2.1)

Eγ(x, y) ≥ C1(γ), (x, y) ̸∈ (−δ; δ)× (−δ; δ) (2.2)

are valid. Using inequalities (2.1), (2.2), together with the asymptotic relation sinx ∼ x as x → 0 one can easily see that

the following integral
∫

T

sin2(t)dt

Eγ(k, t)

is positive and finite for any γ > 0 and k ∈ T. Thus, the Lebesgue dominated convergence theorem implies that

∆(γ)
µ (0 ; 0) = lim

k→0
∆(γ)

µ (k ; 0), and, consequently, the function ∆(γ)
µ (· ; 0) is continuous on T.

Set

µ0
γ := (1 + γ)

(∫

T

sin2(t) dt

ε(t)

)−1

.

This implies that ∆(γ)
µ (0 ; 0) = 0 if and only if µ = µ0

γ .

We now examine the eigenvalues of the Friedrichs model h(γ)
µ (k) when k = 0.

Theorem 2.3. Suppose γ > 0 is fixed. When µ ∈ (0;µ0
γ ], the Friedrichs model h(γ)

µ (0) does not have any eigenvalues.

Whenever µ > µ0
γ , the Friedrichs model h(γ)

µ (0) admits single negative eigenvalue.

Proof. Assume µ ∈ (0;µ0
γ ]. To start, let us prove the following inequality

∆(γ)
µ (0 ; z) > ∆(γ)

µ (0 ; 0) ≥ ∆
(γ)
µ0
γ
(0 ; 0)

for all z < 0.

Since the function ∆(γ)
µ (0 ; ·) is monotonically decreasing on the interval (−∞; 0), it follows that

∆(γ)
µ (0 ; z) > ∆(γ)

µ (0 ; 0)

for every z < 0.

Now, we turn to the proof of the inequality

∆(γ)
µ (0 ; 0) ≥ ∆

(γ)
µ0
γ
(0 ; 0)

for any µ ∈ (0;µ0
γ ]. As a matter of fact, we have

∆(γ)
µ (0 ; 0) = 1− µ

∫

T

sin2(t) dt

(1 + γ)ε(t)
≥ 1− µ0

γ

∫

T

sin2(t) dt

(1 + γ)ε(t)
= ∆

(γ)
µ0
γ
( 0; 0).

Alternatively, using the definition of µ0
γ , we find

∆
(γ)
µ0
γ
(0; 0) = 1− (1 + γ)

(∫

T

sin2(t) dt

ε(t)

)−1 ∫

T

sin2(t) dt

(1 + γ)ε(t)
= 0.

Employing the definition of ∆(γ)
µ (0; ·), we deduce that

lim
z→−∞

∆(γ)
µ (0; z) = 1 (2.3)

and

lim
z→0−

∆(γ)
µ (0; z) = ∆(γ)

µ (0; 0).

Since ∆(γ)
µ (0; z) > 0 for all z < 0, it follows from Lemma 2.1 that the Friedrichs model h(γ)

µ (0) has no eigenvalues

in (−∞; 0) (see Figure 1).
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FIG. 1. An absence of the eigenvalue of h(γ)
µ (0) for 0 < µ ≤ µ0

γ .

Let us now assume that µ > µ0
γ . It can be easily seen from simple calculations that

µ > µ0
γ =⇒ µ(µ0

γ)
−1

> 1 =⇒ 1− µ(µ0
γ)

−1
< 0.

The last inequality is expressed equivalently by the following relation

∆(γ)
µ (0 ; 0) = 1− µ

∫

T

sin2(t) dt

(1 + γ)ε(t)
< 0.

Since the function ∆(γ)
µ (0 ; ·) is monotone decreasing on the interval (−∞; 0) and ∆(γ)

µ (0 ; z) < 0, it follows from

equality (2.3) that ∆(γ)
µ (0 ; ·) has unique negative zero zµ,γ (see Figure 2).

FIG. 2. An existence of the eigenvalue of h(γ)
µ (0) for µ > µ0

γ .

According to 2.1 the number zµ,γ is an eigenvalue of the Friedrichs model h(γ)
µ (0). □

3. Expansion for the Fredholm determinant

In this section, we obtain an asymptotic expansion for the Fredholm determinant, which is important in analyzing

the number of eigenvalues of the model operator corresponding to the energy operator of a system of three particles on a

lattice.

Now we formulate the main result of the present paper.

Theorem 3.1. Let µ, γ > 0 be a fixed. The following expansion

∆(γ)
µ (k ; z) = ∆(γ)

µ (0 ; 0) +
2µπ(1 + 2γ − γ2)

(1 + γ)2
√
1 + 2γ

√

k2 − 2(1 + γ)

1 + 2γ
z +O(k2) +O(

√

|z|)

holds as k → 0 and z → −0.



590 T. Rasulov, G. Umirkulova

Proof. Let δ > 0 be sufficiently small and Tδ := T\(−δ; δ). We rewrite the function ∆(γ)
µ (· ; ·) in the from ∆(γ)

µ (k ; z) =

∆(γ,1)
µ (k ; z) + ∆(γ,2)

µ (k ; z), where

∆(γ,1)
µ (k ; z) := 1− µ

∫

Tδ

sin2(t) dt

Eγ(k, t)− z
,

∆(γ,2)
µ (k ; z) := −µ

δ
∫

−δ

sin2(t) dt

Eγ(k, t)− z
.

Since ∆(γ,1)
µ (· ; z) is an even analytic function on T for any z ≤ 0, we have

∆(γ,1)
µ (k ; z) = ∆(γ,1)

µ (0 ; 0) +O(k2) +O(|z|) (3.1)

as k → 0 and z → −0. Using the relations

sin k = k +O(k3), 1− cos k =
1

2
k2 +O(k4)

as k → 0, we obtain

∆(γ,2)
µ (k ; z) := −2µ

δ
∫

−δ

t2dt

(1 + γ)k2 + 2γkt+ (1 + γ)t2 − 2z
+O(k2) +O(|z|)

as k → 0 and z → −0. For the convenience, we rewrite the latter integral as

δ
∫

−δ

t2dt

(1 + γ)k2 + 2γkt+ (1 + γ)t2 − 2z
=

=
2δ

1 + γ
− γk

1 + γ

δ
∫

−δ

2tdt

(1 + γ)k2 + 2γkt+ (1 + γ)t2 − 2z
−

− (1 + γ)k2 − 2z

1 + γ

δ
∫

−δ

dt

(1 + γ)k2 + 2γkt+ (1 + γ)t2 − 2z
.

Now, we will analyze each integral in the previous equality. Evaluating the integral in the second summand, we obtain

δ
∫

−δ

2tdt

(1 + γ)k2 + 2γkt+ (1 + γ)t2 − 2z
=

1

1 + γ
log

∣

∣

∣

∣

1 +
4γδk

(1 + γ)k2 − 2γδk + (1 + γ)δ2 − 2z

∣

∣

∣

∣

− 2γk

1 + γ

δ
∫

−δ

dt

(1 + γ)k2 + 2γkt+ (1 + γ)t2 − 2z
.

Since

log

∣

∣

∣

∣

1 +
4γδk

(1 + γ)k2 − 2γδk + (1 + γ)δ2 − 2z

∣

∣

∣

∣

= O(k)

as k → 0, from the comparison of the last expressions, we derive

δ
∫

−δ

t2dt

(1 + γ)k2 + 2γkt+ (1 + γ)t2 − 2z
=

2δ

1 + γ
−

−
(

1 + 2γ − γ2

(1 + γ)2
k2 − 2

1 + γ
z

)

δ
∫

−δ

dt

(1 + γ)k2 + 2γkt+ (1 + γ)t2 − 2z
+O(k2) +O(|z|)

as k → 0 and z → −0. Applying the identity

b
∫

a

dt

k2 + t2
=

1

|k|

(

arctan
b

|k| − arctan
a

|k|

)

,
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we obtain
δ
∫

−δ

dt

(1 + γ)k2 + 2γkt+ (1 + γ)t2 − 2z
=

1

1 + γ

δ
∫

−δ

dt
(

t+ γ
1+γ

k
)2

+ 1+2γ
(1+γ)2 k

2 − 2
1+γ

z

=

1

(1 + γ)
√

1+2γ
(1+γ)2 k

2 − 2
1+γ

z



arctan
δ + γ

1+γ
k

√

1+2γ
(1+γ)2 k

2 − 2
1+γ

z
+ arctan

δ − γ
1+γ

k
√

1+2γ
(1+γ)2 k

2 − 2
1+γ

z



 .

From the properties of the arctan function listed below

arctan y + arctan
1

y
=

π

2
, y ≥ 0

and arctan y = O(y), y → 0, we conclude that

δ
∫

−δ

dt

(1 + γ)k2 + 2γkt+ (1 + γ)t2 − 2z
=

(

1 + 2γ − γ2

(1 + γ)2
k2 − 2

1 + γ
z

)

π

(1 + γ)
√

1+2γ
(1+γ)2 k

2 − 2
1+γ

z
+O

(√

1 + 2γ

(1 + γ)2
k2 − 2

1 + γ
z

)

as k → 0 and z → −0. In view of the fact that
(

1 + 2γ − γ2

(1 + γ)2
k2 − 2

1 + γ
z

)

π

(1 + γ)
√

1+2γ
(1+γ)2 k

2 − 2
1+γ

z
=

π
1 + 2γ − γ2

(1 + γ)2
√
1 + 2γ

√

k2 − 2(1 + γ)

2γ + 1
z +O(

√
−z),

we obtain

∆(γ,2)
µ (k ; z) := ∆(γ,2)

µ (0 ; 0) +
2µπ(1 + 2γ − γ2)

(1 + γ)2
√
1 + 2γ

√

k2 − 2(1 + γ)

2γ + 1
z +O(k2) +O(

√
−z) (3.2)

as k → 0 and z → −0. The equalities (3.1) and (3.2) finalize the proof of the theorem. □

Since ∆(γ)
µ (0 ; 0) = 0 if and only if µ = µ0

γ , it follows from Theorem 3.1 that the following assertion holds.

Corollary 3.2. Assume that γ > 0 is fixed. If µ = µ0
γ , then the following expansion

∆
(γ)
µ0
γ
(k ; z) =

2πµ0
γ(1 + 2γ − γ2)

(1 + γ)2
√
1 + 2γ

√

k2 − 2(1 + γ)

1 + 2γ
z +O(k2) +O(

√

|z|)

holds as k → 0 and z → −0.

As a consequence of Corollary 3.2, the following estimates for ∆
(γ)
µ0
γ
(k ; 0) are obtained.

Corollary 3.3. Let γ > 0 be a fixed parameter. If µ = µ0
γ , then there exist the numbers C1(γ), C2(γ) > 0 and δ > 0

such that the inequalities

(i) C1(γ)|k| ≤ ∆
(γ)
µ0
γ
(k ; 0) ≤ C2(γ)|k| for any k ∈ (−δ; δ);

(ii) ∆
(γ)
µ0
γ
(k ; 0) ≥ C1(γ) for any k ∈ T \ (−δ; δ)

are satisfied.

Conclusion. In the present paper, we investigate a class (family) of Friedrichs models that arise in quantum me-

chanical problem. It represents the energy operator (Hamiltonian) for a two-particle system defined on a one-dimensional

lattice. We analyze the number, distribution, and existence criteria for the eigenvalues associated with this family. As

the main result, we derive an asymptotic expansion of the associated Fredholm determinant in a neighborhood of the

origin. This asymptotic expansion, along with Corollaries 3.2 and 3.3, plays a crucial role in proving the infiniteness (re-

spectively, finiteness) of the number of eigenvalues lying below the essential spectrum of the corresponding three-particle

lattice model Hamiltonian. It should be noted that the results on the infinite number of eigenvalues of the three-particle

discrete Schrödinger operators and the corresponding model Hamiltonians are very important in quantum mechanics,

modern mathematical physics, and the spectral theory of operators. The eigenvalues correspond to bound states in the

quantum system. If the number of eigenvalues is infinite, then this means that there are infinitely many energy levels in the

system. In [17] it was shown that the number of eigenvalues of the three-particle discrete Schrödinger operator is infinite

in the case where the masses of two particles in a three-particle system are infinite.
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ABSTRACT The magnetization M of the SmGa2 compound has a paramagnetic character in a wide temperature

range, and when the temperature decreases below 30 K, a significant increase in magnetization is observed,

which indicates the formation of a magnetically ordered state. At temperatures below 5 K, a sharp feature

is observed on the M(H) dependences, which is the contribution from the magnetization of superconducting

submicron gallium inclusions. Analysis of the M(H) dependences measured at different temperatures below

5 K allowed us to assume the presence of two superconducting gallium phases. The critical temperature

TC = 5.9 K and the critical field HC (0) = 560 Oe correspond to the formation of a metastable β-phase of

gallium, and the critical temperature TC = 8.4 K and the critical field HC (0) = 1100 Oe can be associated with

the formation of a thin layer of amorphous gallium on the surface of the β-phase inclusions.

KEYWORDS magnetization, superconductivity, microparticles, metastable phase, gallium.
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1. Introduction

Gallium is a component of many binary and multicomponent compounds, in particular such technically important

compounds as the semiconductor GaAs and rare earth compounds with strong magnetic properties. In the study of

gallium-containing compounds, it was discovered that in a number of cases, small particles of pure gallium precipitate,

usually with a metastable β-Ga structure, having a critical superconductivity temperature TC from 5.9 K to 6.2 K. In our

work, we investigated the magnetic properties of the binary compound SmGa2 and observed low-temperature features of

magnetization associated with the presence of superconducting gallium inclusions in the compound.

2. Method

The SmGa2 compound was obtained by the solution-melt method [1]. The sample was a intergrowth of small single

crystals with dimensions of 3×2×0.5 mm3 and a mass of 20 mg. X-ray structural analysis confirmed the formation of the

AlB2 crystallographic structure and the absence of other phases (<2% by volume). The dependences of the magnetization

M on the magnetic field H and temperature T were obtained using a vibration magnetometer of the PPMS setup (Physical

Property Measurement System, Quantum Design), which is a system for measuring the physical properties of materials at

low temperatures and in strong magnetic fields.

3. Results and discussion

The dependence of the magnetic moment M on the temperature T, shown in Fig. 1a, was obtained in the cooling

mode in a magnetic field H = 300 Oe. The magnetization of SmGa2 smoothly increases with decreasing temperature to

T≈30 K, but the Curie-Weiss law is not satisfied. When the temperature T decreases below ∼30 K, a significant increase in

magnetization is observed, which indicates the formation of a magnetically ordered state. A flattening of the dependence

of the susceptibility on temperature below 5 K was observed, which corresponds to ferromagnetic ordering. The non-

fulfillment of the Curie-Weiss law in the high-temperature (paramagnetic) region was observed in ref. [2] for SmGa2 and

is characteristic of samarium-containing compounds [3]. The increase in magnetization in the low-temperature region,

associated with the formation of a magnetically ordered state, were also observed in [2].

Figure 1b shows the magnetic field dependences of the magnetic moment of SmGa2 at temperatures T = 2–12 K.

The dependence M(H) at T = 12 K is practically linear at H >5 kOe, and nonlinearity in low magnetic fields reflects the

onset of ferromagnetic ordering. At lower temperatures, the nonlinear region expands up to maximal magnetic field. The

magnetization values increased with decreasing temperature and only at the lowest temperature (T = 2 K) a slight decrease

in M(H) was observed in high field, as in [2]. In general, the features of the temperature and field dependences of the

magnetic moment are in good agreement with the results of ref. [2] at T > 5 K.

© Shitov A.E., Volkov M.P., 2025
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At T ≤ 5 K, an unusual feature is observed in the dependence M(H) in the region of low fields. This feature is shown

on an enlarged scale for T = 5 K on Fig. 1b (upper inset). The lower inset shows that at a higher temperature T = 6 K this

feature is not observed, and the dependence M(H) demonstrates a small ferromagnetic loop.

FIG. 1. Dependences of the magnetic moment M on (a) temperature T in magnetic field H = 300 Oe

and (b) on the magnetic field at temperatures T = 2–12 K in the SmGa2 compound. The insets to Fig. 1b

show the region up to H ≈ 1 kOe at T = 5 and 6 K, the arrows indicate the direction of the magnetic

field changes

Figure 2a shows the ∆M(H) dependences at temperatures T < 6 K up to the region of magnetic fields H ≈ 1 kOe,

where the ∆M(H) values were obtained by subtracting a small ferromagnetic hysteresis loop M(H,6K) from the measured

M(H,T) dependences at these temperatures. The obtained dependences of the magnetic moment ∆M(H) are weakly

hysteresis loops typical for type I superconductor and connected with submicron inclusions of pure gallium in the SmGa2
compound, and the critical parameters of the superconducting phase of gallium can be determined.

Gallium exhibits a high degree of polymorphism with one stable orthorhombic phase (α-Ga) [4, 5] and several

metastable phases (β, γ, δ, ε) [6, 7] at atmospheric pressure and additional phases (Ga-II, Ga-III and Ga-V) under pres-

sure [8, 9]. Many of these phases are superconducting (α, β, γ, δ, ε and Ga-II). The metastable β-Ga phase has a mono-

clinic structure, and shows transition to the superconducting state at temperatures ranging from 5.9 K to 6.2 K [10–12].

An analysis of the ∆M(H) dependences (Fig. 2b) allows us to determine the phase of the superconducting gallium

inclusions in the SmGa2 sample. In general, the ∆M(H) dependence is similar to the weakly hysteretic dependence

of the magnetization of a type I superconductor (which should be expected for submicron gallium inclusions), but the

sharp break in the descending branch of the dependence allows us to assume that there is a superposition of individual

dependences from two superconducting phases of gallium.

In the ∆M(H) dependences, one can distinguish two characteristic magnetic fields HC1 and HC2 (indicated by arrows

in the inset to Fig. 2a). The field HC1 was determined by extrapolation of linear decreasing path of M(H) dependence, the

field HC2 was determined as the field of the beginning of magnetic hysteresis. The values of these fields can by determined

with the accuracy ± 5 Oe. Taking into account that the dependence of the critical magnetic field of the superconductor HC

can be represented as HC(T ) = HC(0)

(

1−

(

T

TC

)2
)

, Fig. 2b shows the dependences of the critical magnetic fields

HC1 and HC2 on the square of the temperature HC(T2). Extrapolation of these dependences to H = 0 leads to two critical

temperatures TC1 = 5.9 ± 0.1 K and TC2 = 8.4 ± 0.1 K.

The first critical temperature TC1 = 5.9 K can naturally be associated with the formation of the metastable phase

β-Ga, in which gallium microinclusions in gallium-containing compounds usually crystallize and which has a TC in the

range from 5.9 K to 6.2 K [9–11]. Additional evidence in favor of the formation of this phase is the coincidence of the

measured dependence HC1 (T2) (black dots and dotted line in Fig. 2b) with the dependence HC1 (T2) obtained in [11] for

β-Ga (blue solid line in Fig. 2b).

The second critical temperature TC2 = 8.4 K can be associated with the formation of the amorphous phase of gallium,

which, according to [13], has TC = 8.5 K. This amorphous phase of gallium can be formed as a thin layer on the surface

of β-Ga inclusions, the formation of individual inclusions of the amorphous phase is unlike, since, as shown in [13], the

amorphous phase formed during irradiation of thin gallium films at T = 4 K crystallizes into the β-phase already upon

heating to 16 K. Another possibility is the additional formation of gallium particles in the metastable γ phase, which, as

shown in [10], has a critical temperature of TC = 7.6 K and a critical field of HC(6.3K) = 600 Oe , which is close to the

extrapolated values of HC2 at this temperature.

The formation of small superconducting inclusions of gallium (in most cases, the metastable β-Ga phase [6,7,10–12,

14]) was observed for a number of gallium-containing compounds obtained by different methods:
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FIG. 2. (a) Dependence ∆M(H) = M(H,T) – M(H,6K) at H≤1 kOe and temperatures T = 2–5 K. The

inset shows the dependence ∆M(H) at T = 5 K, the arrows indicate the critical magnetic fields HC1 and

HC2 . (b) Dependences HC1 (T2) and HC2 (T2) – dots – experiment, dotted line – extrapolation, and blue

solid line – literature data for β-Ga∗ [12]

• In rare earth compounds with gallium, for example, in YbGa5, superconducting properties below TC ≈2 K were

observed during magnetic measurements, associated, as the authors believe, with Ga filaments formed at grain

boundaries [15].

• In GaN compounds doped with transition metals (Fe, Cr, Mn), superconducting properties with TC ≈6 K and

HC ≈600 Oe were observed, associated with gallium clusters [16].

• In gallium oxide Ga2O3 films with a large oxygen deficiency, Ga clusters are formed with a superconducting

transition temperature depending on the size of the Ga inclusions [17, 18].

• In gallium-doped Si films, gallium nanoinclusions exhibited superconducting properties at temperatures T≤7 K

[19].

In some cases, the observation of superconductivity in gallium-containing compounds may also be associated with

the formation of inclusions of superconducting phases of pure gallium, since the critical parameters of these compounds

(TC and HC) are close to the values characteristics of gallium phases. Thus, one can note reports on the superconductivity

of the GeGa compound with TC ≤6 K and HC(0) ≈7 kOe [20], the AGaxSi2−x (A = Sr, Ba, Ca) compound with

TC = 4.4–5.2 K [21], and the semiconductor compounds GaSb and GaAs with TC ≈10 K [22]. Earlier, there were

cases when superconductivity was reported in compounds, which, as further analysis showed, was associated with metal

microinclusions, for example, in InN compounds with inclusions of superconducting indium [23].

4. Conclusion

Thus, the measurement of the magnetization of the SmGa2 compound showed that in a wide temperature range

the dependence M(T) has a paramagnetic character, not obeying the Curie-Weiss law. When the temperature decreases

below 30 K, a significant increase in magnetization is observed, which indicates the formation of a magnetically ordered

state. At T = 12 K, the dependence M(H) in magnetic fields H ≥ 10 kOe is almost linear. At lower temperatures, the

dependence M(H) becomes increasingly nonlinear, and upon transition to the lowest temperature T = 2 K, a slight decrease

in magnetization in high fields is observed.

At T ≤ 5 K, the M(H) dependence exhibits a feature in the low-field region, which is a contribution from the

magnetization of superconducting submicron gallium inclusions. The critical temperature TC = 5.9 K and the critical

field HC(0) = 560 Oe correspond to the formation of a metastable β-phase of gallium. The second critical temperature

TC = 8.4 K and the critical field HC(0) = 1100 Oe can be associated with the formation of a thin layer of amorphous

gallium on the surface of the β-phase inclusions or formation of the metastable γ-Ga particles. The formation of gal-

lium inclusions in gallium-containing compounds is a frequently observed effect and can be detected in low-temperature

magnetic measurements.
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ABSTRACT Quantum random number generators are becoming mandatory in a demanding technological world

of high-performing learning algorithms and security guidelines. Our implementation, based on the principles

of quantum mechanics, enables us to achieve the required randomness. We have generated high-quality

quantum random numbers from a weak coherent source at the telecommunication wavelength. The entropy

is based on the time of arrival of quantum states within a predefined time interval. The detection of photons

by the InGaAs single-photon detectors and high-precision time measurement of 5 ps enables us to generate

16 random bits per arrival time, which is the highest reported to date. We have presented the theoretical

analysis and experimental verification of the random number generation methodology. The method eliminates

the requirement of any randomness extractor, thereby leveraging the principles of quantum physics to generate

random numbers. The output data rate averages 2.4 Mbps. The generated raw quantum random numbers are

compared with the NIST-prescribed Blum-Blum-Shub pseudo-random number generator and an in-house-built

hardware random number generator from FPGA, on the ENT and NIST platform.

KEYWORDS random number generation, InGaAs detector.
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1. Introduction

In the present era, random numbers play a significant role in statistical analysis, stochastic simulations, cyber security

applications, gaming, cryptography and many others. Random numbers can be generated via two approaches: pseudo-

random number generators (PRNGs) [1], which rely on deterministic algorithms, and true random number generators

(TRNGs), which derive randomness from physical processes. While PRNGs risk predictability due to seed reuse or

algorithmic backdoors, TRNGs leverage physical entropy sources. Quantum random number generators (QRNGs), a

subset of TRNGs, exploit the inherent unpredictability of quantum mechanics to produce unbiased and irreproducible

outputs.

A random bit sequence is characterized by two fundamental properties, i.e., uniformity and unpredictability, of which

the latter is the most important. Uniformity is achievable by mathematical algorithms, however, for unpredictability, none

other than the inherent randomness of quantum mechanics can be trusted. Quantum random numbers can be generated

from several sources, for example, radioactive decay [2, 3], branching path [4], photon arrival times [5–9], quantum

vacuum fluctuations [10–14], laser phase fluctuations [15, 16], optical parametric oscillators [17], amplified spontaneous

emission [18] etc. Several optical QRNG schemes [19] have been proposed on the principle of time of arrival (ToA) of

photon. The arrival time of photon is considered as a quantum random variable and it can generate n random bits, where,

n depends on the precision of time measurement. Software [6, 7, 20] and hardware [21] approaches were investigated

to eliminate the bias and improve the quality of throughput from the time of arrival entropy. The authors in [8] showed

that when an external time reference is used, the raw random numbers are generated from the photon arrival in time bins

within the external time reference and are uniformly distributed in time. Hence, we can consider this quantum entropy

source to be one of the ideal candidates for TRNG.

In this paper, we have reported our work on QRNG based on ToA principle using an external time reference. We

have implemented the scheme using InGaAs detectors. We have used a different method for generating random numbers

and could extract 16 random bits per detection event. This is the highest reported entropy per detection event among

time-of-arrival based QRNGs. In our work, we have adhered to the quantum noise random number generator architecture

recommended by ITU-T X.1702 [22] and this is presented in Fig. 1. The raw data is extracted by performing a measure-

ment on a quantum state and we are deriving the random numbers from the data acquisition process. Minimum entropy

is accessed by estimating the implementation imperfections. The quantum state is prepared using an optical process and

the quantum measurement is based on the Poisson nature of photon detection by single-photon detector (SPD). Raw data

© Deepika Aggarwal, Anindita Banerjee, Ankush Sharma, Ganesh Yadav, 2025
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is generated by digitizing the output from the SPD. Continuous monitoring of laser parameters, detector parameters and

amplitude of the quantum signal at the detector enables assessment of entropy for evaluation of quantum randomness

in the random number sequence. The implementation imperfections lead to an increase in the classical noise, therefore,

these are identified, continuously monitored and eliminated.

FIG. 1. Schematic of the quantum random number generator architecture. The process involves quan-

tum state preparation using a coherent source, photon detection via InGaAs single-photon detectors,

and continuous parameter monitoring to ensure entropy quality. Time-of-arrival measurements gener-

ate raw data, which undergoes direct processing and entropy verification to guarantee uniformity and

unpredictability. Post-processed bitstreams and essential parameters are displayed through a graphical

user interface (GUI) [22]

Section 2 of this paper explains the source of quantum randomness. In section 3, we have discussed the principle

of time of arrival along with its theoretical analysis and sources of bias in the implementation. Section 4 presents the

experimental setup and section 5 discusses the entropy estimation. Finally, we have concluded the work in section 6.

2. Source of randomness

The quantum randomness in the presented QRNG arises from the collapse of the coherent state during photon de-

tection. Since our QRNG method is based on the ToA principle, it is important to briefly discuss the coherent state

and present a mathematical description of the photon. The coherent state α is the quantum mechanical counterpart of

monochromatic light. It can be represented by amplitude and phase, α = |α| eiθ, where the complex number specifies the

amplitude in photon number units. The coherent state can be represented in Dirac notation as |α⟩. The wave function of a

highly attenuated laser state (coherent state) can be represented as a product of all the coherent states within the coherence

time,

|ϕ⟩ =
nc
⊗

t=1

|αt⟩ (1)

where, nc is the number of time bins within the coherence time of the laser. The Fock-state representation of a coherent

state distributed over nc time bins can be written as

|ϕ⟩ =
∞
∑

k=0

√

Pk

(

1√
nc

nc
∑

t=1

a†t

)k

|0⟩, (2)

where Pk = e−ncµ(ncµ)
k/k! is the Poisson probability of having k photons with mean photon number ncµ, and a†t is the

photon creation operator in the t-th time bin. This equation shows that each photon is in a superposition of all time bins,

and the collapse of the wavefunction upon detection gives rise to intrinsic quantum randomness.
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2.1. Photon statistics within a time segment

It is known that the photon number distribution of perfectly coherent light within a fixed time segment follows a

Poisson distribution [23]. Consider a beam segment corresponding to a predefined time segment with an average photon

count represented by µ = ϕT , where ϕ is the average optical flux. We divide the time segment into small time bins. It

is then demonstrated that the probability of finding n photons within a time segment (T ) containing N time bins follows

a Poisson distribution. Let the probability of detecting n photons within the time segment T be represented by P (n).
Consider the probability of finding n time bins containing 1 photon and N − n time bins containing no photons, which is

denoted as p1 and calculated as p1 = µ/N . This probability is given by a binomial distribution,

P (n) =
N !

n!(N − n)!
pn1 (1− p1)

N−n

=
N !

n!(N − n)!Nn
µn
(

1− µ

N

)N−n

.
(3)

In the limit N → ∞, the probability is lim
N→∞

[P (n)] =
1

n!
µne−µ. Thus, the probability of finding n photons in the time

segment T follows a Poisson distribution, denoted as P (n). It is important to mention that we have considered ideal

detectors with 100% efficiency.

2.2. Quantum theory of photon detection

When conducting an experiment to leverage the Poisson nature of photon statistics of coherent light, we have to

consider the optical losses and imperfections in the devices. These are inefficient optics, absorption and imperfect detec-

tors. These lead to a random sampling of photons, which degrades the photon statistics. The quantum theory of photon

detection [23] establishes a connection between the photon count statistics recorded by the detector within a time segment

T and the photon statistics incident upon the detector. The variance in the photo count number is denoted by (△C)
2

and

the variance in the photon number is denoted by (△n)
2
. The relationship between these two parameters is established by

(△C)
2
= η2 (△n)

2
+ η(1− η)µ. (4)

If the detector was perfect (i.e. η = 1), then the photon count statistics would have been equal to the photon statistics.

Consider a coherent source with (△n)
2
= µ and an imperfect detector, such as a PMT or SPAD. In this case, equation 4

becomes (△C)
2
= µη = C. Thus, the photo count statistics (C) and the photon statistics (µ) both follow the Poisson

distribution for all values of detection efficiencies.

3. Time of arrival generators

ToA-based QRNG systems encode the arrival time of photons. During the short time periods, the arrival of a photon

at the detector follows an exponentially distributed time, λe−µT . The time between the two arrivals is the difference

between two exponential random variables, which is also exponential. The randomness in the exponential distribution

can be converted to a uniform bit sequence using post-processing algorithms. Another approach to flatten the exponential

distribution is by taking short time bins from an external reference and considering the time of arrivals within those bins.

Nie et al. [8] have explained that when randomness is extracted from the arrival time, the generated random numbers are

biased. They have proposed a new method to generate uniform random numbers from photon clicks within a fixed time

duration (t, t + T ). The fixed time period is divided into small time bins with precision tmin. The time period is always

less than the dead time of the detector, allowing single detection. This method offers advantages of low bias and high

throughput compared to other methods of quantum random number generation.

3.1. Theoretical analysis

The photon flux, which is an average number of photons passing through a cross-section of a coherent beam, follows

a Poisson process. Precisely, a coherent beam with well-defined average photon number will exhibit photon number

fluctuation in a short time interval. This fluctuation occurs because we cannot predict the positions of these photons.

Consider a 1550 nm laser emitting 0 dBm of power, this will have an average flux of 7.78 × 1015 photons s−1. If we

apply 60 dB attenuation to this, the average flux will then be 7.7×109 photons s−1. We can interpret this as an average of

7.7 photons in the 1 ns time segment. Also, consider a time segment of 100 ps, corresponding to an average flux of 0.77.

To summarize, if the coherent beam is attenuated to an extent that the beam segment contains few photons, say, on an

average of 0.77 photons and we make measurements of some n samples, then, one can observe the random fluctuations in

the photon number. This comes from the fact that the stimulated emission in the semiconductor laser is inherently random.

Considering a time segment T , with mean photon number of µT , then the probability distribution of k photons arriving

in time interval T is given by P (k) =
e−λT(µT )k

k!
. The photon number follows a Poisson distribution. Hence, the time

interval between the arrival of consecutive photons also follows the Poisson process [6]. For λT = 0.1, there is 90.5%
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probability of detecting no photons, 9% of detecting single photons and finite probability of 0.5% of detecting multi-

photons in time segment T . The time period is divided into Nb time bins and each time bin is τi =

(

i− 1

Nb

T,
i

Nb

T

)

.

In the case of an ideal detector (η = 1), there would have been multiple clicks in T , and the first detection would be the

minimum value of the random variable representing photon arrival times. However, since the dead time of the detector is

more than T , there is a single detection in T . For a detection event, the conditional probability of getting a detection at

ith position, given k photons appear in period T , is given by P (i |k). It represents the probability of a detection occurring

at τi when k photons are present in a period,

P (i | k) = P (i, k) · P (T − τi, k = 0)

P (k)

=

e−λτi

(

λ
(

T−(i−1)T
Nb

−T−iT

Nb

))

k

k! · e−λ(T−τi)

e−λT (λT )k

k!

=

(

1− (i− 1)

Nb

− 1− i

Nb

)k

=

(

1− (i− 1)

Nb

)k

−
(

1− i

Nb

)k

.

(5)

The probability distribution function of the arrival of a photon conditioned on the fact that only 1 photon is available

in the time period T is (substituting k=1 in equation 5)

P (i|k = 1) =
1

Nb

=
1

T/τ
=

τ

T
, (6)

which clearly shows that the photon arrival time is uniformly distributed across all Nb bins of the interval T and the

probability of a photon arriving at each time bin is
1

Nb

[8, 9]. In this expression, τ is the independent variable of the

probability distribution function. The probability density is given by
1

T
. Thus, the arrival time is uniformly distributed in

[0, T ].
We have used binary code to encode the time bins. In Fig. 2, we have presented different methods for implementing

time of arrival based QRNG. Wayne et al. [6] extracted random numbers by translating the time interval between detec-

tions into time bins. Nie et al. [8] generated raw quantum random numbers by considering time difference between the

photon click and an external time reference. The distribution of time difference between the photon click and the external

reference clock is approximately uniform. Yan et al. [9] have generated the highest-reported raw data bits of 128 Mbps

by measuring the time of arrival from a common starting point. They have converted each arrival time into sum of fixed

period and phase time. Thereafter, they have generated random numbers from the phase time. In this work, we address

the arrival time of photon differently; we have considered an external time reference for the generation of raw bits. We

have divided the external time reference T into NT divisions. The arrival time is given by

An = mod[Nb, NTi
], (7)

where Nb is the total number of random digits that we want to generate. We do not restrict ourselves to modular arithmetic;

rather, the purpose is to divide the time segment T into NT fragments, with each fragment equal to the precision of the

measurement device. These fragments are divided into Nb divisions to generate Nb random digits. The arrival of a photon

will randomly fall within the range 1 ≤ NTi
≤ NT . Thus, applying equation 7, we can prove that NTi

is uniformly

distributed in [0, T ) [6, 8]. Table 1 compares the proposed work with existing works.

TABLE 1. Comparison of the proposed QRNG with existing works on the basis of the nature of source,

detector, external reference clock, entropy per detection, precision of time measurement and throughput.

CS stands for coherent source

Reference Source Detector External reference clock Entropy Resolution Rate (Mbps)

[6] LED SiAPD — 5.5 5 ns 40

[8] CS SiAPD 40.96 ns 8 0.160 ns 109

[9] CS SiAPD 20 ns 8 20 ns 128

This work CS InGaAs 500 ns 16 0.005 ns 2.4
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FIG. 2. Timing diagrams for photon arrival time methods: (a) Wayne et al. [6] uses intervals ∆t1
between detections; (b) Nie et al. [8] employs an external reference clock (SS: start signal); (c) Yan et

al. [9] measures phase time relative to a fixed period; (d) Proposed method divides external reference T
into NT bins. Gray rectangles represent detection events, and dashed lines mark time bins

3.2. Source of bias

To quantitatively evaluate the randomness of the raw data, we need to model the system carefully and figure out the

facts that would introduce bias. There are a few major device imperfections to be examined.

(1) The laser intensity must remain constant. We have analyzed the number of detections per 101µs to validate that

the average photon count statistics is uniform. For an average photon number of 0.1 for 100 ns duration and

a 10µs detector dead time, there should be one detection every 10100 ns or 10 detections every 101µs. We

take 100 samples of 1010µs interval to validate the mean photon number (this sample size is enough to ensure

statistical confidence of photon statistics).

(2) Detector dark counts are random clicks in the absence of photons. Analyzing the effect of random noise from

dark counts mixed with random numbers generated from photon arrival times would be insightful. The dark

count rate (350–400 cps) is much less than the detection rate. Such negligible dark counts do not measurably

affect uniformity or bias in raw data.

(3) In one of our implementations, we have considered a dead time of 5µs, far greater than the duration of external

reference, which is 100 ns. The dead time can be considered as a drift [8] and it does not affect the quality of

random numbers.

(4) The probability for multi-photon emission from an attenuated continuous-wave (CW) laser is non-zero. If we

use detectors capable of distinguishing between multi-photon and single-photon events, we can discard the multi-

photon cases. This would reduce bias in the output. However, considering the mean photon number much less

than 1 significantly reduces the chances of multi-photon events.

4. Experimental analysis

The experimental setup is presented in Fig. 3. It comprises a distributed feedback laser (DFB) operated in continuous

mode with a wavelength of 1550 nm and an output power of 0.1 mW. We have two variable optical attenuators (VOAs) to

adjust the amplitude of the weak coherent source to the desired value. One of them is kept fixed and the other is altered

to achieve granularity. We have implemented SPD from CHAMPION Aurea in free-running mode. It has the flexibility

of adjusting at variable efficiencies, for example, 10%, 20% and 30%. The dead time can be configured to achieve the

required count rate for a specific efficiency. We have considered different values of Nb as 8, 100, 200, 256, 500 and 512

for an external clock of 100 ns. When we implemented the scheme with 500 ns clock reference, we have considered

65536 divisions and generated 16 bits per detection. This implies that each division is 7.6 ps. The jitter in the SPD is 180

ps, which ideally suggests that a division size greater than this period should be considered to mitigate timing uncertainty.
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In our current experiments, we did not implement larger division sizes, but we fully recognize this approach’s importance

and will incorporate it into future experiments to improve randomness quality. At 10% efficiency and 10 µs dead time,

the SPD recorded a dark count rate of 350-400 cps and a photon count rate of 90 Kcps, corresponding to a photon flux

at the input of approximately 9 × 106 cps (equivalent to −89 dBm optical power) with a mean photon count of 0.09. In

a separate experimental run with increased photon flux (achieved by adjusting the variable optical attenuator), the SPD

count rate reached 96 Kcps, corresponding to 2.4 × 107 cps at the input and a mean photon count of 0.24 (−85 dBm).

The adjustments in the optical attenuation settings between these runs were manual and static, not dynamically dependent

on input optical power. In continuous operation, we have considered the SPD count rate as 9 × 104 cps. Fig. 4 presents

the probability distribution of the generated random digits 1 to 256. We find that the throughput is almost uniform. We

converted this data to binary and then tested it on the NIST and ENT test platforms [24, 25]. The dataset used for these

tests comprised approximately 1 gigabit of raw quantum random data. At 5 µs dead time, we have considered a counting

rate of 150 Kcps. A field-programmable gate array (FPGA) (Zynq UltraScale+ MPSoC) does the post-processing of

the data. It also incorporates a time-to-digital converter (TDC) (TDC AS6501), which can respond to an external clock

reference from 2 MHz to 12.5 MHz. The TDC has an internal clock of 5 ps and can count till 500 ns. An external clock

reference with frequency 10 MHz in one implementation and 2 MHz in other implementation, with a jitter of 3 ps is used

as a reference clock and is edge synchronized with the TDC counter. The throughput at 150 Kcps count rate is 2.4 Mbps

(raw QRNG data) with 5µs dead time.

FIG. 3. Experimental setup

FIG. 4. Probability distribution for theoretical versus experimental values for 256 time bins with 90 Kb

of raw data

5. Entropy estimation

Entropy in the information-theoretic sense is a measure of the randomness or unpredictability of the outputs of an

entropy source. The larger the entropy, the greater the uncertainty in predicting the outcomes [26]. Estimating the amount

of entropy available from a source is necessary to determine how many bits of randomness are available. If a discrete

random variable X has n possible values, where the ith outcome has probability pi, then the Rényi entropy of order α is

defined as [27]



Unpredictable and uniform random number generation based on time of arrival... 603

TABLE 2. Results of ENT tests

ENT test item QRNG TRNG Ideal value

Entropy (bits per bit) 1.000000 1.000000 1.000000

Chi-square distribution 45 % 15.11 % 10 % ∼ 90 %

Arithmetic mean value 0.4997 0.5001 0.5000

Monte Carlo value for Pi 3.1515369080 3.142180307 3.1415926536

Serial correlation coefficient 0.000590 0.000088 0.000000

TABLE 3. Results of NIST tests

NIST test item
BBS QRNG TRNG

p-value p-value p-value

Frequency 0.816537 0.534146 0.213309

Block frequency 0.366918 0.122325 0.015598

Cumulative sums 0.955835 0.634146 0.851383

Runs 0.090936 0.739918 0.137282

Longest run 0.202268 0.534146 0.494392

Rank 0.202268 0.534146 0.383827

FFT 0.275709 0.350485 0.494392

Non overlapping template 0.764295 0.991468 0.883171

Overlapping template 0.455937 0.350485 0.779188

Universal 0.060806 0.213309 0.699313

Approximate entropy 0.971699 0.839918 0.739918

Random Excursions 0.534146 0.739918 0.186566

Random Excursions Variant 0.911413 0.457799 0.311542

Serial 0.739918 0.911413 0.779188

Linear complexity 0.145326 0.739918 0.289667

Hα(X) =
1

1− α
log2

(

n
∑

i=1

pαi

)

, (8)

for 0 ≤ α ≤ ∞. As α → ∞, the Rényi entropy of X converges to the negative logarithm of the probability of the most

likely outcome, called the min-entropy,

H∞(X) = lim
α→∞

Hα(X) = − log2 max pi. (9)

The name min-entropy (H∞) stems from the fact that it is the smallest in the family of Rényi entropies. In this sense,

it is the most conservative approach to measuring the unpredictability of a set of outcomes or the randomness content of

a distribution. The standard Shannon entropy, which measures the average unpredictability of the outcomes, offers only

a rough estimation of randomness. On the other hand, H∞ is used as a worst-case measure of the uncertainty associated

with observations of X . It represents the best-case scenario for an adversary trying to guess an output from the noise

source. For H∞, pi represents the detection probability at the ith time bin and

H∞ = − log2 Pmax

log2 Nb

= 0.9971 (10)
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from the maximum frequency of 0.00397, which is higher than [8]. The maximum probability Pmax was computed as the

normalized frequency of the most populated time bin in the photon arrival histogram. As depicted by Fig. 4, the frequency

distribution is almost uniform and the experimental values are close to the theoretical values.

We tested the QRNG output using ENT program and NIST test suite. ENT program computes some important

statistical properties of the generated random bit-streams. It is a series of basic statistical tests that evaluate the random

sequence by some elementary features such as the equal probabilities of ones and zeros, the serial correlation, etc. Testing

results with ENT performed on a 1 GB dataset are presented in Table 2. The ENT test results indicate high-quality

randomness, with only slight variations in arithmetic mean and serial correlation. These small deviations are attributed to

residual classical noise sources. Each test in the NIST suite evaluates a p-value which should be larger than the significance

level. The significance level in the tests is α = 0.01. The test is considered successful if all the p-values satisfy 0.01 ≤
p-value ≤ 0.99. In the tests producing multiple outcomes of p-values, the worst outcomes are selected. Testing results

with NIST conducted on a 1 GB dataset are presented in Table 3. All the output p-values are larger than 0.01 and smaller

than 0.99, which indicates that the generated random bits well pass the NIST tests. ENT and NIST were selected for

initial validation due to their broad acceptance and comprehensive coverage of randomness properties. However, future

work will expand the analysis to include other test suites as well to further ensure the robustness of the QRNG output. We

have also compared raw quantum random numbers with the random numbers generated from NIST’s Blum-Blum-Shub

(BBS) algorithm and an in-house TRNG built from FPGA based on the asynchronous sampling of a ring oscillator.

6. Conclusion

We have designed and tested a practical high-speed QRNG based on the time-of-arrival quantum entropy from a CW

laser at telecommunication wavelength. This study is the first to explore time-of-arrival QRNG using InGaAs detectors.

These detectors have a greater dead time than silicon detectors, enabling us to increase the external reference time to 500

ns compared to previous values of 40.6 ns [8] and 20 ns [9]. We have implemented precision time measurement of 5 ps,

which is reported here for the first time. Hence, we could extract 16 bits of entropy from one photon arrival time. The

photon arrival time follows a Poisson distribution; an exponential waiting time introduces bias, which is overcome using

an external reference clock. We successfully generated uniform random numbers with high entropy, particularly min-

entropy always greater than 0.99 value. The method of time measurement of photons is simpler in implementation and

higher in precision time measurement than earlier works [6,8,9]. We propose that implementing the time-of-arrival QRNG

with InGaAs detectors and high precision time measurement will enable generating maximum entropy per detection event.

The proposed work can be used to generate higher throughput by increasing the duration of the external reference clock;

however, the increase in throughput will be linear. The proposed work also eliminates the need for any mathematical

algorithm to generate uniform output; thus, the random numbers produced are derived from the quantum behavior of

photons and are truly random.
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ABSTRACT Nanoceria exhibits unique catalytic properties towards reactive oxygen species (ROS), which act

as mediators of key signaling pathways. Albumin is the most abundant blood protein, and its interaction with

nanoceria modifies the properties of both nanoceria and albumin. Using an in vitro model of human embry-

onic lung fibroblasts, we investigated biochemical properties of nanoceria–albumin conjugates towards cell

viability, intracellular reactive oxygen species, expression of NOX4, NRF2, and NF-κB, oxidative DNA dam-

age/repair, apoptosis, cell proliferation, and autophagy. The results demonstrate that albumin binding alters

the physicochemical properties of nanoceria, promoting efficient cellular uptake through modulation of surface

interactions. This conjugation attenuates nanoceria’s influence on intracellular reactive oxygen species equi-

librium and mitochondrial membrane potential by modifying nanoparticle-protein interfacial dynamics. Notably,

albumin-bound nanoceria induces a stronger activation of NOX4, resulting in increased genotoxic stress; how-

ever, the enhanced activation of DNA repair pathways mitigates this damage more efficiently than bare nanoce-

ria. Furthermore, albumin-to-nanoceria conjugation modulates signaling pathways by enhancing suppression

of the pro-inflammatory NF-κB cascade and stimulating autophagic processes. Overall, the physicochemical

effects of nanoceria modification due to albumin conjugation reduce cytotoxicity of nanoceria while augmenting

its anti-inflammatory and regenerative potential.

KEYWORDS nanoceria, human serum albumin, cytotoxicity, genotoxicity, oxidative metabolism genes, prolifer-

ation, autophagy, human lung embryonic fibroblasts.
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1. Introduction

Nanoscale cerium dioxide (nanoceria) is a multifunctional catalyst for reactions involving reactive oxygen species

(ROS). Acting as a nanozyme, nanoceria mimics the activities of enzymes such as superoxide dismutase (SOD) [1],

peroxidase [2], catalase [3], oxidase [4,5], phosphatase [6], photolyase [7], phospholipase [8], and nuclease [9]. ROS play

a central role in nearly all biological processes, positioning nanoceria as a key regulator of vital biochemical functions.

Upon entry into biological fluids, nanoparticles interact primarily with proteins, altering the properties of both. Albumin,

the predominant blood serum protein, exhibits high affinity for diverse compounds and contributes to redox balance via

a single sulfhydryl group; its properties depend on its structural conformation [10]. Albumin functions as a transport

protein and natural carrier within the organism, delivering drugs and metabolites [11], which ensures biocompatibility

and strong binding characteristics when complexed with nanoparticles [12]. It is suitable as a drug delivery carrier

due to its wide availability, low toxicity, biodegradability, non-immunogenicity, and preferential accumulation in tumors

and inflamed tissues [13]. Conversely, when ceria nanoparticles enter the bloodstream, they bind to serum proteins,

© Proskurnina E.V., Kostyuk S.V., Sozarukova M.M., Ershova E.S., Veiko N.N., Popkov M.A., Kostyuk E.V.,

Martynov A.V., Ivanov V.K., 2025



Physicochemical aspects and cellular effects of nanoceria-human serum albumin conjugates 607

including albumin [14]. Therefore, albumin is actively studied for nanoparticle binding to develop effective anticancer

nanomedicines and to elucidate their cellular mechanisms of action [12, 15].

Inorganic nanoparticles intended for biomedical applications require surface modification due to their low hydrophilic-

ity and colloidal stability in solutions. Conjugation of the nanoparticles with albumin, which has high hydrophilicity,

numerous binding sites, and reductive activity, facilitates effective functionalization [16, 17]. Compared to human serum

albumin (HSA), bovine serum albumin (BSA) is rich in functional groups such as carboxyl and amino groups and exhibits

strong affinity for inorganic (e.g. metal oxide) nanoparticles; therefore, it is often used as a model for surface modification

of the nanoparticles to improve their colloidal stability and biocompatibility while providing functionalization and low

toxicity [18, 19]. Most studies on conjugation of the nanoparticles with albumin focus on silver, gold, copper, and iron

oxide. In particular, it has been shown that albumin conjugation reduced the cytotoxicity of silver nanoparticles on mes-

enchymal stem cells while preserving bactericidal activity [20]. HSA-coated silver nanoparticles showed higher toxicity

toward hepatocellular carcinoma cells [21]. Chen et al. developed gold nanoparticle-albumin complexes conjugated with

cisplatin, which exhibited reduced side effects [22]. Studies also report on albumin conjugation with copper particles [23]

and magnetic iron oxides [24]. Janani et al. analyzed the toxicity of ZnO nanoparticles with BSA and demonstrated that

BSA coating reduces the toxic effect [25].

The potential for forming nanocomplexes of cerium dioxide with albumin is also being investigated. Bhushan et

al. reported the synthesis of albumin nanoparticles encapsulated with nanoceria, which constitute a highly monodisperse

and stable aqueous delivery system. They demonstrated that the superoxide dismutase activity of nanoceria remained

unaffected, and the nanoparticles exhibited high biocompatibility and antioxidant potential towards human lung epithelial

cells [26]. Yang et al. synthesized ceria-based nanostructures – including nanoclusters, nanoparticles, and nanochains –

using bovine serum albumin. The resulting albumin-based ceria nanostructures preserved high SOD-like activity and

good biocompatibility [27]. Yeni et al. evaluated quercetin-albumin-nanoceria particles for neurotoxicity using the MTT

assay on primary neuronal cultures and reported significant protective effects against glutamate toxicity [28]. Roudbaneh

et al. examined the interaction of nano-CeO2 with human serum albumin (HSA), assessing antioxidant activity against

peroxide-induced stress, bone marrow-derived mesenchymal stem cell viability, intracellular ROS, apoptosis, and antibac-

terial activity. Their findings indicated that hydrophilic interactions contribute to complex formation. No cytotoxicity was

observed up to 50 mg/mL, and pre-treatment with this complex reduced cell death, ROS production, and apoptosis in-

duced by peroxide stress. Cerium dioxide-albumin complex nanoparticles exerted significant antibacterial effects against

all bacterial strains studied [29]. Although knowledge of the biological effects of the HSA-nanoceria complex remains

limited and fragmented, it shows promising potential for biomedical applications. To date, no studies have addressed the

effects of the HSA-nanoceria complex on human genes.

To summarize, complexation of nanoceria with human serum albumin (HSA) can be considered a promising approach

for synthesizing new nanopharmacological agents. However, assessing the effects of surface modifiers on the efficacy and

safety of cerium dioxide is essential to evaluate the benefits and risks in medical applications. Human embryonic lung

fibroblasts serve as a widely used, reliable, and sensitive model for studying the effects of substances on gene expression.

Here, we aimed to investigate the effects of the HSA-nanoceria conjugate on oxidative metabolism-related genes in

human embryonic lung fibroblasts by examining: (1) cell viability and mitochondrial membrane potential, (2) intracellular

reactive oxygen species (ROS), (3) expression levels of NOX4, NRF2, and NF-κB/STAT3, (4) oxidative DNA damage

and repair, (5) cell proliferation, and autophagy.

2. Materials and methods

2.1. Synthesis and characterization of bare and HSA-nanoceria conjugate

The method for synthesizing an electrostatically stabilized CeO2 sol involved the thermal hydrolysis of ammonium

cerium(IV) nitrate (Sigma-Aldrich, #215473) [30]. Specifically, a 100 g/L aqueous solution of (NH4)2Ce(NO3)6 was

incubated at 95◦C for 24 hours. The product was centrifuged, washed three times with isopropanol, and then redispersed

in deionized water. This suspension was boiled for 1 hour with stirring to remove residual isopropanol. In a separate

preparation, albumin was dissolved in phosphate buffer. The HSA-CeO2 conjugate was formed by the gradual, dropwise

addition of the CeO2 sol to the albumin solution at a 1:1 molar ratio under constant stirring. The mixture was stirred for

another 30 minutes after addition to complete albumin adsorption onto the CeO2 nanoparticles.

To determine the concentration of the stock CeO2 sol, a gravimetric method was employed. Sample aliquots were

placed in pre-dried crucibles until constant weight was achieved. These samples were then evaporated and subjected to

high-temperature treatment in a muffle furnace, held at 900◦C for 4 hours.

X-ray diffraction (XRD) characterization of the dried samples was performed using a Bruker D8 Advance instrument

(Bruker, Billerica, MA, USA) with CuKα radiation. Data acquisition in θ–θ geometry covered a 2θ range from 3◦ to

120◦, with a step size of 0.02◦ and an accumulation time of 0.3 seconds per point. Phase identification via diffraction

peak analysis was referenced to the ICDD PDF-2 database. The Scherrer equation was applied to calculate the mean

crystallite size.
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The mean hydrodynamic diameter of the CeO2 nanoparticles was measured by dynamic light scattering (DLS) using

a Photocor Compact-Z analyzer (Photocor, Russia) with a 650 nm, 25 mW diode laser. Measurements were conducted at

room temperature at a 90◦ scattering angle. Zeta potential was measured on a Malvern ZS Zetasizer (Malvern Panalytical,

UK) according to the ISO/TR 19997:2018 standard. Both DLS and zeta potential analyses were carried out on aqueous

nanoparticle dispersions at 1.5 mM concentration.

UV-Vis absorption spectra were recorded on a Cary 4000 spectrophotometer (Agilent Technologies, USA) using

1.0 cm path length quartz cuvettes at ambient temperature.

Binding affinity of ligand molecules to the cerium oxide nanoparticle surface was assessed by attenuated total

reflectance-Fourier transform infrared spectroscopy (ATR-FTIR). Spectra were acquired using a Bruker VERTEX 70

spectrometer equipped with a PIKE Technologies GladiATRTM diamond crystal attachment. Measurements covered the

wavenumber range 4000 – 150 cm−1, at 2 cm−1 resolution, averaging 64 scans for both sample and background. The

ATR crystal was maintained at 50◦C. For liquid samples, up to 5 µL were deposited onto the crystal and allowed to air-dry

for 4 – 5 minutes before data acquisition.

2.2. Cell culture

Human embryonic lung fibroblasts (passage 4) were obtained from the Scientific Centre for Medical Genetics (Moscow,

Russia). The cells were seeded at a concentration of 1.7×104 cells/mL in Dulbecco’s Modified Eagle Medium (PanEco,

Moscow, Russia) supplemented with 10% fetal calf serum (PAA, Vienna, Austria), 50 U/mL penicillin, 50 µg/mL strep-

tomycin, and 10 µg/mL gentamicin. HELFs were cultured at 37◦C for 24 hours, followed by exposure to either bare

nanoceria or the HSA-nanoceria conjugates for 1, 3, 24, and 72 hours.

2.3. Cell viability and mitochondrial potential

The standardized 72-hour MTT assay (3-(4,5-dimethylthiazol-2-yl)-2,5-diphenyltetrazolium bromide) was employed

to assess cell viability. Absorbance at 550 nm was measured using an EnSpire Plate Reader (EnSpire Equipment,

Turku, Finland). Cells incubated without nanoparticles served as the negative control. Mitochondrial membrane po-

tential was evaluated using the membrane-potential-sensitive dye tetramethylrhodamine methyl ester (TMRM) (Thermo

Fisher, Waltham, MA, USA), following previously established protocols [31].

2.4. Visualization

An AxioImagerA2 microscope (Carl Zeiss, Oberkochen, Germany) was used for fluorescence imaging. Cells were

cultured in slide flasks and exposed to either bare or HSA-bound nanoceria. Each slide-bottom flask was seeded with

approximately 500,000 cells. Following medium removal, the cells were washed with phosphate buffered saline (PBS),

and dichlorodihydrofluorescein diacetate (a 2 mg/mL stock solution diluted 1:200 with PBS) was added. After a 15-

minute incubation, the cells were washed once more with PBS and immediately imaged. At least 100 fields of view were

analyzed. Fluorescence intensity per cell and total fluorescence were quantified using the microscope software (ZEN

3.10).

2.5. Flow cytometry analysis

Intracellular reactive oxygen species (ROS) and protein expression were quantified using flow cytometry. To measure

ROS, samples were incubated with a 10 µM solution of 2’,7’-dichlorodihydrofluorescein diacetate (H2DCFH-DA) in

phosphate-buffered saline (PBS) (Molecular Probes/Invitrogen, Carlsbad, CA, USA) for 15 minutes in the dark. Following

incubation, the cells were washed with PBS, resuspended in PBS, and analyzed by flow cytometry using the FITC channel

(CytoFlex S, Beckman Coulter, Brea, CA, USA).

For protein quantification, cells were washed with Versene solution (Thermo Fisher Scientific, Waltham, MA, USA),

treated with 0.25% trypsin (Paneco, Moscow, Russia), washed with culture medium, and then resuspended in PBS (pH 7.4)

(Paneco, Moscow, Russia). The cells were fixed with paraformaldehyde (PFA, Sigma-Aldrich, Saint Louis, MO, USA) at

37◦C for 10 minutes, washed three times with 0.5% bovine serum albumin (BSA) in PBS, and permeabilized with either

0.1% Triton X-100 in PBS for 15 minutes at 20◦C or 90% methanol at 4◦C. After three washes with 0.5% BSA-PBS,

cells were stained with conjugated antibodies (1 µg/mL) for 2 hours at room temperature, washed with PBS, and analyzed

by flow cytometry (CytoFlex S, Beckman Coulter, Brea, CA, USA).

Primary antibodies were as follows: DyLight488-γH2AX (pSer139) (nb100-78356G, NovusBio, Centennial, CO,

USA), FITC-NRF2, (bs1074r-fitc, Bioss Antibodies Inc. Woburn, MA, USA), FITC-BRCA1 (Nb100-598F, NovusBio,

Centennial, CO, USA), PE-8-oxo-dG (sc-393871 PE, Santa Cruz Biotechnology, Dallas, TX, USA), CY5.5-NOX4 (bs-

1091r-cy5-5, Bioss Antibodies Inc. Woburn, MA, USA), A350-BCL2 (bs-15533r-a350, Bioss Antibodies Inc. Woburn,

MA, USA), NFKB (bs-0465r-cy7, Bioss Antibodies Inc. Woburn, MA, USA), LC3 (NB100-2220 NovusBio, Centennial,

CO, USA), and PCNA (ab2426, Abcam plc, Cambridge, UK). The secondary anti-rabbit IgG-FITC (sc-2359, Santa Cruz

Biotechnology, Dallas, TX, USA), was used.
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TABLE 1. Physicochemical characteristics of CeO2 sols

Sample Particle Size, nm Particle Size, nm ζ, mV

(Powder X-Ray Diffraction) (Dynamic Light Scattering) (Electrophoretic Light Scattering)

Bare CeO2 3.2 ± 0.3 20.7 ± 0.3 +40.2 ± 0.1

HSA-

nanoceria 3.9 ± 0.1 9.2 ± 0.1, 180 ± 11 +9.8 ± 1.2

conjugate

2.6. Statistics

All experiments were performed in triplicate. Data are presented as the mean ± standard deviation. Differences were

considered statistically significant at p < 0.01 according to the non-parametric Mann–Whitney test. Statistical analyses

were conducted using StatPlus2007 Pro v4.9.2 software (AnalystSoft Inc., Walnut, CA, USA).

3. Results

3.1. Synthesis and characterization of nanoparticles

An electrostatically stabilized cerium dioxide sol was synthesized from ammonium cerium(IV) nitrate via thermal

hydrolysis at 95◦C [30]. The concentration of the CeO2 colloidal dispersion, determined by thermogravimetric analysis,

was 0.125 ± 0.003 mol/L (21.5 g/L). Crystallite sizes and zeta potential values of bare CeO2 nanoparticles and the HSA-

nanoceria conjugate, measured by powder X-ray diffraction (XRD), dynamic light scattering (DLS), and electrophoretic

light scattering (ELS), are summarized in Table 1.

The XRD patterns of the ceria sols, both dried at a low temperature (50◦C), are shown in Fig. 1. According to

experimental data, powder samples contain single-phase fluorite-type cerium dioxide (PDF2 34-0394) with crystallite

sizes in the range of 3.2 – 3.9 nm (Table 1). The XRD pattern of the HSA-nanoceria conjugate is similar to that of bare

CeO2 NPs, indicating that the crystalline structure of nanoscale cerium dioxide is retained after interaction with albumin.

FIG. 1. XRD patterns of the dried sols of bare and HSA-coated CeO2

Dynamic light scattering data on the particle size distribution of aggregates in CeO2 sols are shown in Fig. 2. The non-

stabilized CeO2 sol (pH∼3.0) exhibits a nearly monomodal size distribution of aggregates with an average hydrodynamic

diameter of 20 nm (Table 1). The conjugation of albumin to CeO2 nanoparticles (NPs) alters their degree of aggregation,

resulting in larger aggregates with an average hydrodynamic diameter of 180 nm (Table 1). The small-size particles

(∼10 nm) that are present in the HSA-nanoceria conjugate dispersions are most probably the individual HSA moieties.

The HSA characteristic size in different water solutions (5 – 30 nm) has been extensively studied earlier and corresponds

well to the observed value [32–34]. These data indicate that not all the HSA was conjugated with ceria nanoparticles,

however the relative amount of the free protein could be regarded as low.
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FIG. 2. Hydrodynamic diameters distributions for CeO2 particles in aqueous sols (a) non-stabilized

ceria sol and (b) HSA-nanoceria conjugate

According to the results of electrokinetic measurements (Table 1), the zeta potential of bare CeO2 nanoparticles is

+40.2 ± 0.1 mV, indicating their high colloidal stability. As the non-stabilized CeO2 sol has a pH of approximately 3.0,

the positive surface charge is attributed to protonation of surface hydroxyl groups [35, 36]. Modification of the CeO2

nanoparticles with albumin causes a sharp decrease in zeta potential to +9.8 ± 1.2 mV. This decrease is consistent with

protein adsorption onto the nanoparticle surface and the formation of a dense protein corona [37–39].

UV-vis absorption spectroscopy data (Fig. 3) show an absorption band in the 280 – 300 nm wavelength range. This

band is characteristic of nanoscale cerium dioxide and corresponds to a band gap of ∼3.4 eV, which is consistent with

values reported in the literature [40].

FIG. 3. UV-vis absorption spectra of ceria sols

The ceria sols were characterized using ATR-FTIR spectroscopy. The FTIR spectra of bare CeO2 nanoparticles,

human serum albumin, and the HSA-nanoceria conjugate are presented in Fig. 4.

The FTIR spectrum of the bare CeO2 nanoparticles features characteristic absorption bands for Ce–O valence vi-

brations at 470 cm−1 and 285 cm−1. Additional bands observed in the regions of 1600 – 1395 cm−1 and 3500 cm−1

are assigned to deformation and valence vibrations of water adsorbed on the ceria surface [41]. The absorption band at

1288 cm−1 corresponds to residual nitrate ions from the synthesis precursor, ammonium cerium(IV) nitrate ((NH4)2Ce(NO3)6)

[42]. The absorption bands of the native HSA (Fig. 4) are consistent with those previously reported [43, 44]. The Amide

I band, arising from C=O stretching vibrations, is located at 1655 cm−1. The amide II band, which is attributed to C–N

stretching coupled with N–H bending modes, appears at 1542 cm−1. These bands are sensitive to changes in the secondary

structure of the protein [43–45]. Presumably, the bands at 1085 cm−1 and 982 cm−1 are due to the phosphate buffer used

to prepare the protein solution. The intense band at 530 cm−1 is due to the stretching vibrations of the S–S bonds of the
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FIG. 4. Fourier-transform infrared spectra with attenuated total reflection for bare CeO2, human serum

albumin (HSA), and HSA-nanoceria conjugate

disulfide bridges present in human serum albumin [46]. The FTIR spectrum of the conjugate (Fig. 4) reveals a significant

reduction in intensity and broadening of the amide I and II bands at ∼1655 cm−1 and at ∼1540 cm−1, alongside a shift of

the S–S band from 530 cm−1 to 540 cm−1. All this indicates conformational changes in the protein structure as a result

of interaction with CeO2 nanoparticles. The shift in the disulfide bond vibration band may suggest that the nanoparticles

interact with albumin domains containing cysteine residues [47]. These results confirm the successful formation of the

conjugate and extend the previous findings on the interaction of nanoceria with proteins [37].

3.2. Cell viability and mitochondrial potential

Viability of cells exposed to bare nanoceria and HSA-nanoceria conjugate shows a similar pattern (Fig. 5a). There is a

slight increase in toxicity around the concentration of 1 µmol/L, whereas nanoceria conjugated with albumin is also more

toxic at higher concentrations (above 85 µmol/L). For gene and protein expression studies, a concentration of 1.5 µmol/L

was selected, corresponding to the middle of the investigated range and providing satisfactory viability for both bare

nanoceria and HSA-conjugated nanoceria.

Regarding mitochondrial membrane potential, the HSA-nanoceria conjugate exhibits a milder effect compared to bare

nanoceria (Fig. 5b), although the maximum increase in membrane potential for both nanoparticles occurs after 3 hours of

incubation. After 24 hours of incubation, the membrane potential returns to control levels.

3.3. Visualization and intracellular ROS

Nanoscale cerium dioxide yields fluorescence in the red region, enabling visualization of its accumulation within

cells [48]. Images of cells exposed to nanoparticles (1.5 µmol/L) for 3 hours are presented in Fig. 6. The images indicate

that during the first three hours, the HSA-nanoceria conjugate actively enters the cells.

Assessment of intracellular ROS levels using flow cytometry and H2DCFH-DA indicates that bare nanoceria exhibits

an antioxidant effect during 1 and 3 hours of incubation, whereas albumin-bound nanoceria has little to no impact on

intracellular ROS levels (Fig. 7).

3.4. Genotoxicity

Genotoxicity was evaluated using the oxidative damage marker 8-oxo-2’-deoxyguanosine (8-oxo-dG) (Fig. 8a) and

the marker of double-strand breaks, phosphorylated histone γH2AX (Fig. 8b). Repair system activity was assessed by

the key repair protein marker BRCA1 (Fig. 8c).

The genotoxicity dynamics differ slightly for bare nanoceria and HSA-nanoceria conjugate, with a peak at 3 hours

of incubation. Bare nanoceria exhibits two phases of action, with peaks at 1 and 24 hours, while the peak effect for

HSA-albumin conjugate is 3 hours. HSA-nanoceria conjugate is also characterized by higher levels of DNA damage and
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FIG. 5. (a) Cell viability in the presence of bare nanoceria (green line) and HSA-nanoceria conjugate

(blue line), assessed by the MTT assay. The red dashed line indicates the acceptable viability range

of 80 – 100 %. The arrow points to the concentration of 1.5 µmol/L selected for further studies; (b)

Mitochondrial membrane potential relative to control, measured by the TMRM assay for cells exposed

to bare and HSA-nanoceria conjugate; asterisks (*) indicate significant differences from the control

according to the Mann–Whitney test (p < 0.05). The control consists of cells incubated without

nanoparticles

FIG. 6. Transmitted light and fluorescence images of HSA-nanoceria conjugate (1.5 µM) in human

fetal lung fibroblasts; magnification, 100×

repair. After 72 hours of incubation, the level of DNA damage for both nanoparticles decreases significantly below the

control level, with this effect being more pronounced for HSA-albumin conjugate.

3.5. Proteins of key ROS-dependent and inflammation signaling pathways

The primary prooxidant enzyme is the membrane-bound complex NOX4, whose expression is highest following 3

hours of incubation with the HSA-nanoceria conjugate (Fig. 9a). This correlates with the compensatory activation of the

NRF2 anti-inflammatory pathway (Fig. 9b). The expression dynamics of NOX4 and NRF2 correspond to the patterns

of oxidative DNA damage observed for both nanoparticles (compare Fig. 8a,b and Fig. 9a,b). The effects are more

pronounced for the HSA-nanoceria conjugate than for bare nanoceria.

Regarding the pro-inflammatory NF-κB pathway, the HSA-nanoceria conjugate activated it only slightly after 24 hours

of incubation, in contrast to the more pronounced effect of bare nanoceria (Fig. 9c). For the STAT3 pathway, the activating

effect of both nanoparticles peaked after 3 hours of incubation and was virtually identical (Fig. 9d).
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FIG. 7. Levels of intracellular reactive oxygen species (ROS), assessed by oxidation of the fluorescent

probe H2DCFH-DA using flow cytometry. Incubation times with nanoparticles (1.5 µmol/L) are indi-

cated in the figure. Results are shown relative to control cells incubated without nanoparticles; asterisks

(*) denote significant differences according to the Mann–Whitney test (p < 0.05)

FIG. 8. (a) Levels of the DNA oxidative damage marker 8-oxo-2’-deoxyguanosine (8-oxo-dG), (b) lev-

els of the DNA double-strand break marker phosphorylated histone γH2AX, and (c) expression levels

of the DNA repair marker protein BRCA1; cells were incubated with bare and HSA-nanoceria conju-

gate (1.5 µmol/L) for 1 – 72 hours. Results are presented relative to control cells incubated without

nanoparticles; asterisks (*) indicate significant differences according to the Mann–Whitney test

(p < 0.05)
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FIG. 9. Protein expression levels of (a) NOX4, (b) NRF2, (c) NF-κB, and (d) STAT3 in cells; data

are presented relative to control cells incubated without nanoparticles. Asterisks (*) indicate significant

differences according to the Mann–Whitney test (p < 0.05)

3.6. Proteins of proliferation and autophagy

Regarding the pro-inflammatory NF-κB pathway, the HSA-nanoceria conjugate activates it to a lesser extent after

24 hours of incubation, unlike the more pronounced effect of bare nanoceria (Fig. 10). For the STAT3 pathway, the

activating effect of both nanoparticles is maximal at 3 hours of incubation and is practically the same.

4. Discussion

Nanoceria can be considered a promising nanopharmacological agent due to its regenerative and proliferative effects

on normal cells and its cytotoxicity toward cancer cells. Therefore, the development of new pharmacological formula-

tions, particularly those involving surface-modifying agents, is of great importance. The roles of surface modifiers vary

depending on their chemical properties. The objectives of modification include stabilizing the colloidal system, facil-

itating nanoparticle cellular uptake, reducing toxicity, and enhancing the targeted therapeutic efficacy of nanoparticles.

Multifunctional nanoparticle synthesis strategies enable the creation of novel therapeutic platforms for targeted cell ther-

apy. In this study, we investigated albumin as a modifier of nanoceria properties and compared the resulting data with

those of bare nanoceria.

The main findings for the HSA-nanoceria conjugate in this study are as follows: (1) HSA-nanoceria conjugate, like

bare nanoceria, actively penetrates cells during the first three hours, indicating that albumin binding ensures effective

cellular internalization within this timeframe; (2) unlike bare nanoceria, HSA-nanoceria conjugate does not alter intracel-

lular ROS balance and has a less pronounced effect on mitochondrial membrane potential; (3) compared to bare nanoceria,

HSA-nanoceria conjugate induces a more pronounced activation of NOX4 within 3 hours, resulting in greater genotoxicity

(oxidative DNA damage and double-strand breaks); however, it also triggers stronger activation of DNA repair systems,

leading to more effective neutralization of NOX4 activity and its effects after 72 hours; (4) no differences were observed

between HSA-nanoceria conjugate and bare nanoceria in terms of proliferative properties and activation of the STAT3

cytokine pathway; (5) the HSA-nanoceria conjugate exhibits a pronounced suppressive effect on the proinflammatory

NF-κB pathway after 72 hours; (6) the conjugate increases the level of the autophagy marker LC3.

Interestingly, HSA-nanoceria conjugate does not alter intracellular ROS levels, unlike bare nanoceria, which ex-

hibits valuable redox activity properties. However, the HSA-nanoceria conjugate activates NOX4 approximately twice

as strongly, leading to enhanced activation of NRF2, increased oxidative DNA damage, and stimulation of repair mech-

anisms. Albumin conjugation does not affect nanoceria’s influence on the STAT3 cytokine pathway or cell proliferation.

Regarding the NF-κB pathway, both bare and albumin-bound nanoceria initially activate and subsequently significantly
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FIG. 10. Expression levels of proliferation proteins (a) PCNA, (b) BCL2, and (c) the autophagy protein

LC3; data are presented relative to control cells incubated without nanoparticles; asterisks (*) indicate

significant differences according to the Mann–Whitney test (p < 0.05)

suppress it. For bare nanoceria, NF-κB activation peaks at 3 hours, whereas for HSA-nanoceria conjugate, the peak occurs

at 24 hours. Ultimately, after 72 hours, NF-κB activity decreases threefold with bare nanoceria and nearly to zero with

HSA-nanoceria conjugate. Thus, HSA-nanoceria conjugate demonstrates a pronounced anti-inflammatory effect after

prolonged incubation.

Studies on the interaction between bovine serum albumin and nanoceria confirm the formation of a BSA-nanoceria

complex mediated by electrostatic interactions and accompanied by conformational changes in the protein [45, 49]. Liu

et al. demonstrated that, for nanoparticles interacting with proteins of comparable size, a heteroaggregate model is more

appropriate than the conventional protein corona concept. They showed that in heteroaggregates of nanoceria with BSA,

the surface properties of the nanoparticles remain unchanged, while the protein structure undergoes alteration [50]. The

unique spatial and redox characteristics of bovine serum albumin have been exploited for the targeted synthesis of cerium

dioxide nanoparticles exhibiting effective nanozyme properties [27], highlighting the strong mutual influence between the

protein and cerium dioxide nanoparticles. Albumin nanoparticles encapsulating cerium dioxide have been proposed as

stable aqueous systems with potent nanozyme activities, and their biocompatibility has been demonstrated in vitro using

human lung epithelial cell cultures [26].

Similar findings have been reported for human serum albumin. Butterfield et al. conducted proteomic analyses to

identify plasma and serum proteins adsorbed onto nanoceria. They concluded that the protein corona can either enhance

or inhibit cellular uptake of nanoceria and modulate subsequent biological effects. Moreover, interactions with nanoce-

ria can induce structural and functional changes in proteins, including pro- and anti-inflammatory effects. The authors

emphasize the need for a deeper understanding of nanoparticle-protein interactions prior to the therapeutic application

of nanoceria [14]. Simon-Vazquez et al. demonstrated that HSA interaction with nanoceria leads to conformational

changes predominantly involving the conversion of alpha-helices into beta-sheet structures, with these effects being pH-

dependent [50]. We have previously confirmed the formation of HSA-nanoceria conjugates, noting that the transport

function of HSA remains unaffected [37].

Although the molecular mechanisms of interaction between nanoceria and albumin have been well studied [29,45,49–

51], few studies have addressed the biological activity of the albumin-nanoceria complex. Yang et al. demonstrated that

nanoceria retains superoxide dismutase (SOD)-like properties [27]. Of particular interest is the study by Yeni et al., who

investigated the effects of quercetin-albumin-nanoceria triple nanoparticles on glutamate-induced neurotoxicity in an in

vitro model [28]. Cytotoxicity was assessed using the MTT assay, along with oxidative stress parameters including lactate

dehydrogenase, total oxidative status, total antioxidant capacity, and reduced glutathione. Treatment of glutamate-injured

cells with these nanoparticles significantly enhanced cell survival and improved oxidative stress markers.
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On the other hand, binding to nanoparticles can alter the properties of albumin [14] since the properties of albumin

depend on its structure [10], and binding induces conformational changes. As nanoceria and albumin are antioxidants with

different mechanisms of action – nanoceria exhibits nanozyme activity against reactive oxygen species, while albumin is

a thiol-based antioxidant – it is important to study their mutual influence on each other’s oxidative properties. Previously,

we investigated the antioxidant activity of cerium dioxide nanoparticle conjugates [52] and showed that the interaction

of CeO2 nanoparticles with purified human serum albumin results in an approximately 1.5-fold decrease in both the

antioxidant and prooxidant potential of albumin. This is presumably caused by the interaction of nanoscale CeO2 with the

sulfhydryl groups of the protein. We also studied the transport function of albumin upon interaction with nanoceria and

confirmed the formation of HSA-CeO2 nanoparticle conjugates. Changes in protein conformation did not affect albumin’s

drug-binding sites and, accordingly, did not impair HSA’s transport function [37]. In the same study, we demonstrated

that a 1:1 molar ratio of protein to nanoscale CeO2 forms a conjugate, whereas at higher protein ratios, a protein corona

forms around the nanoparticle.

5. Conclusions

Using an in vitro model of human embryonic lung fibroblasts, this study highlights the significant influence of albumin

conjugation on the physicochemical behavior of nanoceria over prolonged incubation (72 hours). The albumin coating

modulates the surface charge and colloidal stability of nanoceria, which in turn attenuates its impact on intracellular

redox processes and mitochondrial membrane potential. The altered nanoparticle-protein interface facilitates enhanced

control over reactive oxygen species dynamics, leading to more efficient suppression of pro-inflammatory signaling and

oxidative DNA damage. Additionally, the conjugation promotes autophagic responses, reflecting a physicochemically

driven modulation of cellular pathways. These findings underscore the importance of nanoparticle surface chemistry

and protein interactions in tuning the bioactivity of cerium dioxide, supporting its potential as an anti-inflammatory and

regenerative nanomaterial.
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ABSTRACT Machine Learning Interatomic Potentials (MLIPs) promise to combine the accuracy of DFT with the

speed of classical force fields. However, their reliability for complex, multi-component systems requires rigorous

validation. Here, we perform a targeted evaluation of three leading universal MLIPs using niobium oxide

clusters (NbnOm, n ≤ 6, m ≤ 6) as a challenging test case. The Nb–O system is very well suited for this task

due to its complex electronic interactions, manifested in existence of the bulk phase with 25% vacancy-ordered

lattice and, at nanoscale, by a diverse range of non-stoichiometric clusters. We employ a dataset of global

minima structures identified via DFT-based evolutionary search as a strict reference. A comparative analysis is

then performed by executing evolutionary searches with the MLIPs. By directly comparing predicted structures,

energies, and relative stability, we provide a comprehensive assessment of the accuracy and limitations of

current universal potentials for modeling complex nanoscale oxides.

KEYWORDS DFT, Machine learning potential, MLIP, Evolutionary algorithm, Niobium oxide, NbO, Nanoparticle,

Cluster, USPEX.
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1. Introduction

The rapid development of universal machine learning interatomic potentials (MLIPs) [1–3] has opened new avenues

for high-throughput materials screening and the modeling of complex processes. Trained on extensive datasets [4–8] com-

prising millions of structures, these potentials claim to predict energies and forces for a wide range of chemical systems

with accuracy close to that of the density functional theory (DFT) calculations, but at a fraction of the computational cost.

Despite the emergence of general metrics and rankings (such as Matbench Discovery [9]), the reliability of these poten-

tials for specific, particularly complex multi-component systems, remains questionable and requires rigorous validation

against well-characterized reference data.

In this work, we perform a targeted evaluation of three top-ranked universal MLIPs according to the Matbench Dis-

covery ranking (Summer 2025), using niobium oxide clusters (NbnOm) as a reference test system. The choice of this

system is motivated by a number of unique factors. Niobium monoxide (NbO) possesses a non-trivial crystal lattice

(space group Pm-3m), which is derived from the B1 (NaCl) structure type with 25% ordered vacancies in both sublat-

tices [10–13]. The stability of this vacancy-ordered crystal structure is due to complex electronic interactions involving

the formation of Nb–Nb bonds via delocalized d-electrons [13, 14]. At nanoscale, the phase equilibria of the Nb–O sys-

tem become even more complex: in processes such as magnetron sputtering, numerous clusters of diverse stoichiometric

composition (NbO, NbO2, Nb2O5, Nb3O7, and others) are observed [15–17], whose precise molecular structures have

long remained an unresolved problem. Thus, the Nb–O system serves as an excellent testing ground for MLIPs, as it

combines complex chemical bonding, a wide range of stoichiometries and sizes, as well as the presence of surfaces.

For this validation, we employ a previously curated reference dataset [18], generated via an exhaustive search for

the global energy minima of NbnOm clusters (n≤6, m≤6) using the USPEX evolutionary algorithm in combination

with DFT calculations. The first part of the paper briefly summarizes the results of the creation and characterization of

this reference dataset. In the second part, we conduct a large-scale comparative study by performing an evolutionary

structural search for the same set of clusters using the three selected universal MLIPs. Through a direct comparison of

the structures, energies, and predicted relative stability obtained by the DFT+USPEX and MLIPs+USPEX methods, we

provide a comprehensive assessment of the accuracy, reliability, and limits of applicability of modern universal potentials

for predicting the properties of complex nanoscale oxides.

© Popov I.S., Valeeva A.A., Enyashin A.N., 2025
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2. Models and methods

The evolutionary search for the thermodynamically most stable NbnOm clusters of a given composition was per-

formed using the USPEX package [19, 20]. USPEX has been successfully applied previously to determine the structures

of Sin [21], SinOm [20], (TiOn)n [22], CenOm [23], FenOm [23], BnPn [24], PdnBim [25], Al6CMn (M = Li, Na, K;

n = 2, 4, 6) [26], as well as Mgn clusters using other evolutionary algorithms [27], among others. The criterion for “natu-

ral selection” in USPEX was the lowest value of the total energy of the crystal/molecular structure. Although evolutionary

algorithms are effective in locating global and local minima on the potential energy surface, they require significant com-

putational resources. The set of investigated clusters included NbnOm compositions with 1 ≤ n ≤ 6 and 0 ≤ m ≤ 6.

The population size per generation was 20 clusters (plus the most stable configurations from previous generations). The

algorithm was terminated after 9 consecutive generations failed to yield a more stable structure. The initial population

was generated by randomly selecting point groups and creating structures based on them. Subsequent generations were

created based on the following ratio of variation operators: 50% heredity, 20% generation of random structures based on

space groups, and 30% mutation. The contribution of variation operators was subsequently automatically adjusted by the

program during the calculations to improve the performance of the evolutionary algorithm.

To create the reference set of structures, geometry optimization and total energy calculations for the NbnOm clusters

generated by USPEX were performed using the Density Functional Theory (DFT) method, as implemented in the VASP

package [28]. Spin-polarized calculations for the clusters were conducted using the Gamma-point approximation, with

a vacuum region of at least 12 Å separating the clusters. The exchange-correlation potential was described within the

Generalized Gradient Approximation (GGA) using the Perdew-Burke-Ernzerhof (PBE) parameterization. The plane-

wave basis set cutoff energy was set to 450 eV. The convergence criteria for the electronic self-consistent cycle and the

ionic relaxation cycle were set to 10−5 eV and 10−4 eV, respectively.

An analogous procedure for searching for the most stable NbnOm clusters was conducted using a combination of

USPEX and MLIPs. The initial plan was to use three potentials leading the Matbench Discovery ranking as of summer

2025: eSEN-30M-OAM [29], ORB v3 [30], and SevenNet [31]. However, because the developers of the eSEN-30M-

OAM potential denied access to this model, adhering to discriminatory restrictions against citizens of Russia, Belarus,

and China, we used another potential from the same developers – UMA [32]. Two UMA potential variants uma-m-

1.1 and uma-s-1.1 were used, differing in model size, performance, and forecast accuracy. From here on, the larger and

smaller models will be referred to as UMA(m) and UMA(s), respectively. Both potentials were applied with the parameter

task name = “omat”. In the case of the ORB v3 potential, the orb v3 conservative inf omat model was used as the most

accurate one within this family. For the SevenNet potential, the 7net-mf-ompa model was employed with the parameter

modal = “omat24”.

The Atomic Simulation Environment (ASE) library [33] was used as an interface for the selected MLIPs to perform

geometry optimization of the NbnOm clusters generated by the USPEX program. Since USPEX does not natively support

the ASE library, two primary solutions were possible. The first involved writing a custom interface between USPEX and

ASE. In this work, an alternative approach was implemented. Within the USPEX calculation parameters, the LAMMPS

program [34] was specified for geometry optimization and energy evaluation. The command to launch LAMMPS was

set to execute a custom Python script. This script performed the following steps: it converted the LAMMPS input files

generated by USPEX into ASE-compatible formats, executed the ASE calculation, and subsequently converted the ASE

output files back into the format of LAMMPS output files.

Atomic structure visualization of the clusters was performed using the OVITO program [35]. All graphs were gener-

ated using the matplotlib library [36].

3. Results and discussion

3.1. NbO nanoparticles generated by the USPEX and DFT

The search for stable NbnOm clusters that could be based on coordination polyhedra different from those found in

crystalline Nb3O3 and Nb4O4 polymorphs was conducted using the USPEX program. The evolutionary algorithm was

run once for each chemical composition with given n and m indices, without repeated runs, due to the high computational

costs and the long execution time of each calculation.

To illustrate the operation of the evolutionary algorithm, let us consider the study of Nb6O6 clusters as an example.

Fig. 1 shows the total energies of all optimized Nb6O6 clusters generated by the USPEX algorithm, excluding clusters with

very high total energy values. Horizontal lines separate configurations belonging to 13 sequentially generated populations,

arranged from bottom to top. The configuration with the lowest total energy in a given generation is highlighted with a

yellow circle. Configurations resulting from the action of heredity, random structure generation, and mutation variation

operators, as well as the best configurations from previous generations, are denoted by red, green, blue, and gray dots,

respectively. In the first generation, configuration number 13, characterized by an octahedral Nb atom framework, was

the most stable. In the second and third generations, more stable configurations were identified, including Nb frameworks

in the shape of a triangular prism or two tetrahedra sharing a common edge. Other even more stable clusters were not

found in the fourth generation. The most stable configuration, number 93, was discovered in the fifth generation, after
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which no new, more stable configurations were found. A total of 298 Nb6O6 configurations were investigated before the

evolution stopping criteria were met. A configuration based on random generation proved to be the most stable only in

the first generation, where other variation operators are not applied. Further reduction of the cluster’s total energy was

achieved by applying heredity and mutation operators to configurations obtained earlier. Nevertheless, random generation

was continued to explore the configuration space and introduce greater diversity into the NbnOm populations.

FIG. 1. Total energies of Nb6O6 clusters obtained during the USPEX evolutionary algorithm based on

DFT calculations

The configurations of the most stable NbnOm clusters for each of the investigated compositions are shown in Fig. 2.

All clusters are characterized by dense atomic packing and minimal surface area. Clusters with an equal number of Nb

atoms can be described by one or two types of Nb frameworks, to which O atoms are sequentially attached. For example,

clusters with two Nb atoms form a dimer surrounded by oxygen atoms. Clusters with three Nb atoms tend to form a

triangle of Nb atoms. Four Nb atoms in a cluster lead to the formation of a tetrahedral framework. For clusters with five

Nb atoms, the frameworks were either a triangular bipyramid or a distorted square pyramid, depending on the number

and position of the O atoms. Nb6Om clusters are characterized by an Nb atom framework forming either an octahedron

or two tetrahedra sharing a common edge. The most favorable positions for O atoms in most clusters are located above

the centers of Nb-Nb edges. A significant excess of oxygen leads to the formation of –O–O– bridges within the clusters,

which possess a high excess energy. Nevertheless, such “peroxide-containing” clusters were still found to be more stable

than the corresponding oxide clusters with the same number of atoms and individual O2 molecules. In general, clusters in

the studied size range tend to form symmetric or regular geometric configurations. It is likely that further growth in cluster

size will lead to a reduction in cluster symmetry and the formation of more amorphous structures, as has been observed

in other binary systems [22, 24].

A comparative study of the relative stability of clusters of different compositions was carried out using two descrip-

tors [20]: the disproportionation energy (Edisp) of two identical clusters with the transfer of one Nb or O atom from

one cluster to another, and the dissociation energy (Ediss) of a cluster into two fragments. Higher values of Edisp and

Ediss indicate greater stability of the cluster and a lower tendency for decomposition or disproportionation. The results

of the Edisp and Ediss calculations are shown in Fig. 3. Although the constructed Edisp and Ediss energy landscapes

differ, the positions of the most of their main maxima coincide. According to our results, the most stable clusters have

the compositions NbO, NbO2, Nb2O5, Nb2O6, and Nb4O6. The existence of NbO, NbO2, Nb2O5, and Nb2O6 clusters

has been previously registered experimentally, along with heavier clusters such as Nb3O7, Nb4O9, and Nb5O12 [15, 16],

which are beyond the scope of our study.

Edisp(Nb) = E(Nbn+1Om) + E(Nbn−1Om)− 2E(NbnOm) (1)

Edisp(O) = E(NbnOm+1) + E(NbnOm−1)− 2E(NbnOm) (2)

Edisp = min(Edisp(Nb), Edisp(O)) (3)

Ediss = min(E(Nbn−xOm−y) + E(NbxOy)− E(NbnOm)) (4)

An estimate of the probability of detecting different configurations of particles of the same composition was made

using the Boltzmann distribution as a thumb approximation. The corresponding distributions for the compositions Nb2O5,

Nb2O6, and Nb4O6 are shown in Fig. 4. The graphs for Nb2O5 and Nb2O6 compositions at temperatures 1500–3000 K
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FIG. 2. Structure of the most stable NbnOm clusters as a function of n and m indices, identified using

the USPEX evolutionary algorithm coupled with DFT calculations. Nb and O atoms are represented by

large orange and small blue spheres, respectively

FIG. 3. Comparative analysis of the thermodynamic stability of NbnOm clusters using the dispropor-

tionation energy, Edisp (left), and the dissociation energy, Ediss (right). Higher positive values indicate

greater cluster stability. DFT calculations

demonstrate the coexistence of several cluster configurations, with the most stable configuration being predominant. It is

quite probable that under the conditions of a high-temperature synthesis, several isomers of these clusters will coexist in

the medium. The opposite picture is observed for the Nb4O6 composition. Due to the significant energy gap between the

most stable cluster and the others, the most stable configuration, which possesses high symmetry, will dominate over the

entire temperature range, while other isomers are expected only in trace amounts.

3.2. NbO nanoparticles generated by the USPEX and MLIPs

MLIPs were used in conjunction with evolutionary algorithms to search for the most stable structures of NbnOm

clusters, mirroring the approach previously taken with the DFT + evolutionary algorithms combination. The settings

for the evolutionary algorithms remained unchanged. For the UMA(m) and SevenNet potentials, a single search without

repeats was performed for each composition. For the UMA(s) and ORB potentials, the evolutionary algorithm was run

three times to verify the reaching of the global minimum and to assess reproducibility. The structures of the clusters found

during the global optimization process with ORB v3 and UMA(m) are shown in Figures S1–S2.

The results of comparing the most stable structures predicted by the MLIPs with those found by DFT are presented

in Fig. 5. In the case of the UMA(m) potential, 25 out of 39 most stable NbnOm structures with a total number of atoms

between 3 and 12 match the DFT results. However, this potential is the most resource-consuming and computationally
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FIG. 4. Estimated probability of detecting different isomeric clusters using the Boltzmann distribution

for: Nb2O5 (top), Nb2O6 (center), and Nb4O6 (bottom)

“heavy” compared to the others. The UMA(s) potential demonstrates the lower resource demands and the higher calcu-

lation speeds but shows a notable deterioration in results: 16, 14, and 14 out of 39 structures found in each independent

run match the DFT results. When selecting the single most stable configuration from each set of three replicates, 14 out

of 39 structures remain correctly identified. The structures correctly predicted by UMA(s) are, for the most part, also

correctly predicted by UMA(m). The only exception is the Nb5O4 composition, where UMA(m) fails to find the most

stable configuration according to DFT calculations.

The ORB potential correctly identifies the most stable configurations for 25, 22, and 19 structures in the first, second,

and third independent runs, respectively. Combining the results from all independent runs and retaining only one most

stable structure per composition yields 22 out of 39 correct structures. However, if the most stable clusters from all three

replicates are considered together, they contain 28 out of 39 correctly identified configurations. The SevenNet potential

correctly identifies the most stable configurations for 19 out of 39 NbnOm compositions. This value is lower than that of

the ORB potential, and almost all compositions correctly predicted by SevenNet are also correctly predicted by ORB.

Consequently, the best results can be achieved by using the UMA(m) and ORB potentials jointly. Their combined

predictions allow for the correct identification of 29 out of 39 compositions. This value can be further increased by

considering not only the most stable configurations but also several energy-rich configurations. Notably, incorporating the

most stable configuration from three independent USPEX+ORB runs already elevates this count to 32 out of 39.

The most stable structures identified via DFT+USPEX were re-optimized using MLIPs. During structural relaxation

with MLIP potentials, structural rearrangements were observed in the following cases: ORB v3 – the Nb6 cluster adopts

an octahedral shape; SevenNet – the same process occurs for Nb6, along with structural changes in NbO6; UMA(m) –

modification of the NbO6 cluster; UMA(s) – opening of the Nb2O2 cycle and deformation of the Nb5 bipyramid into
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FIG. 5. Comparison of the most stable cluster configurations found using MLIPs and USPEX with the

corresponding results from DFT and USPEX. A “+” sign indicates structural agreement, while a “-”

sign indicates a discrepancy

FIG. 6. Energy difference between the most stable clusters found by USPEX+MLIPs and

USPEX+DFT. The global minimum structures found via the USPEX+DFT approach were re-

optimized and their energies were recalculated using the MLIPs (ORB v3 and UMA(m) models)
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FIG. 7. Cumulative fraction of configurations in the evolutionary search that differ in total energy by

no more than ∆E from the most stable configuration found

a planar configuration. In these cases, the total energy was taken from single-point calculations without relaxation. In

all other instances, only minor changes in bond lengths and angles were observed. The re-optimization with MLIPs was

performed to evaluate where the global minimum of the potential energy surface found via DFT is located on the MLIP

potential energy surface and how significantly it differs from the MLIP global minima. The total energy differences are

presented in Fig. 6 for ORB v3 and UMA(m), and in Figures S3–S4 for SevenNet and UMA(s). When the ∆E value

in Fig. 6 is positive, a more stable structure is identified on the MLIP potential energy surface than that found in the

USPEX+MLIP evolutionary search. A negative value indicates that such a configuration could have been discovered

during the USPEX+MLIP evolutionary search. For ORB v3 and UMA(m) potentials, the vast majority of ∆E values

do not exceed 0.1 eV/atom. In the case of SevenNet and UMA(s) potentials, the deviations can be more substantial,

indicating their lower accuracy.

Subsequently, an approximate estimation was performed for the fraction of configurations that lag in total energy by a

certain value ∆E from the most stable configuration. For this purpose, USPEX+ORB and USPEX+UMA(m) calculations

for Nb6O6, Nb5O6, and Nb4O6 compositions were arbitrarily selected. During the analysis, the “keep best” configurations

repeated every generation were removed from the sampling, but other possible duplicates were not eliminated. The results

are presented in Fig. 7. The obtained data indicate that the number of configurations with ∆E less than 0.1 eV ranges

between 5–10% of all configurations considered during the search. To accelerate the global minimum search for a given

composition, one can perform such a search using USPEX+MLIPs, followed by DFT geometric re-relaxation for the top

5-10% most stable configurations. However, even within this computational scheme, a significant time saving would be

achieved compared to pure DFT calculations for global minimum searches via evolutionary algorithms. Such a combined

approach – rapid screening of a large number of configurations using MLIPs followed by the selection of a small number of

the most stable candidates for re-evaluation with a more accurate DFT method – holds significant promise for discovering

new material phases with desired properties by substantially reducing research time.

4. Conclusion

Using the USPEX evolutionary algorithm in combination with DFT calculations, we have identified the thermody-

namically most stable structures of NbnOm clusters (1 ≤ n ≤ 6, 0 ≤ m ≤ 6). It was found that clusters with the same

number of Nb atoms can be described by one or two types of Nb frameworks, to which O atoms are sequentially attached.

The most stable compositions across the studied range were identified as NbO, NbO2, Nb2O5, Nb2O6, and Nb4O6.

Furthermore, a comprehensive assessment of four universal machine learning interatomic potentials (MLIPs) –

UMA(m), UMA(s), ORB and SevenNet – was performed. The results indicate varying levels of accuracy and computa-

tional cost. The UMA(m) potential demonstrated the highest accuracy, correctly predicting 25 out of 39 stable structures,

albeit with the highest computational cost. The ORB potential showed strong performance and accuracy close to the

UMA(m) potential. A synergistic approach, using the combined predictions of the UMA(m) and ORB potentials, allowed

for the correct identification of 32 out of 39 compositions.

This study confirms that while even the best universal MLIPs may not yet be perfectly reliable for standalone global

minimum search in complex systems like Nb–O clusters, they are highly valuable in a hybrid computational scheme. The

most promising strategy involves the rapid preliminary screening of a vast configurational space using MLIPs, followed
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by targeted re-evaluation of a limited number of low-energy candidates with high-precision DFT. This approach should

significantly accelerate the discovery of new molecular species and crystal phases.
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Pastewka L., Peterson A., Rostgaard C., Schiøtz J., Schütt O., Strange M., Thygesen K.S., Vegge T., Vilhelmsen L., Walter M., Zeng Z., Jacobsen

K.W. The atomic simulation environment – a Python library for working with atoms. J. Phys.: Condens. Matter, 2017, 29, P. 273002.



Bridging accuracy and efficiency: assessing universal ML potentials for niobium-oxygen clusters 627

[34] Thompson A.P., Aktulga H.M., Berger R., Bolintineanu D.S., Brown W.M., Crozier P.S., Veld P.J., Kohlmeyer A., Moore S.G., Nguyen T.D., Shan

R., Stevens M.J., Tranchida J., Trott C., Plimpton S.J. LAMMPS – a flexible simulation tool for particle-based materials modeling at the atomic,

meso, and continuum scales. Comp. Phys. Comm., 2022, 271, P. 10817.

[35] Stukowski A. Visualization and analysis of atomistic simulation data with OVITO – the Open Visualization Tool. Modelling Simul. Mater. Sci.

Eng., 2010, 18, P. 015012.

[36] Hunter J.D. Matplotlib: A 2D Graphics Environment. Computing in Science & Engineering, 2007, 9(3), P. 90–95.

Submitted 9 October 2025; accepted 15 October 2025

Information about the authors:

Ilya S. Popov – Institute of Solid State Chemistry, Ural Branch of Russian Academy of Sciences, Yekaterinburg, Russia;

ORCID 0000-0001-8312-7071; popov@ihim.uran.ru

Albina A. Valeeva – Institute of Solid State Chemistry, Ural Branch of Russian Academy of Sciences, Yekaterinburg,

Russia; ORCID 0000-0003-1656-732X; anibla v@mail.ru

Andrey N. Enyashin – Institute of Solid State Chemistry, Ural Branch of Russian Academy of Sciences, Yekaterinburg,

Russia; ORCID 0000-0001-6195-7971; enyashin@ihim.uran.ru

Conflict of interest: the authors declare no conflict of interest.



NANOSYSTEMS:

PHYSICS, CHEMISTRY, MATHEMATICS

Original article

Avdeeva Yu.A., et al. Nanosystems:

Phys. Chem. Math., 2025, 16 (5), 628–639.

http://nanojournal.ifmo.ru

DOI 10.17586/2220-8054-2025-16-5-628-639

Formation of highly dispersed V–C–O–Ni and V–N–O–Ni compositions under low-

temperature nitrogen plasma conditions

Yuliya A. Avdeeva1,a, Irina V. Luzhkova1,b, Aidar M. Murzakaev2,c, Alexey N. Ermakov1,d

1Institute of Solid State Chemistry of the Ural Branch of the Russian Academy of Sciences, Ekaterinburg,

Russia
2Institute of Electrophysics of the Ural Branch of the Russian Academy of Sciences, Ekaterinburg, Russia

ay-avdeeva@list.ru, bkey703@yandex.ru, caidar@iep.uran.ru, dermakovihim@yandex.ru

Corresponding author: Yu.A. Avdeeva, y-avdeeva@list.ru

PACS 61.46.+w, 61.46.-w, 61.66.Fn

ABSTRACT Under conditions of plasma-chemical synthesis in low-temperature (4000-6000 ◦C) nitrogen plasma,

ultrafine and nanocrystalline powder compositions VC–Ni and VN–Ni were obtained from mechanical mixtures

containing vanadium carbide or nitride with metallic nickel in the ratio 1:1. X-ray studies have shown that

the obtained plasma-chemical particles contain vanadium oxycarbides and oxynitrides, metallic nickel, and

are also characterized by the presence of oxide phases of the V–O system. Electron microscopic studies of

nanocrystalline fractions of VC–Ni and VN–Ni powder compositions using high-resolution transmission elec-

tron microscopy visualized the structure of the obtained particles. Using the fast Fourier transform, it was

shown that the refractory components and metallic nickel form individual nanometer-scale particles that do not

come into contact with each other. A chemical mechanism of the organization of highly dispersed mechanical

mixtures V–C–O–Ni and V–N–O–Ni under conditions of quenching processes in a turbulent flow of nitrogen

gas proceeding at a speed of 105 ◦C/s has been formulated on the basis of the performed research.
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high-resolution transmission electron microscopy
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1. Introduction

The formation of highly dispersed powder compositions based on refractory compounds of elements of subgroups

IV–VIA of the Periodic Table is of interest when they are used as wear-resistant coatings for various purposes [1], or as

insoluble modifying additives [2] in foundry production, ensuring the improvement of physical and mechanical charac-

teristics.

Under these conditions, refractory compositions based on titanium carbides, nitrides and carbonitrides, where Ni or

Co are used as the metal component [3,4], are most common in terms of production and practical application. They can be

present in the form of independent particles, including those in the nanometer range, which can be realized through the use

of milling technologies [5], or have the ability to form highly dispersed core-shell structures [6]. The core will be made

up of refractory compounds, and the metallic phases will form the shell. The synthesis of highly dispersed “core-shell”

structures is carried out under conditions of extreme impact methods, one of which is plasma-chemical technology in a

low-temperature gas plasma [2].

It is known from the literature [7, 8] that vanadium carbides and nitrides (VCx, VNy) are similar in properties to

titanium carbide-nitride compounds. Their melting and evaporation temperatures differ significantly. This undoubtedly

affects the structural and morphological characteristics of the final synthesis products. Considering that the crystallization

temperatures of VC and VN [9] are comparable with the boiling point of metallic nickel [10], the formation of highly dis-

persed particles with a “core-shell” structure can be greatly hampered or practically impossible according to [6]. Another

characteristic feature of VC and VN can be a high tendency to oxidation with TiC and TiN [11].

The aim of this work is to produce and certify highly dispersed powder compositions based on vanadium carbide and

nitride with the participation of metallic Ni obtained under conditions of plasma-chemical synthesis in low-temperature

nitrogen plasma.

© Avdeeva Yu.A., Luzhkova I.V., Murzakaev A.M., Ermakov A.N., 2025
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2. Methods

Highly dispersed powder compositions VC–Ni and VN–Ni were obtained by plasma-chemical synthesis in a low-

temperature (4000 – 6000 ◦C) nitrogen plasma (GNIIKhTEOS, Moscow) described in [12].

Mechanical mixtures consisting of microcrystalline powders of VC or VN and Ni were immersed in a piston-type

dispenser and fed at a rate of 200 g/h into a plasma-chemical reactor with a capacity of 25 kW. The plasma flow velocity

was 55 m/s. After evaporation, the steam-gas mixture entered the quenching chamber, where condensation of the vapors

occurred in the turbulent flow of the cooling gas, followed by the formation of highly dispersed VC–Ni and VN–Ni

particles. Subsequently, the particles were moved by pneumatic flow to classifier 1 – a vortex-type cyclone, where the

ultra-dispersed fractions of the obtained powder compositions were separated, and the nanocrystalline fractions were

moved by pneumatic transport to classifier 2 – a bag-type filter.

Technical nitrogen was used as a plasma-forming gas and a cooling gas. The total gas consumption was 25 – 30 m3/h,

namely: 6 m3/h – for plasma formation, 19 – 24 m3/h – for hardening, stabilization and transportation.

Deactivation of highly dispersed powder products was carried out by slowly flowing air into the separation units of

the plasma-chemical installation after synthesis.

As a result of plasma-chemical synthesis, two fractions of powder products VC–Ni and VN–Ni were obtained (clas-

sifier 1 – cyclone, classifier 2 – filter), differing in the morphology and phase composition of powder compositions with a

core-shell structure.

The resulting powder compositions were studied by the X-ray diffraction method (Shimadzu XRD 7000, Japan,

STOE Stady-P, Germany, 2Θ = 5 – 80◦ with exposure of 1 – 20 s per point). The presence of free carbon was investigated

by Raman spectroscopy (Renishaw inVia Reflex). The density of the formed highly dispersed mechanical mixtures was

determined using an AccuPyc II 1340 V1.09 helium pycnometer. The specific surface area was determined in accordance

with the BET method (Gemini VII 2390 V1.03 (V1.03 t) specific surface area analyzer).

Based on the density data and the BET method, in accordance with formula (1) [13], the calculated values of the

average particle size of all fractions obtained were determined.

d =
6

Sspρ
, (1)

where d is the average particle diameter, Ssp is the specific surface area, ρ is the density.

To confirm the highly dispersed state, the nanocrystalline components of the powder composites from the filter were

studied using high-resolution transmission electron microscopy (HRTEM) (JEOL 2100, Japan).

3. Results and discussion

Experimental data from X-ray phase analysis, density measurements, specific surface area by the BET method and

calculated values of the average particle size for highly dispersed VC–Ni and VN–Ni compositions are given in Table 1.

According to the X-ray phase analysis data, the highly dispersed composition extracted from the cyclone (Table 1,

No. 1, Fig. 1), which was obtained from a mechanical mixture of vanadium carbide VC and metallic Ni in a ratio of 1:1,

contains 37 wt.% of vanadium oxycarbide VC0.78O0.07 (sp. gr. Fm-3m) [14], 20 wt.% of metallic Ni (sp. gr. Fm-3m),

tetrahedral (sp. gr. P42/mnm) and rhombohedral (sp. gr. R-3c) vanadium oxides VO2 (9 wt.%) and V2O3 (12 wt.%),

respectively. 6 wt.% of titanium-nickel nitride TiN0.84O0.11 (sp. gr. Fm-3m) [14], 1 wt.% of titanium-nickel nitride

Ti0.7Ni0.3N (sp. gr. P-6m2) [15] and carbon C of rhombohedral (sp. gr. R-3m, 9 wt.%) and hexagonal (sp. gr. P63/mmc,

6 wt.%) modifications were recorded as impurity phases.

The presence of oxygen-containing phases VC0.78O0.07, VO2 and V2O3 in the overcondensed VC–Ni system is

associated with the processes of deactivation of the final product. The presence of oxynitride TiN0.84O0.11 and titanium-

nickel nitride Ti0.7Ni0.3N is due to the fact that powdered titanium nickelide TiNi was used during the preliminary cleaning

of the plasma-chemical installation, which, under the conditions of plasma-chemical synthesis in nitrogen plasma, forms

highly dispersed powder compositions with a core-shell structure of the TiN–Ni composition [16]. Considering that

complete titanium nitrides, in accordance with [10], are not wetted by metal melts, the recondensed highly dispersed

particles contain refractory titanium nitride cores covered with a Ti0.7Ni0.3N buffer layer and a Ni metal shell [17].

Condensation of free carbon occurs because the boiling and crystallization temperatures [18] significantly exceed those

for VC, allowing the formation of a nucleus, on which vanadium carbide settles during condensation of the evaporated

mechanical mixture of VC–Ni in the quenching chamber.

The recondensed fraction of the mechanical mixture VC–Ni from the bag-type filter (Table 1, No. 2, Fig. 1),

according to X-ray diffraction data, contains 21 wt.% of VC0.568N0.398 (sp. gr. Fm-3m) [14], 26 wt.% of Ni (sp. gr. Fm-

3m), 52 wt.% of V2O3 (sp. gr. R-3c) and 1 wt.% of Ti0.7Ni0.3N (sp. gr. P-6m2). The formation of vanadium carbonitride

VC0.568N0.398 is due to the fact that during the recondensation process, as shown on the example of work [19], at the

crystallization stage two types of particles are formed in the quenching chamber of the plasma-chemical installation.

Particles of the first type are formed from the evaporated initial components, where the refractory core is a “carbide –

carbonitride” composition. Such particles subsequently settle in a vortex-type cyclone during separation. The second type

of particles is formed on the basis of unevaporated residues of the initial refractory particles. In this case, the refractory
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TABLE 1. Physico-chemical characteristics of highly dispersed powder compositions VC–Ni and VN–

Ni obtained during plasma-chemical synthesis in a low-temperature nitrogen plasma of mechanical

mixtures of vanadium carbide or nitride with nickel (1:1)

No. Fraction Phase composition, wt. %, a, b, c, nm ρ, g/cm3 Ssp, m2/g d, µm

1 VC–Ni

(cyclone)

37 % VC0.78O0.07 (sp. gr. Fm-3m), a = 0.415(2)
20 % Ni (sp. gr. Fm-3m), a = 0.350(0)
9 % VO2 (sp. gr. P42/mnm), a = 0.455(0), c = 0.286(3)
12 % V2O3 (sp. gr. R-3c), a = 0.495(4), c = 1.398(3)
6 % TiN0.84O0.11 (sp. gr. Fm-3m), a = 0.424(2)
1 % Ti0.7Ni0.3N (sp. gr. P-6m2), a = 0.294(1), c = 0.289(0)
9 % C (sp. gr. R-3m), a = 0.249(6), c = 1.013(0)
6 % C (sp. gr. P63/mmc), a = 0.242(0), c = 0.694(0)

3.99 12.40 0.12

2 VC–Ni

(filter)

21 % VC0.568N0.398 (sp. gr. Fm-3m), a = 0.415(1)
26 % Ni (sp. gr. Fm-3m), a = 0.350(8)
52 % V2O3 (sp. gr. R-3c), a = 0.494(5), c = 1.391(7)
1 % Ti0.7Ni0.3N (sp. gr. P-6m2), a = 0.294(4), c = 0.290(9)

3.22 59.10 0.03

3 VN–Ni

(cyclone)

28 % VN (sp. gr. Fm-3m), a = 0.413(8)
3 % VC (sp. gr. Fm-3m), a = 0.416(6)
32 % Ni (sp. gr. Fm-3m), a = 0.350(7)
12 % TiN (sp. gr. Fm-3m), a = 0.424(3)
1 % Ti0.7Ni0.3N (sp. gr. P-6m2), a = 0.293(9), c = 0.289(4)
16 % C (sp. gr. P63mc), a = 0.245(9), c = 1.340(5)
6 % Si (sp. gr. Fd-3m), a = 0.542(6)
2 % Fe (sp. gr. Im-3m), a = 0.286(5)

5.14 9.80 0.12

4 VN–Ni

(filter)

61 % VN0.82O0.14 (sp. gr. Fm-3m), a = 0.414(0)
16 % V2O3 (sp. gr. R-3c), a = 0.498(7), c = 1.389(1)
23 % Ni (sp. gr. Fm-3m), a = 0.351(7)

4.20 59.60 0.02

cores will be a “carbonitride – nitride” composition, and the highly dispersed particles formed on their basis will settle

on a bag-type filter. As in the previous case, the powder composition contains metallic Ni of cubic modification and

hexagonal titanium-nickel nitride Ti0.7Ni0.3N. Its formation is due to the presence of nitride TiN, the determination of

which by X-ray methods is difficult because of the isomorphism of refractory carbide-nitride compounds of titanium and

vanadium and the nanocrystalline state of the sample (Table 1 No. 2, Fig. 1).

The next stage of the experimental work was the certification of highly dispersed compositions obtained from a

mechanical mixture of powdered vanadium nitride VN with metallic Ni in a ratio of 1:1. It should be noted that the instal-

lation was not cleaned after recondensation of the mechanical mixture VC–Ni. In this regard, the phase composition of

the recondensed powder composition VN–Ni from the cyclone can be described by the presence of compounds presented

in Table 1 No. 3.

The formation of VN (28 wt.%, sp. gr. Fm-3m) and Ni (32 wt.%, sp. gr. Fm-3m) is regulated by the composition of

the mechanical mixture. The presence of vanadium carbide VC (3 wt.%, sp. gr. Fm-3m), titanium nitride TiN (12 wt.%,

sp. gr. Fm-3m), titanium-nickel nitride Ti0.7Ni0.3N (1 wt.%, sp. gr. P-6m2) can be explained by the presence of impurities

from previous experiments. The presence of 6 wt.% of Si (sp. gr. Fd-3m) is due to the fact that the main purpose of the

plasma-chemical unit is to obtain powder silicon on a semi-industrial scale. The formation of free carbon C (sp. gr.

P63mc), which in this case is an impurity element, is described above. The presence of iron Fe (2 wt.%, sp. gr. Im-3m) is

a characteristic feature of the plasma-chemical synthesis technique since all units are made of steels of different grades.

The recondensed fraction of VN–Ni powder from the filter contains 61 wt.% of VN0.82O0.14 (sp. gr. Fm-3m),

16 wt.% of V2O3 (sp. gr. R-3c), 23 wt.% of Ni (sp. gr. Fm-3m). The presence of oxygen-containing compounds in this

composition is explained above.

To clarify the phase composition of refractory cores, all powder compositions were subjected to chemical etching in

a boiling solution of concentrated HCl. The etching time was 60 min.

The results of X-ray phase analysis of the etched compositions are given in Fig. 2(a,b) and in Table 2.
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FIG. 1. X-ray diffraction patterns of highly dispersed VC–Ni and VN–Ni powder compositions ob-

tained during plasma-chemical synthesis in low-temperature nitrogen plasma

(a) (b)

FIG. 2. Results of X-ray phase analysis of VC–Ni and VN–Ni powder compositions obtained during

plasma-chemical synthesis after etching in HCl in the ranges of 2Θ = 20 – 80◦ (a) and 106 –

110◦ (331) (b)
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TABLE 2. Physicochemical characteristics of highly dispersed powder compositions of VC–Ni and

VN–Ni obtained during plasma-chemical synthesis after etching in HCl

No. Fraction Phase composition, wt.%, a, b, c, nm Composition of the refractory

phase [14] along line (331)

1
VC–Ni

(cyclone)

HCl

100 % VC0.890O0.040 (sp. gr. Fm-3m), a = 0.417(3) VC0.860O0.060, a = 0.416(3) nm

VC0.704N0.248, a = 0.415(4) nm

2
VC–Ni

(filter)

HCl

23 % C (sp. gr. R-3m), a = 0.247(9), c = 1.010(9)
16 % C (sp. gr. P63/mmc), a = 0.242(0), c = 0.689(9)
9 % Si (sp. gr. Fd-3m), a = 0.542(7)
15 % TiO2 (sp. gr. I41/amd), a = 0.377(8),
c = 0.952(1)
37 % TiO2 (sp. gr. P42/mnm), a = 0.459(1),
c = 0.295(8)

3
VN–Ni

(cyclone)

HCl

11 % VC0.704O0.248 (sp. gr. Fm-3m), a = 0.415(4)
47 % VN0.540O0.290 (sp. gr. Fm-3m), a = 0.412(1)
10 % TiN0.320O0.400 (sp. gr. Fm-3m), a = 0.422(0)
24 % C (sp. gr. R-3m), a = 0.248(3), c = 1.001(4)
8 % TiO2 (sp. gr. P42/mnm), a = 0.455(5),
c = 0.286(9)

VC0.82O0.04, a = 0.416(3) nm

VC0.704N0.248, a = 0.415(4) nm

VC0.57O0.29, a = 0.413(2) nm

VN0.56O0.38, a = 0.412(8) nm

VN0.56O0.29, a = 0.412(3) nm

4
VN–Ni

(filter)

HCl

85 % VN0.540O0.290 (sp. gr. Fm-3m), a = 0.412(1)
15 % SiO2 (sp. gr. P3221), a = 0.435(2), c = 0.497(0)

VN0.56O0.38, a = 0.412(8) nm

X-ray studies have shown that the etched recondensed composition based on vanadium carbide VC from the cyclone

(Fig. 2(a), Table 2 No. 1) contains vanadium oxycarbide, which, in accordance with [14], is close to the composition

VC0.890O0.040. Additionally, for a more thorough study of the composition, it is possible to present the results of X-

ray phase analysis carried out based on the results of shooting of the etched sample at large angles (2Θ = 106 – 110◦)

(Fig. 2(b)). First of all, it should be noted that at first glance, the reflection (331) is decomposed into Kα1- and Kα2-

components. However, according to the literature data [20–22], the processes of evaporation and condensation occurring

under the conditions of plasma-chemical synthesis are non-equilibrium. This entails the absence of a homogeneous state

of the obtained products. Under these conditions, a detailed study of the double reflections (311) showed that the etched

refractory base is represented by two components, namely, oxycarbide VC0.860O0.060 and carbonitride VC0.704N0.248,

which have similar unit cell parameters given in [14].

The X-ray diffraction pattern of the highly dispersed VC–Ni powder composition (filter fraction) after etching in HCl

reveals the presence of oxide phase components in the form of two modifications of C, rutile and anatase forms of TiO2 and

cubic form of Si, shown in Fig. 2(a) and in Table 2 No. 2. The absence of refractory vanadium compounds can be explained

by the fact that during the boiling process, all phase components containing vanadium and being in a nanocrystalline state,

completely dissolved. Nanocrystalline particles containing vanadium carbide are significantly susceptible to oxidation

during long-term storage. This subsequently suggests intensive decomposition in a boiling solution of concentrated HCl,

as was shown in a number of studies [23]. The correctness of these judgments is confirmed by the presented image of the

X-ray diffraction pattern in the angle interval 2Θ = 106 – 110 ◦, in which the (331) reflection is absent.

Etching of the VN–Ni fraction from the cyclone in a solution of boiling concentrated HCl showed that, according to

the results of chemical reactions, based on X-ray data (Fig. 2(a), Table 2 No. 3), cubic VC0.704O0.248, VN0.540O0.290,

TiN0.320O0.400 [14], rhombohedral C and TiO2 in the form of rutile are present. Identification of the X-ray pattern taken

in the angle interval 106 – 110◦ (Fig. 2b, Table 2 No. 3) shows that, as in the previous case with the etched recondensed

mechanical mixture of VC and Ni (fraction from the cyclone) (Fig. 2a, b, Table No. 1), the reflections (331) for VC and

VN are doubled. After determination of the unit cell parameters, it can be said that upon etching in boiling HCl, cubic

oxycarbides VC0.82O0.04 (a = 0.416(3) nm), VC0.704N0.248 (a = 0.415(4) nm), VC0.57O0.29 (a = 0.413(2) nm) and

oxynitrides VN0.56O0.38 (a = 0.412(8) nm), VN0.56O0.29 (a = 0.412(3) nm) are present [14]. Cubic titanium oxynitride

TiN0.320O0.400 acts as a refractory impurity phase, the (311) reflection of which overlaps with oxynitride phases. Carbon

C (sp. gr. R-3m) and rutile TiO2 are also included in the etched composition.
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The recondensed fraction from the filter, etched for 1 hour in boiling concentrated HCl, obtained as a result of plasma-

chemical synthesis of the mechanical mixture VN–Ni, according to the X-ray diffraction data in Fig. 2(a), Table 2 No. 4,

contains cubic titanium oxynitride VN0.540O0.290 and hexagonal SiO2 (sp. gr. P3221). A detailed study of the (311)

reflection in the angle interval 2Θ = 106 – 110◦ (Fig. 2(b), Table 2 No. 4) shows that it corresponds to the composition of

the oxynitride VN0.56O0.38 (a = 0.412(8) nm).

To determine the presence and localization of phase components determined by X-ray diffraction, the nanocrystalline

components of the powder fractions from the filter were studied using high-resolution transmission electron microscopy

(Figs. 3–6).

First of all, it should be noted that the average particle size (Fig. 3(a-c)), according to the results of direct measure-

ments, was 22.56 ± 0.15 nm for the fraction from the VC–Ni powder filter and 14.18 ± 0.19 nm for a similar fraction of

VN–Ni powder.

(a) (b)

(c)

FIG. 3. Electron microscopic images of nanocrystalline components of plasma-chemical compositions

VC–Ni (a), VN–Ni (b) and particle distribution histograms (c)

Figure 4(a) shows a nanocrystalline VC–Ni particle, on which vanadium oxide V2O3 of rhombohedral modification

(sp. gr. R-3c) is present, interpreted based on the FFT results (Fig. 4(b)) of section 1 (Fig. 4(a)). In particular, d(−1−13) =
0.21 nm; d(113) = 0.21 nm; d(110) = 0.24 nm; d(116) = 0.17 nm; d(006) = 0.23 nm are determined on the FFT.

The correctness of the interpretation of the rhombohedral vanadium oxide V2O3 is confirmed by the similarity of the

intersection angles of planes in the FFT picture (Fig. 4(b)) and the theoretical model of the V2O3 lattice shown in Fig. 4(c).

The presence of nanocrystalline Ni particles in the VC–Ni composition is shown in Fig. 5. Based on the results of

microscopic studies taking into account FFT transformations and the results of profilometry in section 1 (Fig. 5(a,b)),

the presence of moire contrast was determined when the (100) planes with d(100) = 0.21 nm of two misoriented Ni

crystallites of hexagonal structure (sp. gr. P63/mmc) are superimposed. The cubic structure of Ni (sp. gr. Fm-3m)
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(a) (b) (c)

FIG. 4. TEM HR of the nanocrystalline component of the plasma-chemical composition obtained from

the mechanical mixture VC–Ni: a – electron microscopic image with enlarged section 1; b – FFT

transformation of section 1 and its interpretation; c – theoretical model of the V2O3 lattice (space group

R-3c)

is illustrated in Fig. 5(a) (sections 2, 3), where, based on the results of FFT transformations (Fig. 5(c)), planes (111)

and (200) with d(111) = 0.2 nm and d(200) = 0.17 nm intersecting at an angle of 57◦ are determined, which agrees

well with the theoretical model of Ni crystal lattice shown in Fig. 5(d). In addition, it should be noted that cubic nickel

covers the particle under study almost completely, as evidenced by the visualization of the family of (200) planes with

d(200) = 0.17 nm in Fig. 5(a) (section 3) and Fig. 5(d).

The electron microscopic studies of nanocrystalline particles VN–Ni showed (Fig. 6) that the refractory grain is

represented by two cubic titanium oxynitrides VN0.64O0.08 (sp. gr. Fm-3m), a = 0.4041 nm and VN0.19O0.96 (sp. gr.

Fm-3m), a = 0.4106 nm (Fig. 6(a,b)), see Table 1. According to the FFT data (Fig. 6(c)), VN0.64O0.08 is characterized

by interplanar spacings d(111) = 0.238 nm and d(200) = 0.207 nm. The intersection angle of the presented planes, equal

to 57◦, is demonstrated in the enlarged image of the studied section of FFT transformation (Fig. 6(c)) and the theoretical

model of cubic vanadium oxynitride VN0.64O0.08, which is crystallographically identical to the Ni model (Fig. 5(e)). The

oxyntride VN0.19O0.96, in turn, is represented by the interplanar spacing d(200) = 2.099 nm (Fig. 6(b)).

Based on the experimental results obtained in the work, it is possible to formulate the chemical mechanism of the

organization of nanocrystalline particles VC–Ni and VN–Ni taking place in the quenching chamber of a plasma-chemical

installation in a turbulent flow of nitrogen gas. This mechanism is based on the assumption that, in accordance with [24],

the crystallization processes occurring in the quenching chamber of a plasma-chemical installation operating in a low-

temperature plasma mode can be considered “quasi-equilibrium”.

On this basis the quenching chamber, in which a turbulent flow of gaseous nitrogen is forcibly created, can be divided

by temperature barriers. Table 3 shows the values of the boiling and melting temperatures of all phase components

determined by X-ray diffraction [9, 10, 25, 26].

TABLE 3. Boiling and melting points of compounds included in the highly dispersed VC–Ni and VN–

Ni compositions [9, 10, 25, 26]

Compound Tmelt,
◦C Tboil,

◦C

VC(cub.) 2800 3900

VN(cub.) 2300 3100

Ni 1455 2900

C 3550 4827

The first temperature barrier, equal to 4000 ◦C, corresponds to the lower value of the temperature of existence of

low-temperature plasma. Under these conditions, the evaporated carbon passes into a liquid state at 4827 ◦C and further

crystallizes at 3550 ◦C, forming nuclei for subsequent crystallization of refractory vanadium compounds on them.

To verify the presence of free carbon, along with X-ray diffraction, the Raman scattering method was used to study

the recondensed powders, Fig. 8. According to the results of the Raman studies, it can be said that carbon is present
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(a) (b)

(c) (d)

(e)

FIG. 5. HR TEM of surface layers of nickel in a nanocrystalline VC–Ni particle: a – electron micro-

scopic image; b – enlarged image of section 1; c – enlarged image of section 2; d – enlarged image of

section 3; e – theoretical model of Ni unit cell (sp. gr. Fm-3m) with planes (111) and (200)
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(a) (b)

(c)

FIG. 6. HR TEM of a VN–Ni nanocrystalline particle with a core-shell structure: a – electron micro-

scopic image with selected section 1; b – results of FFT transformation of section 1

FIG. 7. Chemical mechanisms of organization of highly dispersed particles in the quenching chamber

of a plasma-chemical installation, realized under conditions of low-temperature nitrogen plasma from

mechanical mixtures of VC–Ni and VN–Ni
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FIG. 8. Raman spectra of the obtained highly dispersed fractions of VC–Ni and VN–Ni

in nanocrystalline samples based on vanadium carbide (1634 cm−1) and vanadium nitride from the filter (1619 cm−1).

Similar ultrafine fractions extracted from the cyclone do not exhibit any peaks of free carbon, which may indicate its

presence in an amorphous state. The data of our studies of the chemical mechanisms in TiC–TiNi, TiC–Mo, TiC–Mo–Co

can serve as an explanation for this effect [19, 26].

When passing the temperature barrier corresponding to the boiling point of vanadium carbide (3900 ◦C), the evapo-

rated vanadium carbide VC condenses on the formed carbon nuclei. The resulting particles, due to the high crystallization

temperature of VC (2800 ◦C), are formed in the form of refractory cores. The formation of oxycarbide and carbonitride

phases is due to the presence of oxygen and nitrogen in the plasma-forming gas. The presence of oxygen in the system is

due to the deactivation process.

The next stage of crystallization is the condensation of vanadium nitride VN, which boils at 3100 ◦C and crystallizes

at 2300 ◦C. In this case, the formation of oxynitride phases occurs. The formation of vanadium oxides is due to the

presence of oxygen in the system.

The final stage of crystallization is the condensation of metallic Ni, which boils at 2900 ◦C and crystallizes at 1455 ◦C.

The formation of nickel particles occurs independently, which is confirmed by electron microscopic studies. The presence

of vanadium in the nickel lattice was not detected.

Thus, the chemical mechanism of the organization of highly dispersed particles in the quenching chamber of a plasma-

chemical installation, realized under conditions of low-temperature nitrogen plasma from mechanical mixtures of VC–Ni

and VN–Ni, can be represented as follows (Fig. 9).

4. Conclusion

The work presents the results of studies of highly dispersed powder compositions based on vanadium carbide and

vanadium nitride with metallic nickel, obtained under conditions of plasma-chemical synthesis in low-temperature nitro-

gen plasma.

X-ray studies have shown that the obtained plasma-chemical particles contain vanadium oxycarbides and oxynitrides,

metallic nickel, and are also characterized by the presence of oxide phases of the V–O system. The presence of free carbon

in the obtained compositions was confirmed by Raman spectroscopy.

Electron microscopic studies of nanocrystalline fractions of VC–Ni and VN–Ni powder compositions using high-

resolution transmission electron microscopy visualized the structure of the obtained particles. Using the fast Fourier
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FIG. 9. Temperature dependences of −∆Gf for VC, VN, TiC and TiN

transform, it was shown that the refractory components and metallic nickel form individual nanometer-scale particles that

do not come into contact with each other.

A chemical mechanism of the organization of highly dispersed mechanical mixtures V–C–O–Ni and V–N–O–Ni

under conditions of quenching processes in a turbulent flow of nitrogen gas proceeding at a speed of 105 ◦C/s has been

formulated on the basis of the performed research.
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ABSTRACT The effect of ’soft’ mechanochemical activation in an air atmosphere of a mixture of clinoptilolite

zeolite rocks with 10 and 20 wt % polyethylene glycol PEG-4000 on structure, physical properties, and oil ad-

sorption properties was investigated. The doses of the applied mechanical energy were 2.16 and 5.04 kJ·g−1.

It is shown that clinoptilolite rock modified by 10 wt % polyethylene glycol with a mechanical energy dose of

5.04 kJ·g−1 and clinoptilolite rock modified by 20 wt % of this polymer with an energy dose of 2.16 kJ·g−1

have an oil capacity on the solid surface of 1.4 g·g−1. We compared our results with similar data for polymer

modifiers such as polyvinyl alcohol and polyacrylamide. We identified regular changes in the structure that can

be used as a predictive assessment for the expected increase in the oil capacity of organomineral sorbents. It

was found that in the IR spectra of these samples the ratio of intensities of absorption bands due to valence

vibrations of siloxane and hydroxyl groups is not less than 3.2, and the porosity is not less than 72 %. The

correlation between oil capacity and polymer content, porosity, and structural changes was revealed.

KEYWORDS clinoptilolite zeolite, mechanochemical activation, polymer, polyethylene glycol, oil capacity
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1. Introduction

The most common zeolite is clinoptilolite (Na,K)6Al6Si30O72 · 20H2O, which belongs to the group of Heulandites

(HEU) and has high porosity and absorption capacity [1–3]. Its framework of tetrahedral SiO4 and AlO4 units is formed

by the intersection of three sets of channels with apertures of 0.31 × 0.76 nm, 0.36 × 0.46 nm, and 0.26 × 0.46 nm [4].

Using a top-down approach and mills, nanozeolites with particle sizes ranging from 50 to 200 nm [5–8] with improved cat-

alytic activity [9,10] and sorption properties [11,12] can be obtained. The mechanochemistry of natural zeolites is poorly

studied [13–15], however, it is a very promising area of research [16, 17]. To improve the physicochemical properties of

clinoptilolite, its surface is modified with surfactants and polymers such as hexadecyltrimethylammonium chloride and

n-cetylpyridinium bromide [8], chitosan [18–20], alginate [21], polyacrylamide [22], polydopamine [23], polypropy-

lene [24], polyacrylonitrile [25], polypyrrole [26], polydimethylsiloxane [27], polyvinylpyrrolidone [28], poly-[5-(p-

nitrophenylazo)-8-methacryloxyquinoline] [29], poly(ε-caprolactone), poly(ethylene glycol), poly(ε-caprolactone) [30],

poly(ethylene glycol) and poly(vinylpyrrolidone) [31], nanohydroxyapatite, and chitosan and gelatin [32]. Modified

polymer-zeolite materials are used for adsorption of heavy metal ions [18,21,22,24,26,29], aromatic hydrocarbons [7,25],

methyl tert-butyl ether [2], dyes [18], and as catalytic [9] and photocatalytic [10] materials, as well as composite materials

for bone tissue engineering [30, 32]. Zeolite-containing sorbents are characterized by their availability, environmental

friendliness, low cost of purchase, and the possibility of recycling, which allows them to be considered for the removal of

petroleum compounds [11, 33, 34]. For this, mineral substances are poured onto an (land-based) oil spill, spread onto the

surface mechanically, and then collected together with the absorbed substance and transferred for recycling [35]. However,

the process of surface modification of clinoptilolite with organic surfactants may not improve its sorption properties [36].

The important factor here is the diffusion of organic liquid into the mesopores. Modification of natural zeolites clinoptilo-

lites by readily available inexpensive polymers solves the problem of increasing the hydrophobicity of the mineral matrix

surface, which can contribute to the increase in oil capacity of materials.

© Dabizha O.N., 2025
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The use of mechanical activation of solid substances leads to the formation of nanostructured porous materials. It

also leads to the formation of defects in crystal lattices, which affects the number of active centers and adsorption. Mo-

dification of clinoptilolite with synthetic polymers, on the one hand, and application of mechanochemical activation, on

the other hand, open prospects for obtaining efficient hybrid organomineral sorbents [37, 38]. Obtaining chitosan/zeolite

sorbents by two-hour mechanochemical synthesis [39] requires significant energy consumption. Methods of ’soft’ me-

chanical activation using short processing times are of interest. Previously, the authors have used polyvinyl alcohol [38]

as well as polyacrylamide [40] as modifying polymers. The mechanochemical air-dry modification of clinoptilolite in

the mild impact-abrasion regime with polyvinyl alcohol and polyacrylamide increased [38] and decreased [40] oil ca-

pacity, respectively. The use of polyethylene glycols as zeolite modifiers is known [41, 42]. This environmentally safe,

biodegradable synthetic polymer has surface-active and sorption properties [43], is able to bind with porous materials by

hydrogen bonds [41], so it is of interest to apply it to create oil sorbents.

We found that mechanical activation for 7 minutes increases the oil capacity of clinoptilolite-stilbite rock on solid

and water surfaces by 10 and 16 %, respectively. An increase of oil capacity on solid and water surfaces for clinoptilolite

rock is achieved by 7 and 10 %, respectively, after mechanical activation for 3 minutes [11]. The aim of the present work

was to mechanochemically prepare polymer-zeolite sorbents based on clinoptilolite rocks and high molecular weight

polyethylene glycol and evaluate the role of the organic modifier in changing their physical and sorption properties.

2. Experimental

2.1. Materials

The natural zeolites used in this work are clinoptilolite and clinoptilolite-stilbite rocks of Shivyrtuy and Kholinsky

deposits, respectively (Transbaikal Territory, Russia). Their phase and chemical composition were studied earlier [11].

Polyethylene glycol (PEG-4000, NORPEGTM, TU 2483-008-71150986-2006, Russia) was chosen as a polymer modifier.

The kinematic viscosity of this polymer at 99 ◦C is 130 mm2
·s−1, density at 20 ◦C is 1.2 g·cm−3, melting range is 58 –

62 ◦C, water content does not exceed 1 wt%.

IR spectrum of PEG-4000, ν, cm−1: 3460 (O–H); 2880 (C–H); 1470 and 1340 (C–H); 1280 and 1110 (C–O–C); 963

and 842 (C–O–C) [44].

Crude oil (technical, Cherkasy Chemicals Plant) for oil refineries (GOST 9965-76) was used in the study. Oil char-

acteristics, presented as mean ± standard deviation, are as follows: density determined by the pycnometric method is

0.8411 ± 0.0011 g·cm−3, the kinematic viscosity determined by a viscometer VPZh-2 is 8.35 ± 0.07 mm2
·sec−1.

2.2. Modification of natural zeolites

The technological scheme for producing organomineral sorbents [38,40] and the effects observed during mechanical

activation of clinoptilolite zeolites with polymers are shown in Fig. 1.

FIG. 1. Technological scheme for producing organomineral sorbents and the effects observed during

mechanical activation of mixtures of clinoptilolite zeolites with polymers

Organomineral sorbents were obtained in a vibrating mill Retsch MM 400 (grinding principle is impact and attrition,

max. speed 30 Hz; up to 8 mm feed size and 5 µm final fineness; power 0.9 kW; energy intensity 13 W·g−1) by

mechanoactivation of air-dry mixture of zeolite rocks: clinoptilolite-stilbite (I) and clinoptilolite (II) with additions of

10 wt % (I10, II10) and 20 wt % (I20, II20) of PEG-4000 for 166 s (superscript ′) and 388 s (superscript ′′), which

corresponds to doses of mechanical energy [11] equal to 2.16 and 5.04 kJ·g−1.
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2.3. Methods of characterization

IR spectra were obtained using a SHIMADZU FTIR-8400S FTIR spectrometer in the region from 4000 to 400 cm−1

in potassium bromide tablets. The ratio of intensities (I2/I1) of absorption bands (a.b.) at 1045 – 1070 and 3430 –

3450 cm−1 was calculated by measuring the length of each band to the zero line.

The true density (ρtr, g·cm−3) was determined by the pycnometric method (working fluid – kerosine KO-25 d20
◦

C =

0.795 g·cm−3), and the bulk density (ρb, g·cm−3) and hygroscopic humidity content (W , %) were determined by the

gravimetric method.

The porosity of the zeolite and organo-zeolite powder (P , %) was calculated using the following equation:

P =

(

ρtr − ρb
ρtr

)

· 100 %. (1)

The oil capacity of the sorbent on the solid surface was calculated as in [11, 38, 40], taking into account the blank

sample after placing the powder in a tea bag, immersion in crude oil (GOST 9965-76), and incubation in it for 15 minutes.

Correlation coefficients (rxy) between oil capacity and porosity, oil capacity and ratio of absorption band intensities,

oil capacity and polymer content were calculated using MS Excel.

The characteristics of the PEG-modified clinoptilolite-stilbite and clinoptilolite rocks were compared to those of the

rocks mechanically activated under the same conditions, but without polymer, as well as with samples modified with other

polymers under the same conditions.

3. Results and discussion

It was found previously that the supplied dose of mechanical energy affects the structure and oil-sorption properties

of clinoptilolite rocks [11]. Thus, the samples exhibit maximum oil capacity after their mechanical treatment for 3 and

7 minutes for clinoptilolite and clinoptilolite-stilbite rocks, respectively (Fig. 2).

FIG. 2. Dependence of sorption of crude light oil by clinoptilolite zeolites on the dose of mechanical

energy, porosity and ratio of intensities of absorption bands at 1045 – 1070 and 3430 – 3450 cm−1

(based on materials [11])

These samples have oil capacity values equal to 1.40 and 1.33 g/g and porosity, calculated using formula (1), equal

to 74 and 67 %, respectively. In addition, the ratio of the intensities of the absorption bands caused by the stretching

vibrations of siloxane bonds and silanol groups is on average I2/I1 ∼ 2. However, the highest correlation coefficients

were obtained only for the dependence of oil capacity on the ratio of the intensities of the absorption bands (rxy =

−0.8766) and porosity (rxy = −0.6565) for clinoptilolite-stilbite and clinoptilolite rocks, respectively.

Figures 3 and 4 show IR spectra of samples of zeolite and polymer-zeolite sorbents resulting from the mechanochem-

ical method with energy doses of 2.16 and 5.04 kJ·g−1, respectively.

The samples of mechanically activated clinoptilolite-stilbite (samples I′, I′′) and clinoptilolite rocks (samples II′, II′′)

are characterized by typical absorption bands in the infrared region of the spectrum [11]. The absorption bands with

the highest intensities with maxima in the region from 1045 to 1069 cm−1 belong to the valence vibrations of Si–O–Si

groups, and the absorption bands in the frequency region from 3599 to 3622 cm−1 belong to the valence vibrations of

OH-groups of intra-complex water [11, 45].

The presence of polyethylene glycol in the modified organomineral samples is confirmed by the presence of absorp-

tion bands with maxima at 2882, 1451 (1462), 1343 (1346), 833 (845, 849) cm−1, which are due to valence and scissor

vibrations of CH2 groups, vibrations of C–O–C groups, respectively [44]. The low-frequency shift and disappearance of

the absorption bands of hydroxyl groups with maxima in the region of 3580 – 3630 cm−1 in the IR spectra of samples

I10′ and I20′ (Fig. 3), I10′′ and I20′′ (Fig. 4), respectively, indicate the interaction between silanol groups of clinoptilolite

and hydroxyl groups of polyethylene glycol.

Shifts of absorption bands of valence vibrations of hydroxyl groups are observed both in the long-wave region (sam-

ples II10′, II20′′) and in the short-wave region (samples I10′, II20′, II10′′) and indicate the rearrangement of the hydrogen
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FIG. 3. IR spectra of the samples of the zeolite rocks mechanically activated with and without PEG as

a modifier: I – clinoptilolite–stilbite rock, II – clinoptilolite rock; the subscripts 10 and 20 specify the

weight percent of PEG in the samples; superscript ′ indicates the dose of induced mechanical energy

2.16 kJ·g−1

bonding system due to modification of the mineral framework by polyethylene glycol. There are shifts of absorption bands

corresponding to valence vibrations of siloxane bonds in the region of high frequencies (samples I10′, II10′), as well as

in the region of low frequencies (sample II20′). A narrowing and an increase in the intensities of the absorption bands

belonging to the valence vibrations of siloxane bonds and, at the same time, a decrease in the intensity of the absorption

band corresponding to the valence vibrations of hydroxyl groups were observed (samples II20′, II10′′). This pattern was

also observed in the IR spectra of clinoptilolite rocks modified with 20 wt % of polyvinyl alcohol [38] with improved oil

capacity.

The application of a higher dose of mechanical energy (D = 5.04 kJ·g−1) is reflected in the IR spectrum of

clinoptilolite-stilbite sorbent by a low-frequency shift of the absorption band maximum due to the valence vibrations

of OH-groups at 3622 (sample I′, Fig. 3) to 19 cm−1 (sample I′′, Fig. 4). In addition, there are high-frequency shifts of

absorption bands due to valence vibrations of Si–O–Si, deformation vibrations of SiO4, vibrations of twin rings between
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FIG. 4. IR spectra of the samples of the zeolite rocks mechanically activated with and without PEG as

a modifier: I – clinoptilolite–stilbite rock, II – clinoptilolite rock; the subscripts 10 and 20 specify the

weight percent of PEG in the samples; superscript ′′ indicates the dose of induced mechanical energy

5.04 kJ·g−1

(Si, Al)–O–Si tetrahedra, and deformation vibrations of Si–O–Si with maxima at 1061 and 725, 594, 467 cm−1, respec-

tively (sample I′, Fig. 3) by 8 and 4, 4, 4, 4 cm−1 (sample I′′, Fig. 4). Structural changes in clinoptilolite rock under

the action of the same dose of mechanical energy are manifested by a high-frequency shift of the absorption band with

maximum at 3599 cm−1 (sample II′, Fig. 3) by 8 cm−1 (sample II′′, Fig. 4) and low-frequency shifts of absorption bands

with maxima at 1061 and 783, 602, 463 cm−1 (sample II′, Fig. 3) by 16 and 4, 4, 4, 4 cm−1, respectively (sample II′′,

Fig. 4).

In the IR spectra of the modified organomineral samples, the increase in the dose of the applied mechanical energy is

reflected by the following changes:

— disappearance of the absorption band of valence vibrations of free OH-groups, low-frequency shifts at 3, 8 and

4 cm−1 of the absorption bands of CH2, Si–O–Si and (Si, Al)–O–Si groups, respectively (sample I10′′, Fig. 4);

— high-frequency shift by 4 cm−1 of the absorption band belonging to vibrations of the twin rings between (Si,

Al)–O–Si tetrahedra (sample I20′′, Fig. 4);

— low-frequency shifts at 4 and 19 cm−1 of the absorption bands of valence vibrations of free and OH-groups bound

to water molecules, low-frequency shifts at 16, 12, 4 and 12 cm−1 of the absorption bands of valence vibrations of

Si–O–Si, Si–O groups, deformation vibrations of SiO4 and Si–O–Si groups, respectively (sample II10′′, Fig. 4);
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— high-frequency shift by 50 cm−1 of the absorption band of valence vibrations of free OH-groups; low-frequency

shift by 7 cm−1 of the absorption band of valence vibrations of OH-groups bound to water molecules, low-

frequency shift by 4 cm−1 of the absorption band of valence vibrations of C–O–C; valence vibrations of Si–O–Si,

vibrations of twin rings between (Si, Al)–O–Si tetrahedra, and a high-frequency shift of the absorption band of

deformation vibrations of C–O–C bonds (sample II20′′, Fig. 4).

The least structural changes affected sample I20′′; therefore, no change in its physical and sorption properties should

be expected. The most significant changes with increasing dose of mechanical energy are observed in the IR spectrum of

sample II10′′ and therefore it may show improved sorption properties.

Hygroscopic humidity, bulk and true densities, porosity, oil sorption capacity of the investigated zeolite and polymer-

zeolite samples are given in Table 1.

The increase in moisture content of the samples with the increase in the content of polymer in the compositions of

the samples is explained by the high content of hydroxyl groups. Maximum values of moisture content ∼ 3.5 wt % are

observed in modified samples I20′ and II20′ (Table 1). The bulk density of polymer-zeolite sorbents is non-monotonically

dependent on the PEG content. It increases by 2 to 4 % (samples I10′′, I10′, II10′, II20′) and 17 % (sample II10′′), and

decreases by 3 % (sample II20′′) and 9 to 12 % (samples I20′′, I20′) compared to the values of the same characteristic of

mechanically activated zeolites (samples I′, I′′, II′, II′′).

The bulk density of clinoptilolite-stilbite (sample I′) and clinoptilolite rocks (sample II′) decreases with increasing

dosage of applied mechanical energy by 4 % (sample I′′) and 6 % (sample II′′). The true density of mechanically activated

zeolite samples I′′ and II′′ increases by 7 and 3 % with increasing the mechanical energy dose by 2.88 kJ·g−1, which is

explained by obtaining more compact pelletised particles and is in agreement with the data of [11]. The true density

of PEG-zeolite sorbents decreases by 8 % (sample II20′′), 14 % (samples I20′, II20′), 21 % (sample I20′′) with the

addition of 20 wt % polymer modifier, also observed in case of modification with polyvinyl alcohol [38], as well as

polyacrylamide [40]. The oil capacity of PEG/clinoptilolite-stilbite sorbents with the addition of 20 wt % polyethylene

glycol increases by 14 and 6 % in samples resulting from the application of energy doses of 2.16 and 5.04 kJ·g−1,

respectively. The oil capacity of PEG/clinoptilolite sorbents also increases by 10 % with application of energy dose

2.16 kJ·g−1 and does not increase with application of energy dose 5.04 kJ·g−1 (Table 1). The maximum value of oil

capacity resulting from the modification of clinoptilolite rock with polyethylene glycol is 1.4 g·g−1.

TABLE 1. Physical and sorption properties of zeolite and PEG/zeolite samples

Samples
Content, wt% Time,

t, s

Energy dose,

D, kJ·g−1

Humidity,

W, %

Density, ρ, g·cm−3 Oil

capacity,

SC, g·g−1Zeolite PEG Bulk True

Clinoptilolite – stilbite rock

I 100 0 0 0 5.5 0.950 2.090 1.23

I′ 100 0 166 2.16 2.6 0.635 2.258 1.12

I10′ 90 10 166 2.16 2.6 0.651 2.141 1.19

I20′ 80 20 166 2.16 3.5 0.558 1.932 1.28

I′′ 100 0 388 5.04 1.1 0.613 2.418 1.20

I10′′ 90 0 388 5.04 2.3 0.624 2.391 1.23

I20′′ 80 20 388 5.04 2.4 0.557 1.903 1.27

Clinoptilolite rock

II 100 0 0 0 6.4 0.869 2.136 1.23

II′ 100 0 166 2.16 1.3 0.518 2.218 1.27

II10′ 90 10 166 2.16 2.7 0.538 2.309 1.37

II20′ 80 20 166 2.16 3.5 0.534 1.898 1.40

II′′ 100 0 388 5.04 2.0 0.489 2.275 1.38

II10′′ 90 0 388 5.04 3.0 0.571 2.142 1.40

II20′′ 80 20 388 5.04 3.3 0.474 2.095 1.38
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It was previously studied [11, 38] that the absorption bands corresponding to the valence vibrations of the siloxane

bond are the most sensitive to mechanical effects. To evaluate the influence of the modifier (PEG) on the structural changes

in the organomineral sorbent, the ratio of the intensities of the two most intense and susceptible to changes absorption

bands due to the valence vibrations of siloxane and hydroxyl groups was calculated from the IR spectra. In addition,

the porosity was calculated using formula (1). This is significant because of the existing relationship ’solid structure –

sorption properties’. The final results of the calculations are summarized in Table 2.

Due to mechanical activation with an energy dose of 2.16 kJ·g−1, the porosity of zeolite sorbents increases by ∼31 %

for clinoptilolite-stilbite and clinoptilolite rocks (samples I′ and I; II′ and II). After applying a mechanical energy dose

of 5.04 kJ·g−1, this textural parameter increases by 36 and 34 % for the above rocks (samples I′′ and I; II′′ and II).

A slight decrease (from 1 to 5 % compared to control samples) in the porosity of sorbents after their joint mechanical

activation with polyethylene glycol is associated with partial blocking of pores by the polymer. The Si–OH bands of

organomineral samples appear red- and blue-shifted to the same bands of mechanoactivated clinoptilolite zeolites (Ta-

ble 2). The same characteristics calculated for PVA/zeolite [38] and PAA/zeolite [40] sorbents are included in the same

table for comparative analysis. For modifiers containing functional groups in the compound repeating link, polyvinyl

alcohol and polyacrylamide, with increasing polymer content, an increase in the relative intensity of the absorption band,

as well as an increase in the porosity are observed. The maximum values of these parameters (I2/I1 = 5.5, P = 78 %)

are observed in a sample of clinoptilolitic rock modified with 20 wt % PVA by mechanochemical method (Table 2), and

the maximum value of oil capacity equal to 1.55 g·g−1 was registered in it [38]. The inverse regularity takes place for

clinoptilolite-stilbite rock at its modification with polyethylene glycol. In this case, equal values of the ratio of the intensi-

ties of absorption bands and porosity (samples I20′; I20′′, Table 2), as well as oil capacities (samples I20′; I20′′, Table 1)

were observed. This agrees with the conclusions described above based on the analysis of IR spectra of these samples.

TABLE 2. Relative intensity of a single absorption band in the IR spectra of polymer-modified zeolite

samples and the porosity of the powder

Samples
Content, wt% Time,

t, s

Energy

dose,

D, kJ·g−1

Ratio of

intensities

I2/I1

Shift a.b.

∆νSi-OH,

cm−1

Porosity,

P , %Zeolite Polymer

The modifier is polyethylene glycol

I′ / I′′ Cl, St — 166 / 388 2.16 / 5.04 2.15 / 2.73 0 / 0 72 / 75

I10′ / I10′′ Cl, St 10 166 / 388 2.16 / 5.04 2.11 / 2.40 −34 / — 70 / 75

I20′ / I20′′ Cl, St 20 166 / 388 2.16 / 5.04 1.73 / 1.73 — / — 71 / 71

II′ / II′′ Cl — 166 / 388 2.16 / 5.04 2.65 / 1.36 0 / 0 77 / 79

II10′ / II10′′ Cl 10 166 / 388 2.16 / 5.04 2.74 / 3.79 +4 / −8 77 / 73

II20′ / II20′′ Cl 20 166 / 388 2.16 / 5.04 3.18 / 1.86 −27 / +15 72 / 77

The modifier is polyvinyl alcohol [38] / polyacrylamide [40]

I′ Cl, St — 180 2.16 2.50 / 2.60 0 / 0 68

I10′ Cl, St 10 180 2.16 3.33 / 2.78 −3 / −13 72 / 66

I20′ Cl, St 20 180 2.16 3.33 / 3.57 −3 / −7 78 / 69

II′ Cl — 180 2.16 1.78 / 1.72 0 / 0 67

II10′ Cl 10 180 2.16 3.67 / 3.18 +5 / −2 73 / 69

II20′ Cl 20 180 2.16 5.50 / 2.40 +9 / −6 78 / 71

Note. Cl – Clinoptilolite; St – Stilbite; I2/I1 – ratio of intensities of absorption bands with maxima

at ∼ 1050 and ∼ 3620 cm−1, corresponding to valence vibrations of Si–O–Si and OH-groups;

‘ — ’ – there is no absorption band.

Modification of clinoptilolite-stilbite and clinoptilolite rocks by polyacrylamide and polyethylene glycol resulted in

changes of porosity of samples by values from 2 to 5 %, and only addition of polyvinyl alcohol contributed to an increase

of porosity by 9 % (I20) and 11 % (II20). It was calculated that the same high values of porosity ∼ 77 – 79 % are

observed in samples of clinoptilolite rock mechanoactivated and modified with polyethylene glycol – II′; II10′, II20′′, II′′.
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The relatively highest value of oil capacity ∼ 1.4 g·g−1 is registered. The revealed regularities agree with the opinion [36]

that the sorption capacity towards oil is determined by the diffusion of organic liquid through mesopores.

Porosity, in turn, is conveniently regulated by the mechanochemical method. It should be noted that the increase

in porosity is accompanied by an increase in the ratio of intensities of absorption bands in the case of modification of

clinoptilolite-stilbite and clinoptilolite rocks with polyvinyl alcohol and polyacrylamide (Table 2), and clinoptilolite rock

with polyethylene glycol. However, such enhancement alone is not sufficient if, together with it, there is not a sufficient

increase in the porosity of the organomineral sample. Consequently, in order for oil capacity to be approximately 1.4 g·g−1

at modification of clinoptilolitic rocks with water-soluble polymers (polyvinyl alcohol, polyacrylamide, polyethylene

glycol), it is necessary that the ratio of absorption bands of Si–O–Si and OH-groups in the IR-spectrum was not less than

3.2 and, at the same time, the porosity was not less than 72 %.

In order to find out the influence of such factors as polymer content, structural changes, and porosity, the correlation

analysis was carried out. The correlation coefficients were calculated and summarized in Table 3.

Analysis of the data in Table 3 showed that there is very strong dependence of oil capacity of mineral samples

modified with polyvinyl alcohol on all three parameters (rxy > 0.91), namely, polymer content, structural changes (ratio

of intensities of absorption bands I2/I1) and porosity.

TABLE 3. Correlation coefficients between oil capacity and polymer content, ratio of absorption band

intensities, porosity of sorbent powders resulting from the mechanochemical method

Polymers

Energy

dose, D,

kJ·g−1

Clinoptilolite-stilbite rock Clinoptilolite rock

rxy , where y is a oil capacity and x is ...

weight of

polymer
I2/I1 Porosity (P )

weight of

polymer
I2/I1 Porosity (P )

PVA 2.16 0.9959 0.9078 0.9880 0.9954 0.9957 0.9991

PAA 2.16 0.0368 0.3757 0.9789 0.0908 −0.8392 0.0908

PEG 2.16 0.9974 −0.9341 −0.4364 0.9549 0.9605 −0.6717

PEG 5.04 −0.9803 −0.9938 −0.9632 0 0.9808 −0.9449

When using polyacrylamide as a modifier, a very strong dependence of oil capacity on porosity is observed for

clinoptilolite-stilbite rock, and a fairly strong inversely proportional dependence on structural changes (the ratio of ab-

sorption band intensities) for clinoptilolite rock. At modification with polyethylene glycol and the mechanical energy

dose of 2.16 kJ·g−1 for clinoptilolite-stilbite rock, there is a very strong direct dependence of oil capacity on the content

of polyethylene glycol and its inverse dependence on structural changes and porosity. In this case, for clinoptilolite rock,

there is a very strong direct dependence of oil capacity on the content of polyethylene glycol and on structural changes.

In case of use of this modifier, an increase in mechanical energy dose from 2.16 to 5.04 kJ·g−1, as a rule, contributes to

approximation of correlation coefficients to the value −1 or +1. The exception is clinoptilolitic rock, the oil capacity of

which does not depend on polymer content at all and is approximately 1.4 g·g−1.

4. Conclusion

Organomineral sorbents based on clinoptilolite-stilbite and clinoptilolite rocks and safe synthetic polymer PEG-4000

were obtained by the method of ’soft’ mechanoactivation in impact-attrition mode in an air atmosphere with process-

ing times of 166 and 388 s, which corresponds to mechanical energy doses of 2.16 and 5.04 kJ·g−1. The content of

polyethylene glycol was 10 and 20 wt %.

It was found that mechanoactivation (D = 2.16 and 5.04 kJ·g−1) of the powder leads to changes in bulk and true

densities, hygroscopic moisture content of zeolite and PEG-zeolite sorbents. Infrared spectroscopy revealed that a more

effective transformation of the structure, in the form of a decrease in the intensity and shift of the absorption band of free

OH-groups and an increase in the intensity and shift of the absorption band of Si–O–Si groups, leads to a sorbent with

improved sorption properties. Modification of clinoptilolitic rocks with polyethylene glycol leads to a decrease in bulk

and true densities, an increase in hygroscopic humidity, and, as a rule, an increase in oil capacity. The oil capacity of

clinoptilolite rock modified with 20 wt % PEG is ∼ 1.4 g·g−1, which is 8 – 15 % higher than that of analogues based on

clinoptilolite-stilbite rock.

Comparative analysis of the data of mechanochemical modification of clinoptilolitic rocks with polyvinyl alcohol,

polyacrylamide, and polyethylene glycol showed that organomineral samples having oil capacity not less than 1.4 g·g−1

exhibit, in infrared spectra, a ratio of intensity of absorption bands caused by vibrations of siloxane and hydroxyl groups

not less than 3.2, and a porosity not less than 72 %. Calculation of correlation coefficients confirmed that the determining

factors affecting the oil capacity of organomineral sorbents are the content of polyvinyl alcohol, structural changes, and
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porosity. However, the oil capacity of clinoptilolite-stilbite rocks modified with polyacrylamide is strongly dependent

only on the porosity. In this case, the required value of porosity for oil capacity increase is not achieved under mild

mechanical action.
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ABSTRACT Using molecular dynamics simulation at different pH levels, changes in the conformations of homo-

geneous polypeptides located singly or in pairs inside a carbon nanotube were studied. The radial distributions

of the density of polypeptide atoms, the distribution of macrochain atoms along the nanotube axis, and the

dependences of various components of the potential energy of the nanosystem were calculated. At the iso-

electric point, the polypeptides were located in the central part of the carbon nanotube, spreading out along

its walls. As the pH level deviated from the isoelectric point, the polypeptide located singly inside the carbon

nanotube first unfolded and stretched along its axis, and when almost all links of the macromolecule acquired

an electric charge, it exited the nanotube. Polypeptides located in pairs inside the carbon nanotube repelled

each other with a change in the pH value and shifted to opposite ends of the nanotube, being released from

it.
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1. Introduction

Currently, hybrid nanosystems consisting of carbon nanotubes with polymer macromolecules are widely used in the

creation of various electrochemical and optical biosensors [1–7], as well as nanocarriers for drug delivery [8–10]. Flexible

and uncharged peptide and lipid molecules are adsorbed on the outer surface of the carbon nanotube and form a polymer

shell [11,12]. Highly charged and rigid macromolecules of polyelectrolytes, such as DNA [13] or synthetic polymers [14],

wrap around the carbon nanotube. A similar nature of conformational changes in polypeptides was observed in molecular

dynamics simulation on the surface of metal nanoparticles of various shapes (spherical, cylindrical and spheroidal) [15–

18].

A different picture will be observed when polymer molecules are located inside a single-walled carbon nanotube.

A number of studies have investigated the encapsulation of peptides inside a carbon nanotube, the transport of peptides

under the influence of an external electric field inside a carbon nanotube and the pulling of short peptides through it, as

well as the release of protein and peptide molecules encapsulated in a carbon nanotube under the influence of an external

electric field [19–28]. In papers [20, 21], it was shown that a peptide molecule is encapsulated inside a carbon nanotube

and oscillates near the center of the nanotube, where the Van der Waals interaction energy between the peptide and the

carbon nanotube is minimal. It was shown that carbon nanotubes are capable of capturing peptide and protein molecules,

with shorter nanotubes capable of encapsulating a peptide with a lower potential well depth [20, 21].

When the pH level changes, the conformations of peptides change significantly [29–31]. This is due to the fact

that the more the value of the hydrogen index differs from the value of the isoelectric point of the peptide, the greater

the charge acquired by the macromolecule, which becomes polyelectrolyte. In this case, the rigidity of the macrochain

increases increasingly due to the repulsion of the polypeptide links from each other. Therefore, if the polypeptide is inside

a carbon nanotube, then when the hydrogen index of the environment changes, its conformational structure should also

change. And this can lead to the release (decapsulation) of the macromolecule located inside the carbon nanotube. Small

medicinal or photoactive molecules can be associated with the polypeptide located inside the carbon nanotube. When

the pH of the medium changes and, accordingly, the conformational structure of the polypeptide undergoes a significant

restructuring, small molecules can be decapsulated from the nanotube separately or together with the macrochain. This

effect can be used to create a nanocontainer with a controlled release of drugs or photoactive label molecules when the

pH of the medium changes.

© Kruchinin N.Yu., 2025
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Of great interest is also the restructuring of the conformations of several polypeptide molecules located inside the

carbon nanotube when the pH level changes. If the molecules of homogeneous polypeptides have the same composition

of amino acid residues, then when the pH value deviates from the isoelectric point, they are charged with the same

charge sign. This leads to the repulsion of like-charged polypeptides from each other and to a significant change in their

configuration inside the carbon nanotube, which can lead to the expulsion of macromolecules from the carbon nanotube.

Thus, the aim of this work is to study changes in the conformational structure of macromolecules of homogeneous

polypeptides located inside a single-layer carbon nanotube, singly and in pairs, when changing pH.

2. Molecular dynamics simulation

Full-atom molecular dynamics (MD) simulations were performed using the NAMD 2.14 software package [32] for a

molecular system in which one or two identical polypeptide molecules were located inside a carbon nanotube. A single-

walled carbon nanotube with a length of 30 nm, a diameter of about 6 nm, and a chirality of n = 45 and m = 45 was

considered. The atoms of the nanotube remained fixed during the simulation.

The choice of a carbon nanotube of such a diameter was due to the need to place a polypeptide macromolecule in

a coil conformation in the starting configuration, which had a sufficiently large size, inside it. In works [20–22], the

processes of encapsulation of shorter peptides in a carbon nanotube of different diameters (from 2.2 to 3.8 nm) were

considered, and with equal chirality indices n=m. Therefore, in this work, a carbon nanotube with the same chirality

indices was also considered. In general, for nanotubes of the same diameter, but with different chirality indices, the

results should not change significantly, since the main contribution to the encapsulation of peptides and their adsorption

inside a carbon nanotube is made by the Van der Waals interaction of the peptide with the walls of the nanotube. Since the

number of atoms for nanotubes of similar diameter, but with different chirality will be almost the same, then in general

the interaction of the peptide with the walls of the carbon nanotube will be the same, and therefore the decapsulation of

the macrochain will occur under the same conditions.

The pH level was changed indirectly, as was done in [29]. MD simulation was performed for polypeptides consisting

of 100 amino acid residues of glutamic acid at different pH values. In the range of pH≈6–8, corresponding to a neutral

medium, all amino acid residues of glutamic acid Glu have a negative charge of −1e according to the titration curve.

When the increasing of the acidity of the medium and the decreasing of the pH value begins, the proportion of amino acid

residues in the polypeptide changes. It leads to changing their charge and becoming neutral Glu0 [29]. Upon reaching the

isoelectric point pI=3.22, all amino acid residues of glutamic acid in the macrochain become uncharged Glu0.

In this work, a series of polypeptides from glutamic acid units with different proportions of neutral and negatively

charged amino acid residues were considered, which corresponded to the state of the polyglutamate macrochain at pH

values in the range from the isoelectric point pI=3.22 to a neutral environment pH≈6–8:

1) Glu100 polypeptide (total charge of the macrochain −100e) which corresponds to the values of pH≈6–8 according

to the titration curve;

2) polypeptide (Glu10Glu0Glu9)5 (total charge −95e) which corresponds to the value of pH≈5.8;

3) polypeptide (Glu5Glu0Glu4)10 (total charge −90e), pH≈5.5;

4) polypeptide (Glu2Glu0Glu2)20 (total charge −80e), pH≈5;

5) polypeptide (GluGlu0Glu)33Glu (total charge −67e), pH≈4.6;

6) polypeptide (GluGlu0)50 (total charge −50e), pH≈4.3;

7) polypeptide (Glu0GluGlu0)33Glu0 (total charge −33e), pH≈4;

8) polypeptide (Glu0
2
GluGlu0

2
)20 (total charge −20e), pH≈3.8;

9) polypeptide (Glu0
5
GluGlu0

4
)10 (total charge −10e), pH≈3.6;

10) polypeptide (Glu0
10

GluGlu0
9
)5 (total charge −5e), pH≈3.4;

11) polypeptide Glu0
100

(uncharged macromolecule) at the isoelectric point pI=3.22.

For charged amino acid residues of glutamic acid, the CHARMM36 force field was used [33, 34], and to describe

amino acid residues of glutamic acid in the neutral form, the interaction potentials developed in [35] and expanding the

CHARMM36 force field were used. The parameters for the carbon atoms of the nanotube were set to the same as for the

CA type atoms of the CHARMM36 force field, which are used to describe benzene molecules [36]. The van der Waals

potential was cut off at a distance of 1.2 nm using a smoothing function between 1.0 and 1.2 nm. Electrostatic interactions

were calculated directly at a distance of 1.2 nm, for larger distances the particle-mesh Ewald (PME) method [37] with

a grid step of 0.11 nm was used. The entire molecular system was placed in a parallelepiped with edge dimensions

of 54×18×18 nm, filled with TIP3P water molecules [38]. In total, more than 560 thousand water molecules were

placed in the simulation area. Water molecules were also located inside the carbon nanotube. The interaction of water

molecules with the polypeptide was also described using the CHARMM36 force field, including electrostatic interactions

between partial charges of water molecules and the polypeptide, as well as Van der Waals interactions between atoms of

water molecules and the polypeptide via the Lennard-Jones potential. The MD simulation was performed at a constant

temperature of 300 K (NVT, Berendsen thermostat). The length of the time trajectory reached 30 ns, the simulation step

was 1 fs.



652 N. Yu. Kruchinin

FIG. 1. A single polypeptide of 100 glutamic acid units inside a carbon nanotube after modeling at

the isoelectric point pI=3.22 (a, b, each atom is shown in its own color), pH≈4 (c and d), pH≈4.3 (e),

pH≈5 (f), pH≈6–8 (g and h). Water molecules are not shown for clarity; in figures c–h, uncharged

amino acid residues Glu0 are shown in red, and negatively charged Glu are shown in blue (a, c, e, f, g –

side view, b, d and h – end view)

First, we considered the case when one or two macromolecules of the Glu0
100

polypeptide were located inside the

carbon nanotube at a pH value equal to the isoelectric point pI=3.22, i.e. when the polypeptides were generally neutral.

At the initial moment, the polypeptides were in the form of nonequilibrium coils inside the carbon nanotube. As a result

of the modeling, adsorption of both a single macrochain (Fig. 1) and a system of two identical polypeptides (Fig. 5) on

the inner surface of the carbon nanotube was observed. The obtained equilibrium structures of the polypeptides at the

isoelectric point were subsequently used as starting ones at pH values in the range from 3.22 to 6–8. Three different

starting conformations were considered for both a single polypeptide and a complex of two identical polypeptides inside

the carbon nanotube.

Based on the results of modeling in the case of adsorption of a macrochain on the inner wall of a carbon nanotube,

radial distributions of the density of polypeptide atoms, as well as the distribution of macrochain atoms along the nanotube

axis were calculated for all the conformations obtained. The dependences of various components of the potential energy

of the nanosystem (total, Van der Waals, electrostatic, as well as torsion angles of the polypeptide) were also calculated

when changing the conformational structure of the polypeptide inside the carbon nanotube.
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FIG. 2. Dependences of the potential energy of torsion (dihedral) angles (a), van der Waals (b), elec-

trostatic (c) and total potential energy (d) of a single polypeptide inside a carbon nanotube as the center

of mass of the macrochain moves away from the center of the nanotube along the axis at pH≈6–8

FIG. 3. Radial dependences of the average density of atoms of a single polyglutamate macrochain

inside a carbon nanotube at the end of the simulation for different values of pH: a) from 3.22 to 4.3, b)

from 4.3 to 6–8

3. Results

3.1. Conformational changes of a single polypeptide macrochain inside a carbon nanotube with pH changes

Figures 1a,b show a single macromolecule of a polypeptide consisting of 100 glutamic acid units after molecular

dynamics simulation inside a carbon nanotube at the isoelectric point pI=3.22. In this case, the Glu0

100
macromolecule

has a zero electric charge overall and is adsorbed on the inner surface of the nanotube. This is in good agreement with

the results obtained in [20–23], where it was shown that the peptide is encapsulated inside a carbon nanotube and this

arrangement of the peptide is the most energetically favorable.

As the pH value increased and the isoelectric point deviated, more and more polyglutamate units acquired a negative

charge. Therefore, due to the increasingly strong repulsion of the links from each other and, accordingly, the increase

in rigidity and persistent length of the macrochain, the polypeptide unfolded more and more (Figs. 1c,d). The macro-

molecule, initially adsorbed quite compactly on the inner surface of the nanotube (Fig. 1a), began to partially stretch

along the nanotube starting from the pH value of pH≈4.3 (Fig. 1e), that is, when half of the polypeptide links became

negatively charged. Starting with the values of the hydrogen index pH≈5, partial decapsulation of the polypeptide from
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FIG. 4. Distributions of the average linear density of atoms of a single polypeptide from glutamic

acid units at the end of the simulation at different values of pH from 3.22 to 4.3 along the axis of the

carbon nanotube. b) Distribution of absolute values of the average linear density of atoms of a single

polyglutamate with increasing distance from the center (z=0) of the nanotube along the axis of the

nanotube at values of pH from 4.6 to 6–8

FIG. 5. Two polyglutamate macromolecules after modeling inside a carbon nanotube after MD simu-

lation at pI=3.22 (a – side view, b – end view, the one shown in red and the second one in blue)

the carbon nanotube to the outside began to occur (Fig. 1f). In the case of an increase in the hydrogen index to pH≈5.8-

8, when all or almost all links of the polypeptide became negatively charged, decapsulation of the polypeptide from the

nanotube occurred (Figs. 1g,h). In this case, the polypeptide was concentrated near one of the ends of the carbon nanotube.

Figure 2 shows the dependences of the potential energy of torsion (dihedral) angles, as well as van der Waals, electro-

static and total potential energy of a single polypeptide of 100 glutamic acid units inside a carbon nanotube as the center

of mass of the macrochain moves away from the center of the nanotube (z=0) at pH≈6-8. The position of the center of

mass of the polypeptide at a distance of 15 nm from the center of the nanotube corresponds to the displacement of the

macromolecule to the edge of the nanotube (Fig. 1g,h). It can be seen that the potential energy of the torsion angles grad-

ually decreases as the polyelectrolyte unfolds and exits the nanotube (Fig. 2a). In this case, the potential energy of van der

Waals interactions during decapsulation of the polypeptide gradually increased (Fig. 2b), which is in good agreement with

the dependence of the energy of van der Waals interactions of the peptide with the carbon nanotube presented in [20, 21].

However, in this case, a more significant decrease in the electrostatic energy of the nanosystem occurred (Fig. 2c), which

made the greatest contribution to the change in the total potential energy of the nanosystem, which also decreased when

the charged polypeptide was shifted to the edge of the carbon nanotube (Fig. 2d). Thus, for the charged macrochain, the

conformation in which the polypeptide was located on the outside at the edge of the carbon nanotube turned out to be

energetically favorable.

Figure 3 shows a comparison of the radial dependences of the average atomic density of a single polypeptide made

of glutamic acid units inside a carbon nanotube at the end of the simulation at different pH values from 3.22 to 4.3

(Fig. 3a) and from 4.3 to 6–8 (Fig. 3b). It is evident that in the range of pH values from 3.22 to 4.3 (Fig. 3a), that

is, from the case of a neutral macromolecule to a half-charged one, the density of polypeptide atoms inside the carbon

nanotube changed insignificantly, since most of the polypeptide units were adsorbed on its inner surface. In this case, a

characteristic maximum of the macrochain atom density is observed near the surface of the nanotube [18], and the radial

distribution curve of the average atomic density of the polypeptide drops to zero at approximately half the radius of the

carbon nanotube. With an increase in the pH value from 4.3 to 6–8 (Fig. 3b), a significant decrease in the density of

polyglutamate atoms inside the carbon nanotube is observed. This is due to the gradual release of the polypeptide from

the carbon nanotube as the pH increases (Fig. 1g,h).

Figure 4a shows the distributions of the average linear density of atoms of a single polyglutamate macromolecule

along the carbon nanotube axis at the end of the simulation at different values of pH in the range from 3.22 to 4.3. It is

evident that at the isoelectric point pI=3.22 the macrochain was concentrated in the center of the carbon nanotube (Fig. 4a,
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FIG. 6. Two macromolecules of glutamic acid units after modeling inside a carbon nanotube at different

pH values: pH≈4 (a), pH≈4.3 (b and c), pH≈5 (d), and pH≈6–8 (e and f). The first polypeptide is

shown in red, and the second one in blue (a, b, d, e – side view, c, f – end view)

zero along the z axis). As the hydrogen index increases, the distribution profile of the average density of polypeptide atoms

along the nanotube axis broadens due to the increase in the rigidity of the macrochain and its stretching along the nanotube

axis.

In Fig. 4b, the distributions of absolute values of the average linear density of atoms of a single polyglutamate are

shown with increasing distance from the center (z=0) along the nanotube axis at pH from 4.6 to 6–8. It is evident that even

at pH≈4.6 the macrochain is concentrated mainly in the center of the nanotube, and at pH≈5.5 most of the polypeptide

links are already shifted to the end of the nanotube, which is associated with the partial exit of the polypeptide to the

outside. At pH≈6–8 the fully charged macrochain is mostly decapsulated and is located at the end of the carbon nanotube,

partially wrapping around it from the outside (Figs. 1g,h).

3.2. Conformational changes of two identical homogeneous polypeptides inside a carbon nanotube with pH

changes

A different picture was observed when two identical macromolecules of homogeneous polypeptides were located

inside the carbon nanotube. At the initial moment of time at the isoelectric point pI=3.22 they were adsorbed on the inner

surface of the carbon nanotube (Fig. 5).

As the pH value increased, the polypeptides gradually became negatively charged, which increased their rigidity and

their unfolding inside the carbon nanotube. At the same time, the charged links of the both polypeptides began to repel
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FIG. 7. Dependences of the potential energy of torsion (dihedral) angles (a), van der Waals (b), elec-

trostatic (c) and total potential energy (d) of two polypeptides from glutamic acid units as a function of

the average deviation of the centers of mass of the polypeptides from the center of the carbon nanotube

along the axis at pH≈6–8

FIG. 8. Total radial dependences of the average density of atoms of two polyglutamate macromolecules

inside a carbon nanotube at different values of pH: a) from 3.22 to 4.3, b) from 4.3 to 6–8

each other more and more strongly, which led to the macromolecules shifting outward to the two opposite ends of the

nanotube (Fig. 6).

Figure 6a shows that even with a small charge of the macrochain and a small deviation from the isoelectric point

(pH≈4), the polyglutamate molecules begin to shift away from each other. And when half of all the polypeptide links

became negatively charged (pH≈4.3), both charged macromolecules shifted to opposite ends of the carbon nanotube

(Figs. 6b,c). A further increase in the pH did not lead to desorption of the polypeptides, but an increasing unfolding of

the macrochains was observed due to an increase in their rigidity with the ends of the polypeptides being thrown out into

the surrounding space. At the same time, the macrochain remained at the ends of the carbon nanotube, partially wrapping

around them (Figs. 6d-f).

Figure 7 shows the dependences of the potential energy of two polyglutamate molecules inside a carbon nanotube

on the average deviation of the centers of mass of the polypeptides from the center of the nanotube along the axis at a

hydrogen index of pH≈6–8. The z axis shows the average absolute value of the distance of the centers of mass of the

polypeptides from the center of the nanotube: at z=15 nm, the polypeptides are at the opposite edges of the nanotube

(Fig. 6e,f). It is evident that the potential energy of the torsion angles, as in the case of a single macrochain, gradually
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FIG. 9. Total distributions of the average linear density of atoms of two polyglutamate macromolecules

along the axis of a carbon nanotube at different values of pH: a) from 3.22 to 4.3, b) from 4.6 to 6–8. c)

Distributions of the linear density of atoms of two polyglutamate macromolecules separately (1 and 2)

at pH≈4

decreased as the polypeptides unfolded and decapsulated from the nanotube (Fig. 7a). At the same time, the potential

energy of van der Waals interactions increased (Fig. 7b). The electrostatic energy of the nanosystem decreased much

more strongly when the polypeptides were shifted to the edges of the nanotube (Fig. 7c), as in the case of a single

polypeptide molecule inside a carbon nanotube. Therefore, the total potential energy of the nanosystem consisting of two

charged polypeptides inside a carbon nanotube also decreased upon their decapsulation (Fig. 7d). Thus, as in the case of a

single polyelectrolyte, the most energetically favorable conformations were those in which the charged polypeptides were

located outside at the ends of the carbon nanotube.

Figure 8 shows the total radial dependences of the average atomic density of two polypeptides from glutamic acid

units inside a carbon nanotube at different pH values. It is evident that while both macromolecules are inside the carbon

nanotube, i.e. at pH values from 3.22 to 4, the curves of the total radial distributions of their atomic density are very

close to each other (Fig. 8a). The radial distribution peaks for the atomic density of the macrochains decreased as the

polypeptides moved outward from the nanotube. (Fig. 8b). At the same time, the radial distributions of the average

density of each of the polypeptides separately at all pH values were similar to each other.

Figure 9 shows the distributions of the average linear density of atoms of two polyglutamate macromolecules at

different pH values along the carbon nanotube axis. At pH<4, the atoms of both macrochains are concentrated in the

central part of the nanotube (Fig. 9a). At pH≈4, the profile of the total linear distribution of the density of polypeptide

atoms spreads out along the entire length of the carbon nanotube (Fig. 9a), while the profiles of the linear density of atoms

for individual polypeptides (Fig. 9c) hardly intersect. The case of the location of polypeptides at different ends of the

carbon nanotube (pH≈4.3) corresponds to separate profiles of the linear distributions of the density of atoms with peaks

at the ends of the nanotube: about −15 nm and +15 nm along the z axis (Figs. 9a,b).

4. Conclusion

When the pH value deviated from the isoelectric point, the single polypeptide macrochain adsorbed inside the carbon

nanotube unfolded more and more and stretched along the nanotube. When all or almost all the polypeptide links became

charged, the polypeptide was decapsulated from the carbon nanotube. Thus, by changing the charge of the links and,

thereby, the rigidity of the macrochain, it is possible to control the release of the polypeptide molecule encapsulated [20,

21] inside the carbon nanotube. When two identical homogeneous polypeptides were located on the inner surface of the
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carbon nanotube, then in case when the pH level deviated from the isoelectric point, they shifted outward to two opposite

ends of the nanotube. In this situation, the release of charged macromolecules from the carbon nanotube began to occur

when half of the amino acid residues of the polypeptide acquired an electric charge, that is, with a significantly smaller

deviation of the pH value from the isoelectric point compared to a single polypeptide. Obviously, further increase in the

number of polypeptides inside the carbon nanotube leads to even stronger repulsion of macromolecules from each other

when the pH level deviates from the isoelectric point. This can cause not only the exit of polypeptides from the central

part of the carbon nanotube to its ends, but also the desorption of macromolecules.

It should be noted that the ends of the carbon nanotube can be oxidized by carboxyl or hydroxyl groups, the presence

of which can worsen both the capillary absorption of the polypeptide and complicate the release of the polypeptide from

the carbon nanotube. The role of foreign ions was also not taken into account in this study.

If the encapsulated polypeptide contains small medicinal or photoactive molecules in the structure of its macrochain

at the isoelectric point, then upon decapsulation of the polypeptide from the carbon nanotube, they can be released from

the carbon nanotube or will be concentrated together with the macromolecule near its ends.

Thus, a nanosystem with one or more polypeptides inside a carbon nanotube can be used as a nanocontainer sensitive

to changes in the pH of the medium. Encapsulation [20, 21] of polypeptides in a nanotube will be carried out at the iso-

electric point, and decapsulation of macrochains will occur at a pH value significantly different from the isoelectric point

characteristic of a certain composition of amino acid residues of the polypeptide. Instead of a homogeneous polypeptide,

any polypeptide with amino acid residues of different types can be used. Since polypeptides with different sets of links

have their own isoelectric point value, then by changing the combination of amino acid residues in the polypeptide, it is

possible to select a pH value corresponding to an acidic, alkaline or neutral medium, at which the substances contained

therein will be released from the carbon nanotube.

In addition, such a nanosystem can be used as a sensor element sensitive to changes in the hydrogen index of the

medium. For example, in a luminescent-optical meter of the concentration of molecular (including singlet) oxygen, the

operation of which is sensitive to changes in the conformational structure of a macromolecular chain in a nanopore or

nanotube, with photoactive molecules (dyes) contained in the structure of the macromolecule [39]. The non-uniform

distribution of photoactive centers associated with the macrochain inside a carbon nanotube has a significant effect on

the kinetics of two-stage photoreactions involving electronically excited dye molecules and oxygen, and the shape of the

pulse signal of delayed fluorescence depends on this [39]. Therefore, a significant change in the conformational structure

of polypeptides together with dye molecules inside a carbon nanotube or nanopore will lead to a change in the shape of

the time dependence of the intensity of delayed fluorescence, which will make it possible to create a molecular oxygen

sensor sensitive to changes in the pH of the environment.
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with NAMD. J Comput Chem., 2005, 26, P. 1781–1802.

[33] MacKerell Jr. A.D., Bashford D., Bellott M., Dunbrack Jr. R.L., Evanseck J.D., Field M.J., Fischer S., Gao J., Guo H., Ha S., Joseph-McCarthy

D., Kuchnir L., Kuczera K., Lau F.T.K., Mattos C., Michnick S., Ngo T., Nguyen D.T., Prodhom B., Reiher W.E., Roux B., Schlenkrich M., Smith
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ABSTRACT Antimony doped SnO2 (ATO) films were prepared on glass substrates by spin coating method at

rotational speeds from 2000 to 3500 rpm. The impact of rotational speed on physical properties of Sb-doped

SnO2 films were reported. XRD profiles of Sb-doped SnO2 films exhibits tetragonal rutile phase structure. The

surface morphology shows homogeneous growth of the films with spherical structure, and an agglomeration

of grains was observed at higher rotational speeds. Sb-doped SnO2 films prepared at 3500 rpm show an

optimum transmittance of 82 % at visible region. The optical bandgap energy of Sb-doped SnO2 films were

increased from 3.23 to 3.46 eV due to Burstein–Moss (B-M) effect. The electrical resistivity of Sb-doped SnO2

films were increased from 2.80 · 10−4 to 3.86 · 10−4 Ω·cm with an increase of rotational speed from 2000 to

3500 rpm.
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1. Introduction

Tin oxide (SnO2) is related to semiconductor of n-type with ∼3.6 eV band gap, high electrical conductivity, and

optical transparency [1,2]. The potential applications of SnO2 include transparent electrodes, gas sensors, photodetectors,

solar cells, etc., [3–6]. The physical properties of SnO2 was influenced by crystallinity, defects which include oxygen

vacancies, surface faults, and interstitials. The properties of SnO2 can be varied with different conditions of synthesis

methods, controlling the crystallite size, preferred crystalline growth, dopants, surface morphology, shape, and size dis-

tribution. The selection of the proper dopant in the host lattice will modify the parent system microstructure, affecting the

structural, optical, and electrical properties [7–10]. Various dopants such as Cu [11], Mg [12], Sb [13] have been used

to tune the properties of SnO2. Among these dopants, n-type doping of Sb3+ leads to enhancement in the conductivity,

preferably substitutional cations in the Sn4+ site, which releases electrons leads to an increase of electron density in the

conduction band (CB) [14]. Sb3+ state can occupy interstitial sites of SnO2 lattice because Sb3+ (0.74 Å) had a larger

ionic radius compared to Sn4+ (0.69 Å) causing a larger number of dislocations [15].

Among the several preparation methods RF/DC magnetron sputtering [16], spray pyrolysis [17,18], sol-gel [19], and

SILAR [20] for doped SnO2. The versatile sol-gel spin coating method offers many notable benefits, such as deposit-

ing at lower temperatures, precise stoichiometry control, cost-effectiveness, deposit across the wide areas, and uniform

film growth. The present work aims to study the rotational speed effect on comprehensive analysis of microstructural,

morphological, optical and electrical properties of Sb-doped SnO2 films.

© Subramanyam D., Rajesh Kumar B., Chandrasekhara Reddy K., 2025
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2. Experimental details

Sb-doped SnO2 (ATO) films was synthesized using the chemicals SnCl2·2H2O, SbCl3, and 2-methoxy ethanol as a

precursor, dopant, and solvent. First, 0.2 M of SnCl2·2H2O and 0.05 M of SbCl3 were mixed in 50 ml distilled water

individually, and then solutions were mixed at 350 rpm for two hours at 80 ◦C. The precursor solution with a volume

and molar ratio of [Sb]/[Sn] is 5:95 and 5 %, respectively. The monoethanolamine is used as a stabilizer and added at

5 ml/minute drop rate until a clear homogeneous solution with a pH of 9.2 is resulted. The final solution was aged for

48 hours to form a sol-gel.The final gel solutions was spin coated by using a spin coater (spinNXG-P1A, Apex Instruments

Co. Pvt. Ltd, India) on glass substrates of size 2.5× 2.5 cm2 with varying rotational speeds from 2000 to 3500 rpm. The

spin-coated samples was subsequently annealed under air atmosphere at 250 ◦C for 10 min. Film thickness uniformity was

evaluated by spectroscopic ellipsometry (J.A. Woollam, SE-Alpha, wavelength: 380 – 900 nm, 70◦ incidence; B-spline

model, spot ∼0.5 mm). A 9-point radial map (center, 4 mid-radius, 4 near edge) showed values ranging from 140 ± 1.8
to 235 ± 2.1 nm. X-ray diffraction patterns of ATO films were recorded using Cu Kα radiation (λ = 1.5406 Å) at 2θ =

10 – 80◦ with a step size of 0.02◦ and a scan speed of 2 ◦/min. The surface morphology of ATO films were examined

by SEM (Ultra 55, Karl Ziess) and topographic images by AFM (Model-Bruker Dimension Icon). XPS (Axis Ultra-165)

is employed for elemental analysis of ATO films. The wavelength range from 200 to 2500 nm was used to measure the

optical transmittance using double beam UV-VIS-NIR spectrometer (Model-Hitachi U-2900). The electrical properties of

the ATO films were examined by four probe method with Keithley 2450 source meter.

3. Results and discussion

3.1. Film thickness variation with rotational speed

It is noticed that the film thickness decreased from 235 to 140 nm with the rise in rotational speed from 2000 to

3500 rpm as shown in Fig. 1. The centrifugal force on the solution increases with rotational speed increases and casts

away the surplus solution to form a uniform film. The thickness of the films is inversely proportional to the rotational

speed. Generally, the solutions with low viscosity will make more liquid to radial outflow and driven out from the substrate

due to centrifugal force leading to thinner film.

FIG. 1. Plot of film thickness with rotational speed

3.2. Structural properties

The XRD patterns of ATO films prepared at 2000, 2500, 3000, and 3500 rpm is illustrated in Fig. 2. All the peaks

were matched to tetragonal cassiterite structure of SnO2 according to the reported data in the JCPDS file no. 41-1445. No

additional peaks was noticed in the spectra. The dominant spectra peaks correspond to planes (1 1 0) and (1 0 1) of Sb-

doped SnO2. It is observed from Fig. 2 that the intensities of diffraction peaks decrease with the rise in the rotational speed

because the peak intensity is proportional to the film thickness [21]. Using the Debye–Scherrer relation [22], crystallite

size reduced from 34 to 25 nm with the rise in spinning speed from 2000 to 3500 rpm. The decrease in crystallite size with

increasing rotational speed can be attributed to the lattice stress arising from the ionic radius difference between Sn4+

(0.69 Å) and Sb3+ (0.74 Å) [23]. Sb3+ had a greater ionic radius when compared to Sn4+ it can be able to occupy at

interstitial sites of the SnO2 lattice which results in more dislocations. Sn4+ to Sb3+ replacement at lattice sites has the

potential to enlarge the lattice due to the greater ionic radius. The lattice constants (a and c) and unit cell volume increase

linearly with rotational speed in Sb-doped SnO2 due to substitution of Sn4+ by larger Sb3+ ions. Similar results were

observed in the previous literature ATO thin films [24, 25].

The dislocation density δ = [1/D2], internal stress σ = E · ⟨ε⟩ (SnO2 – Young’s Modulus, E ∼ 200 GPa), and

energy density strain Ed = [0.5 · E⟨ε⟩2] of ATO films were estimated [26] and reported in Table 1. The dislocation

density of ATO thin films increased from 0.86 · 1015 to 1.60 · 1015 nm−2 with the rise of rotational speed from 2000 to
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FIG. 2. XRD patterns of ATO films

3500 rpm due to grain boundary enhancement and reduced crystallite size. Other researchers also observe a similar trend

in the coloration of ATO films [27, 28].

TABLE 1. Microstructural parameters of ATO films

Microstructural parameters 2000 rpm 2500 rpm 3000 rpm 3500 rpm

FWHM, β (◦) 2.39 2.61 2.83 3.26

d-value (nm) 0.3356 0.3375 0.3413 0.342

Lattice constant, a (nm) 0.4746 0.4773 0.4826 0.4837

Lattice constant, c (nm) 0.3216 0.3232 0.3226 0.3281

Volume, V = a2c (Å)3 72.46 73.65 75.14 76.77

Crystallite size, D (nm) 34 31 28 25

Microstrain, ε (line−2m−4) 1.014 1.108 1.202 1.385

Dislocation density, δ · 1015 (nm−2) 0.86 1.04 1.28 1.60

Stress, σ (GPa) 2.03 2.21 2.4 2.77

Strain energy density, Ed · 106 (J·m−3) 10.29 12.28 14.45 19.19

Cassiterite SnO2 had a tetragonal rutile structure belongs to P42/mnm (136) space groupand D14
4h symmetry. The

atomic positions u, c/a, apical and equatorial (d1 and d2) distances of Sn–O in the unit cell of ATO films were calculated

from the following equations

d1 =
√
2 ua, (1)

d2 =

√

2

(

1

2
− u

)2

· a2 +
( c

2

)2

, (2)

where u represents the O2− ions position at ±(0.5 + u, 0.5 − u, 0.5) and ±(u, u, 0) [29, 30]. If c/a = 2u, the Sn4+

cation had bond with O2− anion in tetragonal configuration [31]. The basal angle (θ) was determined from the relation
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cos θ =
[

a2(1− 4u+ 8u2)− 1
]

/
[

c2 + 4a2(0.5− u)2 + 4a2u2
]

[32]. The variation in the d1, d2 values indicates more

distorted octahedron symmetry, and the basal angle (θ) decreases with Sb3+/Sn4+ ions substitution. The obtained values

of d1, d2, and θ for Sb-doped SnO2 films at various rotational speeds were reported in Table 2.

TABLE 2. Apical and equatorial (d1 and d2) distances, internal parameter (u), and basal angle (θ) for

ATO films

Rotational

speed (rpm)

Interna

parameter, u
Apical

distance, d1 (Å)

Equatorial

distance, d2(Å)

Basal

angle (θ)

2000 0.3389 2.274 1.938 24.09

2500 0.3386 2.285 1.950 23.96

3000 0.3342 2.281 1.970 23.79

3500 0.3392 2.320 1.975 23.63

3.3. Compositional analysis

XPS was used to analyse the presence of chemical elements in the ATO films. The XPS full survey spectrum in

the range of electron binding energies from 0 to 1350 eV for ATO film prepared at the rotational speed of 3000 rpm is

illustrated in Fig. 3(a) The peaks corresponding to Sn (4d), C (1s), Sn (3d), O (1s), Sn (3p), Sn (3s), and Sb (3d) exhibit in

the XPS spectrum. The C element might be from hydrocarbons during the synthesis process. The two peaks observed at

487.1 and 495.5 eV binding energies were related to Sn 3d5/2 and Sn 3d3/2 orbitals as illustrated in Fig. 3(b). The distance

between two peaks is ∼8.4 eV, which is assigned to the Sn lattice ion in SnO2, similar to the previous reports [33,34]. The

XPS peaks at 531.4 and 542.1 eV is assigned to the trivalent states Sb 3d5/2 and Sb 3d3/2 as illustrated in Fig. 3(c) [35–37].

The XPS spectrum of O 1s is shown in Fig. 3(d). The XPS peak at 531 eV towards higher binding energy side of O 1s

spectra is assigned to adsorbed oxygen species [38, 39].

FIG. 3. XPS:(a) wide spectra, (b) Sn 3d, (c) Sb 3d , (d) O1s spectra of ATO film

3.4. Surface morphological studies

SEM images of ATO films prepared by varying rotational speeds from 2000 to 3500 is shown in Fig. 4. The surface

morphology shows a dense homogeneous surface with small grains of aggregated form. The film morphology at 3000 and

3500 rpm shows an even surface of small spherical grains. The SEM images reveals that these grains are packed closely,

and smaller particles consists of large surface free energy which tends to agglomerate to form enlarged grains.
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FIG. 4. SEM images of ATO films prepared at (a) 2000, (b) 2500, (c) 3000, and (d) 3500 rpm

AFM micrographs (5× 5 µm2) displaying the surface topography of ATO films were shown in Fig. 5. The thin film

samples exhibit without crack surfaces and agglomerated grains. At the higher rotational speeds many valleys and hills

appeared indicating well-segregated grains. The surface roughness parameters such as Ra, Rq , Rku, and Rsk were listed

in Table 3. However, the surface skewness of ATO films is positive which indicates the presence of numerous bumps. The

films prepared at higher rotational speeds had rough surfaces lacking grain growth. The surface roughness varied with

increasing rotational speed due to grain size reduction, and strain arising during the grain growth. The reduced grain size

degrades the crystallinity of films which confirmed with XRD analysis.

TABLE 3. AFM roughness parameters of ATO films

Rotational

speed (rpm)

RMS roughness,

Rq (nm)

Average

roughness, Ra(nm)

Kurtosis,

Rku

Skewness,

Rsk

2000 14 11 0.63 2.33

2500 12 9 0.34 3.54

3000 11 8 0.49 2.98

3500 10 7 1.22 2.41

3.5. Optical properties

The optical transmittance spectra of ATO films prepared at different rotational speeds is shown in Fig. 6(a). The op-

tical transmittance increases with increased rotational speed due to reduced film thickness from 235 to 140 nm. A smaller

number of photons are being absorbed due to the decrease in thickness of the films, enhancing the film transparency. The

increase in optical transmittance is due to the reduction in light scattering. The bandgap energy (Eg) of ATO films is

determined from the Tauc’s relation [40]:

(αhν)2 = A(hν − Eg)
1/2, (3)

where α is the absorption coefficient, hν is the photon energy and constant A depends on the transition nature. The

linear portion of Tauc’s plot (αhν)2 against hν shown in Fig. 6(b) exhibits bandgap of ATO films. It was noticed that

Eg increased from 3.23 to 3.46 eV with the rise in spinning speed because of Burstein–Moss (B-M) hypothesis. The

optical absorption shifts towards the higher energy which is proportional to free-electron density. The fact that the light
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FIG. 5. AFM (2D and 3D) images of ATO films prepared at (a) 2000, (b) 2500, (c) 3000, and (d) 3500 rpm
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absorption shifting towards the lower wavelengths with increasing rotational speed makes the films advantageous for its

optical applications in the UV region. Similar behavior is reported by Abhijit A. Yadav et al. [41] for antimony-doped

SnO2 thin films. The optical band gap variation can be explained by B-M effect as a function of carrier concentration is

given as [42]:

∆EBM
g =

h2

8m∗

e

(

3

π

)2/3

n2/3, (4)

where h, m∗

e , and n represents the Planck constant, effective electron mass, and carrier concentration. The carrier con-

centration of ATO films were decreased from 4.44 · 1020 to 3.64 · 1020 cm−3. The decrease in carrier concentration is due

to enhanced grain boundary density and comparable with AFM results [43].

The edge potentials of the conduction and valence band (ECB and EV B) of ATO thin films is determined from the

relations [44]

EV B = χ− Ee + 0.5Eg, (5)

ECB = EV B − Eg, (6)

where χ (for SnO2 ∼6.24 eV) represents electronegativity. Ee (∼4.5 eV) is the free electrons energy. The EV B values

for ATO films prepared at 2000, 2500, 3000, and 3500 rpm are obtained as 3.355, 3.39, 3.44, and 3.47 eV, whereas the

ECB values are 0.125, 0.09, 0.04, and 0.01, respectively.

FIG. 6. (a) Optical transmittance spectra and (b) Tauc’s plot of ATO films

3.6. Electrical properties

The rotational speed effect on carrier concentration (n), electrical resistivity (ρ) and mobility (µ) of ATO films is

summarized in Fig. 7. The electrical resistivity of ATO films was increased from 2.80 · 10−4 to 3.86 · 10−4 Ω·cm with

an increase of rotational speed from 2000 to 3500 rpm due to reduced carrier concentration. The increase in the electrical

resistivity values with an increase of rotational speed or decrease in film thickness was previously reported by Shihui Yu

et al. [45]. The mobility of ATO films decreased from 50.3 to 44.5 cm2V−1s−1 with an increase in rotational speed due

to the domination by the surface scattering-limited mechanism.

4. Conclusions

Sb-doped SnO2 thin films were successfully synthesized using the sol-gel spin coating method at different rotational

speed ranges from 2000 to 3500 rpm. XRD patterns of ATO films exhibits tetragonal rutile phase with a preferred

orientation along (1 0 1). The crystallite size decreased from 34 to 25 nm with an increase of rotational speed. The surface

morphology of ATO films exhibits dense grains in agglomeration form. The optical transmittance of ATO films increases

with an increase of rotational speed due to the decrease in the film thickness. The enhancement in the optical band gap

energy from 3.23 to 3.46 eV with the rotational speed is due to the reduction in the density of defect states. The electrical

resistivity of the ATO films increases from 2.80 ·10−4 to 3.86 ·10−4 Ω·cm with increasing rotational speed would degrade

the carrier mobility of the films. The decrease in mobility of ATO films with rotational speed may be due to grain size

reduction and enhancement in the grain boundary scattering. The ATO films prepared at higher rotational speed can make

them suitable to be used as a transparent electrodes for the optoelectronic devices.
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FIG. 7. Dependence of carrier concentration (n), electrical resistivity (ρ), and mobility (µ) of ATO films
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ABSTRACT Reduced graphene oxide/Manganese selenide @Poly-N-methyl pyrrole (RGO/MnSe@P-NMPy)

polymer nanocomposite are synthesized via chemical oxidative in-situ polymerization process. The RGO/

MnSe@P-NMPy polymer nanocomposite was examined using FTIR spectroscopy, UV-Visible, XRD, TEM and

electrochemical investigations in addition to FESEM with EDAX. The methanol oxidation reaction in basic en-

vironments was validated using the cyclic voltammetry method. The RGO/MnSe@P-NMPy polymer nanocom-

posite electro-catalyst shows excellent electrocatalytic activity, lower oxidation potential (0.1 V), improved cur-

rent density (96 mA/cm2), and excellent stability towards methanol oxidation reaction (MOR) in basic medium.

It was observed RGO/MnSe@P-NMPy nanohybrid electrocatalyst, the ECSA value is 183.7 m2/g. This result

clearly depicts that RGO/MnSe@P-NMPy polymer nanocomposite electro-catalyst has more active sites for

MOR reaction. Chronoamperometry was utilized to show that, in comparison to the other nanocomposite, the

existence of RMP polymer nanocomposite enhanced stability (1000’s) and produced higher current densities

(27.71 mA/cm2) for methanol oxidation. According to the results, the P-NMPy introduction in RGO/MnSe struc-

ture can enhance the performance of methanol oxidation and increase the resistance to CO in comparison

with mono metallic catalyst. This study makes the case for the potential development of high-performance,

inexpensive catalysts for energy storage, conversion and useful uses.

KEYWORDS RGO, MnSe, Poly-N-methyl pyrrole (P-NMPy), RGO/MnSe@P-NMPy (RMP), current density,

methanol oxidation reaction (MOR)
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1. Introduction

Graphene oxide layers undergo reduction to eliminate oxygen functional components, which increases the material’s

electrical conductivity, this results in RGO. For the effective reduction of GO, reducing agents such sodium borohydride,

hydroquinone, hydrogen sulphide, and hydrazine hydrate have been utilised extensively [1]. There has been a lot of

interest in the optical, electrical power and transport properties of transition metal dichalcogenides and chalcogenides [2].

One of the carbon-based materials that have been extensively studied is oxide of reduced graphene (RGO), due to its

exceptionally large surface area, chemical stability, and excellent electrical conductivity. Transition-metal chalcogenides

MXn (where X is one of S, Se, or Te and M is a transition metal) generated a lot of fascination owing to their unique

optical, magnetic, and electrical characteristics [3–5]. For modifying the characteristics and improving the performance

of nanocrystals (NCs) in a wide range of applications, such as solar cells [6], electro-catalysts, spintronic devices, and

biological labelling, it has always been thought that control over the NCs’ size and shape is essential. Therefore, research

into the production and manipulation of MnSe2 at the nanoscale has garnered a great deal of interest [7, 8]. One crucial

component of the first row of transition metals is manganese. Manganese compounds are valuable electrode materials due

to their inexpensive cost, high operating voltage, good natural abundance, and environmental friendliness. Recent years

have seen research on manganese selenide for magneto optical devices, super capacitive behavior, battery applications
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and thermoelectric properties [9]. The electrochemical performance should therefore be enhanced by attaching MnSe on

RGO.

There are two main approaches to enhance catalysts: either by making electro-catalysts more intrinsically active or

by enhancing the amount of active sites on the electrode surface [10]. The catalytic activity of MOR may be substantially

enhanced by the combined action of Ni and WC species. Incorporating hetero atoms is an effective method for enhancing

the intrinsic activity of catalysts [11]. The microstructure engineering of the electrical and crystal structures can be

changed by doping foreign materials into the bulk catalysts [12]. The adsorption and desorption capabilities of the

reaction intermediates would change as a result of the dislocations in the initial lattice and the local electron redistribution

caused by the heteroatoms’ distinct atomic radii, thus altering the catalytic performance [11, 13]. One process that has

been extensively studied for creating hydrogen from alcohols (methanol) is methanol electro-oxidation into hydrogen and

carbon dioxide.

Numerous compounds based on carbon have been found that enhance the cost-effectiveness and catalytic activity

of methanol oxidation [14]. Generally speaking, the anode catalyst has strong stability, high toxin tolerance, and high

electro-catalytic activity, all of which greatly contribute to the high MOR efficiency. Recent research has categorized

exceptional electro-catalysts as nanoparticles possessing a high specific surface area, excellent electrical conductivity, and

remarkable durability even under severe electrochemical conditions [15–17]. In addition the enhanced polarization of the

MnSe interface, RGO/MnSe interface and P-NMPy/MnSe interface can possibly be the source of the EA enhancement

seen in our work. As far as we are aware, no prior research on the RGO/MnSe@P-NMPypolymer nanocomposite has

been published. In this work, a straightforward chemical oxidative polymerization technique has been used to successfully

manufacture the triple-component nanocatalyst, RGO/MnSe@P-NMPy. When all three components are incorporated to-

gether, new electrode materials with dramatically better electrochemical features are produced. Furthermore, increasing

the active surface area and electrical conductivity of catalysts is required to enhance their performance. When com-

pared to P-NMPy/MnSe, RGO/MnSe and MnSe electro-catalysts, the RGO/MnSe@P-NMPy nanohybrids significantly

outperform them in alkaline media for the methanol oxidation reaction (MOR), exhibiting greater reactivity and stability.

2. Experimental section

2.1. Materials and nethods

2.1.1. Synthesis of MnSe nanoparticles. In a beaker, ethylene glycol, hydrazine hydrate, and double-distilled water were

combined in a 3:1:7 ratios. Using a magnetic stirrer, the mixture was stirred for thirty minutes. One gram of MnCO3 salt

was added, and the mixture was agitated for a further thirty minutes to aid in dissolving. The mixture was then refluxed

for three hours at 90 ◦C after 0.5 g of Na2SeO3 powder was added. The mixture was vacuum-filtered and then rinsed with

ethanol and double-distilled water when a black precipitate formed. The resultant dark residue was then vacuum-dried for

20 minutes and heated in a hot air oven at 60 ◦C for six hours.

2.1.2. Synthesis of P-NMPy decorated MnSe binary nanocomposite. For this process, synthetic MnSe was employed.

0.1 g of MnSe was dispersed 30 ml of water with sonicated at 30 mins. 2.48 g of (0.1 M) FeCl3 was dissolved in 30 ml of

(0.1 M)HCl with magnetic stirring for one hour. Then (0.1 M) of N-Methyl Pyrrole was dissolved in 30 ml of HCl(0.1 M)

and stirred under an ice bath for one hour. Following an hour, the solutions of FeCl3 and MnSe were combined with

the monomer solution under an ice bath. The mixture was continuously stirred for 6 hours. After 6 hours, the reaction

mixture was left undisturbed for an additional 12 hours, during which a black-colored residue formed. The black residue

was filtered, and distilled water was used to wash the residue to remove any impurities. To further purify the final product,

it was treated with an appropriate amount of ethanol and then dried in a vacuum oven at 60 ◦C.

2.1.3. Synthesis of RGO decorated MnSe nanocomposite. 0.02 g of synthesized RGO was ultrasonicated at 30 min. At

room temperature, ethylene glycol, hydrazine hydrate, and double-distilled water were combined in a 3:1:7 ratio while

being stirred magnetically. Followed by addition of 0.83 g of MnCO3 salt and 1.12 g of Na2SeO3 were dissolved in 70 ml

deionised water under vigorous magnetic stirring for 30 min to facilitate the dissolution. Dirty color solutions appeared

immediately and get well dispersed status, and then the mixture was transferred into the round bottom flask. The RGO

solution was added to the above mixture, and then kept under 90 ◦C mantle at 3 h. Following filtration, the precipitate

was rinsed with an appropriate volume of ethanol to further purify it. Subsequently, the purified precipitate was dried in a

vacuum oven at 60 ◦C.

2.1.4. Synthesis of RGO/MnSe@P-NMPy ternary polymer nanocomposite. The synthesized RGO/MnSe was used for

this reaction.0.1 g of RGO/MnSe was dissolved 30 ml of water with sonicated at 30 mins. 2.48 g (0.1 M) of FeCl3 was

dissolved in 30 ml of (0.1 M) HCl with magnetic stirring for one hour. Then (0.1 M) N-Methyl Pyrrole was dissolved

in 30 ml of HCl (0.1 M). This mixture was stirred under ice bath for one hour. After one hour the FeCl3 solution and

monomer solution was combined with the RGO/MnSe solution. The combined solution was continuously stirred under

an ice bath for 6 hours. After completing the reaction, the resulting mixture was permitted to entirely polymerize for

12 hours, and the residue was vacuum-filtered out. Double-distilled water and ethanol were used to wash the precipitate.
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After washing, the precipitate was air dried for 20 minutes. Finally, the precipitate was heated in a hot air oven at 60 ◦C

for 6 hours to complete the drying and purification process.

2.2. Characterization

Computer controlled Thermo Scientific Instrument with iD Transmission (Model P4600) was used to record the

FTIR spectra, which was then followed by the KBr pellet method. Photoluminescence (PL) Spectra of the samples were

recorded on a spectrofluorometer (JASCO, FP8300). The computer controlled XRD system JEOL IDX 8030 was used

to record the X-ray diffraction of samples. EDAX and FESEM measurements were carried by JEOL JSM-6700F field

emission scanning electron microscope. The atomic force microscopy was completed with Nanosurf easy2scan B02218

profilemeter; a sharp cantilever tip interacts with the sample surface sensing the local forces with the molecules and tip.

TEM (High Resolution with EDX). FEI-TECHANAI T20. The electrochemical behaviors of nanocomposite have been

investigated through CH-Instrument INC., TX, USA.

3. Results and discussion

3.1. Spectroscopic studies

Using UV-visible spectroscopy, the development of the RGO/MnSe@P-NMPy nanocomposite has been investigated.

The absorbance was measured between 200 to 800 nm. The π-π* transition may be connected to the peak in the MnSe

at 285 nm shown in Fig. 1(a). As can be seen, the UV-Vis absorption spectra of P-NMPy using MnSe nanocomposite

material. The figure unequivocally demonstrates that the three prominent peaks in both absorption spectra located at 293,

361 and 566 nm are caused by the π-π* and n-π* transitions. Compared to pure MnSe, there is a larger wavelength shift

at 293 nm when MnSe nanoparticles are introduced to P-NMPy chains. The transitions involving the highest occupied

molecular orbital (HOMO) and the lowest unoccupied molecular orbital (LUMO) in conducting polymers are generally

denoted as π* and π, respectively [18]. The absorption peaks at 361 and 566 nm correspond to the polaron-π* transitions

observed in P-NMPy and MnSe/P-NMPy structures, respectively [19]. The production of RGO/MnSe hybrid nanomaterial

is depicted in figure. It is noted that absorbance bands, characteristic of RGO and MnSe surface plasmon resonance band,

occur at 302 nm, suggesting the formation of MnSe nanoparticle of the RGO [20, 21]. Due to the oxidised condition of

P-NMPy, two tiny absorption peak in the 470 – 598 nm regions are responsible to the bipolaron transition [22]. P-NMPy

was identified to lead to a red shift in the absorption band, which indicated a reduction in the electronic transition’s band

gap.

The FT-IR spectra of MnSe, P-NMPy/MnSe, RGO/MnSe and RMP nanocomposite, which were acquired from the

materials, are displayed in Fig. 1(b). FTIR spectroscopy was employed to analyze the functional groups found in the

generated samples across the spectral range from 4000 to 500 cm−1. The vibrations of Mn–Se have been attributed to

the high frequency modes at 604 and 529 cm−1 [23]. When the concentration of the inorganic filler (MnSe) rose, the

band found that the band at 2924 and 2362 cm−1 for MnSe were significant. Owing to the water molecules adhered to the

materials layer, the large absorption at 3422 cm−1 is attributed to the O–H stretching vibration mode. The P-NMPy/MnSe

spectrum was illustrating the absorption frequencies, which support the creation of P-NMPy as a result of the identified

distinctive peaks. The broad peak in the P-NMPy spectra at 3421 cm−1 is caused by the N–H stretching vibration. The

band at 1638 cm−1 was found to be C=C and C–C stretching of the P-NMPy rings. For C–N and C–C, band at 1448 cm−1

was attributed to P-NMPy ring stretching vibration, while the peak at 1384 cm−1 was assigned to plane distortion. The

peak 1050 cm−1 was associated with the distorted vibrations of C–H and C–N [24]. Two vibration peaks at 1161 and

880 cm−1 were identified as the stretching peaks of P-NMPy, and the polymerization of pyrrole was suggested by the

=C–H out of plane vibration [23, 25]. The existence of the band at 772 cm−1 indicated the presence of polymerized

pyrrole [23]. Because of the significant interaction between P-NMPy and MnSe, the P-NMPyat 1161 and 1050 cm−1

shift to lower wave numbers. Lower wave numbers are shifted by the P-NMPy at 1161 and 1050 cm−1 due to the

substantial interaction between P-NMPy and MnSe. These findings provide strong validation for the fabricated MnSe/P-

NMPy nanocomposite materials.

The RGO/MnSe was observed at 3422 cm−1 indicates O–H bonding. C=C stretching vibration of RGO can be

seen at 1628 cm−1. The C–O stretching vibrations of carboxyl and alkoxy groups are denoted by the peaks located at

1448 and 863 cm−1, respectively [26]. The FTIR spectrum shows peaks for RGO, MnSe, and P-NMPy, indicating that

these components have successfully integrated into the structure of the nanocomposite. This accomplishment in synthesis

shows that the ternary (RGO/MnSe@P-NMPy) polymer nanocomposite and binary (RGO/MnSe) nanocomposite have

been effectively fabricated, with each component providing its unique spectrum characteristics. Consequently, the peaks

observed in the FTIR spectrum serve as strong evidence of the successful synthesis and integration of RGO, MnSe, and

P-NMPy into the polymer nanocomposite, confirming the desired composition and structure of the material.

The XRD pattern displayed in Fig. 1(c) depicts the crystal structures of the material. The prominent peak in the XRD

image of pure MnSe is displayed in the figure, which corresponds to the (111), (210), (200), (220), (023), (321), (400),

and (420) reflection peak, at 2θ = 19.01◦, 23.58◦, 29.77◦, 31.39◦, 41.46◦, 43.68◦, 45.44◦ and 51.74◦. Crystallographic

planes depicts an RS type MnSe crystal structure (JCPDS-270311) [27]. The MnSe crystalline size was calculated to be
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19 nm. The P-NMPy/MnSe polymer nanocomposite has five peaks, which are defined by the planes (111), (200), (310),

(311), and (321) at 2θ = 23.66◦, 29.73◦, 43.73◦, 45.42◦ and 51.89◦. The average size of the P-NMPy/MnSe crystallite

is 16 nm. The RGO/MnSe nanocomposite was estimated to be 23.85◦, 30.08◦, 31.69◦, 41.67◦, 43.88◦, 45.65◦, 52.03◦

and 55.88◦ are attributed to (111), (200), (211), (220), (221), (321), (310) and (311) illustrates the crystaline seen in

the figure. The RGO/MnSe nanohybrid was determined to be 12 nm. In the equivalent lattice plane of (111), (210),

(200), (222), (320), (321), and (331), the RGO/MnSe@P-NMPy polymer nanocomposite displays peaks at 2θ=20.19◦,

23.46◦, 29.73◦, 41.36◦, 43.63◦, 45.28◦, and 51.71◦. In the RGO/MnSe@P-NMPy nanohybrid material, the inclusion of

RGO improved the MnSe crystal structure and decreased the peaks of selenium impurities. The RMP nanocomposite

was discovered to have an average crystalline size of 10 nm. The active peak indicates the excellent crystalline clarity

of MnSe. The connection between RGO, MnSe and P-NMPy polymer matrix is further confirmed by the variation in

diffraction intensity.

FIG. 1. a) UV-Visible spectra; b) FT-IR spectra and c) XRD patterns of MnSe, P-NMPy/MnSe,

RGO/MnSe and RGO/MnSe@P-NMPy polymer nanocomposite

3.2. Morphological study

FESEM depicts of MnSe, RGO/MnSe, P-NMPy/MnSe and RMP polymer nanohybride are displayed in Fig. 2.

The result shows pure MnSe has a structure resembling a crystal. The P-NMPy/MnSe polymer nanocomposite showed

sphere-like structure. It suggests that MnSe nanoparticles are evenly distributed across the P-NMPy’s crumpled surface.

The infected RGO in the RGO/MnSe nanomaterial was found to prevent the MnSe nanoparticles from clumping together

as demonstrated in the figure. The RGO/MnSe nanocomposite exhibits a multilayer structure including a small quantity

of micro nanoplates. P-NMPy was dispersed unifor mly across the RGO and MnSe nanocomposite. The RMP polymer

nanocomposite revealed excellent dispersion as well as random distribution of NPs in the host polymer matrix indicating

the formation of closely-packed uniform network structure. These nanoparticles were successfully mixed and dispersed

unifor mly. The elemental mapping of selected area in RMP polymer nanocomposite was done by FESEM equipped

with energy dispersive X-ray spectroscopy (EDX) mapping to verify the distribution of the elements (C, O, N, Mn and

Se) and the obtained results (Fig. 3(a)) reveal good distribution of elements throughout the material. The synthesized

RGO/MnSe@P-NMPy polymer nanocomposite is found to have a maximum atomic percentage of C and a minimum

value of Se, Mn, O, and N, which confirmed the formation of the RGO/MnSe@P-NMPy polymer nanocomposite. Table 1

displays the atomic composition of the RGO/MnSe@P-NMPy polymer nanocomposite.

The microstructure of RMP nanohybrid was studied by TEM shows in Fig. 4 (a and b). Polymer was indicated by

the black spot of the RGO layer. The nanoplates shape and uniformity remain disturbed by the incorporation of P-NMPy
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FIG. 2. FESEM images of MnSe, P-NMPy/MnSe, RGO/MnSe and RGO/MnSe@P-NMPy polymer nanocomposite

FIG. 3. Elemental mappings C, O, N, Mn and Se of RGO/MnSe@P-NMPy polymer nanocomposite
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TABLE 1. Atomic composition of RGO/MnSe@P-NMPy polymer nanocomposite

Sample Element Atomic %

RGO/MnSe@Poly-N-methyl

pyrrole nanocomposite

C 69.12

O 21.33

N 2.16

Mn 3.93

Se 3.46

in the RGO/MnSe matrix and its uneven spherical form. The TEM images clearly show that these nanoplates (Fig. 2) got

well-dispersed over the thin graphene sheet, as was mentioned in the FESEM section. These findings are consistent with

the elemental mapping investigations that were subjected to EDX analyses. (Fig. 3). Since P-NMPy was integrated into

the RGO/MnSe matrix; the SAED pattern illustrates the transition from single-crystalline to polycrystalline nature.

FIG. 4. TEM images of (a&b) RGO/MnSe@P-NMPy polymer nanocomposite and c) SAED pattern

3.3. Electrochemical measurements

3.3.1. Cyclic voltammetry activity of the modified polymer nanocomposite electrode. Cyclic voltammograms were used

to examine the electrochemical behavior of MnSe, P-NMPy/MnSe, RGO/MnSe and RMP polymer nanocomposite. Plat-

inum wire electrodes serve as a counter electrode, and the reference electrode is made of Ag/AgCl electrodes. The glassy

carbon electrode (GCE) served as the working electrode for this experiment, it possesses an area of cross section is

0.0314 cm2. Peak separation increases as scan rate increases, indicating the quasi-reversibility of the process of electron

transfer. The peaks are acquired during different scan speeds of 30, 50, 100, 150 and 200 mVs−1. As illustrated in Fig. 5,

modified electrodes were created in 0.5 M KOH. The potential range displayed by the MnSe nanoparticle is −1.2 to 1.2 V.

The chemical nature of the peaks on the cyclic voltammograms measured in KOH solutions, often exhibit oxidation and

reduction peaks. The potential range of 0.54 to 0.80 V, 0.08 to −0.18 and 0.63 to −0.91 V shows three reduction peaks,

whereas the conspicuous peak of the oxidation peak is found at 0.85 to 1.10 V. The rate at which the electron transfer

occurs between the working electrode and the solution redox species. This suggests that the electro chemical process is

highly reversible. For the P-NMPy/MnSe polymer nanocomposites, an appropriate range of −1.0 to 1.2 V was observed.



Incorporating manganese selenide with polymerized reduced carbon sheets... 675

The figure shows one anodic peak at −0.80 to 1.05 V and one cathodic peak with a potential range of 1.11 to 0.38 V. It re-

vealed that in cathodic scan modes, RGO/MnSe nanocomposite display two separate peaks, while in anodic scan modes,

there is only one peak. The range from −0.8 to 1.0 V represents the potential window. The range of the anodic peak

potential is 0.68 to 0.93 V. There are two cathodic peak potential ranges: 0.0092 to −0.33 V and −0.41 to 0.65 V. The

potential range of RMP polymer nanocomposite was found between −1.0 and 1.2 V. One oxidation peak can be observed

in the anodic scan between 1.101 and 0.413 V and in the anodic scan between −0.82 and −1.0 V potential range.

Electrochemically active surface area (ECSA) of catalysts must be calculated in order to compare their electro-

catalytic performance. By measuring the charge collected oxidation area, the ECSA for various catalysts was computed

using the cyclic voltammograms (Fig. 5). Using the double layer capacitance (DLC) electrochemical measurement method

is one frequently used method to determine the surface area. Therefore, a differential capacitance measurement (DCM)

with a limited potential range and variable scan rates is being used. If this test is done in a range where there is no Faradic

response, the resulting differential capacitance equals the double layer capacitance (CDL) [28]. The electrochemical

active surface area (ECSA) can be computed using this capacitance by using the formula

ECSA = CdL/CS. (1)

The ECSA cannot be calculated without the specific capacitance (CS). The ECSA values for MnSe, P-NMPy/MnSe,

RGO/MnSe and RGO/MnSe@P-NMPy polymer nanocomposite were calculated as follows: 69.9, 84.5, 129.2 and

183.7 m2/g, respectively. The value is the optimal flat surface capacitance of the catalyst. Electro-catalysts of methanol

require multiactive centers to catalyze both oxygen reduction reaction (ORR) and oxygen evolution reaction(OER).

This result clearly indicates that RGO/MnSe@P-NMPy polymer nanocomposite has more active sites than other elec-

trocatalysts [26, 29]. The RMP polymer nanocomposite has a substantially higher ECSA value than the other MnSe,

P-NMPy/MnSe and RGO/MnSe values, indicating a higher number of active sites.

FIG. 5. Cyclic voltammetric behavior of MnSe, P-NMPy/MnSe, RGO/MnSe and RGO/MnSe@P-

NMPy polymer nanocomposite in 0.5 M KOH at different scan rate (30, 50, 100, 150 and 200 mVs−1)

3.3.2. Electrochemical impedance measurements. Fig. 6 illustrates the charge transfer resistance of the as-prepared

electrodes in a 0.5 M KOH solution using electrochemical impedance spectroscopy (EIS) curves. Similar semi-circular

arcs were seen in the high frequency area of all EIS graphs, and the radius of these arcs indicates the electrode resis-

tance’s reaction to charge transfer. The electrochemical series resistance (ESR) of the symmetric cells is represented by

the x-axis intercept of the half circle seen in the high-frequency region. The charge transfer resistance (Rct) at the elec-

trode and electrolyte interface was identified as the cause of the arc seen in the high-medium frequency region. When

compared to MnSe, P-NMPy/MnSe and RGO/MnSe, the resistance (Rs) values of the RMP nanohybrid electrodes were

lower, suggesting greater conductivity and better charge transfer. Because the impedance arc width of the RMP polymer

nanocomposite was significantly smaller than that of the other materials, the EIS diagram showed the lowest electrical

transfer resistance. The outcomes demonstrated that RGO/MnSe@P-NMPy polymer nanocomposite was advantageous

to MOR.
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FIG. 6. EIS spectra of RGO, P-NMPy/MnSe, RGO/MnSe and RGO/MnSe@P-NMPy polymer nanocomposite

FIG. 7. Bode plot of phase angle/ degree versues log(freq/Hz) of MnSe, P-NMPy/MnSe, RGO/MnSe

and RGO/MnSe@P-NMPy polymer nanocomposite

3.3.3. Pseudo capacitive behavior. The Bode plot illustrates the Bode phase change with applied frequency. The phase

angle θ can range from 90◦ for a perfect capacitor (n = 1), but it can be 0◦ for a perfect resistor (n = 0) [30]. The

Bode plot (-phase angle (degree) vs. log f (Hz) is shown in Fig. 7. The value of n is obtained by plotting the frequency

against the |Z| plot. The phase angle of 78◦ in the instance of RGO/MnSe@P-NMPy suggests that the material is pseudo

capacitive. These findings imply that the behaviour of the RGO/MnSe@P-NMPy nanocomposite-coated electrode shifts

from that of a pure resistor at high frequencies to that of pseudo capacitors at low frequencies. Bode phase angle of MnSe,

P-NMPy/MnSe, RGO/MnSe and RGO/MnS@PMPyis found to be 67◦, 73◦, 76◦ and 78◦ respectively. It implies to a

pseudo capacitor’s characteristics. Bode phase angle values of MnSe, P-NMPy/MnSe, RGO/MnSe and RGO/MnSe@P-

NMPy nanocomposite are presented in Table 2.

TABLE 2. Bode phase angle for MnSe, P-NMPy/MnSe, RGO/MnSe and RGO/MnSe@P-NMPy poly-

mer nanocomposite

Sl. No Samples Bode phase angle◦

1. MnSe nanoparticles 67

2. P-NMPy/MnSe polymer nanocomposite 73

3. RGO/MnSe polymer nanocomposite 76

4. RGO/MnSe@P-NMPy polymer nanocomposite 78
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3.4. Electrochemical application

3.4.1. Methanol oxidation pathway. As equations (2) and (3) make evident, an essential component of the reaction

process in the oxidation of methanol is the supporting electrolyte. The complete oxidation of methanol in both acid and

base media is a 6 electron oxidation that releases CO2, as indicated by equations (2) for methanol oxidation in acidic

medium and (3) for basic medium:

CH3OH+H2O → CO2 + 6H+ + 6e−, (2)

CH3OH+ 6OH− → CO2 + 5H2O+ 6e−. (3)

The aforementioned equations clearly show that the pH of the supporting electrolyte is critical during methanol

oxidation given the roles that protons and hydroxide ions play in the overall reaction. In each step, several intermediate

organic molecules are transported along with six electrons. Throughout this process, CO is the main poisoning species,

whereas formate and CO2 (as carbonate) are the main dissolved products of the reaction. Studies in the literature indicate

that because cations in solution have been demonstrated to affect reactions, Mn-based catalyst is appropriate for MOR

reactions in alkaline media.

3.4.2. Oxidation of methanol using at various pH medium. As illustrated in Fig. 8, the CV was carried out using

RMP polymer nanocomposite coated GCE in 1.0 M CH3OH, scanning at 100 mVs−1 in the potential range of −1.0

to 1.2 V. The anodic current densities of RMP polymer nanocomposite varied significantly with different pH values;

63 mA/cm2 at pH 1.0, 65 mA/cm2 at pH 4.0, 58 mA/cm2 at pH 7.0, 96 mA/cm2 at pH 9.0 and 61 mA/cm2 at pH 13.0.

These results showed that the RMP polymer nanocomposite (pH 9.0) demonstrates the best conceivable methanol electro-

oxidation efficiency in an alkaline medium [30]. The outcome of MnSe nanoparticles, RGO and P-NMPy is responsible

for the higher electrochemical performance of ternary compound. Notably, Fig. 8 shows that pH 9.0 exhibits the highest

current density and anodic oxidation potential, confirming its superior catalytic activity for methanol oxidation reactions

(MOR) [32].

The electro-catalyst of RGO/MnSe@P-NMPy polymer nanocomposite has higher oxidation peaks at 0.9 V (pH 9) [33].

At this potential, it was proposed that methanol oxidation appears as a moderate increase in current density. These results

clearly show that Mn/Se participates directly in this electro-catalytic methanol oxidation process. In the region around

∼0.9 V, at which only Mn species exist at the electrode surface, a new anodic peak was usually observed with a larger

peak current (96 mA/cm2 at pH 9.0) than that of alkali electrolyte (25 mA/cm2) [34,35]. The height of this peak increases

linearly with the methanol concentration in the solution, showing that it is related to a process involving methanol, in good

agreement [36].

FIG. 8. Cyclic voltammogram of methanol using RGO/MnSe@P-NMPy polymer nanocomposite of

pH 1.0, pH 4.0, pH7.0, pH 9.0 and pH 13.0

3.4.3. Chronoamperometry studies. Chronoamperometric measurements are a valuable technique for assessing catalyst

stability. Modified anodes were subjected to extended tests at lower voltages against an Ag/AgCl electrode in 1.0 M

CH3OH and 0.5 M KOH. Fig. 9 displays chronoamperometry results for each catalyst used in methanol oxidation reac-

tions. These curves illustrate how the initial adsorption of poisoning intermediates causes a rapid decline in current density,

which then stabilizes over time. Notably, due to its higher ECSA (electrochemical surface area) and reduced CO poison-

ing effects, RGO/MnSe@P-NMPy nanohybrid exhibits a slower initial drop in current density and ultimately achieves

a higher final current density compared to other materials [37, 38]. The findings indicate that RGO/MnSe@P-NMPy
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polymer nanocomposite demonstrates superior stability and catalytic efficiency for methanol oxidation, as evidenced by

the highest sustained current density observed in Fig. 9 [39]. The comparison of current density values from the fig-

ures reveals distinct performances: MnSe (13.00 – 0.38 mA/cm2), P-NMPy/MnSe (15.27 – 0.58 mA/cm2), RGO/MnSe

(18.39 – 0.72 mA/cm2), and RGO/MnSe@P-NMPy (27.71 – 0.97 mA/cm2). This analysis underscores the synergistic

impact of RGO/MnSe@P-NMPy polymer nanocomposite, which demonstrates remarkable catalytic activity as our pro-

posed catalyst. The synergistic effect observed in the hybridization of multiple species enhances catalytic performance

by leveraging complementary strengths and compensating for the limitations of individual active sites. This approach is

pivotal in advancing catalyst design for efficient electrochemical processes.

FIG. 9. Chronoamperometric curves of MnSe, P-NMPy/MnSe, RGO/MnSe and RGO/MnSe@P-

NMPy polymer nanocomposite

4. Conclusion

MnSe nanoparticles supported on P-NMPy and RGO surfaces were synthesized using a novel and straightforward

method. These were successfully utilized to modify RMP polymer nanocomposites, creating active electrodes for methanol

oxidation reactions (MOR). One significant characteristic of the polymer nanocomposite is its ability to adopt a spher-

ical shape, which likely contributes to enhanced MOR electrocatalytic activity. This approach suggests potential for

multifunctional electrode applications in electrocatalysis. Characterization analyses confirm that MnSe nanoparticles are

evenly dispersed within the RGO/P-NMPy matrix. The electrocatalytic performance of these catalysts in the oxidation

of methanol (CH3OH) in basic media was extensively studied. The RGO/MnSe@P-NMPy polymer nanocomposite ex-

hibited a notable current density of 96 mA/cm2 when exposed to methanol. The synergistic interaction among MnSe

nanoparticles, P-NMPy and RGO (RMP) polymer nanocomposite significantly enhances their electrochemical and elec-

trocatalytic capabilities. The RMP polymer nanocomposite electro-catalyst demonstrated an ECSA value of 183.7 m2/g,

indicating a high density of active sites crucial for MOR. During chronoamperometric measurements over extended peri-

ods (1000’s), the RMP polymer nanocomposite modified electrode showed a higher initial current density (27.71 mA/cm2)

and a slower decline, ultimately achieving a stable state. This stability and high current density during electrochemical

MOR highlight the superior performance of the RGO/MnSe@P-NMPy catalyst. These attributes underscore the potential

of this catalyst for industrial-scale electrolysis, validated by its high electrocatalytic activity and robust electrochemical

stability in methanol oxidation applications.
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ABSTRACT Iron is a heavy metal found in water due to natural geological sources, household trash, industrial

waste, and numerous by-products. An excessive amount of iron in drinking water can lead to significant health

issues in humans. In the current study, metallic Zn–Se NPs modified with Ag and urea were synthesised

via the sol-gel method and characterised by XRD, FESEM, EDX and FTIR. The synthesised ZnSe:Ag:Urea

nanoparticles were used for the adsorptive removal of iron, a heavy metal, from water. Herein, we have utilised

adsorption technology to extract iron ions from water, considering the toxicity of iron at high concentrations.

Experimental batch adsorption studies were conducted on an aqueous solution containing Fe (III) ions under

various conditions, including temperature, contact time, adsorbent dosage, and initial metal ion concentration.

Results showed that iron adsorption was favourable, with a maximum removal percentage of 89.5 % under

optimal room temperature conditions, optimal adsorbent dosage, and initial metal ion concentration. of 0.1 g/L

and 100 mL, respectively. The iron absorption also reached an equilibrium state within 80 minutes of contact

time by using ZnSe:Ag:Urea as the adsorbent.
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1. Introduction

Clean water is one of the essential requirements for the existence of life on Earth. However, in recent years, the

contamination of water has become a significant problem all around the globe. This is mainly because of industrialisation

and huge population growth spurred by expanding urbanisation, leading to an increase in contamination of water at an

alarming rate [1,2]. Heavy metals, the major water pollutant, pose the most significant damage to human health and the en-

vironment as they are highly poisonous, even at low concentrations. This non-biodegradable material accumulates through

the food chain and destroys aquatic life while posing significant risks to human health [3]. There is a substantial increase

in water pollution due to heavy metals because of the continuous increase in urban and rural industrial and agricultural ac-

tivities such as the preservation of wood and dyes, electroplating, steel production, industrial smelting, sewage irrigation,

textiles, fertilisers, battery manufacturing, construction, pharmaceutical, metallurgical industries, etc. [4]. Heavy metals

like Hg, Cr, As, Zn, Ni, and Cd are highly hazardous to human beings, and exposure to even small amounts of these heavy

metals cause severe damage to human health [5]. These metals naturally infiltrate water bodies as rainwater seeps through

rocks, resulting in the dissolution of trace amounts of metals into the water. This water subsequently flows into larger

water bodies, which are utilized by individuals for various purposes. Iron is one of the metals that is naturally present in

water. It is the fourth most abundant element on the planet, and it holds the second position in terms of abundance within

the earth’s crust [6]. It is present in significant amounts within rocks and soil systems globally. This mineral nutrient is

essential, contributing to the regulation of energy metabolism. Moreover, it serves as a crucial component in hemoglobin,

myoglobin, and various enzymes. Insufficient iron levels in the body can lead to iron deficiency, anemia, fatigue, and

a heightened vulnerability to various infections [7]. Water bodies obtain iron from either natural geological sources or

through the disposal of household waste and industrial discharges [8]. The primary sources of iron in surface water in-

clude pollution originating from the iron and steel industries, as well as mining activities and the corrosion of metals [9].

In addition to surface water, iron is found in groundwater as well. The primary cause of iron’s presence in groundwater
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is the leaching process from iron-rich rocks and minerals [10]. The levels of iron found in both surface and groundwa-

ter range from 3 to 4 mg/L up to 15 mg/L [11]. The concentration of iron in the groundwater of West Bengal, India,

ranges from 2 to 10 mg/L [12]. In the Ganga river, near the Fazalpur industrial area located in the Moradabad district of

Uttar Pradesh, India, iron concentrations have been recorded as high as 6 mg/L [13]. Furthermore, the groundwater in

Assam, an eastern state of India, exhibits significant contamination with high levels of iron [14–16]. It is important to

note that the permissible limit for iron in drinking water is set at 0.3 mg/L [17,18]. While initial concentrations exceeding

this limit may not pose immediate health risks, prolonged consumption of water with elevated iron levels can lead to a

condition known as iron overload [19]. Excessive consumption of iron can result in the disruption of hematopoiesis by

harming both the progenitor cells and the supportive microenvironment necessary for this process. If iron overload is not

addressed, it may progress to hemochromatosis, which can cause damage to various organs in the body [20–25]. The

initial manifestations consist of weight reduction, joint discomfort, and exhaustion. Additionally, ocular conditions like

retinitis, conjunctivitis, and choroiditis, along with cancer and cardiovascular diseases, represent some of the prevalent

health challenges associated with elevated levels of iron in the water [26]. In addition to the aforementioned health-related

concerns, various other issues associated with elevated iron levels in water have been documented. At higher concentra-

tions, this metal contributes to an unpleasant odor, a metallic flavor, and a reddish hue in the water [27]. It also leads to the

formation of stains and streaks on laundry and plumbing fixtures. The accumulation of softeners and pipelines caused by

the precipitation of iron can result in unfavorable conditions within the water distribution systems [28]. Elevated levels of

iron can serve as a substrate for specific bacterial species. The interior surfaces of pipes provide an optimal environment

for these bacteria. Their populations can grow to such an extent that they begin to obstruct pipes, thereby diminishing

the water flow rate within the pipeline. Once these bacterial colonies become established, their removal from the pipeline

poses significant challenges. Additionally, pipelines constructed from iron frequently encounter issues such as punctures

and leaks, as noted in references [28, 29]. The decomposition of these bacteria results in the generation of foul odors and

undesirable tastes in the water supply [28].This calls for the effective treatment of water in order to remove the elevated

levels of iron and produce safe and clean water. A number of methods have been reported in the past for such purpose.

In the present study, ZnSe nanoparticles doped with Ag and functionalized with urea (denoted ZnSe:Ag:Urea) were

synthesized via the sol-gel method and comprehensively characterized by X-ray diffraction (XRD), field emission scan-

ning electron microscopy (FESEM), energy-dispersive X-ray spectroscopy (EDX), and Fourier transform infrared spec-

troscopy (FTIR). Set experiments were conducted to investigate the adsorptive removal of Fe(III) under varying conditions

of temperature, contact time, adsorbent dosage, and initial ion concentration. The synthesized ZnSe:Ag:Urea nanoparti-

cles demonstrated a maximum iron removal efficiency of 89.5 % at optimal conditions – an adsorbent dosage of 0.1 g/L,

solution volume of 100 mL, room temperature, and equilibrium achieved within 80 minutes.

This work aims to (i) validate the synthesis and modification strategy for ZnSe:Ag:Urea nanoparticles; (ii) Assess

their potential as an efficient and regenerable nano-adsorbent for water treatment applications.

2. Experimental details

2.1. Materials

Zinc acetate dihydrate (Zn(CH3CO2)2·2H2O), selenium powder, Silver nitrate (AgNO3), urea (NH2CONH2), hy-

drazine hydrate (N2H6), ethylene glycol (OHCH2CH2OH) and methanol were used in this study. All chemicals, pur-

chased from Merck, India, were used as received and without further purification and were of analytical reagent grade

(> 95 % purity).

2.2. Methodology

Urea and silver modified ZnSe nanoparticles were synthesised by a chemical route called the sol-gel method. In a

typical reaction, 0.5 M zinc acetate solution was prepared by dissolving 1.317 g of zinc acetate dehydrate salt in 12 mL

of methanol, whereas that of selenium(1 M) was prepared by dissolving 0.631 g of selenium in 8 mL of methanol. The

two solutions were sonicated for 30 minutes in an ultrasonic bath, transferred to a 200 mL beaker, and again sonicated

for 30 minutes. Next, the prepared solution was refluxed at 80 ◦C on a hot plate magnetic stirrer for 3 hours. After the

first 10 minutes,10 ml hydrazine hydrate, a reducing agent, and 15 ml ethylene glycol, a stabilising agent, were added

dropwise to the solution. Then, the solution was doped with 50 % silver nitrate and 50 % urea. After about 40 minutes, the

reaction was completed (i.e., the solution was converted into gel) and stirring was stopped. The gel that formed was kept

at a temperature of 80 ◦C to allow the volatile impurities to escape, and a dark-grey coloured xerogel was formed, which

was then washed with deionised water 3-4 times using a centrifuge at a speed of 6000 rpm. Finally, the resultant product

was dried in an oven at 70 ◦C for 24 hours and yielded a dry mass which was crushed in a mortar and pestle to reduce

particle sizes to the nanoscale. Fig. 1. illustrates the detailed Experimental procedure for synthesising the Urea:Ag:ZnSe

nanoparticles.
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FIG. 1. Experimental procedure for the synthesis of the Urea:Ag:ZnSe nanoparticles

3. Results and discussion

3.1. Characterization of Urea:Ag:ZnSe nanoparticles

The synthesised ZnSe nanoparticles were characterised using X-ray diffraction (XRD), Field Emission Scanning

Electron Microscopy (FE-SEM), Fourier Transform Infrared Spectroscopy (FTIR), Energy Dispersive X-Ray (EDX), Par-

ticle Analyzer and Zeta Potential studies. The crystal structure of the sample ZnSe NPs was investigated by XRD using

Smart Lab 3kW X-ray Diffractometer from Rigaku operating at a voltage 40 kV and filament current 30 mA with CuKβ
radiation(λ = 1.392 Å) and scanning rate of 5.0985 deg/min and scan range set from 20◦ to 80◦.The FE-SEM (Gemini

SEM 500 from Carl Zeiss) and ultra dry Compact EDS Detector (Thermo Scientific™) are used for high-resolution imag-

ing and elemental analysis. Energy Dispersive X-Ray Spectra (EDS) was used to identify samples’ elemental composition

and purity by atom percentage of metal, and FE-SEM examination confirmed the surface shape of ZnSe NPs.The phase

composition and molecular structure analysis were done using FTIR (Shimadzu). A lithium tantalate detector, a Perkin

Elmer Spectrum 2 (USA), was used to obtain Fourier-Transform Infrared Spectra in the 400 – 4000 cm−1 range. With a

resolution of 4 cm−1, a single scan produced the spectra to identify and characterise functional groups.

3.1.1. XRD analysis. Powder X-ray diffraction (XRD) investigations were conducted on Ag and urea-doped ZnSe NPs.

CuKβ radiation of wavelength 1.392 Å and scanning rate of 5.0985 deg/min).The XRD profile (Fig. 2) reveals the presence

of zinc selenide (ZnSe), silver selenide (Ag2Se), Urea (NH2CONH2) and selenium (Se) in the as-prepared nanoparticles.

The peak at 2θ = 27.2◦ (111), 45.22◦ (220), 53.58◦ (311), 67.31◦ (400) and 72.68◦ (203) corresponds to ZnSe [30–

37]. The peak at 2θ=33.4◦(112), 34.68◦(121), 39.94◦(103) and 40.268◦(122) correspond to Ag2Se [38, 39]. Two peaks

of NH2CONH2 (urea) have been obtained at 2θ=22.76◦ and 36.92◦ due to diffraction from (110) and (210) planes,

respectively [40, 41]. A single diffraction peak for by-product Se has also been obtained. Also the peak corresponding to

Ag obtained at 2θ = 37◦ (111), 46◦ (200), 64◦ (220), and 78◦ (311) [42]. The average crystallite size has been estimated

using Scherrer’s formula: G = (0.9λ)/(β cos θ), where λ is the wavelength of CuKα radiation (λ = 1.541 Å), β is

the full width at half maximum (FWHW) of the intensity of the corresponding peak and θ is half the angle between the

incident and the scattered X-ray beams. The average particle size of ZnSe:Ag:Urea NPs was calculated to be 19.911 nm.

3.1.2. Morphological studies by FE-SEM. The surface morphology of urea and silver-modified zinc selenide nanoparti-

cles was studied using an FE-SEM.The FE-SEM images (Fig. 3(a,b,c,d)) show that the synthetic Urea:Ag:Zn:Se nanopar-

ticles are almost spherical and round-shaped with porous surfaces. Surface modification by silver and urea of ZnSe NPs
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FIG. 2. XRD spectra of Urea and Ag doped ZnSe nanoparticles

FIG. 3. FESEM images (a,b,c and d) of urea: Ag:Zn:Se nanoparticles for various magnifications

forms the porous structure. The material, as synthesised, consisted of highly facetted nanoparticles that were connected

and clustered together.

3.1.3. Elemental composition analysis by EDX. The elemental composition of synthesised Urea:Ag:Zn:Se NPs was

determined by Energy Dispersive X-Ray (EDX) spectroscopy. In the EDX spectra displayed in Fig. 4(a), 11 peaks could

be seen for the parent material of urea:Ag:Zn:Se nanoparticles: three peaks for elemental zinc, three for selenium, two for

silver and three for elements carbon, oxygen and nitrogen present in urea. Other small peaks in the spectrum indicate the

presence of minor levels of Au, which are attributed to the coating procedure that the samples were subjected to preceding

the EDX examination analysis confirms the presence of Zn (9.6 %), Se(19.7 %), Ag(16.2 %), urea (29.3 % C, 15.2 % N,

10.2 % O) as shown in Fig. 3(b).

3.1.4. Analysis of FTIR spectra. A view of the pure urea FTIR spectrum is presented in Fig. 5(a). The C=O stretching

frequency is visible at 1677 cm−1. Stretching and deformation frequencies for N–H are observed at 3455 and 1625 cm−1,

respectively. The C–N stretching frequency is visible at 1453 cm−1 [43]. The FTIR spectra of pure ZnSe nanoparticles

are depicted in Fig. 4(b). ZnSe vibrations are characterised by distinctive peaks at 480, 552, 612, 664, and 960 cm−1. The

trace amount of H2O in the solution explains the peak at 3204 cm−1, which was attributed to O–H stretching. Additionally,
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FIG. 4. (a) EDX spectrum;(b) The percentage elemental composition of urea: Ag:Zn:Se nanoparticles

the characteristic ZnSe absorption peak is represented by the peak at 960 cm−1, while the Se–O stretching bond causes

the peak at 1134 cm−1. The peak at 3199 cm−1 corresponds to the N–H stretching vibration band, indicating N2H4’s

interaction with the zinc ion [44].

On the other hand, the FTIR spectra of ZnSe nanoparticles modified with silver and urea, as displayed in Fig. 5(c),

show deviated and different numbers of peaks from those of pure ZnSe and pure urea, which suggests that new bonds

are formed. ZnSe vibrations characterised by distinctive peaks 480, 550, 610 and 664 cm−1 are shifted to 546, 620,

721 and 815 cm−1. The characteristic ZnSe absorption peak at 960 cm−1 is shifted to 1051 cm−1 while the peak at

1134 cm−1, caused by the Se–O stretching bond, is shifted to 1150 cm−1. This suggests an Ag–Se bond formation, which

is also supported by XRD studies as Ag2Se peaks are observed in XRD spectra. The kind and nature of the metal appear

to impact how urea coordinates with metal ions. While Zn(II) coordinates to the oxygen of urea, Ag(II) preferentially

coordinates to the nitrogen. If a nitrogen-to-metal connection exists in urea-metal complexes, the complex’s vibrational

spectrum differs greatly from that of the free urea molecule. The C=O (C=O)) would be adjusted to a higher frequency at

roughly 1700 cm−1, and the N–H stretching frequencies would be shifted to lower values [45–48].

Here, in the FTIR spectra of synthesised Urea:Ag:Zn:Se NPs as shown in Fig. 4(c), the C=O stretching frequency

1677 cm−1 of pure urea is shifted to 1701 cm−1. The C–N stretching frequency has shifted from 1453 to 1480 cm−1.

However, the nitrogen-hydrogen bond stretching vibration peaks provide the best infrared signal for nitrogen. Two of

these are seen in Fig. 4(c) at 3257 and 3142 cm−1, indicating the shift of the N–H stretching frequency to 3455 cm−1

from that of pure urea. Also, hydrogen bonding is the reason for these peaks’ reduced amplitudes but broader bases. It

should be noted that the N–H stretching peaks are smaller and narrower than the O–H stretching peaks, which are broad

and strong, although the O–H stretching peaks of functional groups such as alcohols and carboxylic acids also fall within

this range (3500 to 3100 cm−1). Note that the O–H stretching peaks of functional groups like alcohols and carboxylic

acids also fall in this range (3500 to 3100 cm−1), but these peaks are broad and strong compared to N–H stretching

peaks, which are narrower and smaller. The N–H deformation frequency is visible at 1630 cm−1. This suggests urea has

coordinated to the metal (Ag) through nitrogen. Further, the peaks at around 2887 and 2826 cm−1 can be attributed to

C–H stretching of urea. Thus, the FTIR study leads to the conclusion that Ag bridges the bond formation between ZnSe

NPs and urea’s Ag forms the bond with Se of ZnSe NPs, and nitrogen of NH2 group of urea leads to the deviation of FTIR

spectra of synthesised nanomaterial from that of pure urea and pure ZnSe NPs, respectively.
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FIG. 5. FTIR spectra of (a) pure urea, (b) pure ZnSe NPs and synthesised Urea:Ag:Zn:Se NPs

4. Adsorption experiments

Batch adsorption experiments were conducted to determine how different parameters (initial conc of metal ion,

amount of adsorbent, contact time and temperature) affected the removal rate of Fe and adsorption capacity of Ag and

Urea modified ZnSe nanomaterial. Fe removal experiments were performed using 100 mL Erlenmeyer flasks containing

50 mL metal solution of desired concentration and specific amounts of adsorbent. An electric orbital shaker was used

to shake the Erlenmeyer flasks at 200 rpm continuously. After the elapsed time, each flask’s solution was filtered using

Whatman filter paper, and the concentration of iron ions was determined using AAS(atomic absorption spectrophotome-

ter). The ideal contact time was calculated at room temperature with 0.1 g/L of adsorbent and 100 mg/L of Fe. The 0.01 –

0.4 g/L and 5 – 250 mg/L, respectively, were used to study the effects of adsorbent dose and initial Fe concentration.

At 25, 50, and 80 ◦C, the impact of solution temperature (25, 50, and 80 ◦C) on the effectiveness of Fe removal was

examined. The amount of Fe adsorbed onto the adsorbent at each contact time (qe) was calculated using the eq. (1):

qe = (C0 − Ce) ·
V

m
, (1)

where C0 and Ce are initial and equilibrium concentration of Fe (mg/L), respectively. V is the volume of the aqueous

phase (L) and m is the mass of adsorbent (ZnSe:Ag:Urea). The removal percentage of Fe was calculated using the

following eq. (2):

Removal efficiency (%) =
C0 − Ci

C0

· 100 %. (2)

4.1. Effect of contact time

Figure 6 shows the effect of time on the Fe adsorption with an adsorbent dosage of 0.1 g and an initial Fe concen-

tration = 100 mg/L/L. The removal rate increased significantly within the first 70 minutes, then increased marginally,

reaching its steady state within 80 minutes. The availability of many empty active sites on the adsorbent surface may

cause a substantial increase in adsorption efficiency. However, extending the duration of contact reduces the availability

of iron ions to the adsorbent surface’s active sites, decreasing the removal efficacy [49]. In other words, the reason for

the constant value throughout the equilibrium phase is that heavy metal ions entirely occupy the vacant space. As time

passes, no more adsorbent sites are available for the heavy metal ions to bind to [50]. Thus, the 90-minute contact period

has been chosen as the ideal contact time for subsequent study.
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FIG. 6. Effect of contact time on the percentage removal of iron ions (adsorbentdosage, 0.1 g; initial

Fe conc. = 100 mg/L; 200 rpm agitation speed; room temperature)

4.2. Effect of initial metal (Fe) concentration

It was observed initially as the metal ion (Fe) concentration. Increases from 0 – 100 mg/L, the percentage of Fe

removal increased from 46 to 89.6 %, which can be attributed to the higher number of available vacant sites on the

adsorbent and the rise in the concentration gradient between the Fe ions in the solution and the Fe ions on the surface

of the adsorbent [51]. Then, by further increasing the initial Fe ion concentration from 100 – 250 mg/L, the Fe removal

percentage decreased from 89.6 to 73.46 %. This is because with the progress of the adsorption process, the available

vacant sites of the adsorbent reduce [52] and the concentration. The gradient of metal ions also decreases, leading to

a decrease in iron removal percentage, eventually leading to equilibrium. Table 1 shows the impact of different Fe

concentrations (5, 10, 50, 100, 150, and 250 mg/L) on the percentage removal of iron, the same is plotted in Fig. 7.

TABLE 1. Adsorption data for Fe removal

Initial Fe conc.

(mg/L)

C0

Eq. Fe conc.

(mg/L)

Ce

Fe Removal (%)

[(C0 − Ce)/C0] · 100

Eq. Adsorption

Capacity (mg/g)

qe = [(C0 − Ce) · V ]/m

5 2.7 46 % 1150

10 4.59 45.9 % 2705

50 13.9 72.2 % 18050

100 10.4 89.6 % 44800

150 24.6 83.6 % 62700

250 66.35 73.46 % 91825

4.3. Effect of adsorbent dosage

The experiment employed several adsorbent concentrations (0.01, 0.05, 0.1, 0.2, 0.3, and 0.4 g), with an initial

concentration of 100 mg/L of Fe metal and a 90-minute contact duration.

As shown in Fig. 8, it is clear that initially,as the adsorbent dosage increases from 0.01 to 0.2 g, the removal percentage

of Fe was enhanced from 42.34 to 85.76 % for 100 mg/L of Fe. This is because the availability of active sites on adsorbent

increases, and hence there is a rise in the adsorption of Fe ions. Further, as the adsorbent dosage increases from 0.01 to

0.1 g, the rate of increase in percent removal is higher than when the adsorbent dosage is increased from 0.1 to 0.2 g.

This indicates that with the adsorption, saturation of adsorption sites takes place, and hence with further increase in the

adsorbent dosage from 0.2 to 0.4, the percentage of Fe removal remains almost constant. This may also result from

aggregation by large adsorbates, reducing the adsorbent’s active surface area [49].

4.4. Effect of temperature

The removal of iron ions by the adsorbent was observed to increase from 89.5 % at 25 ◦C to 93.2 % at 50 ◦C, and

with further increase in temperature at 80 ◦C, the percentage of Fe removal was found to be 93.4 %, and equilibrium is

almost established, as shown in Fig. 9. Higher diffusion rates and improved ion mobility at high temperatures may have
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FIG. 7. Effect of initial metal ion (Fe) conc. on percentage removal of iron ions (adsorbent dosage,

0.1 g; contact time = 90 min.; 200 rpm agitation speed; room temperature)

FIG. 8. Effect of adsorbent dose on percentage removal efficiency of iron (initial Fe conc. 100 mg/L;

contact time = 90 min.; 200 rpm agitation speed; room temp.)

contributed to an increase in the percentage removal of iron ions [53]. Furthermore, the adsorbate’s kinetic energy and

surface activity increase with temperature [54].

4.5. Adsorption isotherms

The removal of Fe ions by ZnSe:Ag:Urea nanoparticles at various initial Fe concentrations was examined using two

fundamental adsorption isotherm models (Langmuir and Freundlich). The following are the equations for the Lang-

muir (3) and Freundlich (4) models [55]:
1

qe
=

1

q0
+

1

q0KL

·

1

Ce

, (3)

ln qe = lnKf +
1

n
lnCe, (4)

where qe is the equilibrium adsorption capacity (mg·g−1), qm is the monolayer adsorption capacity (mg·g−1), KL is

the Langmuir constant (L·mg−1), KF is the Freundlich constant (L·g−1), n is the Freundlich exponent and Ce is the

concentration at equilibrium (mg·L−1). The adsorption isotherm provides information on the dependency of adsorption

on the initial metal ion concentration and characterises the equilibrium of the adsorption material at the adsorbent surface.

The Langmuir isotherm describes the monolayer adsorption onto a surface with homogenous adsorption sites, while the

Freundlich model applies to multilayer adsorption on a heterogeneous surface (Fig. 11).

The Langmuir isotherm model (Fig. 10) has a higher correlation coefficient (R2 = 0.976) than the Freundlich

isotherm model (R2 = 0.958). This result implies that the experimental data accords fairly well with the Langmuir
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FIG. 9. Effect of temperature on percentage removal of iron (initial Fe conc.= 100 mg/L; contact time =

90 min.; 200 rpm agitation speed; adsorbent dosage = 0.2 g)

FIG. 10. Langmiur plot for adsorption of Fe on ZnSe:Ag:Urea

FIG. 11. Freundlich plot for adsorption of Fe on ZnSe:Ag:Urea



690 Khurshed A. Shah, Humaira S. Wani, S.M.A. Andrabi, Quinton L. Williams

isotherm model. This indicates that the removal of Fe ions by ZnSe:Ag:Urea nanoparticles takes place through monolayer

adsorption, with Fe ions homogeneously distributed on the adsorption sites on the adsorbent material surface.

5. Conclusions

The present study reports the successful synthesis of nanostructured, urea and silver modified zinc selenide by a sim-

ple sol-gel method using hydrazine hydrate as a reducing agent and ethylene glycol as a stabilising agent, which prevents

the agglomeration of synthesised nanoparticles. An investigation was conducted on their effectiveness as adsorbents to

remove heavy metal iron ions from aqueous solutions. The physicochemical characterisation involved XRD, FE-SEM,

EDX and FTIR spectroscopy. SEM images show spherical-like structures, which are more convenient for bactericidal and

catalytic activation, evidencing the presence of N,C, O, Ag, Se and Zn. The XRD analysis gives the possible different

phases and the diameter of the nanomaterial. The diameter of ZnSe:Ag:Urea was determined to be 19.911 nm. FTIR

spectra confirm the new bond formation. Results from adsorption studies reveal that the equilibrium of the adsorption

process was reached within a contact time of 80 minutes under room temperature. The increase in temperature increases

the Fe removal percentage. Furthermore, with an increase in adsorbent dosage, the percentage removal of Fe first increases

and eventually reaches an equilibrium state; however, with an increase in the initial iron concentration, the Fe removal

percentage first increases and then decreases slightly until it reaches equilibrium. The maximum rate of Fe removal was

found to be 89.5 % under the optimal room temperature conditions, with an adsorbent dosage of 0.1 g and an initial Fe

concentration of 100 mg/L.
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ABSTRACT The existence of zero-dimensional fullerene-like gadolinium(III) iodide is proposed. The models

of tetrahedral, octahedral and icosahedral GdI3 fullerenes with the size up to ∼1000 atoms are constructed.

Their stability and electronic properties are investigated by means of a density functional theory method. Sim-

ilarly to other known inorganic fullerenes and nanotubes, the strain energies of GdI3 fullerenes decrease with

the radii increase, exceeding always the strain energies of GdI3 nanotubes of the same radii. At that octahe-

dral and icosahedral morphologies are the most preferable. Irrespective size and morphology, all considered

GdI3 fullerenes are semiconductors with possibly ferromagnetic ordering at extremely low temperatures. The

HOMO-LUMO gaps of GdI3 fullerenes are narrower on 1.1 – 1.7 eV, when comparing to the band gap of the

flat GdI3 monolayer.
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1. Introduction

Trivalent gadolinium (Gd3+) is an ion that possesses the maximum number of unpaired electrons of any stable ions

due to the presence of 7 unpaired electrons in the inner 4f -electronic shell. Exhibiting large magnetic moments and

achievable low magnetic ordering temperatures, both solid and molecular compounds of Gd3+ are attractive as magnetic

refrigerants [1, 2]. Yet, Gd3+ ions are more honored in biomedical applications as working element of various contrast

agents. At temperatures above 20 ◦C they hold innate paramagnetic properties and a high sensitivity to external magnetic

field, allowing enhanced magnetic resonance imaging (MRI) [3]. Besides, the attenuation of X-rays by gadolinium can be

greater than that of iodine, which opens a perspective to design the more sensitive radiographic contrast agents and even

the agents with dual MRI and radiographic modality [4]. Association of gadolinium and iodine in a single compound

like GdI3 might enhance X-rays’ attenuation, which can be further utilized for sensitization of composite luminescent

materials for a particle radiation detection [5].

Apart of the design of new gadolinium chelates [6] or endofullerenes (“gadofullerenes”) [7], a significant effort

was undertaken to improve the MRI contrast performance by means of gadolinium accumulation using inorganic com-

pounds. Chimie douce encapsulation of GdCl3 into ultra-short and narrow carbon nanotubes [8, 9] produced both exo-

and endohedral composites of highly-defective nanotubes with superparamagnetic clusters of Gd3+ ions and Gd atoms

(“gadonanotubes”), amplifying MRI in order of magnitude [10]. High-temperature imbibition of GdI3 into multi-walled

carbon nanotubes [11] or into inorganic WS2 nanotubes [12] yielded their endohedral composites with one-dimensional

nanoribbons or nanotubes of GdI3, which remain paramagnetic and could be considered as potential MRI contrast agents

protected by carbon or WS2 wall. Fabrication of one-dimensional GdI3 and concomitant gadolinium compounds has

prompted theoretical research of capillarity of carbon and non-carbon nanotubes in relation to molten GdI3, GdBr3 and

GdCl3 using molecular dynamics simulations [13] as well as stability and electronic properties of individual GdI3 nan-

otubes using quantum-chemical calculations [14]. Yet, an in-depth research of both the properties and the metabolism of

such nanocomposites is still required.

Morphology of Gd3+-ion containing nanoparticles, especially, GdI3 as a dual contrast agent for MRI and X-ray imag-

ing may be a tool for manipulation on its magnetic, magnetocaloric, optic and X-ray absorption properties. So far, only

one-dimensional nanostructures of GdI3 were reported [11,12,14], while corresponding zero-dimensional nanostructures

like fullerenes or fullerene-like particles have been not even predicted. This can be found in drastic contrast to layered

halides of d- and p-elements – NiCl2 [15], NiBr2 [16], CdCl2 [17], CdI2 [18], LaF3 [19], which can be folded up into

both nanotubes and fullerenes or fullerene-like nanoparticles [20, 21]. Here, we suggest the construction principles and

explore theoretically the stability and electronic properties of GdI3 fullerenes as an essential prerequisite to understanding

the chemistry and physics of gadolinium compounds with zero-dimensional morphology.

© Enyashin A.N., 2025
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2. Computational details

The spin-polarized calculations of all nanostructures were performed within the framework of the density-functional

theory (DFT) as implemented in the SIESTA 4.0 software [22, 23]. The exchange-correlation potential was described

within the Generalized Gradient Approximation with the Perdew–Burke–Ernzerhof parameterization. The core electrons

were treated within the frozen core approximation, applying norm-conserving Troullier–Martins pseudopotentials. The

valence electron configurations were chosen as 6s25d14f7 for Gd and 5s25p5 for I with the wave-functions described

using the double-ζ polarized basis set. The real-space grid used for the numeric integrations was set to correspond to

the energy cutoff of 300 Ry. All calculations were performed using the full geometry optimization until the maximum

residual force component of 0.05 eV/Å.

3. Results and discussion

3.1. Construction principles of GdI3 fullerenes

In the thermodynamically stable polymorph of gadolinium triiodide, Gd3+ cations are arranged in the honeycomb

networks in edge-sharing octahedral coordination by six I− anions, which are each bonded to two Gd3+ cations. The

resulting three-atom thick layers of composition GdI3 are hexagonal and form via vdW interaction rhombohedral crys-

tal with the BiI3 structure type (space group R-3) [24]. The unstable polymorph of GdI3 is stabilized at pressures

1 – 4 GPa as orthohombic crystal with the PuBr3 structure type (space group Cmcm), where Gd3+ cations adopt a

bicapped trigonal prismatic coordination by eight I− anions [25]. Our preliminary geometry optimizations of both the

bulk and the monolayer of GdI3 have revealed preservation of their hexagonal symmetries and have validated the chosen

calculation scheme. The equilibrium lattice parameters of the bulk GdI3 were found as a = 7.39 Å and c = 19.69 Å in a

fair agreement with experimental data a = 7.54 Å and c = 20.83 Å [24]. Single GdI3 layer undergoes a slight in-plane

contraction, resulting in the equilibrium lattice parameter a = 7.35 Å.

While the bending of a layer in one dimension, such as into a seamless nanotube, does not impose any constraint on

the structure of the layer, but mechanical stress, the construction of the fully closed shell as a layer bent in two dimensions

imposes a number of topological restrictions. Construction principles of both carbon and inorganic fullerenes rely on

insertion of point defects into monolayer, which can provide a surface with positive curvature and serve as vertices of

polyhedral fullerenes. The most famous example is the closure of graphene into a fullerene, which requires introduction

of such defects as 12 pentagons into its honeycomb lattice [26]. A stable closure of layers of binary compounds with

triangular lattices like hexagonal BN, metal dichalcogenides or dihalides requires introduction of 6 tetragons (“square-

like defects”) to preserve alternant heteronuclear bonding [21]. Then, the facets of fullerenes are represented as triangular

or rhombi-like layers’ patches, where the sewing of equilateral facets may release the fullerenes with perfect symmetric

morphology of icosahedron for graphene or octahedron for inorganic layers.

While GdI3 is a binary compound, cationic sublattice of its layer is honeycomb like graphene. Therefore, the first

trial to build the atomistic models of GdI3 fullerenes could rely on the known generations of carbon fullerenes. However,

simple transfer of construction principles is not applicable here: symmetry of GdI3 layer (point group D3) is lower, than

symmetry of graphene (point group D6), imposing an additional constrain on sewing of anionic sublattice of GdI3 facets at

edges. The most obvious construction of the edge between two GdI3 facets consists of the boundary of Gd3+ cations with

trigonal prismatic coordination by I− anions (Fig. 1). Such type of boundary violates neither the coordination numbers

of ions nor the stoichiometry of compound. Prismatic coordination of cations is typical for layered compounds with a

high degree of covalent bonding like chalcogenides and pnictogenides [27]. Yet, the layered oxides and nitrides with

a more ionic bonding and, simultaneously, with prismatic coordination of cations are known, too [28]. The proposed

prismatic coordination of Gd3+ cations is also reminiscent of the bicapped prismatic coordination in the high-pressure

GdI3 polymorph [25]. Moreover, the Gd–I phase diagram possesses gadolinium diiodide GdI2 with the only prismatic

coordination of Gd2+ cations [29].

These simple construction principles allowed design of three families of stoichiometric GdI3 fullerenes with different

right morphologies (Fig. 1). First family included icosahedral GdI3 fullerenes with cationic sublattice equivalent to the

lattice of carbon fullerenes from C60 family and consisting of N = 60n2 units, where n is an integer. Second and third

families were represented by octahedral and tetrahedral GdI3 fullerenes consisting of N = 24n2 and N = 12n2 units,

respectively. Cationic sublattices of the latter families are not related to the lattices of classic carbon fullerenes, since

containing either 4 trigons or 6 tetragons as vertices. Though, irrespective the fullerene morphology the facets and the

edges consist, respectively, of octahedral and prismatic GdI6 coordination polyhedra.

The physical meaning of n is the half-quantity of Gd3+ cations forming a single edge. In the following, stability and

electronic properties of GdI3 nanoicosahedra with n = 1, 2, GdI3 nanooctahedra and GdI3 nanotetrahedra with n = 1 – 3

are discussed.

3.2. Thermodynamic stability of GdI3 fullerenes

Fundamental criterion for thermodynamic stability of a hollow nanostructure (fullerene, nanotube, nanoroll etc.)

is the energy of nanostructure relative to corresponding infinite planar layer, so-called strain energy. An early study
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FIG. 1. The ball-and-stick models of GdI3 fullerenes with optimized structure, revealing the construc-

tion principles of their vertices and edges. Gd and I atoms are painted in violet and blue, respectively.

DFT calculations

of GdI3 nanotubes as cylindrical seamless layers revealed their tolerable strain energies ∆E, when comparing to the

commercially manufactured MoS2 or WS2 nanotubes [14]. Particularly, for nanotubes, the specific ∆E per GdI3-unit

(∆E/N ) obeys classical ∼ 1/R2 rule from the elasticity theory for the bending of a layer into cylinder of radius R.

The proportionality factor between ∆E/N and 1/R2 for GdI3 nanotubes is equal to 12.57 (eV·Å2)/unit, what is found

in-between 0.5 (eV·Å2)/unit for carbon nanotubes and 48.3 (eV·Å2)/unit for MoS2 nanotubes. Noteworthy, the strain

energy of nanotubes is contributed mostly by elastic deformation of the layer consisting of GdI6 octahedra. The strain

energy of fullerenes should contain also the contribution from GdI6 prisms as the less favorable coordination polyhedra

for GdI3.

The fully relaxed structures of some GdI3 fullerenes are shown in the Fig. 1. Morphology and integrity of all these

nanoparticles including the smallest representatives are preserved during geometry optimization. No major reconstruction

or a crack occurs at vertices or at edges. Facets of all giant representatives become visibly flattened like their parent

monolayer.
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The specific strain energies ∆E/N for GdI3 fullerenes are plotted in Fig. 2(a) against the mean radii ⟨R⟩ of their

Gd-sublattices. Similarly to carbon fullerenes and nanotubes [30] or sulfide fullerenes and nanotubes [31, 32], ∆E/N of

a GdI3 fullerene due to the fully closed morphology is one order of magnitude larger, than that for GdI3 nanotube of the

same radius. Like for cylindrical nanotubes, the functions ∆E/N for all types of fullerenes decrease with the size growth,

yet, with the different slopes. An analytical expression for any of these functions can be derived using phenomenological

model stipulating a fullerene as nanoparticle with perfect polyhedral morphology. The total energy of a fullerene E can

be written as

E = Nrεr +Niεi, (1)

where: Ni is the number of Gd atoms forming the flat facets, Nr is the number of Gd atoms forming the edges, and their

sum is equal to the total number of stoichiometric GdI3 units N = Ni +Nr. The values εi and εr are the corresponding

specific energies of atoms at facets and edges. Ni and Nr are defined by the number n in accordance to the family: for

nanoicosahedra Ni = 60n(n − 1), Nr = 60n; for nanooctahedra Ni = 24n(n − 1), Nr = 24n; for nanotetrahedra

Ni = 12n(n− 1), Nr = 12n. Then, specific energy E/N can be written as:

E

N
=

Nr

N
εr +

Ni

N
εi =

1

n
εr +

n− 1

n
εi, (2)

or after transformations
E

N
=

√
12√
N

(εr − εi) for nanotetrahedra, (3)

E

N
=

√
24√
N

(εr − εi) for nanooctahedra, (4)

E

N
=

√
60√
N

(εr − εi) for nanoicosahedra. (5)

FIG. 2. Thermodynamic and electronic properties for GdI3 fullerenes (IFs) of different morphology

in comparison to those for parent monolayer and for GdI3 nanotubes (NTs) of different chirality [14]:

(a) specific strain energies ∆E/N for various nanostructures depending on the mean particles’ radii R
and their morphology; (b) specific strain energies ∆E/N for fullerenes depending on the number N of

constituting units; (c) band gap values Eg . DFT calculations
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The value (εr − εi) is nothing more, than the specific strain energy contributed exclusively by an edge atom, i.e.

excessive energy of GdI6 prism relative to GdI6 octahedron. Therefore, Eqs. (3–5) may be ascribed to homogeneous

linear functions:
∆E

N
=

√
12√
N

∆εr for nanotetrahedra, (6)

∆E

N
=

√
24√
N

∆εr for nanooctahedra, (7)

∆E

N
=

√
60√
N

∆εr for nanoicosahedra. (8)

These strain energies for GdI3 fullerenes show a somewhat different behavior, than that for carbon fullerenes. They

appear to be proportional to 1/
√
N , whereas for carbon fullerenes ∆E/N is proportional to 1/N [30]. It points to

the dominant role of strain at edges in regulation of thermodynamic stability of a whole GdI3 fullerene. The data on

the total energies of GdI3 fullerenes available from DFT calculations were fitted using Eqs. (6–8), estimating ∆εr =

1.00 eV/unit1/2, ∆εr = 0.57 eV/unit1/2 and ∆εr = 0.34 eV/unit1/2 for tetrahedral, octahedral and icosahedral morphol-

ogy, respectively (Fig. 2 (b)). Such order of ∆εr correlates with the local curvature at edges within particular morphology:

from the largest curvature within tetrahedron to the least one within icosahedron. Obviously, GdI3 fullerenes would tend

to form icosahedral and octahedral morphologies, if synthesized.

3.3. Electronic structure of GdI3 fullerenes

The calculated densities of electronic states (DOS) for several fullerenes and monolayer of GdI3 are visualized in

Fig. 3. Irrespective of size and morphology, electronic structure of different GdI3 fullerenes is qualitatively similar and

mainly resembles that for monolayer or nanotubes of GdI3 [14]. In accordance to the polar covalent character of the

Gd–I bonding, the topmost valence band consists of mainly I5p-states with a small admixture of Gd6s- and Gd5d-states

and settles at −1... − 4 eV below Fermi level. While this valence band is characterized by a minor spin polarization,

the conduction band at +1... + 2.5 eV above Fermi level is spin-polarized and consists of Gd5d-states grouped in two

subbands in accordance to the splitting of d-orbitals in octahedral crystal field. The bands’ splitting becomes smoothed

in the case of fullerenes, since their symmetries possess a greater variety of inequivalent atom types, than symmetries of

monolayer or nanotubes do. Occupied and unoccupied Gd4f -states form two strongly localized narrow bands of different

spin-polarization at energies around −7.5 eV and +3.5 eV, respectively.

Therefore, all studied GdI3 fullerenes should be magnetic semiconductors like their parent monolayer. Monolayer

possesses the fundamental band gap Eg of at least 1.8 eV with the gap edges formed by states of the same spin projection

and with indirect Γ − M transition. The calculated Eg is found underestimated, when comparing to the experimental

value Eg of 5.1 eV [33]. Such a mismatch is typical for standard calculational DFT schemes [34] and does not preclude

discussion of relative values. When comparing with monolayer and nanotubes, the values Eg for fullerenes can be found

distinctly smaller as 0.2 –0.8 eV (Fig. 2(c)). This reduction of the band gap has two origins: first, the presence of prismatic

coordination polyhedra with another crystal field for splitting of Gd5d-orbitals and, second, an enhanced overlap between

Gd5d- and I5p-orbitals from atoms at internal surface of the mechanically stressed parts of fullerene – vertices and edges.

Electronic levels of these orbitals tend to localize at the bottom of conduction band and at the top of valence band and, in

some cases, they even separate as localized mid-gap states (Fig. 3).

A little is known about magnetic transition in the lattice of GdI3. The chemically related bulk trichloride GdCl3 orders

ferromagnetically below 2.2 K, the bulk GdBr3 becomes magnetic below 1.3 K with the not yet clearly defined type of

ordering, while the bulk GdI3 might be magnetic below 1 K [35]. DFT+U calculations claimed that, GdI3 monolayer is

antiferromagnetic as bipartite lattice, yet, neither the used U parameter nor independence of energy difference between

magnetic orderings on U was verified [36].

The presented here DFT calculations vote for ferromagnetic lattice of GdI3 monolayer with energy gain 5.7 meV/unit

over its antiferromagnetic bipartite lattice. The model of octahedral fullerene (GdI3)96 offers an opportunity to study

magnetic ordering of GdI3 monolayer at zero-dimensionality. First, it contains only even cycles of Gd-sublattice, hence,

it is magnetically unfrustrated and might appear as bipartite lattice. Second, two types of coordination polyhedra (prisms

GdI6 and octahedra GdI6 forming the edges and the facets) are given in equimolar ratio, hence, suggesting a configuration

with the antiferromagnetically ordered edges and facets. The results approve a preservation of ferromagnetic ordering

within single GdI3 layer even folded into fullerene with the energy gains 2.7 and 0.5 meV/unit over the first and the

second configurations, respectively.

4. Summary

In summary, the models of GdI3 fullerenes were constructed and fullerenes’ stability and electronic structure were

studied by means of quantum-chemical calculations. The results reveal a higher stability of GdI3 fullerenes with octahe-

dral and icosahedral shapes, than these with tetrahedral shape. The derived functional dependence of stability on the size
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FIG. 3. Total and partial densities of spin-projected electronic states (DOS) for monolayer of GdI3 and

descendant fullerenes of different morphology. DFT calculations

confirms that, the strain at the fullerenes’ edges contributes the most into the total strain energy of fullerenes. The elec-

tronic structure of all GdI3 fullerenes considered here has a HOMO-LUMO gap of 0.2 – 0.8 eV, which is narrower than

the band gap of GdI3 monolayer due to an enhanced overlap between Gd5d- and I5p-orbitals at internal curved surface of

the vertices and edges.

The present calculations do not hint on fabrication route to GdI3 fullerenes. Though, by analogy to known fullerenes

of layered dihalogenides [15–18], the physical methods employing high energetic processes like laser ablation from or

electron-beam irradiation of the bulk material show a great promise.
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ABSTRACT The article describes the nickel surface treatment conditions in aqueous solutions of a mixture of

CuCl2 and NaCl salts. This investigation reveals the occurrence of selective etching on the nickel surface,

facilitated by a galvanic replacement reaction (GRR). The etching process gives rise to the formation of arrays

of labyrinths with walls of nickel nanorods with a diameter ranging from 10 to 50 nanometers and a length of up

to 0.5 micrometers are formed, located primarily in the direction perpendicular to the surface. The experimental

results obtained have enabled the formulation of hypotheses concerning the sequence of chemical reactions

occurring on the surface and the role of the A. Turing diffusion-chemical model in the formation of the observed

labyrinths. It has been demonstrated that the presence of such labyrinths on the surface of nickel leads to a

decrease in the angles of its wetting with water.
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1. Introduction

Galvanic replacement reactions of atoms on the surface of nickel are carried out by processing it in aqueous solutions

of salts or complex compounds of more noble metals, and this makes it possible to obtain a fairly wide range of practically

important nanoscale particles on its surface, including Au(0) [1], Pd(0) [2], Pt(0) [3–5], and a number of their alloys [6].

In such reactions, a salt or a complex compound of a more noble metal plays a role of an oxidiser of Ni(0) atoms on the

surface. This process leads to the transition of nickel cations into solution and the formation of noble metal nanoparticles

with different morphologies on the surface.

Among such reactions, the galvanic replacement reaction in CuCl2 solutions is of particular importance. This reaction

has been repeatedly used to create a layer of CuCl [7] nanoparticles on the nickel surface or to dissolve nickel particles

in various composite ceramics [8]. A discussion of the features of this reaction on the nickel surface inevitably gives rise

to consideration of the results that were previously obtained during the treatment of the surface and other metals with a

solution of this salt. In particular, a mixture of CuCl2 and NaCl solutions in [9] and [10] was used to dissolve Pd or Pd

and Ag, respectively, on the surface of waste printed circuit boards.

In these articles, the selection of aqueous solutions of a mixture of CuCl2 and NaCl salts was due to the fact that in

these solutions, at the initial stage of the reaction, a galvanic replacement reaction occurs on the surface of the marked

metals and Cu(0) nanocrystals are formed, which then react with an excess of CuCl2 and form CuCl nanocrystals. In

turn, the latter, dissolve in excess of NaCl to form a complex compound CuCl−2 in solution. In this case, the conditions of

these reactions were primarily selected with the objective of resolving the issues associated with hydrometallurgy, i.e., the

complete dissolution of crystals of these metals and their transfer to solutions resulting in the formation of corresponding

salts.

The aim of this work was to research the features of selective etching of the nickel surface in aqueous solutions of

CuCl2, during which various types of ”patterns” were formed on it.

© Tolstoy V.P., Nikitin K.D., Batischeva E.V., 2025
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2. Experiment

GRRs were carried out on the surface of NP-2 nickel foil, which had been cut into plates with dimensions of approx-

imately 15×10×0.05 mm. The processing of such foil was carried out in aqueous solutions of CuCl2·2H2O, NaCl and

HCl, which were produced by JSC “Nevareactive” and their degree of purity corresponded to “analytical grade reagent”.

In order to prepare the reagent solutions, the salt samples were dissolved in deionised water with continuous stirring on a

magnetic stirrer. The interval between the preparation of the solution and its subsequent application was at least a day.

To remove organic contaminants, the initial nickel foil samples were processed 2 times in isopropyl alcohol for 10

minutes in an ultrasonic bath with a generator power of 50 watts and an operating frequency of 35 kHz. Then they were

etched in a 3 M aqueous HCl solution for 30 minutes at a temperature of 60 ◦C also in an ultrasonic bath and then washed

3 times with deionised water and dried in air.

In the course of the research, the characteristics of the GRR on the nickel surface in aqueous solutions of CuCl2 and

a mixture of CuCl2 and NaCl were studied. The copper salt concentration was set at 0.2 increments in the range of 0.2 –

1.0 m, and the NaCl concentration was set at 0.5 increments in the range of 0.5 – 5 m. The duration of each treatment

ranged from 5 minutes to 2 hours or more. To study the effect of the composition of the gaseous atmosphere on the

processes on the surface of nickel, a number of experiments were conducted not only in the atmosphere of air, but also

oxygen and argon. The solutions were pre-saturated with the appropriate gases by passing them through the solutions for

20 minutes. The surface treatment of the samples with all solutions was carried out at room temperature and atmospheric

pressure.

In the course of the study, the orientation of crystals on the nickel surface was determined by means of an Oxford

Instruments Electron Backscattered Diffraction (EBSD) system when the samples were observed under a Zeiss Merlin

electron microscope. The composition of compounds on the nickel surface was determined by Electron Microprobe Anal-

ysis (EMPA) using an Oxford INCA-350 EDX spectrometer when the samples were observed under a Zeiss EVO40EP

microscope. The wetting angles were measured using an Open Science goniometer equipped with a ToupCam digital

camera. For this purpose, 1 µl of deionized water was applied to the sample surface from a distance of 2 mm using a

Thermo Scientific Light microdoser. For each sample, the angles were measured at 3 to 4 points on its surface.

3. Results and discussion

At the first stage of the work, the effect of salt concentration in solutions of a mixture of CaCl2 and NaCl on the

formation of ordered structures on the nickel surface was studied. In order to achieve this, a series of samples were

obtained through nickel processing for 1 hour. The study of the surface morphology of such samples by the SEM method

showed that at concentrations of CuCl2 in the range of 0.4 – 1.0 m and NaCl concentrations of 2.5 – 5.0 m, etching

pits with walls arranged in the form of peculiar labyrinths can be observed on the surface. Moreover, the effect of the

formation of such labyrinths is most pronounced after treatment in a solution of a mixture of salts with a concentration

of CuCl2 equal to 1.0 m and NaCl equal to 5.0 m. Subsequently, the effect of processing time on the formation of these

structures was analysed for this mixture of salts. The analysis of the nickel surface by SEM of a series of such samples

allowed us to identify the main stages of the process.

As demonstrated in the micrographs shown in Fig. 1, the GRR proceeds locally at the first stages, resulting in the

formation of individual depressions with a diameter of several tens of nanometers on the surface (Fig. 1a). Over time,

the size of these depressions increases and new ones are formed (Fig. 1b). These depressions gradually evolve into a

discernible “pattern” on the surface. It is our contention that this “pattern” is primarily attributable to the dimensions

of nickel polycrystals. The process of depression widening gives rise to the formation of a groove-like structure on the

surface. Arrays of grooves form more pronounced patterns, visually resembling mazes (Fig. 1b). Then the grooves in

these labyrinths deepen and widen (Fig. 1c,d). Further widening of the grooves leads to a decrease in the thickness of

the walls between them. Consequently, as shown in Fig. 2 micrographs, several solid groove wall transforms into a set of

individual nanorods with a diameter of approximately 10 – 50 nm and a length of up to 0.5 microns, oriented mainly along

the normal to the surface. Nickel surface treatment in a similar solution for 3, 5, and 7 hours showed that a proportion

of the nanorods dissolved and the pattern of the labyrinths became less pronounced (these micrographs are not shown in

Figs. 1, 2).

As demonstrated by the experimental findings, the formation of such labyrinths is influenced by oxygen dissolved in a

mixture of these salts. Fig. 3 shows a change in the morphology of the labyrinths with a change in the concentration of O2

in solution. When O2 is completely removed using Ar (Fig. 3a,d), the depth of resultant labyrinths exhibit a reduced depth

when compared to those formed under the conditions of the reaction is carried out in an air atmosphere (Fig. 3b,e). When

using a solution that is saturated with O2, during the same treatment time, the walls of the labyrinths actually collapse and

arrays of Ni nanorods oriented normally to it form on the nickel surface (Fig. 3b). From the results presented, we are able

to conclude that the presence of O2 accelerates the reaction of anisotropic nickel etching under the conditions of the GRR.

Examination of the Ni surface after treatment in a solution of a mixture of CuCl2 (C = 1 m) and NaCl (C = 5 m)

salts for two hours using the EBSD method showed that the vertices of the maze walls represent the faces of a Ni crystal

with a crystallographic index {110} (Fig. 3). Accordingly, anisotropic etching occurs mainly perpendicular to this and its
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FIG. 1. SEM images of the nickel surface after treatment in a solution of a mixture of CuCl2 (C = 1 m)

and NaCl (C = 5 m) salts for (a) 5 minutes, (b) 15 minutes, (c) 30 minutes, (d) 2 hours. The images are

obtained by observing from above

FIG. 2. SEM images of the nickel surface after treatment in a solution of a mixture of CuCl2 (C = 1 m)

and NaCl (C = 5 m) salts for 2 hours. The images were obtained when viewed at an angle of 45◦
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FIG. 3. SEM images of the nickel surface after treatment for 2 hours in a solution of a mixture of CuCl2
(C = 1 m) and NaCl (C = 5 m) salts. (a) – treatment in an Ar atmosphere; (b) – treatment in an air

atmosphere; (c) – treatment in an O2 atmosphere

FIG. 4. SEM micrography (a) of the nickel surface after treatment for 2 hours in a solution of a mixture

of CuCl2 (C = 1 m) and NaCl (C = 5 m) salts and a diffraction pattern of backscattered electrons (b),

which was obtained at the point indicated by the crosshair in Fig. 4a

equivalent faces. It is important that the results of the EMPA indicate the absence of copper, sodium and chlorine atoms

on the surface, which could remain on the surface of the sample treatment field in a solution of a mixture of the marked

salts taken in such a high concentration (Fig. 4d).

Based on the above facts, the following model of the processes occurring on the surface of Ni during its treatment in

a solution of a mixture of CuCl2 and NaCl salts can be proposed. Thus, at the first stage of the GRR Cu(0) nanoparticles

are formed on the nickel surface (1). These nanoparticles subsequently react with Cu2+ ions from solution, resulting in

the formation of a difficult-to-dissolve CuCl precipitate on the surface (2). It blocks the access of Cu2+ ions to Ni(0),

which slows down the GRR and, consequently, the further formation of CuCl.

Ni(0) + CuCl2 → NiCl2 + Cu(0), (1)

Cu(0) + CuCl2 → 2CuCl. (2)

Concurrently, the CuCl precipitate is dissolved in an excess of chloride ions by reaction (3) thereby releasing the

Ni(0) surface is for further GRR, resulting in accelerated formation of new Cu(0) nanoparticles:

CuCl + Cl− → [CuCl2]
−. (3)

Along with the formation of [CuCl2]−, the formation of [CuCl3]2− can also be observed in solution (Fig. 5a).

In addition, it was observed that with increasing treatment time in a solution of a mixture of salts, its pH increases

from an initial value of 2.1 to 4.1 after the reaction has been carried out for 2 hours. This leads to the formation of a

difficult-to-dissolve compound CuCl2·3Cu(OH)2 by reaction (4), which exists in solutions with pH values in the range of

3 – 8 as illustrated in Fig. 5a. Furthermore, this compound is apparently deposited mainly on the nickel surface, as a local

pH increase occurs there.

4CuCl2 + 6OH− → CuCl2 · 3Cu(OH)2 + 6Cl−. (4)

Thus, several successive and competing reactions occur in the system. Reaction (2) slows down reaction (1). Concur-

rently, reaction (3) accelerates reaction (1) by freeing the surface of Ni(0) from the presence of insoluble compounds. In

turn, reaction (4) slows down reactions (1–3). The state of such a system is controlled by the ratio of the rates of chemical

reactions and ion diffusion, which change dynamically. Such systems are referred to as reaction-diffusion or A. Turing

systems in the literature, and are currently under active study, as they provide a unique approach to the self-assembly of

nano- and micro-dimensional structures [12–14]. Such systems have been demonstrated to be responsible, for example,
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FIG. 5. The change in the calculated values of the mole fractions of various complex compounds in

solutions of mixtures of CuCl and NaCl (a) and CuCl2 and NaCl (b) salts, depending on the pH values.

The calculations were performed using the Hydra-Medusa hydrochemical equilibrium modeling pro-

gram [11]

for the formation of patterns on the skin of animals during their growth [15–19]. In addition, when interpreting these

results, it should be borne in mind that GRR occurs inside the grooves at the stage of pattern formation, which means that

self-organisation in the system is observed under conditions of spatial constraints, which, as is known [20], contribute to

the morphology of reaction products.

As already noted, the transition of the complex compound [CuCl2]− from the nickel surface to the solution is a

relatively slow process. In our opinion, the process of oxidation of Cu(I) cations to the degree of Cu(II) can play a role in

the dissolution process, which is realised, for example, by reaction (5). As demonstrated in Fig. 5b, at the equilibrium pH

of the mixed salt solution, Cu(II) cations easily dissolve in the presence of excess chloride ions (reaction 6):

CuCl + O2 + 2H2O → 4CuOHCl, (5)

Cu(OH)Cl + 2Cl− → [CuCl3]
− + OH−. (6)

As shown in Fig. 3, the presence of oxygen molecules in the solution accelerates the GRR reaction. This experimental

result appears to provide confirmation of the considered model of the sequence of chemical reactions on the nickel surface

under GRR conditions.

In a series of experiments, it was also found that when Ni is treated in a solution of a mixture of CuCl2 and NaCl, its

surface acquires a greater degree of hydrophilicity than that of the original nickel surface. Furthermore, it was determined

that this degree increases with increasing treatment time in soluti from 1 to 2 hours. As illustrated in Fig. 6, the angle of

wetting nickel with water was measured in a series of several samples. It was found that the maximum treatment time in a

solution of a mixture of salts resulted in a 20◦ decrease in the edge angle of wetting the surface with water in comparison

with the untreated surface of nickel. This effect is purportedly attributable to a distinctive “flow” of water into the grooves

of the maze. These results, therefore, indicate the possibility of a controlled change in the wetting angles of the nickel

surface in a relatively simple way by treating it in a solution of a mixture of salts.

FIG. 6. The angles of wetting the nickel surface with water. (a) – before the measurement, the nickel

is treated in HCl solution; (b) – treated in a solution of a mixture of CuCl2 (1 m) and NaCl (5 m) for

1 hour; (c) – treated in a solution of a mixture of CuCl2 (1 m) and NaCl (5 m) for 2 hours
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4. Conclusion

A research of the features of nickel surface treatment in solutions of a mixture of CuCl2 and NaCl salts showed that

the effect of etching pits on its surface in the form of labyrinths with walls of nickel nanorods is most pronounced at a

concentration of CuCl2 equal to 1 m and NaCl concentration equal to 5 m with a treatment time of 2 hours. An increase in

the reaction rate of GRR and the depth of the labyrinths was demonstrated with an increase in the concentration of oxygen

dissolved in the mixture of the indicated salts. It is shown that the treatment of nickel in a solution of such salts leads to

an increase in the degree of hydrophilicity of its surface.
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ABSTRACT In this work, nickel sulfide thin films were synthesized via the SILAR method using different nickel

salts as precursors. The influence of the precursor salt on the morphology and electrochemical performance of

the layers was systematically investigated. SEM analysis revealed that NiSx films prepared from nickel chloride

exhibited the most uniform and crack-free morphology. Electrochemical measurements demonstrated a strong

correlation between film quality and capacitive behaviour. Notably, the NiSx electrode synthesized using nickel

chloride achieved a maximum specific capacitance of 1902 F/g at a current density of 1 A/g. These findings

highlight the critical role of precursor selection in optimizing the structural and electrochemical properties of

nickel sulfide electrodes for energy storage applications.
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1. Introduction

The development of high-performance supercapacitors is crucial for advancing modern energy storage technologies

aimed at supporting sustainable energy systems. Supercapacitors are widely recognized for their remarkable power den-

sity, fast charge–discharge rates, and long cycle life, which enable them to bridge the gap between conventional dielectric

capacitors and rechargeable batteries. These attributes make them ideal candidates for applications ranging from electric

vehicles to renewable energy integration, where high power output and rapid energy delivery are essential [1].

Among various classes of electrode materials, transition metal sulfides have emerged as particularly promising for

next-generation supercapacitors due to their excellent redox activity, high electrical conductivity, and large theoretical

capacitance. Compared to their oxide counterparts, sulfides provide a greater number of accessible redox-active sites

and lower electronegativity, which contribute to enhanced charge storage performance and improved structural flexi-

bility. These features allow metal sulfides to achieve higher energy and power densities, along with excellent cycling

stability [2, 3].

Nickel sulfide (NiS), in particular, has attracted significant attention due to its abundance, low cost, and outstanding

electrochemical properties. Various crystalline forms of nickel sulfide, such as NiS, Ni3S2, and Ni3S4, exhibit high theo-

retical capacitances and reversible redox behavior, making them suitable candidates for use in hybrid and pseudocapacitor

systems [4, 5].

To date, the synthesis of nickel sulfide nanostructures for supercapacitor applications has been primarily achieved

through hydrothermal [6, 7] and solvothermal methods [8], often conducted at elevated temperatures (typically 160 –

180 ◦C) and in the presence of surfactants. Other methods such as electrodeposition [9], chemical bath deposition [10], and

ultrasound-assisted soaking [11] have also been reported. While these techniques can yield high-performance materials,

they often require complex conditions, long synthesis times, and additional reagents.

© Kaneva M.V., Meleshko A.A., Tenevich M.I., Enikeeva M.O., Kodintsev I.A., Lobinsky A.A., 2025
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In this work, we report a facile and surfactant-free approach for the synthesis of nickel sulfide thin films directly

on nickel foam substrates using the Successive Ionic Layer Adsorption and Reaction (SILAR) method at room temper-

ature [12–14]. The SILAR technique offers a simple, low-cost, and easily controllable route for thin film fabrication,

making it a viable alternative to traditional synthesis methods.

As is known, anions of precursor salts have a significant effect on the crystallization process, nucleation, determining

the rate of crystal grown, morphology and structure of the crystals formed. Changes in the concentration and nature of

anions can lead to significant changes in these parameters, as evidenced by earlier in detail studies [15, 16]. However, no

systematic studies have been conducted on the effect nature of the anion on the morphology of the transition metal sulfides

thin films obtained via SILAR synthesis. By varying the nickel salt precursor used during deposition we systematically

investigated the influence of precursor chemistry on the resulting film morphology and electrochemical behavior. Among

the synthesized samples, the electrode derived from nickel chloride demonstrated the most uniform crack-free surface

morphology and exhibited the highest electrochemical performance, achieving a specific capacitance of 1902 F/g at a

current density of 1 A/g in 1 M KOH electrolyte. Moreover, this sample displayed excellent rate capability and stable

cycling performance over 1000 charge-discharge cycles.

2. Experimental

2.1. Synthesis of nickel sulfides on Ni foam

Aqueous solutions of nickel (II) chloride hexahydrate (NiCl2 × 6H2O), nickel (II) sulfate heptahydrate (NiSO4 ×

7H2O), nickel (II) acetate tetrahydrate (NiAc2 × 4H2O), nickel (II) nitrate hexahydrate (Ni(NO3)2 × 6H2O) were used

for the synthesis of nickel sulfides by SILAR as the cationic precursors. Sodium sulfide nonahydrate (Na2S × 9H2O)

was used as the anion precursor. All solutions were prepared at a concentration of 0.05 M using distilled water. Nickel

foam (NF) with a porosity of 110 PPI and dimensions of approximately 15 × 15 mm was used as the substrate. Prior to

synthesis, the NF substrates were treated with ethanol in combination with ultrasound to remove organic contaminants.

To eliminate the surface oxide layer, the substrates were subsequently immersed in 6 M hydrochloric acid (HCl) for

15 minutes, rinsed thoroughly with distilled water, and dried at 60 ◦C in air.

In the first step of SILAR, the pretreated substrates were fixed in clamps of the automated installation, immersed for

15 s into solution of nickel salt, and then washed with distilled water to remove excess reagent. In the second step, the

substrates were immersed for 15 s in the Na2S solution and again washed in distilled water. This sequence of treatments

constituted a single SILAR cycle, which was repeated 10 times. After completion of layering cycles, the substrates were

dried in an air atmosphere.

2.2. Materials characterizations and electrochemical measurements

The morphological characteristics of the synthesized nickel sulfide films were examined using a Tescan Vega 3

SBH scanning electron microscope (SEM). Elemental composition and surface distribution of elements were determined

via energy-dispersive X-ray spectroscopy (EDX) using an Oxford Instruments INCA x-act system coupled to the SEM.

FTIR transmittance spectra were recorded on Shimadzu IRTracer-100 FTIR spectrophotometer. Phase composition and

crystallinity were assessed by powder X-ray diffraction (PXRD), carried out on a DRON-8H diffractometer (Russia,

Bourevestnik, JSC) (Cu Kα radiation (λ = 1.5406 Å)). Diffraction patterns were recorded in Bragg–Brentano geometry

in the ω-2θ scanning mode using PSD in the angle range 2θ = 30 – 65
◦ in increments of 0.01◦. Phase identification was

performed by comparing the obtained patterns with standard reference data from the PDF-2 database.

The electrochemical properties of NiS/NF as cathode of supercapacitor was investigated in standard three-electrode

cell measurements with 1 M KOH electrolyte using SmartStat PS-250 (SmartStat, Russia, Chernogolovka) at room tem-

perature. The reference and counter electrodes were an Hg/HgO and a carbon rod, respectively. Cyclic voltammetry (CV)

measurements were obtained in the potential windows from 0.0 to 0.6 V (vs. Hg/HgO) at scan rates of 10 mV/s. Gal-

vanostatic charge discharge (GCD) measurements were obtained at current densities of 1 A/g. The specific capacitance

(C, F/g) of the prepared electrode was calculated from the GCD measurements using eq. (1):

C =
It

mV
, (1)

where I is the applied current (A), t is the discharge time (s), V is the potential window (V) and m is the mass of the

electroactive material (g). The mass of the electroactive material was determined from the difference in mass between the

initial substrate and the substrate with the NiS layer.

3. Results and discussion

In this study, we investigated the synthesis conditions of nickel sulfide (NiS) using the SILAR method, with a particu-

lar focus on the influence of different nickel salts as precursors. Specifically, nickel sulfate, nickel acetate, nickel chloride,

and nickel nitrate were employed as sources of Ni2+ ions. The primary objective was to examine how the nature of the

nickel salt affects the morphology of the resulting nickel sulfide layers.

The SEM images and EDX spectra are shown in Fig. 1.
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FIG. 1. SEM images and EDX spectra of nickel sulfides synthesized using NiSO4, NiCl2, NiAc2 and

Ni(NO3)2 on NF after 10 SILAR cycles at different magnifications

Our findings reveal that the choice of precursor salt plays a critical role in determining the quality and uniformity of

the NiS film deposited on the substrate. Notably, the use of nickel chloride resulted in the formation of a more uniform and

continuous NiS layer (Fig. 1b). In contrast, films synthesized using nickel sulfate, acetate, and nitrate exhibited noticeable

cracking and inhomogeneities, suggesting that these salts lead to less favorable deposition characteristics under the given

conditions (Fig. 1a,c,d). The observed cracking in NiS layers synthesized from nickel sulfate, acetate, and nitrate precur-

sors can be attributed to several factors. These salts likely promote less controlled or uneven nucleation and growth of the

NiS layer during the SILAR process, resulting in internal stresses within the film. Additionally, highly hydrated anions

such as sulfate and nitrate may alter the deposition kinetics, leading to rapid precipitation and structural inhomogeneities.

Upon drying or crystallization, these stresses can manifest as cracks due to shrinkage and poor mechanical integrity. In

contrast, the use of nickel chloride as the precursor yields a more uniform and compact NiS thin film, likely due to its

lower degree of ion hydration and more favorable deposition behavior.

EDX spectrum data demonstrate presence of Ni, S, O and C atoms in synthesized nanolayers.

Figure 2(a) illustrates the FTIR spectra of nickel sulfides synthesized using NiSO4, NiCl2, NiAc2 and Ni(NO3)2.

Absorption bands characteristic of nickel sulfide with minor differences in intensity are observed in all spectra. Weak

bands observed at about 3670 and 1640 cm−1 are corresponding to valence and bending vibrations bonds of O–H bond

in water molecules, respectively. Bands with peaks at 1080 and 2339 cm−1 are correlated to CO2, which is thought to

be adsorbed on the surface of samples from the atmosphere during sample preparation [17]. The peaks at 500, 555 and

670 cm−1 could be assigned to bending vibration mode in Ni–S [18].

Figure 2(b) show the XRD pattern thin film of nickel sulfide obtained from nickel chloride precursor. It should be

noted that a similar diffraction pattern was observed for sulfides obtained from other precursors. A single intense peak

is observed with value 33.7◦ corresponding to lattice parameter (002), respectively, in agreement with standard data card

(JCPDS: 12-0041) of NiSx. Peak with value 62.1◦ correspond to Kβ of substrate.

The electrochemical performance of the NiS electrode was evaluated by cyclic voltammetry (CV) and galvanostatic

charge discharge technology (GCD). Fig. 3(a) shows the CV curves of NiS electrodes synthesized using NiSO4, NiCl2,

NiAc2 and Ni(NO3)2 on Ni foam after 10 SILAR cycles. The peaks present are related to typical redox peaks of Ni2+ to

Ni3+ [19]. Probable reaction mechanism of these redox peaks may be related to the following eq. (2):

NiS + OH−

⇌ NiSOH + e−. (2)

However, it can be noted that the Ni2+ to Ni3+ transition potential is different for each electrode. Moreover, the

lowest potential at which this process occurs corresponds to nickel sulfide synthesized from nickel chloride. It can be

hypothesized that the anions (such as sulfate, chloride, nitrate, etc.) exert an influence on the electrochemical behavior
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FIG. 2. (a) FTIR spectra of nickel sulfides synthesized using NiSO4, NiCl2, NiAc2 and Ni(NO3)2 and

(b) XRD pattern of nickel sulfides synthesized using NiCl2

FIG. 3. (a) CV curves at scan rate of 10 mV/s and (b) GCD curves at current density of 1 A/g in 1 M

KOH electrolyte of nickel sulfides synthesized using NiSO4, NiCl2, NiAc2 and Ni(NO3)2 on NF after

10 SILAR cycles, (c) GCD curves at different current density of nickel sulfide synthesized using NiCl2
after 10 SILAR cycles

of nickel, potentially through the formation of surface complexes or modifications in the material’s structural proper-

ties. These effects could lead to a shift in the oxidation/reduction peak potential, depending on the chemical nature and

reactivity of the anions.

The galvanostatic charge-discharge curves of electrodes are shown in Fig. 3(b). The nonlinear shape of the curves

indicates the pseudocapacitive properties of the electrodes. The specific capacitance values calculated from the charge-

discharge curves at a current density of 1 A/g (Fig. 3b) for electrodes synthesized using NiSO4, NiCl2, NiAc2 and

Ni(NO3)2 were 1809, 1902, 1401 and 1762 F/g, respectively. Thus, the sample synthesized from nickel chloride has the

best capacitive characteristics. This enhanced electrochemical performance directly correlates with improved morphology

electrode synthesized using NiCl2, as the continuous and crack-free structure facilitates better electron and ion transport,

reduces charge transfer resistance, and ensures more effective utilization of electroactive sites. Consequently, the NiS layer

derived from nickel chloride exhibits superior electrochemical properties compared to the more fractured and structurally

defective layers obtained used other salts.

A comparative analysis of the electrochemical performance of the synthesized nickel sulfide with nickel sulfide-

based electrodes obtained by other synthetic techniques is presented in Table 1. The results provide compelling evidence

for the efficacy of the SILAR method as an effective approach for the synthesis of nickel sulfide. Furthermore, a detailed

investigation into the influence of various synthesis conditions such as the choice of nickel salts and deposition parameters

on the electrochemical properties of the resulting material has been conducted. These findings contribute to a deeper

understanding of how synthesis conditions can be optimized to enhance the performance of nickel sulfide electrodes,

highlighting the potential of this method for future applications in energy storage and conversion technologies.
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TABLE 1. Comparative characteristics of electrodes based on nickel sulfide obtained by different syn-

thetic techniques

Electrode Substrate Method
Specific

capacitance (F/g)
Electrolyte Stability Ref

NiSx Ni foam SILAR 1902 at 1 A/g 1 M KOH
100 % after

1000 cycles

This

article

Ni3S2 (h-NS20)/Co3O4 Ni foam SILAR 1901 at 1 A/g 1 M KOH
91.8 % after

10000 cycles
[20]

NiS/NiSSe nanosheet Ni foam
hydrothermal

technique
1908 at 1 A/g

PVA/KOH gel

electrolyte

>90 % after

28000 cycles
[21]

NiS/ACNTs Ni foam

hydrothermal

method and

subsequent

annealing

treatment

1266 at 1 A/g 3 M KOH
83 % after

2000 cycles
[22]

NiS NPs Ni foam
hydrothermal

method
1073.8 at 1.2 A/g 2 M KOH

89 % after

1000 cycles
[23]

4. Conclusion

This study demonstrates the impact of nickel salt precursors on the morphology and electrochemical performance of

nickel sulfide films synthesized via the SILAR method. Among the salts investigated, nickel chloride produced the most

uniform and mechanically stable NiSx layer, free of visible cracks and defects. This improved film quality was found to

be directly responsible for the superior electrochemical performance, with the chloride-derived NiSx electrode achieving

a specific capacitance of 1902 F/g at 1 A/g. In contrast, layers formed from nickel sulfate, acetate, and nitrate exhibited

significant cracking, which negatively affected charge transport and capacitance. The results underscore the importance of

precursor selection in controlling the microstructure and optimizing the electrochemical properties of nickel sulfide-based

electrodes, offering valuable insights for the development of advanced materials for supercapacitor and energy storage

technologies.

References

[1] Lakshmi K.C.S., Vedhanarayanan B. High-performance supercapacitors: a comprehensive review on paradigm shift of conventional energy storage

devices. Batteries, 2023, 9 (4), P. 202–247.

[2] Shariq M., Alhashmialameer D., Adawi H., Alrahili M.R., Almashnowi M.Y.A., Alzahrani A., Sharma M., Ali S.K., Slimani Y. Advancements in

transition metal sulfide supercapacitors: a focused review on high-performance energy storage. J. Ind. Eng. Chem., 2025, 144, P. 269–291.

[3] Gao Y., Zhao L. Review on recent advances in nanostructured transition-metal-sulfide-based electrode materials for cathode materials of asym-

metric supercapacitors. CEJ, 2022, 430 (2), 132745.

[4] Guan Y., Hu K., Su N., Zhang G., Han Y., An M. Review of NiS-based electrode nanomaterials for supercapacitors. Nanomaterials, 2023, 13 (6),

P. 979–1014.

[5] Pothu R., Bolagam R., Wang Q.H., Ni W., Cai J.F., Peng X.X., Feng Y.Z., Ma J.M. Nickel sulfide-based energy storage materials for high-

performance electrochemical capacitors. Rare Met., 2021, 40, P. 353–373.

[6] Yan H., Zhu K., Liu X., Wang Y., Wang Y., Zhang D., Lu Y., Peng T., Liu Y., Luo Y. Ultra-thin NiS nanosheets as advanced electrode for high

energy density supercapacitors. RSC Adv., 2020, 10, P. 8760–8765.

[7] Gou J., Xie S., Yang Z., Liu Y., Chen Y., Liu Y., Liu C. A high-performance supercapacitor electrode material based on NiS/Ni3S4 composite.

Electrochim. Acta, 2017, 229, P. 299–305.

[8] Parveen N., Ansari S.A., Ansari S.G., Fouad H., El-Salam N.M.A., Cho M.H. Solid-state symmetrical supercapacitor based on hierarchical flower-

like nickel sulfide with shape-controlled morphological evolution. Electrochim. Acta, 2018, 268, P. 82–93.

[9] Chen X., Sun M., Jaber F., Nezhad E.Z., Hui K.S, Li Z., Bae S., Ding M. A flexible wearable self-supporting hybrid supercapacitor device based

on hierarchical nickel cobalt sulfide@C electrode. Sci Rep., 2023, 13, 15555.

[10] Patil A.M., Lokhande V.C., Lokhande A.C., Chodankar N.R., Ji T., Kim J.H., Lokhande C.D. Ultrathin nickel sulfide nano-flames as an electrode

for high performance supercapacitor; comparison of symmetric FSS-SCs and electrochemical SCs device. RSC Adv., 2016, 6, P. 68388–68401.

[11] Yu L., Yang B., Liu Q., Liu J., Wang X., Song D., Wang J., Jing X. Interconnected NiS nanosheets supported by nickel foam: soaking fabrication

and supercapacitors application. J. Electroanal. Chem., 2015, 739, P. 156–163.

[12] Ratnayake S.P., Ren J., Colusso E., Guglielmi M., Martucci A., Gaspera E.D. SILAR deposition of metal oxide nanostructured films. Small, 2021,

2101666.

[13] Lobinsky A.A., Kodintsev I.A., Tenevich M.I., Popkov V.I. A novel oxidation–reduction route for the morphology-controlled synthesis of man-

ganese oxide nanocoating as highly effective material for pseudocapacitors. Coatings, 2023, 13 (2), 361.

[14] Lobinsky A.A., Kaneva M.V., Tenevich M.I., Vadim Popkov V.I., Direct Synthesis of Mn3[Fe(CN)6]2 · nH2O Nanosheets as Novel 2D Analog

of Prussian Blue and Material for High-Performance Metal-Ion Batteries. Micromachines, 2023, 14 (5), 1083.

[15] Zhang F., Ouyang R., Zhou T., Xiong C., Shi W., Su X., Zeng T., Chen Y., Dong G. The effect of different anions on the crystallization course of

α-Al2O3 powder in hydrothermal method. App. Cer. Tech., 2024, 21 (3), P. 1450–1460.



Influence of precursors variation on the morphology and electrochemical performance of NiSx thin films ... 711

[16] Matussin S.N., Rahman A., Khan M.M. Role of Anions in the Synthesis and Crystal Growth of Selected Semiconductors. Front. Chem., 2022, 10,

881518.

[17] Khan N.A., Rashid N., Junaid M., Zafar M.N., Faheem M., Ahmad I. NiO/NiS Heterostructures: An Efficient and Stable Electrocatalyst for

Oxygen Evolution Reaction. ACS Applied Energy Materials, 2019, 2 (5), P. 3587–3594.

[18] Nachimuthu S., Kannan K., Thangavel S., Gurushankar K. Electrochemical and magnetic properties of 3D porous NiS/CuS nanocomposites.

Applied Surface Science Advances, 2022, 7, 100209.

[19] Liu H., Liu X.-J., Dong F.-Y., Sun X.-Z. A direct-write method for preparing a bimetal sulfide/graphene composite as a free-standing electrode for

high-performance microsupercapacitors. RSC Advances, 2020, 10, 35490.

[20] Mishra D., Kim S.Y., Jin S.H. Hierarchically-Formed Nickel Sulfide Heterostructure via SILAR on Hydrothermally Grown Cobalt Oxide Scaffolds:

Role of Number of Over-Coating and Evolution of Electrochemical Performance in Supercapacitor Electrodes. Applied Surface Science, 2021,

564 (4), 150436.

[21] Charis C., Batabyal S.K., Pramana S.S., Das B. Nickel sulfide-nickel sulfoselenide nanosheets as a potential electrode material for high perfor-

mance supercapacitor with extended shelf life. J. of Energy Storage, 2023, 68.

[22] Ouyang Y., Chen Y., Peng J., Yang J., Wu C., Chang B., Guo X., Chen., Luo Z., Wang X. Nickel sulfide/activated carbon nanotubes nanocomposites

as advanced electrode of high-performance aqueous asymmetric supercapacitors. J. of Alloys and Compounds, 2021, 885, 160979.

[23] Bandari N., Punnoose D., Rao S.S., Subramabnian A., Ramesh B.R., Kim H.-J. Hydrothermal synthesis and pseudocapacitive properties of

morphology-tuned nickel sulfide (NiS) nanostructures. New J. Chem., 2018, 42, P. 2733–2742.

Submitted 21 August 2025; accepted 26 August 2025

Information about the authors:

Maria V. Kaneva – Ioffe Institute, Hydrogen Energy Laboratory, St Petersburg, 194021, Russia; ORCID 0000-0003-2816-

7059; skt94@bk.ru

Alexandra A. Meleshko – Ioffe Institute, Hydrogen Energy Laboratory, St Petersburg, 194021, Russia; ORCID 0000-

0002-7010-5209; alya him@mail.ru

Maxim I. Tenevich – Ioffe Institute, Hydrogen Energy Laboratory, St Petersburg, 194021, Russia; ORCID 0000-0003-

2003-0672; mtenevich@gmail.com

Maria O. Enikeeva – Ioffe Institute, Hydrogen Energy Laboratory, St Petersburg, 194021, Russia; ORCID 0000-0002-

9633-4421; enikeeva123@mail.ioffe.ru

Ilya A. Kodintsev – Ioffe Institute, Hydrogen Energy Laboratory, St Petersburg, 194021, Russia; i.a.kod@mail.ru

Artem A. Lobinsky – Ioffe Institute, Hydrogen Energy Laboratory, St Petersburg, 194021, Russia; ORCID 0000-0001-

5930-2087; lobinski.a@mail.ru

Conflict of interest: the authors declare no conflict of interest.



712     Paper abstracts in Russian 
 

Paper abstracts in Russian / Аннотации статей 
 
Нелинейное оптимальное управление в двухточечной краевой задаче для 
псевдопараболического уравнения с условиями типа Самарского-Ионкина 
Юлдашев Т.К., Кадиркулов Б.Ж., Шермаматов Ж.Ж., Рамазанова А.Т. 
 
В данной работе рассматривается задача оптимального управления подвижной точкой для 
псевдопараболического уравнения с нелинейной управляющей функцией при двухточечном 
нелинейном граничном условии. Уравнение исследуется при краевых условиях типа 
Самарского-Ионкина по пространственной переменной x. Изучена спектральная задача и 
найдены собственные значения, собственные функции и условия оптимальности. Получены 
нагруженные нелинейные функциональные уравнения относительно управляющей функции. 
Методом сжимающих отображений доказано существование и единственность управляющей 
функции. Определена функция состояния. Доказана сходимость ряда Фурье для функции 
состояния. 
 
Ключевые слова: Нелинейное загруженное функциональное уравнение, 
псевдопараболическое уравнение, двухточечное краевое условие, условия типа Самарского-
Ионкина, собственные числа, собственные функции, ряды Фурье, теоремы существования и 
единственности. 
 
 
Спектральный анализ двухчастичных гамильтонианов с 
короткодействующими взаимодействиями 
Ахмадова М.О., Азизова М.А.  
 
Мы анализируем спектральные характеристики решеточных операторов Шрёдингера 

( )H K , 3( , ]K    , которые представляют систему двух идентичных бозонов, 

расположенных на решетке 3 . Модель включает в себя взаимодействия на узлах решетки и 
взаимодействия ближайших соседей, параметризованные , , R   . Наше исследование 

оператора (0)H  выявляет инвариантное подпространство, на котором его ограниченная 

форма (0)eaH  зависит исключительно от λ и μ. Чтобы прояснить механизмы рождения и 

уничтожения собственных значений для (0)eaH , мы определяем критический оператор. 
Впоследствии на плоскости, натянутой на λ и μ, разрабатывается подробный критерий, 
который включает: (i) вывод гладких критических кривых, которые отмечают наступление 
критичности для оператора, и (ii) доказательство точных условий существования именно α 
собственных значений ниже и β собственных значений выше существенного спектра, где 
α,β∈{0,1,2} и α+β≤2. 
 
Ключевые слова: Двухчастичная система, решёточный оператор Шрёдингера, 
существенный спектр, связанные состояния, детерминант Фредгольма 
 
 
Асимптотическое разложение определенного интеграла, ассоциированного 
с семейством моделей Фридрихса, возникающих в квантовой механике 
Расулов Т.Х., Умиркулова Г.Х.  
 
В данной работе рассматривается семейство моделей Фридрихса, возникающих в квантовой 
механике, соответствующих гамильтониану двухчастичной системы на одномерной решетке. 
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Проанализировано количество, расположение и условия существования собственных 
значений этого семейства. Получено асимптотическое разложение соответствующего 
определителя Фредгольма в окрестности начала координат. 
 
Ключевые слова: модель Фридрихса, квантовая механика, решетка, двухчастичная система, 
определитель Фредгольма, собственное значение, разложение. 
 
 
Включения метастабильной сверхпроводящей фазы галлия в SmGa2 
Шитов А.Е., Волков М.П. 
 
Намагниченность M соединения SmGa2 в широкой области температур имеет 
парамагнитный характер, а при понижении температуры ниже 30 K наблюдается 
существенный рост намагниченности, который указывает на образование магнито-
упорядоченного состояния. При температурах ниже 5 К на зависимостях M(H) наблюдается 
резкая особенность, представляющая собой вклад от намагниченности сверхпроводящих 
суб-микронных включений галлия. Анализ зависимостей M(H), измеренных при разных 
температурах ниже 5 К, позволил предположить наличие двух сверхпроводящих фаз галлия. 
Критическая температура TC = 5.9 K и критическое поле HC (0) = 560 Oe соответствуют 
образованию метастабильной β-фазы галлия, а критическая температура TC = 8.4 K и 
критическое поле HC (0) = 1100 Oe могут быть связаны с образованием тонкого слоя 
аморфного галлия на поверхности включений β-фазы.  
 
Ключевые слова: намагниченность, SmGa2, сверхпроводимость, микрочастицы, 
метастабильная фаза, галлий. 
 
 
Непредсказуемая и равномерная генерация случайных чисел на основе 
времени прибытия с использованием детекторов InGaAs 
Дипика Аггарвал, Аниндита Банерджи, Анкуш Шарма, Ганеш Ядав 
 
Квантовые генераторы случайных чисел становятся обязательными в требовательном 
технологическом мире высокопроизводительных алгоритмов обучения и правил 
безопасности. Наша реализация, основанная на принципах квантовой механики, позволяет 
нам достичь необходимой случайности. Мы сгенерировали высококачественные квантовые 
случайные числа из слабого когерентного источника на телекоммуникационной длине 
волны. Энтропия основана на времени прибытия квантовых состояний в пределах заданного 
интервала времени. Детектирование фотонов детекторами одиночных фотонов InGaAs и 
высокоточное измерение времени 5 пс позволяют нам генерировать 16 случайных битов за 
время прибытия, что является самым высоким показателем, зарегистрированным на 
сегодняшний день. Мы представили теоретический анализ и экспериментальную проверку 
методологии генерации случайных чисел. Метод устраняет необходимость в каком-либо 
экстракторе случайности, тем самым используя принципы квантовой физики для генерации 
случайных чисел. Средняя скорость передачи данных на выходе составляет 2,4 Мбит/с. 
Сгенерированные необработанные квантовые случайные числа сравниваются с 
предписанным NIST генератором псевдослучайных чисел Блюма-Блюма-Шуба и 
собственным аппаратным генератором случайных чисел от FPGA на платформе ENT и NIST. 
 
Ключевые слова: генерация случайных чисел, InGaAs-детектор. 
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Физико-химические аспекты и биологическая активность конъюгатов 
нанодисперсного диоксида церия с сывороточным альбумином человека 
Проскурнина Е.В., Костюк С.В., Созарукова М.М., Ершова Е.С., Вейко Н.Н., Попков М.А., 
Костюк Э.В., Мартынов А.В., Иванов В.К. 
 

Нанодисперсный диоксид церия (СеО2) обладает уникальной каталитической активностью в 
реакциях с участием активных форм кислорода (АФК), играющих роль медиаторов 
ключевых сигнальных путей. Альбумин является наиболее распространенным белком 
плазмы крови, взаимодействие с которым может влиять как на свойства наночастиц СеО2, 
так и на саму биомолекулу. На модели эмбриональных фибробластов легкого человека (in 
vitro) исследовано, как конъюгация нанодисперсного СеО2 с альбумином влияет на ряд 
биохимических параметров: жизнеспособность клеток, уровень внутриклеточных АФК, 
экспрессию NOX4, NRF2 и NF-κB, окислительное повреждение и репарацию ДНК, апоптоз, 
пролиферацию клеток и аутофагию. Результаты демонстрируют, что связывание диоксида 
церия с альбумином изменяет его физико-химические свойства, способствуя более 
эффективному поглощению наночастиц СеО2 клетками. Конъюгация СеО2 с белком 
ослабляет влияние наночастиц на внутриклеточный баланс АФК и митохондриальный 
мембранный потенциал. Примечательно, что конъюгаты СеО2 с альбумином индуцируют 
более сильную активацию NOX4, что приводит к повышенному генотоксическому стрессу. 
Однако этот эффект компенсировался более эффективной активацией систем репарации 
ДНК по сравнению с немодифицированным диоксидом церия. Помимо этого, конъюгаты 
наночастиц СеО2 с белком модулировали сигнальные пути, усиливая подавление 
провоспалительного каскада NF-κB и активируя процессы аутофагии. Таким образом, 
конъюгация наночастиц СеО2 с альбумином не только снижает их цитотоксичность, но и 
усиливает противовоспалительный и регенеративный потенциалы диоксида церия. 
 

Ключевые слова: наночастицы диоксида церия, сывороточный альбумин человека, 
цитотоксичность, генотоксичность, гены окислительного метаболизма, пролиферация, 
аутофагия, эмбриональные фибробласты легкого человека. 
 
 
Совмещая точность и эффективность: оценка универсальных 
машиннообучаемых межатомных потенциалов для кластеров ниобий-
кислород 
Попов И.С., Валеева А.А., Еняшин А.Н. 
 

Машиннообучаемые межатомные потенциалы (MLIP) обещают сочетание вычислительной 
точности теории функционала плотности (DFT) со скоростью типичной для методов 
молекулярной механики. Однако их надежность для сложных многокомпонентных систем 
требует тщательной валидации. В данной работе мы проводим оценку трех ведущих 
универсальных MLIP на примере кластеров оксида ниобия (NbnOm, n ≤ 6, m ≤ 6), как 
сложнейшего теста. Система Nb-O хорошо подходит для этой задачи благодаря сложным 
межатомным взаимодействиям, проявление которых в макрокристаллической фазе приводит 
к стабилизации решётки с 25% упорядоченных вакансий, а на наноуровне – к широкому 
спектру нестехиометрических кластеров. В качестве референса используется набор данных о 
глобальных минимумах структур кластеров Nb-O, идентифицированных с помощью 
эволюционного поиска (USPEX) и DFT расчетов. Путем прямого сравнения структур, 
энергий и относительной стабильности, предсказываемых эволюционным поиском с 
использованием MLIP разного уровня, мы даём всестороннюю оценку точности и 
ограничений современных универсальных потенциалов для моделирования сложных 
наноразмерных оксидов.  
 

Ключевые слова: DFT, машиннообучаемые потенциалы, MLIP, эволюционный алгоритм, 
оксид ниобия, NbO, наночастица, кластер, USPEX. 
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Формирование высокодисперсных композиций V – C – O – Ni и V – N – O – 
Ni в условиях низкотемпературной азотной плазмы 
Авдеева Ю.А., Лужкова И.В., Мурзакаев А.М., Ермаков А.Н. 
 

В условиях плазмохимического синтеза в низкотемпературной (4000-60000С) азотной плазме 
из механических смесей, содержащих в своем составе карбид или нитрид ванадия с 
металлическим никелем в соотношении 1:1, получены ультрадисперсные и 
нанокристаллические порошковые композиции VC – Ni и VN – Ni. Рентгенографические 
исследования показали, что полученные плазмохимические частицы содержат в своем 
составе оксикарбиды и оксинитриды ванадия, металлический никель, а также 
характеризуются присутствием оксидных фаз системы V – O. Электронно-микроскопические 
исследования нанокристаллических фракций порошковых композиций VC – Ni и VN – Ni в 
рамках просвечивающей электронной микроскопии высокого разрешения визуализировали 
строение полученных частиц. В условиях использования быстрого преобразования Фурье 
было показано, что тугоплавкие составляющие и металлический никель формируют 
индивидуальные частицы нанометрового диапазона, не контактирующие между собой. На 
основе проведенных исследований сформулирован химический механизм организации 
высокодисперсных механических смесей V – C – O – Ni и V – N – O – Ni в условиях 
закалочных процессов в турбулентном потоке газообразного азота, протекающих со 
скоростью 105 0С/c. 
 

Ключевые слова: карбид ванадия, нитрид ванадия, никель, плазмохимический синтез, 
рентгенофазовый анализ, просвечивающая электронная микроскопия высокого разрешения. 
 
 
Цеолит клиноптилолит, механохимически модифицированный 
полиэтиленгликолем для получения нефтесорбентов 
Дабижа О.Н. 
 

Исследовано влияние «мягкой» механохимической активации в воздушной атмосфере смеси 
клиноптилолит-цеолитовых пород с 10; 20 мас. % полиэтиленгликоля ПЭГ-4000 на 
структуру, физические и нефтеадсорбционные свойства. Дозы приложенной механической 
энергии составили 2,16 и 5,04 кДж/г. Показано, что клиноптилолитовая порода, 
модифицированная 10 мас. % полиэтиленгликоля при дозе механической энергии 5,04 кДж/г, 
и клиноптилолитовая порода, модифицированная 20 мас. % этого полимера при дозе энергии 
2,16 кДж/г, имеют нефтеемкость на твердой поверхности 1,4 г/г. Установлено, что в ИК-
спектрах этих образцов отношение интенсивностей полос поглощения, обусловленных 
валентными колебаниями силоксановых и гидроксильных групп, составляет не менее 3,2, а 
пористость слоя - не менее 72 %. Выявлена корреляция между нефтеемкостью и 
содержанием полимера, пористостью, структурными изменениями. 
 

Ключевые слова: клиноптилолитовый цеолит, механохимическая активация, полимер, 
полиэтиленгликоль, маслоемкость. 
 
 
Контролируемый выход однородных полипептидов из углеродной 
нанотрубки при изменении водородного показателя: молекулярно-
динамическое моделирование 
Кручинин Н.Ю. 
 

С использованием молекулярно-динамического моделирования при различных уровнях pH 
исследованы изменения конформаций однородных полипептидов, которые располагались по 
одиночке или попарно внутри углеродной нанотрубки. Рассчитаны радиальные 
распределения плотности атомов полипептида, распределения атомов макроцепи вдоль оси 
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нанотрубки, а также зависимости различных компонентов потенциальной энергии 
наносистемы. В изоэлектрической точке полипептиды находились в центральной части 
углеродной нанотрубки, распластываясь по ее стенкам. По мере отклонения уровня pH от 
изоэлектрической точки одиночно расположенный внутри углеродной нанотрубки 
полипептид сначала разворачивался и вытягивался вдоль ее оси, а когда почти все звенья 
макромолекулы приобретали электрический заряд – происходил ее выход из нанотрубки. 
Попарно расположенные внутри углеродной нанотрубки полипептиды при изменении 
водородного показателя отталкивались друг от друга и смещались на противоположные 
концы нанотрубки, высвобождаясь из нее.  
 
Ключевые слова: молекулярная динамика, углеродная нанотрубка, полипептид, 
водородный показатель, конформация, контролируемый выход. 
 
 
Влияние скорости вращения на структурные, морфологические и 
оптические свойства тонких пленок легированной сурьмой окиси олова 
(SnO�), полученных методом золь-гель центрифугирования 
Субраманьям Д., Раджеш Кумар Б., Чандрасекара Редди К. 
 
Пленки диоксида олова, легированного сурьмой (ATO), были получены на стеклянных 
подложках методом центрифужного нанесения при скоростях вращения от 2000 до 3500 
об/мин. Исследовано влияние скорости вращения на физические свойства пленок Sb-SnO2. 
Рентгенограммы пленок Sb-SnO2 демонстрируют тетрагональную структуру рутила. 
Морфология поверхности показывает однородный рост пленок со сферической структурой, а 
при более высоких скоростях вращения наблюдалась агломерация зерен. Пленки Sb-SnO2, 
полученные при 3500 об/мин, показывают оптимальное пропускание 82% в видимой 
области. Энергия оптической запрещенной зоны пленок Sb-SnO2 увеличилась с 3.23 до 3.46 
эВ вследствие эффекта Бёрстайна-Мосса. Удельное электрическое сопротивление пленок Sb-
SnO2 увеличилось с 2.80×10⁻  ⁴ до 3.86×10⁻ ⁴  Ом·см при увеличении скорости вращения с 
2000 до 3500 об/мин. 
 
Ключевые слова: пленки Sb-SnO2, рентгеноструктурный анализ, морфология поверхности, 
оптические свойства, электрические свойства. 
 
 
Включение селенида марганца в полимеризованные листы 
восстановленного углерода: эффективный и стабильный 
электрокатализатор окисления метанола 
Кавита Муруган, Калайараси Сентурпанди, Ведхи Чиннапайян, Мутучударкоди Раджа Рам 
 
Полимерный нанокомпозит восстановленный оксид графена/селенид марганца @поли-N-
метилпиррол (RGO/MnSe@P-NMPy) синтезирован методом химической окислительной 
полимеризации in situ. Исследование полимерного нанокомпозита RGO/MnSe@P-NMPy 
проводилось с помощью ИК-Фурье-спектроскопии, УФ-видимой спектроскопии, 
рентгеновской дифракции, просвечивающей электронной микроскопии (ПЭМ) и 
электрохимических исследований, а также методом FESEM с использованием EDAX. 
Реакция окисления метанола в основных средах была подтверждена методом циклической 
вольтамперометрии. Электрокатализатор RGO/MnSe@P-NMPy демонстрирует 
превосходную электрокаталитическую активность, более низкий окислительный потенциал 
(0,1 В), повышенную плотность тока (96 мА/см²) и превосходную стабильность в реакции 
окисления метанола (MOR) в основных средах. Для наногибридного электрокатализатора 
RGO/MnSe@P-NMPy значение ECSA составило 183,7 м²/г. Этот результат наглядно 
демонстрирует, что полимерный нанокомпозит RGO/MnSe@P-NMPy имеет больше 



Paper abstracts in Russian    717 
 
активных центров для реакции MOR. Хроноамперометрия использовалась для демонстрации 
того, что по сравнению с другими нанокомпозитами наличие полимерного нанокомпозита 
RMP повышает стабильность (в 1000 раз) и обеспечивает более высокую плотность тока 
(27,71 мА/см²) окисления метанола. Согласно полученным результатам, введение P-NMPy в 
структуру RGO/MnSe может улучшить эффективность окисления метанола и повысить 
устойчивость к CO по сравнению с монометаллическим катализатором. Данное 
исследование обосновывает потенциальную разработку высокоэффективных и недорогих 
катализаторов для хранения, преобразования энергии и других полезных применений.  
 
Ключевые слова: RGO, MnSe, поли-N-метилпиррол (P-NMPy), RGO/MnSe@P-NMPy 
(RMP), плотность тока, реакция окисления метанола (MOR). 
 
 
Модифицированные наночастицы селенида цинка для удаления тяжелого 
металла железа (Fe) из водных растворов 
Хуршед А. Шах, Хумайра С. Ван, С.М.А. Андраби, Квинтон Л. Уильямс 
 
Железо является тяжелым металлом, который присутствует в воде вследствие природных 
геологических источников, бытовых отходов, промышленных стоков и многочисленных 
побочных продуктов. Чрезмерное количество железа в питьевой воде может вызывать 
серьезные проблемы со здоровьем у людей. В настоящем исследовании металлические 
наночастицы Zn-Se, модифицированные серебром и мочевиной, были синтезированы золь-
гель методом и охарактеризованы с помощью РФА, FESEM, EDX и ИК-Фурье 
спектроскопии. Синтезированные наночастицы ZnSe:Ag:Urea использовались для 
адсорбционного удаления железа – тяжелого металла – из воды. В данной работе для 
извлечения ионов железа из воды была применена адсорбционная технология, учитывая 
токсичность железа при высоких концентрациях. Проведены эксперименты по адсорбции в 
периодическом режиме на водном растворе, содержащем ионы Fe (III), в различных 
условиях: температуры, времени контакта, дозы сорбента и начальной концентрации ионов 
металла. Результаты показали, что адсорбция железа протекает эффективно с максимальной 
степенью удаления 89,5% в оптимальных условиях: комнатная температура, доза сорбента 
0,1 г/л и объем раствора 100 мл. Равновесие адсорбции железа достигалось в течение 80 
минут при использовании ZnSe:Ag:Urea в качестве сорбента. 
 
Ключевые слова: наночастицы ZnSe, железо, тяжелый металл, адсорбция. 
 
 
Фуллерены GdI3: Изучение структурных и электронных свойств методом 
DFT 
Еняшин А.Н. 
 
В работе предложено существование нуль-мерной фуллереноподобной формы иодида 
гадолиния (III). Сконструированы модели фуллеренов GdI3 тетраэдрической, октаэдрической 
и икосаэдрической морфологии с размерами до ~1000 атомов. Методом функционала 
электронной плотности исследованы их стабильность и электронные свойства. Аналогично 
другим известным неорганическим фуллеренам и нанотрубкам энергии свёртки фуллеренов 
GdI3 уменьшаются с увеличением радиуса и всегда оказываются больше энергий свёртки 
нанотрубок GdI3 тех же радиусов. Фуллерены с морфологией октаэдра или икосаэдра 
оказываются наиболее стабильными. Вне зависимости от размера и морфологии все 
рассмотренные фуллерены GdI3 являются полупроводниками с вероятно ферромагнитным 
типом упорядочения при сверхнизких температурах. Щели ВЗМО-НСМО в электронной 
структуре фуллеренов GdI3 оказываются на 1.1-1.7 эВ меньше, чем запрещённая щель для 
плоского монослоя GdI3. 
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Ключевые слова: Трииодид гадолиния, фуллерены, расчёты DFT 
 
 
Эффект формирования лабиринтообразных массивов никелевых наностержней на 
поверхности никеля в результате реакции гальванического замещения в водных 
растворах смеси CuCl2 и NaCl 
Толстой В.П., Никитин К.Д., Батищева Е.В. 
 
В статье излагаются условия обработки поверхности никеля в водных растворах смеси солей 
CuCl2 и NaCl. В результате исследования впервые установлено наличие селективного 
травления поверхности никеля, обусловленного реакцией гальванического замещения (ГРЗ). 
В процессе травления формируются массивы лабиринтов со стенками из никелевых 
наностержней диаметром от 10 до 50 нанометров и длиной до 0,5 мкм, расположенных 
преимущественно в направлении, перпендикулярном поверхности. Полученные 
экспериментальные результаты позволили сформулировать гипотезы о последовательности 
химических реакций, протекающих на поверхности, и роли диффузионно-химической 
модели А. Тьюринга в формировании наблюдаемых лабиринтов. Показано, что наличие 
таких лабиринтов на поверхности никеля приводит к уменьшению углов его смачивания 
водой. 
 
Ключевые слова: никель, CuCl2, гальваническое замещение, наностержни, массивы. 
 
 
Влияние варьирования прекурсоров на морфологию и электрохимические 
характеристики тонких пленок NiSx, синтезированных с помощью метода 
SILAR 
Канева М.В., Мелешко А.А., Теневич М.И., Еникеева М.О., Кодинцев И.А., Лобинский А.А. 
 
В данной работе тонкие пленки сульфида никеля были синтезированы методом SILAR с 
использованием различных солей никеля в качестве прекурсоров. Было систематически 
исследовано влияние соли-прекурсора на морфологию и электрохимические характеристики 
слоев. Анализ СЭМ показал, что пленки NiSx, полученные из хлорида никеля, 
демонстрируют наиболее однородную и свободную от трещин морфологию. 
Электрохимические измерения показали корреляцию между морфологией пленок и 
емкостными характеристиками. В частности, электрод на основе NiSx, синтезированный с 
использованием раствора соли хлорида никеля, показал максимальную удельную емкость, 
равную 1902 Ф/г при плотности тока 1 А/г. Полученные результаты подчеркивают 
решающую роль выбора прекурсора в оптимизации структурных и электрохимических 
свойств электродов на основе сульфида никеля для применения в устройствах хранения 
энергии. 
 
Ключевые слова: cульфид никеля, прекурсоры, тонкие пленки, SILAR, электрод, 
суперконденсатор. 
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