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ABSTRACT We study the Schrédinger operators H,,(K) that model a two-fermion system on the three-
dimensional lattice Z3, where total quasimomentum is fixed at K € T?, and the particles interact through
nearest- and next-nearest-neighbor couplings with strengths A,z € R. For K = 0, we establish that H,,(0)
admits reducing invariant subspace whose restriction depends solely on the parameter ;. € R. This . parame-
ter line contains two critical points corresponding to the lower and upper spectral thresholds; at each of these
points, the Fredholm determinant of the restricted operator vanishes. Each of these critical points divides the
parameter line into two infinite intervals, where the number of eigenvalues lying below (or above) the essential
spectrum remains constant. Depending on u, the corresponding reduced operator has exactly one discrete
eigenvalue, located either below the bottom or above the top of the essential spectrum. Moreover, we derive a
lower bound on the number of discrete eigenvalues of H,,(K) for all K € T?.

KEYWORDS Two-fermion system; lattice Schrédinger operator; discrete eigenvalues; essential spectrum; re-
duced subspaces.
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1. Introduction

Lattice models play a central role in many areas of modern physics. Among these are the two-body and three-body
lattice Hamiltonians, which represent simplified formulations of the Bose- and Fermi-Hubbard models respectively, and
describe systems with fixed number of identical particles. For one-particle lattice Schrodinger operators defined on one-
, two-, and three-dimensional lattices, the existence, finiteness, and localization of discrete eigenvalues relative to the
essential spectrum have been established; see, for example, the one- and two-dimensional cases in [1,2] and the three-
dimensional setting in [3]. These results were subsequently extended to two-particle lattice systems. In particular, for
Hamiltonians on one-, two-, and three-dimensional lattices on-site (zero-range) interactions and one-step nearest-neighbor
interactions, the existence of discrete eigenvalues below and above the essential spectrum was rigorously proved. More-
over, at zero total quasi-momentum K = 0, the threshold phenomena such as the appearance of an eigenvalue or a
virtual level at the spectral edges were analyzed in detail [4-7]. These studies also revealed a pronounced dependence on
bound states on the total quasi-momentum and covered both bosonic and fermionic symmetry classes. The three-particle
problem was subsequently investigated for lattice Schrodinger Hamiltonians on one- and three-dimensional lattices with
zero-range (on-site) interactions. In this setting, the structure of the essential spectrum and the finiteness or infiniteness
of the discrete spectrum were described, and, in the presence of a zero-range resonance in the corresponding two-particle
subsystems, Efimov-type effects and asymptotic laws for the distribution of eigenvalues were established [8—14]. More-
over, these discrete Hamiltonians may be viewed as natural approximations to their continuous counterparts [15]. By
discretizing configuration space, one obtains bounded operators on the lattice Hilbert spaces whose spectral behaviour
approximates that of the continuous few-body Schrodinger operators in the continuum limit; this observation allows a
rigorous treatment of few-body quantum systems within the framework of bounded operator theory and often simplifies
technical aspects of the spectral analysis. However, unlike the continuous setting, the few-body lattice Hamiltonian does
not admit a full separation of the center-of-mass motion: the lattice discretization breaks the continuous translation (and
Galilean) symmetry and couples center-of-mass and relative degrees of freedom. Nevertheless, the system retains discrete
translational invariance, which makes it possible to apply the Floquet-Bloch decomposition. As a result, the full lattice
Hamiltonian decomposes into a direct integral of fiber operators H (K') parameterized by the quasimomentum K € T,
so that spectral questions may be reduced to the analysis of these fiber operators (see, for example, [16, Section 4]). In the
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current paper, we investigate the spectral properties of a family of Hamiltonians describing two-fermion lattice systems
with nearest- and next-nearest-neighbor interactions. In particular, the Hamiltonian studied here represents the three-
dimensional case of the model presented in [16]. In the momentum representation, after a von Neumann direct integral
decomposition over the quasi-momentum K € T2, the two-fermion system is described by the fiber Schrodinger operator
(see [4,16])

H)\M(K):Ho-i-v,\u, A ueR, @))
acting in the subspace

L*(T°) = {f € LX(T%) : f(-p) = —f(p)},
of odd functions on the torus T® = (—, 7] with Haar measure.
The free Hamiltonian part is the multiplication operator

3
() 0) =) @) e =¢ (G +0) +e(G-p). =2 0-comp) @

and interaction V), is an integral operator in L*°(T?) with smooth kernel

3 2 3 3
uau(p) = 1 (ZCOS]%) +pY cos®pi+AY cospi—3u,  peT,
i=1 i=1 =1

in particular, the rank of Vy,, depends on the values A, u € R and does not exceed 12.
For K = 0, since the operator Hy(0) is multiplication by an even, permutation-symmetric function and the parity
structure of V), one obtains the decomposition

LQ,O(TS) — @ L2,9(T3) (3)
0€{eeo,e0e,0ee,000}
where, for example, § = eeo means that the function is even in the first two coordinates and odd in the third.
In the case § = ooo the interaction vanishes, so this subspace does not contribute to the discrete spectrum. For
each 0 € {eco, coe, oee}, the subspace L??(T?) is naturally associated with a distinguished transposition o = ¢ of the
coordinate variables, defined by

Teceo(P1,P2,P3) = (P2, D1, P3); Ocoe(P1,P2,P3) = (P3,D2,P1), Toece(P1,P2,P3) = (P1,D3,P2)-
With respect to the action of this transposition oy, the space LQ’G(T3 ) admits the orthogonal decomposition
L29(T3) = [20sym(T3) @ [20-esym(T3), 4)
where
D9S3 = {f € L(T%) : foog = f}, L**™™(T%) = {f € L**(T%): fooy = — f}.
We focus on the antisymmetric subspaces
L2 asym (3, 0 € {eeo, eoe, oee}

and, by unitary equivalence, reduce the analysis to the representative case § = eeo.
Our main results are as follows:

(i) Unitary equivalence of HZ’aSym(O) for 0 € {eeo, eoe, oee};
(i1) Exact determination of the eigenvalues of Hﬁ’asy ™(0) outside the essential spectrum;
(iii) Bounds on the number of eigenvalues of H,(K) for arbitrary K € T3.

Further, we study the class of rank-one self-adjoint perturbations V' for which the perturbed Schrédinger operator
Hz’asym(o) possesses a prescribed number of eigenvalues lying to the left or right of its essential spectrum. The model is
exactly solvable, and its discrete spectrum demonstrates the creation and annihilation of bound states triggered by small
perturbations of potential V supported on finite subsets of the three dimensional lattice Z*. When such a phenomenon
of emergence and disappearance occurs at the lower (resp. upper) edge of the essential spectrum of Hfj»asym(O), we
say that the operator is critical at that edge. We prove that the set of perturbations V' leading to criticality consists of a
single point on the parameter line. This yields a precise algebraic-geometric framework for analyzing the stability and
bifurcation of bound states in the lattice Schrodinger operators. Finally, since the eigenvalues of Hz’“ym(O) are in one-
to-one correspondence with the zeros of the Fredholm determinant A, (z) (see [7]), the problem reduces to the study of
the zeros of A, (2).

Previous works [2,3,7, 16] have studied the two-particle Schrodinger operator H y H(K ), where K € T denotes the
total quasimomentum of the two-particle system. This operator naturally emerges in the framework of the Bose-Hubbard
model, which describes the quantum dynamics of two identical particles bosons or fermions on a discrete lattice Z¢ in
spatial dimensions (1 < d < 3). The particle interactions are governed by two real parameters, A and p, representing the
strengths of the interaction at the same site and between nearest-neighbor sites, respectively. For the three-dimensional
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lattice Z>, the bosonic operator ., (K) with on-site () and nearest-neighbor (), 1) interactions was analyzed in [17].
It was shown that its restriction to a certain invariant subspace depends only on the interaction parameters A and p;
the mechanisms of eigenvalue emergence and disappearance are described in terms of the critical operator. Moreover,
conditions ensuring the existence of exactly « eigenvalues below and (3 eigenvalues above the essential spectrum, with
a + B < 2, were established. For the two-dimensional lattice 72, the same operator structure was considered in [18]
with on-site (), nearest-neighbor (A, 1), and next-nearest-neighbor () interactions. It was proved that, for suitable
interaction parameters, the operator has exactly seven eigenvalues outside the essential spectrum for all K € T2,

The structure of the paper is as follows. In Section 2, we introduce the two-fermion Schrodinger operator in the
quasimomentum representation. In Section 3, several preliminary results are established. The main results of the paper
are formulated in Section 4. Finally, Section 5 is devoted to the detailed proofs of these results.

2. Schrodinger operator of a two-fermion system on lattices
2.1. The two-fermion Schriodinger operator in the quasimomentum representation

We denote by T? = (R/277Z)% = (—m,n]? the three-dimensional torus. It can be naturally identified with the
Pontryagin dual group of Z> and is equipped with the Haar measure dp.

In the quasimomentum representation, the lattice Schrodinger operator H),(K), K € T? of the two-fermion system
acting in the subspace L*°(T?) of odd functions on T%, L*°(T?) = {f € L*(T®) : f(—p) = —f(p)} (see [4,16]).

The operator H,(K) is given by

H)\N(K) = HO(K) + V)\,ua )‘7/1’ 6 Rv (5)

where Hy(K) is the multiplication operator associated with the function defined by (2) and the potential V', is an integral
operator of the form

3
Vanf](p =5 Zblnpl/ sing; f( dq—l— Z 1n2p1/ sin 2¢; f (q)dg+
=1
+- Z (CObp,‘slnpj/ cosqiblnqu(q)dq—|—cospj51npz-/ cosqulnqif(q)dq>. (6)
2m 1<i<j<3 T T

Both operators Hy(K) and V), are bounded and self-adjoint. In scientific literature, the parameter X € T3 is
commonly referred to as the two-particle quasimomentum, while H»,, (K) is usually called the discrete Schrodinger
operator associated with the two-particle Hamiltonian H,.

3. Some preliminaries
3.1. Analyzing the essential spectrum of discrete Schrodinger operators

The rank of the operator V), which depends on the values of A and 1, is at most twelve. Due to this, and by applying
Weyl’s theorem, the essential spectrum of H ), (k) is the same as the spectrum of Hy(K) for any K € T3. This means
that oess(H ), (X)) equals the spectrum of Hy(K), i.e.,

Uess(H/\u(K)) = U(HO(K)) = [gmin(K)agmaX(K)]v )

where the minimum and maximum values of the essential spectrum are given by:

K;
Emin(K) := min €k (p) = 42 <1 — cos 2) > Emin(0) =0,

T3
pe i=1

3
Emax(K) = max Ex(p) =4 (1 + cos ) < Emax(0) = 24,

']1‘3
pe i=1

and the function Ex (p) is defined as:

3
Z (1 — cos — cospl> ) (3
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3.2. Decomposition into invariant subspaces and unitary equivalence
For each § € {eco, coe, oce, 000}, let L (T?) € L?°(T?) denote the subspaces of odd functions defined by
L°(T%) = {f € L**(T?) : f(p1,p2,p3) = f(=p1,p2,p3) = f(p1, —p2,13)}
L2%(T%) = {f € L**(T%) : f(p1,p2,p3) = f(=p1,p2,p3) = f(p1, 2, —p3)}
LQ’OEG(TS) ={fe L* O(T3) f(p1,p2,p3) = f(p1,—p2,p3) = f(p1,p2, —p3)}
—f ) =

L2°°°(T?) = {f € L*°(T%) : f(p1,p2,p3) = —f(—p1,p2,p3) = —f (1, —p2,p3)}
for a.e (py,p2,p3) € T°.

Lemma 1. The equality
LQ,O(TZS) — @ LQ,O(T3) (9)
0€{eeo,e0e,0ee,000}

holds true.

Proof. Let f € L*°(T?). Define the following four functions:

fcco(plap2ap3) = L I:f(plapzvp?)) + f(_p17p27p3) + f(p17 _anp?)) - f(plap2a _p3)] € LQ,CCO(T3)’

[ (p1,p2,p3) = = [f(p1.p2,p3) + F(=p1,p2,p3) — f(p1,—p2,p3) + f(p1.p2, —p3)] € L¥°°(T?),

~[f(P1,p2,p3) — F(=p1,p2:p3) + f(P1,—Dp2.p3) + f(p1,p2, —p3)] € L*°°°(T?),

4
1
4
oee 1
fo°¢(p1,p2,p3) = 1

f°o°(p1,pz,p3)=i[f(pl,pz,ps)—f(—pl,pz,ps)—f(pl,—pz,ps)—f(pl,pz, 3)] € L*°°°(T?).

By direct calculation, we have f = f¢°° 4 f¢°¢ 4 fO°¢ 4 foo°, o
Let h = f01f92, where 01 # 02 and 01,02 € {eeo, eoe, oee, 000}. The function h = felf@2 is odd in at least one
variable, hence, its integral over T vanishes. Therefore, ( f Oy 62> = 0, which proves orthogonality. ]

By the structure of the perturbation operator V},,, its restriction to L*°°°(T?) vanishes. Therefore, it suffices to
analyze the remaining three subspaces L>°°(T?), L?°°°(T?) and L*°°°(T?), each admitting a decomposition into sym-
metric and antisymmetric components with respect to the corresponding transposition:

(12), if 6 = eeo,
o9 = ¢ (13), if 6 = eoe,
(23), if 6 = oee.

Lemma 2. For any f € L*%(T%),0 € {eeo,eoe, oee}, there exists an orthogonal decomposition f = f&™ 4 fasym
where 3™ is symmetric and "™ is antisymmetric under the transposition o.

Proof. For f € L*?(T?), define:
fsym =

fasym —

(f(p) + f(o0p))
(f(p) = f(oop))

o = N =

These satisfy:
o f = fY™ 4 fAY™ (by direct computation)

o [ (ggp) = f¥™(p) (symmetric)
o ¥ M (gpp) = —f*Y™(p) (antisymmetric)

We define the symmetric and antisymmetric subspaces of LQ’G(TB) with respect to the ¢ transposition as
120 (T3) o= {f € L*(T%) : f(p) = floup)}

L2005 (1) i= {f € L*(T%) : f(p) = —f(oop)} -
The operator Hy(0) is a multiplication operator defined by the even function £y(p), that is symmetric with respect to
permutation of the variables p;, p2, ps. This operator acts on the space L*°(T?). Hence, for each parity type 6, the
subspaces L>?S¥Y™(T3) and L>%#¥™(T3) are invariant with respect to H(0).
According the equalities

2 cos Py cos g1 + 2 €os pa cos g2 = (cospy + cos pa)(cos g1 + cos g2) + (cos pa — cos p1)(cos gz — cosq1),

2 cospy cos g1 + 2 cos p3 cos gz = (cos py + cos p3)(cos g1 + cos g3) + (cos p3 — cos p1)(cos gz — cos q1),
2 oS pg COS go + 2 €08 p3 cos gz = (cos pa + cos p3)(cos g2 + cos g3) + (cos p3 — cos p2)(cos gz — cos ga),
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the operator V), in (6) can be written as

A - . B .
Vapfl(p) = 47Tsiz:;smpi/smqif(q)dq—l— 47T3izzlstpi/sm2qif(q)dq

T3 T3
+ Z L[sin i(cospj + cospg) [ sing;(cosq; + cosqy)f(q)d
e Di pj Pk qi q; qdk q)daq
ig.k €{1,2,3) Ea
i#j#k
+ sin p; (cosp; — cos p) / sin g;(cos ¢; — cos ¢x) f(¢)dq]. (10)
T3

From (10), it follows that the subspaces L2?*Y™(T?) and L?%¥™(T3) are invariant subspaces of the operator V3,
Consequently, these subspaces are also invariant with respect to Hy,(0), and hence, they provide a reduction of this
operator. Therefore, the spectrum of the operator Hy,(0) satisfies

U(Hku(o)) = U J(HM(O)‘Lz,e,sym(qrs)) U U(HM(O)’Lz,e,asym(Ts))' (11)

0e{eeo, eoe, oee}

Let us denote by V‘f’asy ™ the restriction of the operator V), to the antisymmetric subspaces L29asym(T3): note that this
restriction does not depend on A, since the coupling constant A appears only in the symmetric part of V},,. Applying the
representation (10) of the Vy,, yields

[veeoasym ](p) = L gin pg(cos ps — cospi) /

yoe sin g3 (cos g2 — cos ¢1) f(¢)dg,
™ T3

(Voo fl(p) = P sin pa(cos py — COSpl)/

. P d ,
g » sin g2 (cos g3 — cos ¢1) f(¢)dg

(V2o £](p) = -5 sin pi (cos ps — cospo) /

o . sin g1 (cos g3 — cos g2) f(q)dq.

’H\
Let us introduce the notation

Hﬁ’asym(()) := Hxu(0) |p2.6.089m(psy= Ho + yOasym,
Lemma 3. Let
U, : [2eoeasym(T3) _, [2ecoasym(3) U, : L20ce.asym(T3) _, J2eeo,asym (T3)
be the permutation operators defined for almost all (p1, pa,p3) € T3 by

(Uif)(p1,p2,p3) = f(p1,p3,p2),  (U2f)(p1,p2,p3) = f(p2,p3, 1)
Then
U, Veoeasymy — pecoasym, UpVoeemsymy — Yecoasym,
Consequently, the Hamiltonians
Hz’asym(O), 0 € {eeo, eoe, oee},

are unitarily equivalent, and hence have identical spectra. It is therefore sufficient to analyze the case § = eeo.

Proof. The operators U; and Uy are unitary since coordinate permutations preserve the Lebesgue measure on T°. By con-
struction, Vlf @SV js defined by the same formula V,,, with the role of the variables permuted according to . Conjugating

V;o@#¥ ™ by Uy relabels the coordinates (p2, p3), yielding V,;°***™ and similarly for Us. Since H, 2’“3' (0) is the sum

of the same free part and the corresponding Vlf A5V " these conjugation relations extend directly to the full Hamiltonians,
proving their unitary equivalence. O

Remark 1. This lemma establishes that the Hamiltonians associated with the labels eeo, eoe and oee are unitarily equiv-
alent, as they differ only by permutations of coordinates. Consequently, their spectra coincide, and it is sufficient to carry
out the spectral analysis for any one of these Hamiltonians.

Remark 2. The main objective of this work is to characterize the eigenvalues of H,***™ (0) that lie outside the essential
spectrum. In particular, we aim to estimate the number of eigenvalues of the operator Hy,(K) for any K € T3,



148 S. N. Lakaev, S. Kh. Abdukhakimov, A. B. Khasanov

4. Main results of the work

It is known that the essential spectrum of the operator H;****™(0) coincides with the interval [0, 24]. To identify
discrete eigenvalues of H,**¥™(0), we aim to derive an implicit equation using Fredholm determinant theory. To
determine the discrete eigenvalues, it suffices to consider the eigenvalue equation

Hzeo,asym(o)f — Zf

for z € R\ [0, 24] and nontrivial functions f € L*°°*#Y™(T3) The Fredholm determinant associated with the operator
H2#(0), denoted by A, (), is given by

A,(z) =1+ pa(z), (12)
where

13)

1 / sin? py (cos p3 — cos pa)2dp
a(z) = — .
43 &o(p) — 2
T3
Lemma 4. A number z € R\ [0,24] is an eigenvalue of the operator H;°***¥™(0) if and only if the condition
Au(z) =0 (14)
is satisfied. Furthermore, within R \ [0, 24| the function A, (z) admits at most one root.

The proof of this lemma is quite standard (cf., e.g., [3,7]).

Lemma 5. The functions A, (z) and a(z) defined in R \ [0, 24] are real-valued. Moreover, a(z) is strictly increasing and
positive in (—o0, 0), strictly increasing and negative in (24, +00), and satisfies the following asymptotic relations:

li = li =— li =
Z%a(z) a(0), z{‘1r214a(z) a(0), Z_&Iinooa(z) 0,

and

ll}% Ay(z) =1+ a(0)p, le\r1214 Ay(z) =1—a(0)y, zgrinoo Au(z)=1.
Proof. The asymptotic formulas for the function a(z), defined in (13) can be proved as in Lemma 4.7 of [16]. Hence, we
omit the corresponding calculations. The asymptotic behavior of the function A ,(z) follows directly from (12) together
with the asymptotic of a(z). O

Remark 3. The value a(0) is given by the integral representation (see (13))

a(0) = i/ sin? py (cos p3 — cos py)? .
A3 Jps &o(p)
A numerical evaluation using a standard quadrature on a uniform grid (with mesh size N x N X N and convergence
check in N) gives
a(0) ~ 0.0891,
with accuracy about 10~ (stable under further grid refinement).

The following theorem presents the first main result of this paper, which gives one a complete description of the
discrete spectrum of the operator H ;™ (0).

Theorem 1. Let ji € R. Then the following statements hold for H;°***¥™ (0).

(i) Forany p € [— | the operator H;2***™(0) has no eigenvalues outside the essential spectrum.

L
a(0)’ a(0)

(ii) Forany pp < ~a0) the operator H***¥™(0) has a unique simple eigenvalue z(11;0) < 0 and the associated
a
eigenfunction can be written as
sin p3(cos pa — cosp1) 3
Julp)=C peT (15)
#() &olp) = 2(;0) ’
where C' € R is a (nonzero) normalization constant.
(iii) For any p > W the operator H "™ (0) has a unique simple eigenvalue 2(1;0) > 24 and the associated
a
eigenfunction can be written as
sin ps(cos pa — cos
f#(p) _ p3( D2 pl) P c T37 (16)

2(1;0) = Eo(p)
where C' € R is a (nonzero) normalization constant.
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4.1. Critical operators

To clarify the mechanisms responsible for eigenvalue emergence and annihilation, we introduce the notion of a critical
operator.

Definition 1. We say that the operator H*>**¥™(0) is critical at a point o € R if the map
R3S p = tr Eggeonsym () (R\ Gess (HE™¥™(0))) (17)

is discontinuous at jio. Here Ey(-) denotes the spectral projection of the operator H, ™ (0).
Similarly, we say that H**™(0) is critical at an endpoint z = 0 or z = 24 of the essential spectrum if there exist

points ,u(()_), /j,é+) € R such that the maps

R > u = tr Eyecoasym g ((—00, inf Oess (H**™(0)))) , and
R3S p = tr Eygeossym ) ((Sup oess (H,2*¥™(0)), 00)) (18)

(+)

) and Ly, respectively.

are discontinuous at |1,

Remark 4. Since the map in (17) takes only integer values, we obtain the following equivalent characterization: The
operator H2>**Y™(0) is critical at jio € R if the number of its eigenvalues outside the essential spectrum fails to remain
constant in any neighborhood of io. Likewise, H;°***¥™(0) is critical at the lower endpoint z = 0 (resp. the upper
endpoint z = 24) if there exists py € R such that the number of eigenvalues below (resp. above) the essential spectrum is
not constant in any neighborhood of ji.

The following theorem provides a precise characterization of the criticality of the operator H;°>**"(0) in terms of
the real parameter (.

Theorem 2. The operator H,**™(0) is critical at the lower threshold z = 0 (resp., the upper threshold z = 24) of the
essential spectrum if and only if the leading asymptotic terms of the determinant A, (z) at the corresponding endpoint
satisfy

1+a(0)u=0 (resp.,1—a(0)u=0).

In other words, the determinant A, (z) vanishes at z = 0 or z = 24 according to these asymptotics.

According to the min-max principle, the number of eigenvalues of the operator Hy, (/) located outside the essential
spectrum is not fixed but remains bounded above by twelve.

Theorem 3. Assume that K € T and (\, 1) € R?,

1
@) If p < ———, then the operator H,, (K has at least three eigenvalues located below the essential spectrum.

a(0)

1
(ii) If p > ——, then the operator H,,(K) has at least three eigenvalues located above the essential spectrum.

a(0)
5. Proofs of the main results
We first prove the following lemma on the roots of the function A, which will be used to establish the main result.
Lemma 6. Let i € R.
) Ifp < —L, then the function A, (-) has a unique root &1 () in (—00,0).

a(0)
1 1
() Ifp € [—m, m], then the function A,,(-) has no roots in R\ [0, 24].
1
i) If p > a0 then the function A, (-) has a unique root {»(p) in (24, +00).
1
Proof. Let us prove the item (i). If 1 < —m, then according to Lemma 5
ii}% Au(z) <0
and
zgrjloo Au(z)=1.

Hence there exists a number &; (@) in (—o0, 0) such that
Ay(&(p) =0.

Since the rank of the operator V;*>**™ is equal to one, there exists a unique root.
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If p € L L] then according to Lemma 5, the inequalities
M=) a(0)” s el

ll}% A,(z) >0, 211\11214Au(z) >0

hold. Since

the functions A, (-) has no roots.

1
Finally, if 4 > ——, then according to Lemma 5,

a(0)
211\11214 Au(z) <0
and
ZEI_POO Ay(z) =1.

Hence there exists a number &2 () in (24, +00) such that

Au(&2(n)) = 0.

Since the rank of the operator V,7****™ is equal to one, there exists a unique root. |

Proof of Theorem 1 follows from Lemma 4 and 6. O

Proof of Theorem 2. We establish the result for the lower threshold; the case of the upper threshold follows by a
similar argument.

Let 41, be a point such that 1 + a(0)u = 0. By Theorem 1, parts (i) and (i), for every neighborhood of y there
exists a value of p for which the number of eigenvalues of H;°***™(0) lying below the essential spectrum is not constant.
Equivalently, by Remark 4, the mapping

VoS gy Bpeco.naym g ((—00, Inf ess (HE™(0))))

is discontinuous at y, . According to Definition 1, this implies that whenever the equality 1 4+ a(0)p = 0 holds, the
operator H**%™(0) is critical at the lower threshold of the essential spectrum.

Conversely, assume that H;°***™(0) is critical at the lower edge of the essential spectrum. Then there exists a point
4o at which the function

Veoasym trEHzeo,asym(O)((—oo,infaess(H;CO’aSym(O))))

is discontinuous. Suppose that p, # —ﬁ. In this case, by Theorem 1, parts (i) and (ii), one can find a neighborhood

U(pq ) in which the number of eigenvalues of H ;™ (0) lying below its essential spectrum does not vary, contradicting

the assumption of criticality. From this contradiction, it follows that p, = —ﬁ. (]

5.1. Analysis of the discrete spectrum of the operator H, ,(K)

For any n > 1, we define two quantities: e, (K; \, u) and E,,(K; A, ). These are defined using a min-max approach.

The first quantity, e, (K; A, ), is the largest lower bound for the expectation value of the operator Hy, (K) with
respect to a normalized vector ¢/, where 1) is orthogonal to a set of n — 1 vectors ¢q, . .., ¢,_1 from the space L2’°(T3).

The second quantity, E,,(K; A, 1), is the smallest upper bound for the same expectation value, under the same con-
ditions.

According to the min-max principle, we have the inequalities e,,(K; A, 1) < Emin(K) and B, (K; A, 1) > Emax(K).

Since the rank of the operator V), is at most twelve, one can choose a set of twelve vectors, @1, @2, .. ., P12, from its
range. Consequently for all n > 13, the following equalities hold: e, (K; A, ) = Emin(K) and E,, (K A, 1) = Emax(K).

Lemma 7. Assume thatn > 1 and i € {1,2,3}. The following two properties hold.:
(i) For fixed values of K; where j # 1, the function
Ki = Enin((K1, K2, K3)) — en((K1, K2, K3); A\, 1)

is non-increasing in the interval (—, 0] and non-decreasing in [0, 7).
(i) Similarly, for fixed K; with j # i, the function

K; — E,((K1, K2, K3); A\, 1) — Emax (K1, K2, K3))

also exhibits the same monotonic behavior, being non-increasing in (—, 0] and non-decreasing in [0, |.
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Proof. We may,without loss of generality, assume that i = 1. Let 1p € L?°(T?) be an arbitrary vector. Consider the
quadratic form associated with shifted operator (Ho(K) — Emin(K)):

((HO(K)—Emin(K))w,w):/Zcos%(1—cosqi)|¢(q)|2dq, K = (K1, Ks, K3).
Tt i=1

If we regarded expression as a function of the single variable K; € T, it is evident that it is non-decreasing in (—, 0] and
non-increasing in [0, 7r]. This monotonicity follows directly from the properties of the cosine function. Since the potential
operator V), does not depend on K, the corresponding function

K1 = e (KA p) — Enin(K)

inherits the same monotonic behavior. Therefore,for each n > 1, this function is non-decreasing in (—m, 0] and non-
increasing in [0, 7r].
An entirely analogous argument applies to the functions

K;— En(K§ )‘7[4) - gmax(K)v

demonstrating the monotonicity of the shifted eigenvalues from above. (]

Theorem 4. Let \, ;1 € R. Suppose that the operator H),,(0) has n eigenvalues (counting multiplicities) located below
(respectively, above) its essential spectrum. Then, for every K € T3, the operator H au(I) also possesses at least n
eigenvalues lying below (respectively, above) its essential spectrum.

Proof. We rely on Lemma 7, which establishes certain monotonicity properties of the eigenvalues with respect to K.
Specifically, for any K € T? and any integer m > 1, the following inequalities hold:

0< gmin(o) - em(o; /\a,u) < gmin(K) - 6m(K; /\nu)v

Em(Kv >\; H) - Smax(K) Z Em(o; )‘7 /1/) - gmax(o) Z 0

Assume that for some A, 1 € R, the value e,,(0; \, 1) is a discrete eigenvalue of the operator H,(0). By definition of a
discrete eigenvalue, this implies

gmin(o) - en(o, A, ,U) > 0.

Combining this observation with the inequalities above, we immediately deduce that for any K € T?, the eigenvalue
en(K; A, p) remains strictly below Epin (K), i.e.,

en(K;5 A 1) < Emin(K).
Since the eigenvalues are arranged in increasing order,
erl(K;hp) < ... <ep(K; A pu) < Emin(K),

it follows that the operator H, (/) possesses at least n discrete eigenvalues lying below its essential spectrum.
An entirely analogous argument applies to the eigenvalues E,, (K; A, 1), establishing the corresponding result for
eigenvalues above the essential spectrum. (I

Proof of Theorem 3 will prove by combining the results of Theorem 4 and Theorem 1. (]

6. Conclusion

In this work, we performed a detailed spectral analysis of the two-fermion lattice Schrédinger operators H ), (K) on
the three-dimensional lattice Z3 with nearest- and next-nearest-neighbor interactions. By reducing the problem to invariant
subspaces and studying the associated Fredholm determinant, we identified two critical spectral points that determine the
behavior and number of discrete eigenvalues. Our results demonstrate that the reduced operator possesses exactly one
discrete eigenvalue depending on the interaction strength and provide explicit bounds for the number of eigenvalues
for arbitrary quasimomentum. Furthermore, we described a class of rank-one self-adjoint perturbations that induce the
creation or annihilation of bound states, offering a clear algebraic-geometric framework for understanding stability and
bifurcation phenomena. These findings deepen the understanding of spectral properties of lattice Schrodinger operators
and contribute to the mathematical foundations of interacting quantum systems.
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1. Introduction

The application of p-adic analysis in the study of complex physical systems, particularly nanosystems, is motivated
by the non-Archimedean nature of hierarchical structures [1,2]. Nanomaterials often exhibit fragmented, fractal, or
hierarchical energy landscapes where traditional Euclidean geometry fails to capture the underlying dynamics [3]. In
this context, the p-adic metric provides a more natural framework for describing the ultrametricity inherent in disordered
systems, such as spin glasses and polymers at the nanoscale [4]. This aligns with the fundamental work of G. Parisi and
his collaborators, who established that the state space of complex disordered systems possesses a hierarchical, ultrametric
structure [5, 6].

In nanoscience, the relaxation processes in complex molecules (e.g., proteins or nanoclusters) often occur through a
hierarchy of energy barriers. As noted in the work of Avetisov (et al.), the transition dynamics between states in these
systems can be modeled using p-adic diffusion equations [7]. The p-adic Gibbs measure, as explored in this paper, pro-
vides the statistical foundation for understanding equilibrium states in such hierarchical models, offering a more accurate
representation of thermodynamic stability in non-Archimedean state spaces [8].

The p-adic Potts model on a Cayley tree serves as a powerful mathematical abstraction for analyzing interactions
within branched polymers and dendrimers [9]. Dendrimers are nanoscopic, highly branched macromolecules whose
structural symmetry is perfectly mirrored by the topology of the Cayley tree, also known as the Bethe lattice. The
topological congruence between these nanostructures and the Cayley tree makes the study of phase transitions-specifically
the existence of multiple Gibbs measures-essential for predicting how “information” or “energy” is distributed across these
molecular networks under non-Archimedean temperature constraints. Such theoretical insights are increasingly crucial
for the development of molecular electronics and the design of functional nanomaterials [10]. By investigating the g-state
p-adic Potts model, this research provides a rigorous mathematical framework to evaluate the stability of thermodynamic
phases in hierarchical molecular assemblies, offering a predictive toolset for future simulations of nanostructured systems.

While traditional statistical mechanics uses the field of real numbers R, p-adic mathematical physics, as pioneered by
Volovich and Khrennikov, suggests that at the Planck scale or within specific disordered media, the geometry of space-
time or state-space may be non-Archimedean [1, 11]. For Nanosystems, this is particularly relevant in:

Quantum dots and tunneling: Where discrete energy levels and hierarchical transitions dominate [12].
Molecular dynamics: Where the “basins of attraction” in a protein’s folding landscape form an ultrametric space [7, 13].

By analyzing the g-state p-adic Potts model, this research contributes to the theoretical understanding of phase tran-
sitions in systems where interactions follow a hierarchical logic. This provides a rigorous mathematical toolset for future
simulations of nanostructured materials and hierarchical molecular assemblies [14].

© Tukhtabaev A.M., 2026
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The Potts model is used in many areas, including magnetism, physics, image processing, medicine, sociology, biology
and social dynamics (see e.g., [15]).

The p-adic Potts model was initially studied on the integers Z (see [16]), and the existence of a phase transition was
proven when | ¢ |,< 1. This model was first studied on a Cayley tree in [17]. In that paper, it has been proven that
there is a unique Gibbs measure when | ¢ |,= 1, and at least two Gibbs measures when | ¢ |,< 1. Subsequently, the
research moved forward with [18], which introduced the notion of a p-adic quasi Gibbs measure. Furthermore, this paper
achieved two significant goals: it classified the p-adic interpretation of phase transition into three separate categories, and
it provided a rigorous demonstration of a strong phase transition for the model when situated on the binary tree.

Subsequent academic contributions have concentrated on various specialized aspects of the model, including: the ex-
amination of the chaotic behavior associated with the p-adic Potts-Bethe mapping ( [19-21]), the analysis of translation-
invariant p-adic Gibbs measures ( [22,23]), studies related to periodic p-adic quasi Gibbs measures ( [24-26]), the con-
struction and study of non-periodic, constructive measures ( [25,27-29]). Related investigations also addressed weakly
periodic Gibbs measures defined over the real numbers ( [30, 31]) and explored weakly periodic p-adic quasi Gibbs
measures as applied to the Ising model ( [32, 33]). Most recently, for the 3-state Potts model on the binary tree, [34]
successfully demonstrated that a phase transition occurs when p > 3, and a quasi phase transition is present when p = 3.

Several recent studies [35-37] have extensively investigated various lattice models, such as the mixed spin-1/2 and
spin-1 Ising model, the three-state SOS model with one-level competing interactions, and the Hard-Core-Potts model.
These investigations were primarily conducted within the framework of the real number field R, where the authors estab-
lished specific conditions for the occurrence of phase transitions on the Cayley tree.

In [38], the authors investigated translation-invariant p-adic quasi Gibbs measures for the g-state Potts model with an
external field on a Cayley tree of order two and established the conditions for phase transitions. In contrast, the present
paper explores a broader class of weakly periodic p-adic quasi Gibbs measures for the g-state Potts model without an
external field on a Cayley tree of an arbitrary order k > 2, rigorously demonstrating that a phase transition always occurs
under certain parameter regimes.

This paper extends the foundational work of [34] by focusing on weakly periodic p-adic quasi Gibbs measures for the
g-state Potts model defined on the Cayley tree of order k. Detailed in Sections 4 and 5, a significant discovery is the proof
establishing the occurrence of a phase transition phenomenon for all configurations where ¢ > 3 and k£ > 2, provided
certain values of p and 6 are present.

2. Preliminaries
2.1. p-adic numbers and measures

For the field of rational numbers, Q, and a predetermined prime p, any z € Q \ {0} possesses a representation
T = prﬁ, where r € Z, m € Z", and n, m are integers such that ged(n, p) = ged(m, p) = 1.
m

. _ n . . .
The p-adic norm on Q, defined as | = |,= p~" for non-zero x = p"— and | 0 |,= 0, is a non-Archimedean valuation.
m
Consequently, it adheres to the strong triangle inequality, which states that | « + y |,< max{| = |, | ¥ [p}-
Later, we will use the following important properties of the p-adic norm:

1)) lfl T [p#| Y |ps then |z £y [,= max{| z |p, | y [, };
2)if | z [p=| y |p. then | z Ly [,<| z |p.

The field of rational numbers, Q, is incomplete with respect to the p-adic norm. The completion of Q under this
norm results in the construction of the field of p-adic numbers, QQ,,. Every non-zero p-adic number y possesses a unique
canonical expansion:

y =" (o +yip + y2p0” + ..,
where the p-adic valuation v(y) € Z and the coefficients y; satisfy 0 < yg < p—1land 0 < y; < p—1forj > 1. The
p-adic norm is extended to Q, as | y |,= p~?¥), where 7(y) is also denoted as ord,(y).

Let a be an element of the p-adic field Q, and let r > 0. We define the open ball B(a,r), the closed ball B(a, ),
and the sphere S(a,r) centered at a with radius r as the sets:

B(a,r)={z€Q,:|x—aly<r}
B(a,r)={z€Q,:|xz—alp<r}
S(a,r)={zxeQp:|z—al,=r1}

The sets Z,, := B(0, 1) and Z,, = S(0, 1) are respectively called p-adic integers and p-adic units.
p-adic exponential is defined by

n

[eS)
T
epr(.I) = Z gv

n=0
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which converges for z € B(07p*1/(1’*1))_
Put

& = {:C €Qp:lz—-1]< pil/(pfl)}.
The set &, is a range of exponential. A more detailed see [39], [1].

Lemma 1. (Hensel’s lemma) [40,41] Let F'(x) be a polynomial whose coefficients are p-adic integers. Let x* be a p-adic
integer such that for some © > 0 one has

F(;L'*) = O(mOdp2i+1)’ F’(;p*) = O(modpl), F/($*) ;éO(II’IOdpiJrl).
Then F(x) has a p-adic integer root x, such that x, = x*(mod p'™).

The symbol o[z] was adopted in the work [42] to facilitate simplified computations. By definition, z = o[x] means
that | z |,<| z |p.
LetF, = {1,2,...p — 1}. Tt is known [43] that, F}, is a group under the multiplication. Let a € Z;, k = mp® and

Soly(z* —a) ={¢ €T, : " —a=0[1]}, Kk, = card(Sol,(z" —a)) = (m,p — 1),
here (c, d) is the greatest common divisor of ¢ and d.

Theorem 1. [42,44] Let p > 3 and let k = mp®, where (p,m) = 1, s > 0. Suppose that a € Z; and it has the
following canonical form:

a=ag+aip+ a2p2 + ...
with Solp(xk — a) # 0. Then the followings conditions are equivalent:

i) 2% = a has a solution;
ii) a=al +o[p°);
iii) for any € € Sol,(z" — a) the equation ¥ = a has a unique solution in B(¢,1).

k

Moreover, if the equation x™ = a has a solution, then its number of solutions equals k, = (m,p — 1).

Note that, if a € Q,, \ Z, after substituting x = | *| ,a = | *| , we obtain the equation xf = a, under condition
z |p alp
k | ordy,(a) (k divides ord,(a)). Clear that here a. € Z;.

In [45], the equation 2* = a was studied in Q.

Let (X, B) be a measurable space, where 5 represents an algebra of subsets of X. A function p : B — Q, is
termed a p-adic measure if it satisfies the property of finite additivity: for any finite collection of pairwise disjoint sets
Ay, Ag, ..., A, € B, the following equality holds:

p U | =>4y,
j=1 j=1

Furthermore, if the total measure is unity (u(X) = 1), the p-adic measure is specifically referred to as a p-adic probability
measure. A p-adic measure p is defined as bounded if the supremum of the p-adic norm of the measures of all sets in the
algebra is finite:

sup{| u(4) |,: A € B} < o0.

2.2. Cayley tree

The Cayley tree I'* (where & > 1) is an infinite (k 4+ 1)-regular graph, meaning every vertex has a degree of
k + 1. Let V and L denote the vertex and edge sets, respectively. An edge | = (x,y) signifies that = and y are nearest
neighbors. Given a fixed root 2y € T'*, d(z,y) represents the length of the shortest path between x and y. We define
the shells W,, = {x € V : d(x,x0) = n} and the finite subgraph V;, = {z € V : d(z,z) < n}, with L,, being the
corresponding set of edges in V;,. For any vertex € W,,, S(x) is the set of its direct successors (neighbors in W,,;1):
S(z) = {y € Why1 @ d(y,z) = 1}. The set of all neighbors of x is S1(z) = {y € V : d(y,x) = 1}, and the unique
parent of z (the neighbor closer to the root) is denoted = |= S1(x) \ S(z) (see [46]).

3. p-adic quasi Gibbs measure for the Potts model

The model is defined over the p-adic numbers (Q,,). States (®): Each vertex x on the graph V' can be in one of ¢
possible states, ® = {1,2,...,¢q}. Configuration (¢): A configuration is an assignment of states to the vertices. {24 is the
set of all possible configurations on a subset A of vertices. Configuration union: The operation (o,,—1 V @(")) provides
a way to define a configuration on a larger set V,, by combining an existing configuration o,,_; on the smaller set V,,_;
with a configuration <p(") on the boundary or complement W,, = V;, \ V,,_;. This is crucial for building the measure
step-by-step toward the infinite system.
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The (formal) Hamiltonian of the p-adic Potts model is defined by
H(0)=7 ) bo@otw M

(z,y)EL

where J € B(0,p~Y/?~Y) is a coupling constant, (x, y) stands for nearest neighbor vertices and ;; is the Kronecker’s
symbol, i.e.

s [0t
”’{1, if i =j.

Assume thath : V' — Q7 is a mapping, i.e. hy = (h1 2, h2q, -, hgz), where h; , € Q,, 7 € ® and x € V. Given

n € N, we consider a sequence of p-adic probability measures ,uk(ln) on y, defined by

() oy _ L
Hn (U) - W@pr{Hn(J)} H ha(m),:cv (2)
n zeW,

where 0 € Qy; , and Z,(lh) is the corresponding normalizing factor
z® = Z exp,{ H,(0)} H ho(z)a- 3)
oc€Qy,, zeW,

We say that p-adic probability measures (2) are compatibly if alln € Nand ,,_; € Qy;,_;:

S i (a1 V™) = 1" (000). @)
(M EQw,

We notice that a non-Archimedean analogue of the Kolmogorov’s extension theorem was proved in [16]. According to this
theorem if (4) holds, then there exists a unique splitting p-adic measure zj, on 2 such that forallm € Nand o € Qy,,_,,

wlo € Q:oly, =o,) = Nk(.n)(an)’ forallo, € Qy,, n € N.

Such measure is called a p-adic quasi Gibbs measure corresponding to the Hamiltonian (1) and vector-valued function
h,, z € V. By QG(H) we denote the set of all p-adic quasi Gibbs measure associated with function h = {h,,z € V'}. If
all values of h, belong to the set £, then corresponding measure be p-adic Gibbs measure (see [18]).

The following statement is equivalent to compatibility of ul(ln).

Theorem 2. [I8] The p-adic probability measures ,ugn), n € N are defined by (2) satisfy the compatibility condition (4)

if and only if for any n € N the following equation holds:

h,= [] Fh,.0), 5)
y€S(x)

here a vector h = (ﬁl,ﬁg, ...,Eq,l) € ngl is defined by a vector h = (hy, hi, ..., hq) € Qf as follows

~hy
hi= 2 i=1,2,..,q—1 6
By q (©6)
and mapping
F: Qg_l x Qp — Qg_l is defined by F(x;0) = (Fy1(x;0), ..., Fy_1(x;0),1) with
q—1
(9—1)5El+ Elxj-l-].

Fy(x;0) = P ;@ = (01,02, 7q1) €QF =T g 1. )

Ij +0

j=1

It is easy to check that the set of vectors (h, ..., h, h,1,...,1),(m = 1,...,q — 1) is invariant for the right side of (5)
———

m
as a mapping. Therefore, in what follows, we restrict ourselves to ones of such lines, let us say (h, h, ..., h, 1).

4. Weakly periodic p-adic quasi Gibbs measure

Let G, be a group of the free product of k£ + 1 cyclic groups of the second order with generators a1, ag, ..., Gg+1,
respectively. There exists a one-to-one correspondence between the set of vertices V' of the Cayley tree I'* and the group
Gy (see [47]). Let G}, be a normal subgroup of the group Gy and G /G, = {H1, Ha, ..., H.}, r > 1 is a quotient group

Definition 1. A ser h = {h,,x € Gy} of quantities is called G -periodic if h, = h;, for all x € H;. A Gy-periodic
quantities are called translation-invariant.



Weakly periodic measure and phase transition 157

Definition 2. A set of quantities h = {hg,x € Gy} is called Gj,-weakly periodic if hy = hyj;, for any x € H; and
Yy € Hj.

Definition 3. A p-adic quasi Gibbs measure 1 is said to be Gi-(weakly) periodic if it corresponds to a Gj,-(weakly)
periodic h. A Gy-periodic measure is called a translation-invariant measure.

Let

Hyo={z€Gy: Zwm(ai) is an even number},
€A

where ) # A C N, = {1,2,3,....,k + 1}, and w,(a;) is the number of letters a; in a word x € Gj. Note that H 4 is a
normal subgroup of the Gy, (see [46]). It can be checked that weakly periodic Gibbs measure depends on choosing the
normal subgroup of Gj. In real case, different weakly periodic Gibbs measures are found (see [30], [31]). The set of
weakly periodic Gibbs measures also includes the set of periodic (in particular translation-invariant) Gibbs measures.

H 4 is a normal divisor of index 2 in Gy, i.e. Gx,/Ha = {Ho, H1} (see [46]). If | A |= k + 1 (where | A | is the
number of elements of the set A ), i.e. A = Ny, then weakly periodic measure coincides with Gf)—periodic measure.
Therefore, we consider A C Ny, such that A # Ny. H 4-weakly periodic collection h, has the following form

hy, ifl’€H07 (L’iéH(),
hy, if x € Hy, x| € Hy,

h, =4 R ®)
hs, if x € Hy, J)iEHQ,

1'147 if z € H17 Ty S H17
where Hy = Hs and Hy, = Gi, \ H, [46].

We assume that h; = (hz(»l), hEQ), s hl(-q_l), 1). Let hgj) =h;, j=1,¢q—1, i = 1,4. Using (5) and (8), we can obtain
following system of the equations

O+ q—Dh 1T (04 g—2)hy + 1\
"\ (g—1Dhi 46 (q—Dhy+0 ’
(9+q h3+1>'A ! <9+q 2)hy +1)’“+1‘A
N (g—1)hs+ 6 (g—1)hs+ 6 ’ )
_<9+q— h1+1>k+1 |4 (9+q—2)h2+1)|A|1
(g—1hy+6 (g—1Dho+ 6 ’
) _<(9+q— )h3+1>' .<(9+q— )h4+1>’“"*"
! (q—1)hs +0 (¢ —1)hy+0 '
For simplicity, let | A |= 1. In this case, we denote by H 4, the set
Ha, ={z € G : wy(a1) is an even number}.
Then (9) gives one
(Ot g-2 A1\ T 0+ g—2)ha+1
\ (g-Dm+6 (q— Dha+0
k
k (10)

(9+q—2 h1+1
(g—1h1+6

9+q— h3+1

h
YT T = Dhs + 0

)
( )
)
(%

(0+q—2)hy+1\""
q—1h4+9 '
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We consider the following operator A : Q; — Q4 defined as

y (0+q—2)h +1
L=\ (g=Dh1 + 0

)k
(9+q2h4+1)
)
(5

MU0+ q—2)he + 1

(g—1)ha+ 6

)

hly =

2 ( (q—1h4+9 .
v (0 ra—2)h +1)" (v
3 (q—1)hy +6

’ (9+q— h3+1
Y

(0+q—2)hy+1 ot
(g—1)hy+0 '

It is obvious that the sets of vectors
L = {h = (h’ h7h7h) | h € Qp}v I, = {h = (hlahQahQahl) | hlahZ S Qp}

are invariant in respect to the operator 4.
Clearly, the fixed points of the operator A on invariant set [; are translation-invariant solutions of (5), i.e.

(0 +q—2)h+1)"
= (Tt) "

To find the fixed points of the operator .A on the invariant set I5, one should solve the following system of equations

- <(9+q—2)h1+1>k1. 0+ q—2)hy+1

(g—1)h1+ 6 (q—1hay+0 "
, _<<9+q—2>h1+1>’“ (1)
2 (q—=1)h1 +0

hl h]_ hz hl h] h2 hl hl hg h1 ]7,1 h] hl hl hj_ hl

N\
AL

FI1G. 1. This figure depicts the placement of values h; and ho associated with the invariant set /5 on
the Cayley tree of order four.

Using group representation of Cayley tree I'®, the values h,,, € V corresponding to the invariant set I5 are defined

as follows:
(A). If at vertex z, we have h, = hq then

hi, on kK —1 vertices of S(x);

hy = (14)
ho, on 1 vertex of S(x),

(B). If at vertex x, we have h, = ho then hy = hy, where y € S(x) (see Figure 1).

1-46
By the notation /hy = x, we get hy = v . It follows from the first equation of (13) that
(¢—1Dz—(0+q—2)
1—0x :xkfl‘(Q—i-q—?)xk—i-l
(g—Dz—(0+q-2) (g—Dak+0 ~

or
(q—1)O0+q—2)z% —(0+q—2)22% 14 0(g—DaF* —(0+q¢—2)2" 1+ 6%z —0=0. (15)
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Using notation v/hy = x, one obtains from (12) that

(q— D" — (0 +q—2)a" + 6z —1=0. (16)
Factoring the left hand side of (15), we have
(D" —(0+q—2)2" +0z—1)- (0 +q—2)z"' +6) =0. (17)
Finding non-translation weakly periodic solutions of (15) is equivalent to solving the following equation
0
k—1
- 18
x Tt (18)

where § +¢q — 2 # 0.

Remark 1. It is easy to see that if k is odd and x™ is a solution of (18) then —x™ is also a solution of (18).

0
Letd =1+ p'(6;, + 6 > l,a= ———
e +p 0+ 0p+..),0>1,a e

common divisors of b, c and k — 1 = mp®, where (m,p) =1, s € {0,1,2,...}.

= p"D(ag + a1p + ...), a0 # 0, (b, ¢) be the greatest

Theorem 3. Let | g — 1 |,< 1. Then the following assertions hold

o if | 0 —1|,#| q— 1|, then the equation (18) is solvable iff
1) k— 1 dlwdes ~(a);

b) 3” 70 = 1(modp);

3) ah =alalp (modps'H)

Moreover, (18) has ,, = (m, p—1) solutions and these solutions belong topk IZ Here, v(a) = — min{ord,(6—
1),ord,(¢g—1)}andap=(1—-6)|0—1|, (modp)if|0—1|,>|¢—1|p;a0=(1—¢q) | g—1], (modp) if
|9_1‘p<‘q 1 p.
o if|0—1]=|q—1
if
1 k- 1 dzvzdes ~v(a);

2) a“" 0= = 1(mod p);
s+1).

pOi+aFpor|0-1],=]q¢—1

» O +a =p 140,11 +q41 # pthen (18) is solvable

3) ao =alal, (modp

Moreover, (18) has k, = (m,p — 1) solutions and these solutions belong to p;‘jl) Z,. Here, q = 1+ paq +

-1
Q1P + ) Y(a) = —ordp(0 — 1), ag = m(mOdP) if 6+ q # p; Y(a) = —ordy(0 — 1) = 1, ag =

—— (modp) if1 + 6011 + .
1+ 01+ @ ( i L1 T i 7

o if|0—1]=lqg—1]pO0+ta=p1+0j+qs;=p,j=1,2,3,..v =1, 7>2, 1+ 01 + qir # p then
equation (18) is solvable iff
1 k- 1 dzvzdes ~v(a);
(2) (()m 0= = 1(mod p);
(3) ab =alal, (modp

s+1)

a)
Moreover, (18) has k, = (m,p — 1) solutions and these solutions belong to pz(fl Z,. Here, q = 1+ pl(ql +

-1
qiv1p+...), v(a) = —ord,(0 — 1) —r, a0 = —————
+1 ). v(a) n( ) 0 140+ qr
o if|0—1|,=|q—11p0+aq=p 1+01;+qy; =p,j € Nthen the equation (18) does not have any solution.
Proof. Casel.Let| 60 —1 |,#| ¢ — 1 |,. We rewrite a as follows

1
e (modp) +o[1], if [6-1],>]q— 11,
A-o19-1l, (19)

— (modp)+o[l], if|0—1],<|g—1

(19) gives one that v(a) = — min{ord,(6 —1),ord,(¢—1)}andag = (1—60) | 0 —1 |, (modp)if | —1|,>| ¢—1 |,;
ag=(1-q)|q—1]p (modp)if |6 —11],<[q—1]p.
According to Theorem 1, (18) is solvable iff
o k—1 d1V1des ~v(a);

(mp 1) _1(

(mod p).

a=max{[ 6 =1, [q—1]p}-

® qa mod p);

. aos =aal, (modp*tt).
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Moreover, (18) has x, = (m,p — 1) solutions and these solutions belong to p = L,
Case2. |0 —1|,=| q¢—1|pie 0 =1+p(0+601p+..)andg=1+p'(q + qiip+ ...). We rewrite a as

follows
1+p'(6,+6
a:p_l<— +p' (0 + 01 p+ ..) > 20)
O +a)+ (041 + @s1)p+ -
-1
Case 2.1. Let 6; + ¢; # p. In this case, we get y(a) = —ord,(0 — 1), ap = ﬁ(modp). Due to Theorem 1,
1+ q
equation (18) is solvable iff
o k—1 d1v1des ~v(a);
o a(m” Y = 1(mod p);
e af =alal, (modp'™).
Moreover, (18) has x, = (m,p — 1) solutions and these solutions belong to p = Z,.
Case 2.2. Let 0, +¢q = p, 1+ 6,41 + qi+1 # p. In this case, we get 7( ) = —ord,(0 — 1) =1, ap =
-1
———(mod p). Due to Theorem 1, equation (18) is solvable iff
1+60,+q ( P) q (18)

o k—1 d1V1des ~v(a);

. aé’"” T = = 1(mod p);

e af =alal,(modp*™t).

Moreover, (18) has x, = (m,p — 1) solutions and these solutions belong to p% Z,.
Case23.Lletl,+q=p, 1+0+j+q;=p,7=123,..r—1,7>2, 1404, + q4r # p. In this case, we

ety(a)=—-l—r, ag = ———  (mod p).
gety(a) L

Again, due to Theorem 1, equation (18) is solvable iff
o k—1 diVides ~v(a);

é’””ﬁ = 1(mod p);

s+1).

®

. aos = ala|,(mod p

Moreover, (18) has x, = (m,p — 1) solutions and these solutions belong to p% Z,.
Case24. Let0, +q =p, 1+ 014+, +q+; =p,j € N In this case, we have § = 2 — g and equation (18) does not
have any solution. (I

The following example ensures that the set satisfying the conditions in Theorem 3 is nonempty.

Example 1. a) Letp =3, ¢ =2-3+1, 6 =32+ 1, k = 7. Then we have x5 = 37%(1 + o[1]). Therefore, in this case
according to Theorem 1, equation (18) has two solutions in 3_1Z§.

b)Letp=5,q=1+2-50 0 =1+2-50+ 5% k= 11. Then we have 2'° = 572°(1 + o[1]). Therefore, in
this case according to Theorem 1, equation (18) has two solutions in 57223.

Theorem 4. Let | g — 1 |,= 1. Then equation (18) is solvable iff

p—1
(1) ag™" " = 1(mod p);

) a?” = a(modp*t?).

1
Moreover, equation (18) has r, = (m,p — 1) solutions and these solutions belong to Z,. Here ag = 1 ——(mod p).
—q

Proof. Let| g —1 |,= 1. We rewrite a as follows

1
a= Ty +o[1], (21)
1
where v(a) =0, ag = l—(mod p). Again, due to Theorem 1, equation (21) gives one that equation (18) is solvable iff
—q
e al"" " =1(modp);
e af =a(modp*™t).
Moreover, equation (18) has x;, = (m,p — 1) solutions and these solutions belong to Z,. ]

The following example ensures that the set satisfying the conditions in Theorem 4 is nonempty.
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Example 2. a) Let ¢ = 5, p = 11, k = 6. Then we have z° = andag =8 m=>5,s5 =0,

+3
(m = 1) = 8(5 0) (mod 11) = 82(m0d11) # 1(mod 11).

5

—6
Therefore, according to Theorem 1, the equation x° = 773 does not have any solution in Q1.

b)Letq=>5, p="1, k =6. Then we have z° =

andag =5 m=>5,s=0,

+3
aé"'f”%l) =559 (mod 7) = 5%(mod 7) = 1(mod 7),
ags = %(mod ) orb = %(mod 7), 1 + 660 = 0(mod 7). Clearly, the last congruence holds. By Theorem 1,
the equation x° = 9_ 3 has a unique solution in Q7.
c)Letq=9,p="7, k=4 Then we have x> = 9197 andag =6, m=3,s=0,

p—1
(m,p—1) __
aq =60

) (mod 7) = 6%(mod 7) = 1(mod 7),
ags =3 +07 (mod7) or6 = 9;07(m0d 7), 42 4+ 60 = 0(mod 7). Clearly, the last congruence holds. By Theorem

1, the equation x> = —— has tree solutions in Q.

0+7
Corollary 1. Letp > 3 and | q |,< 1. Then the following assertions hold
o if | k—11,<]2(6 —1)+q |p then (18) does not have any solution,
o if | k—11,>|2(0—1)+q |p, then (18) has exactly r, = (m,p — 1) solutions x¢, € B(&;,1), i =1,2,..., kp,
& € Solp(;zz]“l a). Moreover, one of solutions of (18) belongs &,.

Proof. The proof is straightforward by Corollary 3.5 in [42]. ([

The following example ensures that the set satisfying the conditions in Corollary 1 is nonempty.

Example3. o Letk—=10,p—=3 q—6 06 =4 Then |k —1 |,=| 9 |s= 1 % 12 [s=| 200 1)+ q |, and
(18) does not have any solution.
o Letk=10,p=3¢=6,0=25 Then| k—1|,=|9 |3—$ i? =|54|3=|2(0 — 1)+ ¢ |, and (18) has a
unique ( k3 = (m,p — 1) = (1,2) = 1) solution in Es.
o Letk=19,p=3,4¢=060 =25 Then| k—1|,=| 18 |3= é > i =| 54 |3=| 2(0 — 1) + q |, and (18)
has two ( k3 = (m,p — 1) = (2,2) = 2) solutions. Moreover, one ofthem belongs to £, another has the form

—1+o[1].

Theorem 5. Let k > 2, g > 3 be fixed natural numbers. Then there exist prime p and 0 € &, such that equation (18) has
at least one solution such that x* € Z \ &,.

Proof. Let p be any prime such that
lq—ilp=1,
where ¢ = 0, 1, 2. Note that there exists such a prime p, for instance, any prime greater than ¢ may be such p (p > ¢q). For
this prime p, k — 1 = mp?®, where s = 0, 1, 2,
We can choose 6 as follows )
_2-q+(2-q)(1 - g pt!
I+ (L gt
Since (1 — ¢)?" = (1 — ¢)(mod p), we have 6 € £,. Then
0 B 1
0+q—2 (1—q)P°

+ps+1

i.e.
a=ay +o[p°,

1 s 1
where ag = 17(modp). Since af = ap(modp) = ——(modp), we get a € Z;, \ £,. Therefore, in this case,
—q —q

1
according to Theorem 1, equation (18) has x, = (m,p — 1) > 1 solutions in Z;, \ &,. Because if the solution z* € &,

k—1
thenz* = a € &,. However, a € Z; \ &,. O
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The following example demonstrates the practical application of Theorem 5.

Example 4. Let k = 16, ¢ = 9. We can choose prime p = 5. Then we get
o' = 268.

Let w(x) := x'® — 268, then w(2) = 0(mod5%), w'(2) = 0(mod5) # 0(mod5%). Thanks to Hensel’s lemma, the
equation ©*° = 268 has a unique solution such that © = 2 + o[5] & &s.

5. A phase transition

If there are at least two distinct p-adic quasi Gibbs measures u, v € QG(H) such that p is bounded and v is
unbounded, then we say that a phase transition occurs. Moreover, if there is a sequence of sets A,, such that A,, € Qy;,
with | #(A,,) |[,— 0and | ¥(A,) |,— 00 as n — oo, then we say that there occurs a strong phase transition. If all p-adic
quasi Gibbs measures are bounded (or unbounded) it is said that a quasi phase transition occurs (see [18]).

In the present paper, we only investigate the phase transition for the p-adic Potts model.

The lemma below plays a key role in demonstrating the boundedness of the measure.

Lemma 2. Let z* € Z, \ &, be the solution of (18) in Theorem 5. Then for hy and hy corresponding to x*, the following
statements hold

(D [ [p=] b2 [,=1,
2) |(9+q—2)h1+1 ‘p< L|(@+qg—2)hy+1 |p: 1,

here p and 0 are defined as in the proof of Theorem 5.

Proof. Since x* € Z; \ &p,onehas | ¢g—1],= 1.
1—0x*

(1) By the notation given above ho = x*k, hy = G- —(01q¢=2) we have
| ha [p=| =" [F=1,
1—0x*
| hl |P: | ° |P = ]-7

(=)@ —1)—(0-1)],
)

1 (0+q—2hs+1],=| (0+q—2)2" +1],=1,
(6 +q—2)(1 — ba") | (1=0)(6 +q— 1" |,

B B e e I [P E e e VA

<1

O
Theorem 6. Weakly periodic p-adic quasi Gibbs measure H 5, corresponding to pair {hy, ho} in Lemma 2 is unbounded.

Proof. Let A™ | A(™ be numbers of hy, hy in V,,, respectively. (A) and (B) rules show that 4™ — 0o, A — o0 as
n — 00. According to formula (66) in [34] and Lemma 2, we get

_A(") A(")

, . 1 | P [t [ he |5
Jim [ 600) o=l 7 rC. ng
PO+ g =2)h + 1 [ (0+q—2ha+ 1157

= +o0.

O

Remark 2. hy = (1,1, ...1) is a translation invariant solution of (5). Using formula (66) in [34], it is easy to see that
the measure i (corresponding to ho) is bounded iff | q |,= 1. For the considering case, due to Theorem (5), one has
|¢—i|p=11=0,1,2. We deduce that 1y is bounded.

Theorem 7. Let k > 2, q > 3 be fixed natural numbers. Then for q-state Potts model on the Cayley tree of order k, there
exist a prime p and a parameter § € &, that ensure a phase transition phenomenon.

Proof. The proof is straightforward from Theorem 6 and Remark 2. ]

Remark 3. One should note that in the present paper, we solved the first open problem from [34] not only for binary tree,
but also for the Cayley tree of order k > 2.
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6. Conclusion

In this paper, we have investigated the existence of p-adic Gibbs measures for the g-state p-adic Potts model on a
Cayley tree of order k. By analyzing the functional equations associated with the model, we have rigorously proven the
existence of weakly periodic p-adic quasi Gibbs measures. Our main result demonstrates a phase transition phenomenon
for this model whenever ¢ > 3 and k£ > 2, under specific conditions governed by the prime p and the model parameter
6. Unlike traditional Archimedean models, the p-adic approach allows for the capturing of non-Archimedean symmetries
and ultrametricity, which are essential features of disordered complex systems.

From a broader perspective, these findings have significant implications for nanoscience, particularly in the study of
nanostructured macromolecules such as dendrimers and branched polymers. Since the topological structure of a Cayley
tree perfectly reflects the hierarchical branching of these nanomaterials, our results provide theoretical insights into how
energy or information is distributed across such networks. The identification of phase transitions in p-adic models helps in
understanding the stability of thermodynamic states in nanoscale systems where interactions follow a hierarchical rather
than a purely Euclidean logic. This is crucial for predicting self-assembly processes and critical phenomena in molecular
electronics.

Furthermore, the transition dynamics identified in this work provide a mathematical foundation for modeling re-
laxation processes in complex molecular landscapes, such as protein folding basins. Future research may extend this
approach to explore p-adic models with competing interactions, external fields, or more complex lattice structures to
further uncover the rich phase behavior of non-Archimedean physical systems.
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1. Introduction

Delay differential equations (DDEs) play an essential role in the mathematical modeling of dynamical systems where
aftereffects, memory, or delayed responses are inherent. In nanosystems, delay effects frequently appear in nanoelec-
tromechanical systems (NEMS), where the coupling between electronic circuits and mechanical oscillators introduces
time-delayed feedback that significantly influences system stability and oscillatory behavior. For instance, time-delayed
feedback control has been shown to govern the dynamics of nonlinear nanomechanical resonators and can induce or sup-
press oscillations depending on system parameters. Moreover, nanoscale heat transport and thermodynamic processes
often exhibit memory effects that are effectively described using delay-differential formulations, especially in materials
with internal relaxation and thermal lag.

Delay differential models also arise in nanoscale chemical kinetics and nanoparticle synthesis processes, where reac-
tion rates and precipitation mechanisms depend on delayed interactions and diffusion effects. Such delay-driven models
have been successfully applied to describe precipitation reactions, industrial chemical synthesis, and nanoscale reaction-
diffusion systems. A comprehensive overview of the relevance of delay differential equations in nanoscale systems and
their applications in physics and engineering can be found in recent interdisciplinary studies linking delay dynamics with
nanoscience, see for example [1-5] and the references therein.

Motivated by both theoretical significance and practical applications in nanoscale systems, this paper investigates the
oscillatory behavior of solutions of the second-order delay differential equation with several deviating arguments of the
form

y"(z) + sz(x)y(ul(x)) =0, for x>ux9>0, (1)
i=1

where, p;, © = 1,2, 3, ..., m, are functions of non negative real numbers and u;, 1 < 4 < m are non-monotone functions
of positive real numbers such that

ui(z) <z, x>0 and ILm ui(x) = 00,1 <i<m. (2)

and

vi(x) =supui(s), v(z)= max v;(z), x> xo,
s<z 1<i<m

3)

u(z) = max ui(x) with wi(x) < vi(x).

A continuously differentiable function defined on [z, 00), is called a solution of (1), if it satisfies (1) for almost all
x > xo. Any solution of (1) belongs oscillate class, if it has infinitely many zeros or large number of zeros, otherwise it is
non oscillatory. Our equation (1) is oscillatory if all of its solutions oscillate, otherwise it is non oscillatory.

© Anbarasu P., Sakthivel R., 2026
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The first systematic study for the oscillation of all solutions of the first order delay differential equation,
Y (2) +p(@)y(u(z)) =0, @ >wo>0, “

was made by Myshkis [6]. Later, several authors have studied (4) the situation when wu(z) is non-increasing and not
necessarily monotone see, for example [7-10]. Some authors obtained oscillation results for (4) with constant delay
B: > 0,see [11]. A few authors have also investigated (4) with variable delays of the form (z — a;(x)), see [12]. In recent
years, Gyori and Ladas studies (4) under the assumptions that «;(x) are non-decreasing functions, for details, see [13].
Later, many authors considered the equation

() + Zpi(x)y(ui(x» =0, (5)

and investigated oscillation properties for non-decreasing and non-monotone arguments u;(z), for example, see [14-22].
Some authors have discussed the special case of (1) when m = 1, see [23] for more details.

In the present paper, we are interested in obtaining oscillation conditions for (5) instead of the first-order equation we
take the second-order equation of the form (1).

2. Main results
The proof of our main results are essentially based on the following Lemmas.
Gronwall Inequality: If y'(z) 4+ p(x)y(z) < 0, x > zo where p(z) > 0 and y(z) > 0, then one has
t
o) <y(yexpq [plsds t o>tz ©

Lemma 1. Suppose that A > 0 and (3) holds. Then

x m S m
lixrg%gf / Z / Zp,(sl)dslds = hmrgloréf / Z / Z (s1)ds1ds = A. 7
w(z) I (s) =1 u(z) 7= g (s) 1
Proof. Use Lemma 2.2.1 in [24], to complete the proof. (|
Lemma 2. Let (3) hold and y(z) be an eventually positive solution of (1).
1
IfA > — then
lim inf y(v(@)) = 00,
z—oo  y(x)
1
IfA < - then
lim inf M >0, ¥
z—oo  y(x)
where © is the least root of
O =29, 9)
Proof. Use Lemma 2.2.2 in [24], to complete the proof. (]

Lemma 3. Assume that y(x) is a positive solution of (1). Denote,

997"-&-1(93 t ‘= €xp /Z qu S1 (pr 51,“1(51))d51d5 , reN (10)

t I= (s

with po(xz,t) = 1. Then
y(x)or(z,t) <y(t), 0<t<w 1D

Proof. The proof is similar to that of Lemma 1, in [15]. O
Theorem 1. Assume that p;(x) > 0, 1 < i < m and (2), (3) are valid. If

lizrgicgf/ Z / sz s1)dsyds > 1, (12)

v(z) 171, (s)

then all solutions of (1) oscillate.
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Proof. Assume that y(x) be an eventually positive solution of (1). From (1), 4" () < 0 and then 3/ (x) > 0, if suppose,
y' < 0, then for some [ € R™ we see ¢/ (z) = —[ and integrating this over [z1, x], we obtain

y(x) = (y(v(z1)) = lz1) — .
Hence, y(x) — —o0 as & — oo but this makes no sense with y(z) > 0, as was assumed. So y'(z) > 0 which means y(z)
is non-decreasing. Integrating (1) over [u;(z), ], one gets

/() o/ (o(x)) < o/ (2) / S pi(on)dss < / S s ylu(s))dsids. (1)
i=1 i=1
vj (z) “g(-’”)

From the above inequality, one takes

> [ Y mlsnytustsn)ds: < (o(a).

=1y (@) =1
Again integrating over [v(z), ],
[ [ S mitsndsids fyte@) < wle(a) - ylo(e(@) (14)
o(z) 7= (s) =1

For y(z) > 0, finally, we reach

.. <
hwrgloréf / Z / E;Pz s1)ds1ds < 1,
v(z) v;(s) =

a contradiction to (10), and hence the proof is completed. O

Theorem 2. Assume that p;(x) > 0, 1 <i < mand (2), (3) are valid. If

. . xr S m 1

llwn_l}loréf / Z / ;pi(sl)dslds > - (15)
vi(s) T

then all solutions of (1) oscillate.

Proof. Assume that y(x) be an eventually positive solution of (1). Divide (13) by y(x) and integrate over [v(z), =], then
by taking simple steps, one obtains

</ zm; Z) i Prdads =t {y(;(%))] ' (16)

In view of (15), there exists a constant ¢ > 0 such that

/Z/Zplsldslds>c>f

o(@) 171 (s)
Using the above inequality in (16) and then taking exponential, one comes to the following inequality
y(v(x)/y(z) > e > ec> 1.
Repeating the above argument for large x, one obtains
y(v(z)) = (ec)’y(x).

Continuing these steps, we come to the issue that there exists a number a € N, satisfying a > 2(In2 — Inc)/(1 + Inc),
such that for sufficiently large =, we obtain

> (ec)® > (17)

2’

There exists a number z, € (v(x),x) which satisfies the condition y(v(z.)) < v(z.) < y(z). Consider this point as the
splitting point of the integral in (15) into two equal parts as follows,

C m S m c
— . > —,
/ § / E pi(s1)dsids > 3 /El / _71pz(51)d81d8_ 5 (18)
vi(s)

v(z) I (s) z. I= i
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Integrating (13) over [v(x), ] then using (18) with simple steps, one shows that
c
ylezs)) x 5 < y(v(z)).
Similarly, integrating (13) over [z., z], by the same calculations as above we reach

y(o(@)) x 5 < yla.).

Combining (19) and (20), we see the contradiction

to the inequality (17), and hence the Theorem is proved.
Theorem 3. Assume that p;(xz) > 0, 1 < i < m, (2), (3) and (7) hold. If, for some r € N

[ [ & 1-Ine
imint [ > [ 3" piCsr)invlon), wls2)dsads > g,

Z—00 ®

vo(z) I=1,(s)

where © and ,. are defined by (9) and (10), respectively. Under these conditions, all solutions of (1) oscillate.

19)

(20)

ey

Proof. Assume that y(x) be an eventually positive solution of (1). By Lemma 2, the inequality (8) is fulfilled. Therefore,

for an arbitrary real number 0 < ¢ < © and for some z* € (v(x), ), one gets for all z > z1 > x¢

y(w(@)) > (0 —¢); yzgi(ff;) = (0 —¢).

Applying (11) to (1), one obtains
(@) + Y pi(@)er(v(@), wi(@)y(v(z) = 0
i=1

Integrating (23) over [v;(x), z], one gets
y'(@) =y (v ] i (s1)@r(v(s1), uils1))y(v(s1))dsy <0
Since y/'(x) > 0, this implies "
—y'(z) <y(z) - j Zm: (s1)@r(v(s1), uils1))y(v(s1))dsy <0,

and, hence,

/ sz (51)0 (v(s1), wils1))y(v(s1))ds1 < /' (@)
Vi ('ﬂ)
Let us divide (25) by y(«) and integrate over [v(x), 2*] for v(z) < &* < x. Then using (22), we get

oo In(® —¢)
/ Z / Z 51 <Pr ) ui(sl))dslds < —m
v(z) 1= (s) =

Let us integrate (25) over [x*, x] once again. Using (22), we can obtain

m

/i / > pils1)er(v(s1), ui(s1))dsids < (91_6)

7o)

Adding (26) to (27), we get

[ [ ¢ 1 —1n(6 —¢)
/Z / z; 81 907‘ )uz(sl))dsldSSW

vo(z) 171, (s)

(22)

(23)

(24)

(25)

(26)

27)

Then, for large x, letting ¢ — 0 and taking limin f, we get a contradiction with (21) and this completes the proof of the

Theorem.

O
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Corollary 1. Assume that p; > 0,1 < ¢ < m, and equations (2), (3) hold. If

lim sup / Z / va 51)pe (0(s1), wil51))dsads > = 5 (28)

T—00
U($)] 1:8)1 1

then all solutions of (1) oscillate.

Proof. Assume that y(z) be an eventually positive solution of (1), so that by Lemma 2, the inequality (8) is fulfilled.
Integrating (25) over [v(x), x], we reach, for y(z) > 0,

/Z/ZMMT)MM®%WWQW

v(x) 71 (s)

Then taking limsup and using (8), we get
lim su i(s1)0,(v(s1),u;(s dsdg—
HJK;/EPW (51), wils))dsuds < 5,
v(z i(s)

which contradicts with (28). Hence, the Corollary is proved. ]

3. Example

Example 4. Consider the delay differential equation

(@) + oyl (@) +

21
TV ua(@) =0, 29)

where

() —x+4n—35, if z€[2n+1,2n+ 2|,
u =
! 3z —4n—11.5, if z€2n+2,2n+3] and wus(z)=ui(z)—1, nelN

Proof. From the equation and by (3)

() 2n — 4.5, if x€2n+1,2n+2.33],

vi(z) =

' 3z —4n —11.5, if xze€[2n+233,2n+3] and wva(z) =v1(z)—1 neN.

Here, v(z) attains its maximum at x = 2n + 3, so v(2n + 3) = 2n — 2.5 and by simple calculations, we get A = 19.635.

Hence A > 1 so that the conditions (12) and (15) are satisfied, (29) is oscillatory and oscillation of solution of (29) is
plotted in Fig.1(B). (]

Example 5. Consider the equation

s y(uz(z)) =0, (30)

where
() = —2rx4+6n+2, if z€2n+1,2n+2),
n dx—6n—10, if xz€2n+2,2n+3] and uz(z)=ui(zr)—1, neN.

Proof. From the equation and by (3), it follows that

= {2 if 2 e[2n+1,2n+ 2.5
vi(z) =
! dx —6n—10, if ze€[2n+2.5,2n+3] and wvz(x) =vi(x) —1,neN.

1
From (3), A = 0.3205. Clearly, A S — = (0.3678). By (9), © ~ 1.755. Define f,.(z) : [1,00) — (0,00) as

.

a2
v(x) =

Zpi(sl)QDr('U(sl),Ui(Sl))dslds.

v;(s) =1

Thus, for r = 1 and v(2n + 3) = 2n + 2, we have f;(z) = 26.0111. Hence, conditions (21) and (28) are satisfied, hence,
(30) is oscillatory. [l

MM

1

<.
Il
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Example 6. Consider the delay differential equation

5 7
y' (@) + zy(u () + —5y(ua(2)) =0, (31
where
—z+4n+3, if z€2n+1,2n+ 2|,

w(e) = 3z —4n—5, if z€2n+2,2n+3] and us(r)=ui(xr)—1,neN.

Proof. From the equation and by (3),

2n + 2, if € [2n+1,2n+2.35],

u(@) = 3z —4n—5, if x€[2n+2.35,2n+3] and ve(z) =vi(z) —1,n eN.

Here v(x) attains its maximum at x = 2n + 3, so v(2n + 3) = 2n + 4. By simple calculation, we show that A < 0 and so
that the conditions (12) and (15) are not satisfied. Also we cannot apply conditions (21) and (28) for (31), which implies

that it is non oscillatory, also non oscillation of solution of (31) is plotted in Fig.1(B). O
1.00 300 1
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250 4
0.50 -
200 4
0.25 -
0.00 | 1507
—0.25 1 100
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ABSTRACT In this article, the Cauchy problem in a half-plane is studied for a fourth-order inhomogeneous
equation with a fractional derivative in the Caputo sense. The uniqueness of the solution is demonstrated using
the Laplace transform. In constructing the solution, partial solutions expressed in terms of Wright functions are
first found. Green’s functions are then constructed using these partial solutions. The solution is constructed
explicitly using the Green function. An explicit form of the fundamental solution is also obtained.
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1. Introduction and statement of the problem

In recent decades, fractional calculus has evolved from a field of purely mathematical research into a powerful tool
for modeling real physical processes. Fractional derivatives become particularly significant when describing phenom-
ena in media with complex internal structures, memory, and nonlocal properties. As noted in [1], fractional dynamics
investigates the behavior of objects and systems characterized by power-law nonlocality, power-law long-term mem-
ory, or fractal properties. Classical continuum models based on integer-order derivatives often prove inadequate when
transitioning to the nanoscale, where effects of structural heterogeneity, anomalous transport, and viscoelastic relaxation
begin to dominate. Work [2] provides a rigorous stochastic justification for this fact: the non-exponential relaxation of
a single nanoobject naturally leads to the description of nanoparticle kinetics using differential equations with fractional
derivatives.

It is noteworthy that the equation studied in this work is of particular interest for nanomechanics. Fourth-order
equations traditionally describe the bending vibrations of beams, membranes, and plates [3]. In the nanoscale range,
such models are applied to analyze the dynamics of nanobeams, nanofilms, and filamentary nanostructures situated in
complex viscoelastic media. Study [4] investigates waves in magneto-elastic nanobeams using a fractional derivative to
model internal damping, while nonlocal elasticity theory allows for the consideration of nanoscale size effects. In [5], a
new mathematical model of thermoelasticity is proposed for analyzing coupled thermomechanical waves in functionally
graded viscoelastic nanobeams. Works [6-8] also demonstrate that introducing fractional derivatives effectively accounts
for the rheological properties of materials: [6] investigates nonlinear vibrations of beams made of fractional-order Zener
viscoelastic material; [7] examines the vibrations of a nanobeam on a fractional-order viscoelastic Winkler-Pasternak
foundation using nonlocal elasticity theory. In study [9], dedicated to an inverse problem for the heat conduction equation
with a load, variable coefficients, and fractional integral operators, a mathematical method for analyzing heat transfer
processes at the nanoscale is developed. Thus, the investigation of equations of type (1) holds not only theoretical but also
direct applied significance for nanotechnologies.

This paper investigates the initial value problem for a fourth-order equation involving the Caputo fractional derivative.
The Cauchy problem for second-order equations with a fractional derivative with respect to spatial variables (diffusion-
wave equations) has been studied in considerable detail in works [10—-14]. For equations with the Laplace operator and the
Dzhrbashyan-Nersesyan fractional derivative of order (0, 2), analogous results were obtained in [15], and for equations
of odd order — in [16]. In [17], a solution to the Cauchy problem for an even-order equation with the Riemann-Liouville
derivative of order (0, 1) was obtained. A boundary value problem with the Caputo fractional derivative with applications
in nanotechnologies was also investigated in [18].

Closely related to the topic of this work is the study [19], where the Cauchy problem for a homogeneous fourth-
order equation with the Caputo fractional derivative was reduced to a Schrodinger equation by lowering the order of the
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fractional derivative. However, [19] did not consider the inhomogeneous equation, and the question of solution uniqueness
remained open.

In contrast to the previous works, this paper proves a uniqueness theorem for the solution of the Cauchy problem,
constructs particular solutions using the Wright function and, based on them, formulates the Green function, obtains an
explicit integral representation of the solution for both the homogeneous and inhomogeneous equations, and provides the
explicit form of the fundamental solution.

The proposed approach can be extended to equations of arbitrary even order, which opens up prospects for further re-
search in the field of mathematical modeling of nanosystems, including problems concerning the dynamics of nanobeams,
nanofilms, membranes, and other nanostructures in complex media with memory and nonlocal properties.

Let us proceed directly to the formulation of the problem. Consider the equation in the domain
Q={(z,y): —0 <2 <00,0<y<T}
84
Lu] = (CDg“y + W) u=f(z,y), (1)

where ¢ Dy, is the operator of fractional (in the Caputo sense) integro-differentiation of order o, 1 < o < 2, defined by
the relation

1 [ 62u(x )

o _ a—2 _ 72 i

CDOyu—DOy Uyy—r(Qa)/(y_T)a_ldT»
0

here DS‘J 2 is the operator of fractional differentiation in the sense of Riemann-Liouville [20].

A regular solution of equation (1) in the domain €2 is defined as a function © = u(z, y) satisfying the conditions:
oFu — __ 0t Mu — _
Ik EC(Q), k:zO,S;@ EC(Q);ay—m EC(Q), m =0,1; cDg,u € C(Q).

Cauchy Problem. Find a regular solution u(z, y) of equation (1) in the domain €2 satisfying the initial conditions

: _ - Ou(z,y)
yl_lfﬂou (@,y) = ¢ (x) »y1_1)m+0 oy

= (z), (2)
where ¢ (), (z) are given functions.

2. Uniqueness of solution

Theorem 1. The Cauchy problem with homogeneous initial conditions, in the class of functions satisfying the

conditions

‘ < Me?, 0 < M = const., m = 0,1, where o is a fixed constant, has only the trivial solution.

oy™
Proof. Let u(x,y) be a solution of the Cauchy problem with zero initial conditions. Consider the Laplace transform

of this function
+oo

v(w,p)==t/ae_pr(w,y)dy,
0

hence
—+o00

vl <M [ ey

0
Let us find the fourth-order partial derivative with respect to the variable x of the transform

p—o

+oo +oo
0% (x,p 0% (z,y _
78534 ) = / e Iwiafﬁ >dy:— / e pchS‘yudy:—pav(x,p).
0 0
From this, we obtain the problem
0t (z,p o
A—Lrl:—pv@m%
o (@p) < =2
v(z .
PSS
The general solution of problem (3) has the form
Bx : —Bx . \/5 a
v(x,p) =€’ (c1 cos Bx 4 cosin Bx) + e (cgcos Bx + cysin Bx), B = 5Pt

By virtue of the condition of problem (3), we obtain

v(z,p) =
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and consequently
u(z,y) =0.
Theorem 1 is proved.

3. Construction of the Solution

First, we construct some particular solutions. The following lemma holds.
Theorem 2. Functions of the form

a [e3
w(ey) = 9’0 (< 5.0+ Likay™T), =12

where

ok

ey =N~
¢(=0,62) ;Jk!r(—akﬁ)

is the Wright function;
2,y >0,bE RN =edi \g=¢ 30,
satisfy equation (1).
Proof. By direct calculation, we obtain

84Uj (z,y) b—a @ -2
5 =y q&(—z,b—s—l—a;/\jxy 4), (4)
82’[1,]' (LC, y) b—2 o -g
T/Q =Yy ¢(_Zab_ L Ajzy 4) .
Furthermore, since
Ir< larg \;| <,
using formula [16]
Dy o (0,85 %) =y g (=66 — v \y0), (5)
for 5
0<d<1, 7w <largA| <m; e,v€ER,
we have

a— — o —-<
CDgyuj = DOy 2 {yb 2¢ (_Zub_ l;ijy 4)} =

g0 (< b 1 asday ). (6)
From (4) and (6) the validity of Theorem 2 follows.

Theorem 2 is proved.
Let us recall some known properties (see [16]) of the Wright function:

L0062 =60 t52), (5> 1), (7

6(=6,552)] < Cexp (—vl2177 ), 2l = o0, (8)

where
C=0C(ev), 6€(0,1), €€R,
m—largz| 140

1/<(175)%cos 7w < |argz| < .

1—-4§ 7 2
b 1 1406
_ . = _ <.
/¢( bieiha)do = o, yom < )| < )
0
Following works [16],[17], consider the following function
My —n)P « T —
Gy (o &y —m) =~ <4,b+m1i> -
(y—m)*
Aoy —n)° -
_M¢ (_a’b+1;)\2|x§|a> , bER. (10)
4 4 (y—mn)*

The following theorem holds.



The Cauchy problem for a fourth-order equation involving a fractional derivative in the Caputo sense 175

Theorem 3. Let ¢ (z) € C*(R), v (z) € C (R) and ‘(p ‘ | (x)] < M = const., k = 0,...,4. Then the
representation

+o0 +oo
u(,y) = / o (z—E) 0 (€)dE + / Gy (2 — £.9) 0 (€) dE, (11)

is a regular solution of the following Cauchy problem
CDgyu + Ugzzr = Oa
li = li = .
Jm o (@,y) =¢@),  lm () =)

Proof. First, we show that (11) satisfies the initial conditions. We have
+oo

/ ‘4¢(— —4+1 Aj [ 5') (&) d¢ = (j:1,2; t= |x_f|) =
o yi ys
+oo
= /¢(—%,—%+1,)\jt) {o(x+yit)+o(x—yit)}dt,
0

now, taking into account (8), (9) and the restrictions on the function ¢ from the conditions of Theorem 2, we obtain

“+o0

ylggo G_oa(z—=&y)p(§)dE=p(x).

Furthermore, considering (5) and using (7), we have
+oo

(0% T —
sz
4

—1+oz 3
+i / {orere (+yTt) + onn (x —y 4t)}¢( e )\t>dt7
0

1 1
now, taking into account (8)-(10), the restrictions on the function ¢ from the conditions of Theorem 2, and )\2 + — v =0,
we obtain

o [
lim — _a(x— =0.
Jim 2 [ Gy @ 6p(©)de =0

After performing similar transformations and calculations for the second term in representation (11), we obtain
+oo

lim G*g+1 ( _gay)w(é-) dé- = Oa

y—+0
—o0

Jim, / oo (2 — &) () dE = b ().
Thus, representation (11) satisfies the initial COIldlthIlS of the Cauchy problem.
Now we show that representation (11) satisfies the homogeneous equation (1). Taking into account (5) and formula
[20]
fO) . fO) 4 a

CDgyf = Dgyf - my - my ,
we have
o0 _a +o0
eDiyule.s) = D5, [ Gy o=t p©ds— = [ 6oy 0= o(€)de-

— 00 — 00
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y' e B
T (2-a) ylﬂoay/ G_o(x—§y)p(€)ds =
e e
Comp (=&Y PO d ~ T 12)

From (12) and (13) we obtain

+oo
cDg, (/ Goo(z—=8&y)p(§)ds (/ Gog(z )w(é)d§> =
It is shown similarly that

+o0 4 o
cDgy(/ e v de |+ (/G—zH(zf’yW(Odf) =

N~ — N~ — o
+

— OO — OO

Theorem 3 is proved.

Theorem 4. Let f (z,y) = Dy, g (x,y),7 >0, g (z,y) € C (Q), |g (z,y)| < M = const. Then the representation

Y

“+o0
u(eg)= [dn [ Guy =gy f e (14)

(=)

is a solution of the problem
DG u (2, ) + Uzaes (2, ) = f(2,y),
Py 09) = Ty (29) =0

Proof. First, we show that representation (14) satisfies equation (1). We have

Y +o0
0
o [ [ G —gy-mfEmds -
0 —00
Yy +oo 9
= /dn / 5,30z (@ =&y —n) f(&n)dE,
0 —00
taking into account the integration by parts formula [16]
b b
/g (s) Deh(s)ds = /h (s) Dp.g(s)ds, <0,
we obtain
Y +o00
0 8
— | d — — d
oo [n [ oG- —n e de
0 —o00

/dn/ {883 oGy fds =

/dn/G V(@ =€y —n) g (€ m)de. (15)
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Next,
+oo
/ / sy (€ =&y —n) (& n)dn=
—00 0
+oo Y
= /df/GTa 3+’y( 7§7y777)g(£a77)d77a
— 00 0
hence
+oo Y
D§? / dg/GgTa,SH (= &y —mn)g(&n)dn=
—00 0
—+oo Yy
d¢ [ g(§;m) Gs_144 (=& t—n)dn
s

From (15) and (16), it follows that

Y
<CD()1, a4> /dn/Gsa 1(@=&y—n) f(&n)dE s =f(z,y).

We show that representation (14) satisfies the zero initial conditions. Let

+o0 Y
T = [ [w-n® (j,?jf;xj p—— ) (€ m)

0
make the change of variables

c= T it de= iyt
(y—m)*
we have
Yy

I(z,y) = /(y — ) dnx

hence

Similarly, we will have that
lim
y——+0 Yy
Theorem 4 is proved.
By Theorem 4, the function G'za _4 (x — &,y — n) is the fundamental solution of equation (1).

4. Conclusion

177

(16)

In this paper, we study the Cauchy problem for a fourth-order equation involving a fractional derivative in the sense
of Caputo. In the case o = 2, we have an equation for beam vibrations. The solution is constructed explicitly by finding
Green’s functions. Sufficient conditions for the existence and uniqueness of the solution are found. It should be noted
that the question of the uniqueness of the solution to the Cauchy problem for the beam vibration equation remained open
(see [3]). A fundamental solution to equation (1) is also constructed. In the future, the obtained results can be used
to study boundary value problems for inhomogeneous linear and nonlinear equations, equations with lower-order terms,
inverse problems with an unknown right-hand side, problems with nonlocal conditions, which have various applications in
nanosystems. It should be noted that the problem under study has not only theoretical but also applied significance, since
fractional integro-differential operators are widely used in mathematical models of nanosystem dynamics. In particular,
among mathematical models of transport-diffusion, fractional differential calculus stands out as a tool for describing

transport processes in media with a complex structure.
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ABSTRACT We study three-particle Schrédinger operators on the two-dimensional lattice Z? and show that a
critical mass ratio 7. =~ 2.75194 governs the existence of a bound trimer in the fermionic 2 + 1 configuration
(two identical fermions and a third particle). For v < ~. there is a topological prohibition (Pauli suppression) of
a three-body bound state, whereas for v > 4. a doubly degenerate eigenvalue emerges below the essential
spectrum with the strong-coupling asymptotics z (7, \) = —A+eg(7)+O(A™1). Within a unified framework based
on the Birman—Schwinger principle and strong-coupling asymptotic analysis, we compare this behaviour with
the bosonic case of three identical particles, where two bound states exist below the essential spectrum and
the ground-state energy satisfies z5(u) = —3u + Co + O(u~'). The resulting second-order phase transition
with respect to the mass ratio + is relevant for the design of experiments on fermionic trimers in optical lattices
and for modelling excitonic complexes and defect-bound states in two-dimensional nanomaterials, where the
critical value v, serves as a design guideline for the observability of three-body bound states. We also outline a
modified three-particle lattice model with two competing interaction channels, for which the Birman—Schwinger
analysis naturally leads to a Landau-type scenario of a first-order phase transition in the space of trimer bound
states. In the bosonic case we prove a strong-coupling theorem describing the existence and asymptotics
of trimer bound states, while in the fermionic 2+1 case we establish a spectral phase-transition theorem that
identifies an explicit critical mass ratio +. separating the trimer and non-trimer regimes.

KEYWORDS three-particle Schrodinger operator, lattice systems, bound states, bosons, fermions, critical mass
ratio, phase transition, Birman—Schwinger principle.
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1. Introduction

The study of few-particle bound states on quantum lattices is of fundamental interest both for mathematical physics
and for applications in quantum simulation, condensed-matter physics, and nanotechnology; see, for example, Refs. [1-3].
Experiments with ultracold atoms in optical lattices make it possible to realize controllable quantum systems with tunable
interaction parameters and geometry, which calls for precise theoretical predictions of their spectral properties.

In recent years, substantial progress has been made in the analysis of three-particle Schrodinger operators on lattices;
see, e.g., [4-6]. In parallel, the spectral theory of lattice Schrodinger operators with a finite number of isolated levels has
been actively developed: in particular, Ref. [7] establishes the existence of a maximal number of isolated eigenvalues for
a broad class of lattice Schrodinger operators. The present work continues this line of research by turning to three-particle
systems that exhibit critical phenomena with respect to the mass ratio. At the same time, the problem of critical behavior
in fermionic systems with mass imbalance has remained insufficiently explored. In particular, it has been unclear whether
there exists a threshold value of the mass ratio that separates qualitatively different regimes of existence of bound states.
A related question of independent interest is whether suitable modifications of a multi-particle lattice model (for instance,
by adding an external field or an additional interaction channel) can give rise to a first-order phase transition accompanied
by a discontinuous rearrangement of the three-particle spectrum.

In this work, we perform a comparative analysis of the spectral properties of two principal classes of three-particle
systems on a two-dimensional lattice: (i) three identical bosons and (ii) a fermionic 2 + 1 configuration (two identical

© Abdullaev J.I., Eshniyozov A.I., Dolgopolov M. V., 2026
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TABLE 1. Position of the present work within the landscape of lattice few-body models.

Work System  Dim. Key feature

Two-particle lattice models [11] dimer d=2,3 threshold effects, monotonicity
Three-fermion models on Z [12]  trimer d=1 strong-coupling discrete spectrum
Fermionic 2+1 trimer (this work) trimer d = 2 critical ., spectral phase transition
2+1 fermions [8] trimer d =3 repulsive contact, critical vs(K), Vqs(K)

fermions and a third particle of a different nature). Employing a unified methodological framework based on the Bir-
man—Schwinger principle and asymptotic analysis in the strong-coupling regime, we uncover fundamental differences
induced by the quantum statistics of the particles. We prove a strong-coupling theorem for bosonic trimers and a spectral
phase-transition theorem for the fermionic 241 trimer with an explicit critical mass ratio ..

For a related three-particle 241 fermionic model on 72 with repulsive contact interactions, Khalkhuzhaev et al. [8]
introduced two critical mass ratios ,(K) and 7,s(K) that determine the number of eigenvalues lying to the right of
the essential spectrum at strong coupling. Here we consider instead an attractive 241 model on Z?, where a single
critical mass ratio 7. controls the emergence of a low-energy trimer level below the essential spectrum and gives rise to a
second-order spectral phase transition.

The application of this unified framework to concrete three-particle lattice models reveals deep structural distinctions
that are entirely dictated by the underlying quantum statistics.

2. Comparative analysis of bosonic and fermionic trimers

We consider the Hamiltonian of a three-particle system on the two-dimensional lattice Z? in the coordinate represen-
tation,

=ity - Vi, (M)

i<j
where Hj is the kinetic-energy operator, o > 0 is the coupling constant, and V; j are zero-range pair potentials given by
(Vijp)(n1,n2,n3) = 0, n, (N1, n2,n3).

The particle statistics is encoded in the choice of the Hilbert space: the symmetric subspace £2 for bosons and the
antisymmetric subspace ¢2 for fermions (with respect to the coordinates of identical particles). For the fermionic 2 + 1
system we introduce the mass ratio v = my /ms, where m t 1s the fermion mass and mg is the mass of the third particle,
and (5,”,7” denotes the Kronecker delta.

2.1. Bosonic system: three identical bosons on a lattice

We consider a system of three identical bosons of unit mass on the two-dimensional lattice Z2. In the coordinate
representation, the three-particle Hamiltonian takes the form

H, = Hy— u(Via + Vig + Vo), H,: 2((Z%)?%) — 2((2*)?),

where ;1 > 0 is the interaction strength and H, denotes the free kinetic-energy Hamiltonian. Here ¢2((Z2)?) is the
subspace of square-summable symmetric functions on (Z?)?, describing the states of three identical bosons on the lattice.

The Fourier transform on Z? maps the coordinate-space Hamiltonian H 1, into the momentum representation, in which
the total Hamiltonian H,, admits a direct-integral decomposition with respect to the total quasimomentum K € T2,

D
H, = /H#(K) K,
T2

where, for each fixed K, the fiber operator H,,(K) acts in the symmetric subspace LZ((T?)?) and is given (see. [4,5]) by

(Hu(K)f)(p.q) = Ex(p, @) f(p,a) — p(Vi + Vo + V3) f(p,q),  f € L2(T?)?).
Here

FEx(p,q) =¢(p) +e(q) +e(K—p —q), £(p) =2 — cosp; — cospy,



Critical mass ratio & trimer threshold: bosons vs fermions 181

and

1
Vif)(p,a) = qu[f(pﬁ) ds, (Vaf)(p,a) =

()
(Vaf)(p,a) =

(271r)2 /f(s, p+q—s)ds.
']1‘2

2.2. Fermionic system: two identical fermions and a third particle

We consider a system of two identical fermions of unit mass and a third particle of mass m (a 2 + 1 configuration)
on the two-dimensional lattice Z2. Let ¢* ((ZQ)B) denote the Hilbert space of square-summable functions of three lattice
sites » = (n1, ng,n3) € (Z*)?, and let

2((Z2°) € 2((22)°)
be its antisymmetric subspace with respect to the exchange of the fermionic coordinates n; <+ ns.
In the coordinate representation, the three-particle Hamiltonian is given by

ﬁ%)\ = ﬁo — )\(‘713 + ‘723), ITLY’A : Ei((Z2)3) — ég((ZQ)B),

where A > 0 is the strength of the contact interaction and ~:=m/msg is the mass ratio (the ratio of the fermion mass
to the mass of the third particle). Here Zi denotes the antisymmetric subspace of ¢ corresponding to the two identical
fermions.
Passing to the momentum representation and fixing the total quasimomentum K = 0, we arrive at the fiber Schrdin-
ger operator
Hoa(0) = Hyp(0) ~ A(Vi+Va),  Hya(0): L2((T%)%) = L2((T*)?),

where L2 ((T?)?) is the antisymmetric subspace in momentum space obtained as the image of £2((Z?)?) under the three-
particle Fourier transform,' and V; and V5 are partial integral operators describing the contact interaction of the fermions
with the third particle (see (2)). The operator H%O(O) acts as multiplication by the dispersion function

E,(p,q) =¢(p) +e(q) +ve(—p —q) = <(p) +e(q) +ve(p + q).

Remark. Due to the unitary equivalence H, (K) = H, x(—K) via the transformation f(p,q) — f(—p,—q),
it suffices to consider the total quasimomentum K in a fundamental domain of T2 modulo this involution. In this work
we focus on the case K = 0, which captures the essential spectral features; the extension to K # 0 follows similar lines
and will be addressed elsewhere.

2.3. General comments and development

The main analytical tool is the Birman—Schwinger principle [9, 10]. For energies z that are outside the essential
spectrum of the operators H,,(0) and H, (0), the corresponding eigenvalue problems

H,(0)Y = z1), Hy2(0)p = zp

are reduced to fixed-point problems for compact self-adjoint Birman—Schwinger operators B),(z) and B, x(z), respec-
tively:

Y #0, Hy(0) = z¢p <= B,(2)v* =9,  ©#0, H A(0)p = zp < B,,(2)p* = ¢*.

Moreover, for z below the bottom of the essential spectrum, the number of eigenvalues of H,,(0) (respectively,
H, »(0)) lying below z coincides with the number of eigenvalues of B,,(z) (respectively, B+ (z)) that exceed one.

We emphasize that a key ingredient of our analysis is the detailed spectral information available for the two-particle
lattice operator. In particular, the properties of the discrete spectrum of the two-particle Schrodinger operator on Z< and its
dependence on the total quasimomentum k have been studied in detail in [11], where the monotonicity of the eigenvalue
branches z,,(k) with respect to the components of k and bounds on the number of levels below the essential spectrum
were established. In the present work, these results are used at a conceptual level to justify the robustness of two-particle
threshold states, which enter the kernel of the Birman—Schwinger operator associated with the three-particle problem.

A related Birman—Schwinger type reduction combined with a finite-rank principal part has recently been employed
for a different lattice few-body model, namely a system of three identical fermions on the one-dimensional lattice with
nearest-neighbour attraction; in that setting, the discrete spectrum at strong coupling was analysed in [12], while the
essential spectrum and further extensions to systems of identical particles were explicitly meant in the subsequent devel-
opment, including in this research article. Although the underlying operator and statistics differ from our 241 model, these
works are methodologically close to our approach and provide complementary examples of how the Birman—Schwinger
framework can be used to control the discrete spectrum of multi-particle lattice Schrodinger operators.

IThe original coordinate-space Hilbert space is three-particle, while after fixing the center-of-mass quasimomentum the effective dimension is reduced.
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As a natural generalization of the model (1), we consider a three-particle Hamiltonian with two competing interaction
channels,
0 1
Hy,5(0) = Hyo(0) =AYV +53 Vi, ©
i<j i<j
where Vig.o) describes a contact attractive interaction, while Vigl) accounts for a more long-ranged interaction between
the particles (for instance, of Coulombic or polaronic type). For the Hamiltonian (3), the Birman—Schwinger operator
B, » s(2) typically develops several qualitatively distinct eigenvalue branches associated with different spatial structures
of trimer states (a localized versus an “extended” trimer). In the language of Landau’s phenomenological theory, this
leads to an effective potential for the order parameter 7, of the form

Fm;v: A B) = a(v, A, B)n* + b(v, A, B)n* + (v, A\, B)n® + ..., 4)

where the signs of the coefficients a, b, ¢ are determined by the spectral characteristics of B., » g(z). In the regime
b < 0, ¢ > 0, two competing local minima 7 = 7 2 emerge, and variations of the parameters (v, A, ) may induce an
abrupt transition between them, corresponding to a first-order phase transition in the space of three-body bound states, in
full agreement with the general principles of Landau’s phenomenological theory of first- and second-order phase transi-
tions [13, 14].

In the strong-coupling regime (u — oo for the bosonic system and A — oo for the fermionic one), the operators
B,,(z) and B, »(z) admit an asymptotic decomposition into a principal finite-rank part and a remainder of small norm.
A spectral analysis of the principal part then yields precise asymptotics of the eigenvalues and provides conditions for the
existence of bound states.

3. Main results
3.1. System of three identical bosons

For a system of three identical bosons with strong zero-range attraction (x — o0) in the sector of zero total quasimo-
mentum, we obtain the following result.

Theorem 3.1 (Strong-coupling trimers in the bosonic case). For all sufficiently large pn > o, the three-boson Schridinger
operator H,,(0) has exactly two bound states below the essential spectrum. The ground-state energy admits the asymptotic
expansion

Z(p) =-3u+Ca+0(™"),  p— o0,
where Cs is a constant determined by the Green function of the free Hamiltonian. The first excited state z5(u) is a
threshold resonance with the asymptotics

25(p) = —p + const + O(u™1), = 0.

Thus, in the bosonic case bound states exist for arbitrarily weak and strong interactions, and their number and asymp-
totic behavior are governed purely by geometric and symmetry considerations.

3.2. Fermionic 2+1 system

For the fermionic 2+1 configuration, the picture is fundamentally different. The antisymmetry of the wave function
under the exchange of the two identical fermions imposes strong constraints on the possibility of forming a bound state.

Theorem 3.2 (Spectral phase transition in the fermionic 2+1 trimer). For the fermionic 2+1 trimer on the two-dimensional
lattice, there exists a critical mass ratio v. > 0 such that:

(D) If v < e, then for any A > 0 (equivalently, for arbitrarily large coupling) the operator H. »(0) has no bound
states (has no eigenvalues) below the bottom of the essential spectrum; this follows from the fact that the critical
coupling diverges as v — 7y, .

(2) If v > 7., then there exists a threshold value Ao () such that for all A > X\o(y) there appears exactly one doubly
degenerate bound state with energy

2(9,0) = =X+ eo(y) + O(A7h), A — oo.

(3) The function AE(7) := zo(7y, ) — (7, A) satisfies AE(y) > 0 for v > ., AE(y) = 0 for v < 7., and there
exists v > 0 such that
AEM ~C(y=7)" 747

for some constant C > 0.

The critical value . is determined by an integral equation that follows from the solvability condition of the Birman—
Schwinger equation at the bottom of the essential spectrum:

o1 / (sing; + singo)?
Te = (2m)? 4 — 2(cos q1 + cos q2)

[-m.7]?

dg1dgs. &)
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(b) Threshold detachment of z(y, A) and a possible first-order PT
(a) Phase diagram in the (y, A)-plane
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FIG. 1. (a) Schematic phase diagram in the (-, A)-plane for the fermionic 2+1 trimer at K = 0. For
7 < 7. the operator H, »(0) has no three-body bound states for any A (fermionic phase without a
trimer). For v > ~. and sufficiently large A there exists a unique trimer bound state, corresponding
to an effective doorway channel at the three-body level. (b) Trimer energy z(y, A) at fixed sufficiently
large A near the critical mass ratio v.. As v 1 7. the level z(v, \) approaches the bottom of the
essential spectrum zg, while for v > ~, it separates from the threshold according to a quadratic law
AE(Y) = 20 — 2(7,\) ~ C (v — 7.)?, which corresponds to a second-order phase transition in the
spectral sense. The vertical line at y; illustrates a possible, more intricate scenario with an additional
first-order transition at larger v, where the trimer level undergoes a discontinuous rearrangement (a
model example for discussing multicritical behavior).

A numerical solution of equation (5) yields
e & 2,75194 £ 0,00001.

The transition at 7y = ~, is of second order. As v — ~., the level z(7, \) merges with the bottom of the essential
spectrum, and the energy difference follows a power law AE ~ (v — ~.)".
The physical mechanism behind this transition is the competition between two effects:

(1) Contact attraction, which tends to localize all three particles on the same lattice site and lower the energy of the
system.

(2) Pauli repulsion, which forbids the two identical fermions from occupying the same state and increases the kinetic
energy of the system.

For small «y (light fermions) the kinetic energy of the fermions is large, and Pauli repulsion suppresses the formation
of a bound state. For v > ~, the fermion mass is sufficiently large so that their kinetic energy becomes comparable to the
interaction energy, which allows a trimer bound state to form.

Geometrically, the behavior of the lowest trimer level in a neighborhood of the critical mass ratio -, is illustrated in
Fig. 1, which shows the separation of the energy z(7, A) from the bottom of the essential spectrum zy for v > ~. and
the absence of a bound state for v < . (Pauli-suppressed regime). This picture is consistent with a bifurcation scenario
in which the contact attraction overcomes the effective Pauli repulsion only after the critical mass ratio ~, is reached. In
Fig. 1 this bifurcation is visualized as the detachment of the trimer level z(-y, A) from the threshold zq for v > ~..

The second-order phase transition described in Theorem 3.2 can be visualized both in the parameter plane (-y, A) and
via the behavior of the trimer level at the threshold. In Fig. 1, panel (a) shows the domain of existence of the fermionic
trimer for v > ., while panel (b) illustrates the quadratic detachment of the level z(+, \) from the bottom of the essential
spectrum zg and the corresponding second-order character of the transition. The model parameter +; highlighted in
panel (b) indicates a possible scenario of more complex (multicritical) behavior, with a first-order transition at larger mass
ratios.

In this context, the trimer phase for v > . plays the role of an effective doorway state on the lattice, analogous to
the doorway modes controlling secondary electron emission in layered materials [15].

The spectral visualizations in Fig. 1 thus emphasize the qualitative difference between the fermionic and bosonic
cases and, at the same time, illustrate how the proposed methodological approach captures a model scenario of a first-
order phase transition built on top of the second-order bifurcation.

Remark. The exponent v in the asymptotic law AE(y) ~ C(vy — v.)" is expected to be 1/2, characteristic of a
square-root bifurcation at a threshold. A rigorous determination of v requires a refined analysis of the Birman—Schwinger
kernel near the bottom of the essential spectrum and will be addressed in a forthcoming work.
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4. Discussion and conclusions

The comparative analysis carried out in this work reveals a fundamental difference between the behaviors of bosonic
and fermionic three-particle lattice systems:

e Bosons. Bound states exist for arbitrarily weak interactions; their number and properties are governed by the
symmetry and geometry of the system.

e Fermions (2+1). A three-body bound state exists only if the mass ratio satisfies v > ., which reflects a ropolog-
ical prohibition imposed by the Pauli principle.

The critical phenomenon identified in the (v, A) parameter space can be interpreted as a second-order phase transi-
tion. It is characterized by a discontinuous change in the number of bound states upon crossing the critical line v = ..
The critical value ~, plays the role of a universal constant of lattice geometry that delineates two topologically distinct
phases of trimer states.

A natural direction for further work is to investigate modified three-particle Hamiltonians of the type (3), where the
presence of two competing interaction channels (such as short-range attraction combined with long-range repulsion or
an external field) may lead to several local minima of the effective potential (4) and, consequently, to a first-order phase
transition between different trimer phases.

The results obtained in this paper have important implications in several contexts:

(1) Quantum simulation in optical lattices. The value of . provides a concrete “design rule” for experiments aiming
at the observation of fermionic trimers: one has to choose atomic species with a mass ratio exceeding the threshold
2.75194 and tune the interaction into the strong-coupling regime (large \), in which the asymptotics of z(, A) is
realized.

(2) Condensed-matter physics. Similar three-particle models arise in the description of bound defect complexes in
semiconductors and excitonic complexes in two-dimensional materials. The mechanism based on the competition
between attraction and statistical constraints can manifest itself in these systems as well.

(3) Mathematical physics. This work demonstrates the efficiency of combining the Birman—Schwinger principle with
asymptotic analysis for studying the spectral properties of discrete multi-particle operators. For two-particle sys-
tems, a closely related approach to the spectral structure and its parametric monotonicity was developed in [11],
and here it is extended to the three-particle case with a critical phenomenon in the mass ratio. In Ref. [7], the
existence of a maximum number of isolated eigenvalues of lattice Schrodinger operators under variations of the
interaction parameters is analyzed, providing a natural two-particle analog of the three-body phase transitions
studied in the present work. From a mathematical point of view, Theorem 3.2 gives the first example of a three-
particle lattice system in which a critical value of a parameter (the mass ratio) produces a bifurcation of the
discrete spectrum with an explicitly computable critical constant «y,., while Theorem 3.1 describes the comple-
mentary strong-coupling behaviour in the purely bosonic case.

Promising directions for future research include:

e cxtending the present approach to systems with mixed statistics (Bose—Fermi mixtures);

studying the influence of the lattice dimension and geometry on the critical value ~.;

analyzing the dynamical properties and stability of trimer states;

relating the microscopic results obtained here to macroscopic phase diagrams of lattice models.

From the viewpoint of Landau’s phenomenological theory of phase transitions [13], the mass ratio «y plays the role of
a control parameter, whereas the quantity AFE(y) = z9 — z(7, A) can be interpreted as an order parameter that vanishes in
the limit v — ~."". The behavior AE(vy) ~ (7 — v.)” and the emergence of a doubly degenerate level below the essential
spectrum for y > ~. are characteristic of a second-order phase transition accompanied by symmetry breaking in the space
of three-particle states.

4.1. Applied relevance for quantum nanosystems

The critical values obtained in this work have a direct experimental relevance for ultracold atomic systems in optical
lattices. The value v, ~ 2.75194 provides a precise condition for the observability of fermionic trimers: one has to select
combinations of atomic species such as °Li—®"Rb or “°K-'33Cs with a mass ratio exceeding the threshold.

In condensed-matter physics, analogous three-particle models describe:

e triexciton states in monolayer WS, under resonant exciton—exciton attraction;
e bound defect complexes (vacancy—interstitial pairs) in MoSs and h-BN;
e spin-triplet states in quantum dots with a pronounced imbalance of effective masses or g-factors.

From the solid-state physics perspective, the level z(+y, A), which is separated from the essential spectrum and merges
with its lower edge as v — 7., can be interpreted as an analog of a doorway state in the sense of Ref. [15], mediating
the effective coupling between localized trimer configurations and the continuum of extended states. In particular, the
threshold configuration corresponds to the condition

2(Ves A) = Eine(ve)s detpred (H — B, (z, )\))| =0,

Y=Ye,2=Etnr(7Ve)
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which marks the onset of the trimer doorway mode at the three-body continuum threshold, where Eiy,, () denotes the
lower edge of the essential spectrum of the three-body Hamiltonian H., »(0) (the three-body continuum threshold) for a
given mass ratio .

By analogy with the three-body lattice model, where the critical mass ratio . controls the emergence or disappearance
of a trimer bound state, mass (isotopic) effects in real crystals manifest themselves in the spectrum of collective excitations.
In particular, Ref. [16] reports the experimental observation of a negative isotopic shift of the LO phonon in 3C-SiC,
revealing a universal mechanism of mass-effect dominance in cubic lattices. This indicates that controlling the masses
and isotopic composition, effectively tuning v = my/ms in our terminology, can serve as a powerful tool for engineering
spectral properties in nanostructures and hybrid energy sources. In particular, isotopic engineering allows one to tailor the
phonon spectrum via shifts of the form

Awro = wLo(Meg) — wro(Mret),

where wy,o (M) denotes the longitudinal optical phonon frequency for a crystal with an effective mass M of the vibrating
sublattice, Mg is the mass corresponding to a given isotopic configuration, and M, is a chosen reference mass (e.g.,
corresponding to the natural isotopic composition). This is directly analogous to the way the trimer energy z(7, \) shifts
relative to the three-body continuum threshold when the effective mass ratio ~y is varied across the critical value ~..

The monotonicity of the eigenvalues of two-particle lattice Schrédinger operators established in [11] provides a
complementary mechanism for the controllable rearrangement of the energy spectrum under variations of the total quasi-
momentum and lattice parameters. In particular, for the two-particle operator H (k) on Z®, where k = (ki, ko, k3) is
the total quasimomentum, the paper [11] proves that the number N (k) of eigenvalues below the essential spectrum is a
nondecreasing function of each component k; € [0, 7], and, under additional assumptions on the interaction potential,
each eigenvalue branch z, (k) satisfies

KV <k? = (ke kY k) > 2 (ke B k),

for fixed remaining components k;, j # i. Here z, (k) denotes the n-th discrete eigenvalue of H (k) and N (k) is the total
number of such eigenvalues, in the appropriate Brillouin-zone ordering, which allows one to shift bound levels spectrally
by tuning the total quasimomentum k and the lattice geometry. Together with the mass- and isotope-controlled effects
discussed above, this forms a robust toolbox for the spectral engineering of nanoscale quantum devices based on optical
and solid-state lattices.

The proposed two-channel Hamiltonian opens a route toward realizing a first-order phase transition between distinct
trimer phases, offering a microscopic realisation of Landau’s phenomenological scenario in a few-body lattice system.
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ABSTRACT The article shows the possibility of increasing the storage time of the opposite state (OS) at a
temperature of 145 °C from 140 to 500 minutes in ferroelectric capacitors based on Hfy 5Zry 50, (HZO) by shift
of current integration endpoint to right. Consideration of transient processes between measurement pulses
after 500 minutes capacitors baking at 145 °C can enhance the OS retention from 21 to 35 % of the pre-
heating state. Opposite trend detected for the same sate (SS) (decrease from 56 to 35 %) and new same
state (NSS) (decrease from 63 to 45 %). It is also shown that the presence of a voltage shift caused by an
imprint in some cases may not lead to a loss of polarization due to the current flowing during the flat part of the
trapezoidal voltage pulse.
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1. Introduction

Ferroelectrics based on HfOs are perspective materials for non-volatile memory application due to high scalability and
process compatibility with complementary metal oxide semiconductor (CMOS) technology, in contrast to conventional
ferroelectric materials [1,2]. In the case of ferroelectrics-based random access memory (FeRAM), information is stored in
the orientation of the polarization and can be read by unipolar voltage pulse [3] subsequent analysis of the received current
response. Data retention is one of the key metrics of non-volatile memory. Reliability studies focusing on data retention
of HfO»-based devices report about critical role of imprint in retention degradation [4—11]. The imprint effect manifests
itself as a shift of the hysteresis Polarization—Voltage (P—V) loop along the voltage axis. It occurs during thermal bake
and is a major issue for FeRAM reliability as it reduces the memory window [12]. Also, in some cases, polarization loss
can be observed follow a few seconds after removal of the external electric field and attributed to relaxation processes [5].

The retention of the memory window, in the case of a MFM (Metal-Ferroelectric—Metal) capacitor, can be estimated
by calculating the charge in electrical circuit during the supply of voltage pulse sequences [4, 13]. Pulse sequences form
states which can be evaluate before and after baking: same state (SS), opposite state (OS) [13] and, in some cases, new
same state (NSS) [4, 10]. Usually, OS demonstrates higher degradation rate in contrast to SS and NSS which usually
explained by imprint [4-11]. However, imprint also influences on SS and NSS [11] and in case of non-saturated loop
SS and NSS degradation rate can be higher than for OS [4]. Therefore, the reason for the usually observed OS higher
polarization loss is not fully understood, and further research is required to carefully investigate the imprint influence
and methods employed in calculating polarization loss. In this work, for the first time, we evaluate influence of charge
integration intervals duration used for SS, NSS and OS calculation in relaxation (25 °C) and retention loss (145 °C)
processes for Hfy 5Zry 502 (HZO) based capacitors with TiN electrodes.

© Kuzmichev D.S., Konstantinov V.S., Sizykh N.A., Khakimov R.R., 2026
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2. Experiments

To create TIN/HZO(10 nm)/TiN capacitors, magnetron sputtered was used to deposit TiN for both electrodes, and
atomic layer deposition was used to grow HZO as a ferroelectric layer. After rapid thermal annealing in Ar atmosphere
of 600 °C and 30 s capacitors with 250 um? square were formed. The electric characteristics of the MFM devices were
measured by Agilent B1500 semiconductor parameter analyzer. During all electric measurements, a voltage bias was
applied to the top electrode and the bottom electrode was grounded and used for current measurements each 10 ns.

To evaluate retention loss and polarization relaxation of the TiN/HZO/TiN capacitors, pulse sequences “Cap 1”
and “Cap 2” used for same-state (SS+), new same-state (NSS+) and opposite-state (OS+) determination accordance
with [4, 10]. Pulses schemes used for these tests are illustrated in Fig. 1. According to [4], the polarization of SS+
was calculated as the difference between the polarizations of pulses 2; and 17, NSS+ — 23 and 15, and OS+ — 14 and 24
(Fig. 1). It is assumed that pulses 2, 23, and 14 contain a ferroelectric response (Data “1”°), while pulses 1, 12, and 24
do not have a ferroelectric response (Data “0”). Polarization of each Data “1”” and Data “0” pulses was calculated as total
pulse charge normalized per MFM capacitor area. The charge, in turn, is calculated by integrating the current response.
The time point at which integration begins corresponds to the start of the rise of the positive voltage pulse. The final time
point of integration is specified separately.
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F1G. 1. Measurement sequences “Cap 1" and “Cap 2” used for relaxation and retention measurements

Before “Cap 1” and “Cap 2” sequences applying, were waked up by 10° cycles at room temperature (25 °C). For
“Cap 1”7 and “Cap 2” sequences, last pulse of wake-up cycling was positive and negative, respectively. Than, to evaluate
possible polarization relaxation before baking [5] “Cap 17 and “Cap 2" sequences were applied to capacitors with delay in
the range from 1 us to 100 s after wake-up cycling (Fig. 1). For retention measurements “Cap 1” and “Cap 2” sequences
were applied to capacitors twice, first before baking (with delay of 1 us after wake-up cycling at 25 °C) and second
after 10, 40, 200 or 500 minutes of 145 °C baking according to [4]. At least 6 capacitors were used at each time point
to calculate the polarization (3~ for “Cap 1” and 3 for “Cap 2” sequences). 12 capacitors were used at 500 minutes of
145 °C baking time point (6 — for “Cap 1” and 6 for “Cap 2” sequences). Pulse amplitude and width for cycling and
measurements sequences were equivalent and equal to 3 V and 3 us respectively. Pulse shelf, rise and fall times were
equal to 1 ps. Pulse separation was 1 us. The pulse length and current measurement frequency were selected for more
clear demonstration aspects of polarization calculation from current-time data for 250 zum? ferroelectric capacitors.

3. Results and discussion

Figure 2(a) shows evolution polarization values for all states in relaxation region at 25 °C and after baking at 145 °C.
Charge integration range was 3.5 us (pulse width and 500 ns after it) to take into account RC delay (Fig. S1(a), Supple-
mentary materials). In relaxation region, polarization of SS+, NSS+ and OS+ after 1 us delay is ~30.240.8 ;C/cm?.
After 100 s delay SS+, NSS+ and OS+ polarization demonstrate same values (negative states SS—, NSS— and OS—
demonstrate similar trend in Fig. S2).

A noticeable drop in polarization is detected only after baking at elevated temperature. SS+, NSS+ and OS+ polar-
ization after 10 minutes baking at 145 °C was 21, 22.5, and 18 ;C/cm? respectively. Maximum degradation was achieved
for 500 minutes baking at 145 °C, the values were 12.5, 15.5, and 9.5 C/cm? for SS+, NSS+ and OS+ polarization,
respectively. So, OS+ higher degradation is in accordance with previous research [5-8, 10, 14] and usually explained by
shift of coercive fields (imprint), however, this effect also influences on SS and NSS [11]. Moreover, the imprint can start
develop after 1075 s [11], but in our case, polarizations values of all states do not change significantly even after 100 s.
This raises two points that require clarification: the reason for the stronger effect of the imprint on OS compared to SS
and NSS and the reason why the imprint does not result in a reduction in polarization during the relaxation process.
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In order to do this, it is necessary to analyze the process of calculating polarization loss. First, it should be noted that
usually reported only about polarization margin (Data “1” minus Data “0””) without separate analyzing of Data “1” and
Data “0” [5-8, 14]. Second, time interval used for charge and polarization calculation measurement also usually is not
specified. However, in real 1T-1C FeRAM devices, only after a certain time interval values Data “1” and Data “0” can be
distinguished by the voltage difference on the bitline [9]. So, to recognize reasons of higher OS degradation, evolution of
each pulse in “Cap 1” and “Cap 2” sequences and integration interval used for polarization calculation should be consider.

Figure 2(b) shows that in the relaxation region (25 °C) polarizations for all Data “0” and ”Data “1” values without
any significant evolution are ~ 0.4+0.4 C/cm? and ~3040.4 C/cm?, respectively. The observed error is related to the
accuracy of the measuring source (~1.5 pA), and not to the presence of a leakage current, since the current at maximum
voltage on the pulse shelf after an RC delay is comparable to the current without voltage supply (Fig. S1(b)).
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FI1G. 2. Relaxation and Retention measurements of the TiN/HZO/TiN capacitors for (a) SS+, NSS+,
OS+ and (b) pulses from “Cap 1” and “Cap 2” sequences. Charge measurement range was 3.5 us (pulse
width and 500 ns after it). The calculated values in each time point are in the ranges of +0.8 ;C/cm?
for (a) and 0.4 /QLC/cm2 (b) and showed by error bars

Next, after 145 °C baking, Data “0” 2, pulse polarization demonstrate a noticeable increase — to 2.5 uC/cm? after
10 minutes, and 3.5 ;C/cm? after 500 minutes baking. In contrast, other Data “0” pulses polarization (1, and 15 pulses)
is not affected by baking. In turn, all "Data “1” polarization values demonstrate degradation after baking. 27 (SS+), 23
(NSS+) and 14 (OS+) pulses polarizations after 10 minutes baking were 22, 23, and 20.5 ,uC/cm2, respectively. Maximum
degradation was achieved after heating for 500 minutes, the values were 13, 16, and 13 pC/cm? for SS+, NSS+ and OS+
polarization, respectively.

Thus, higher OS+ degradation in compare with SS+ during baking can be caused by polarization increasing of
24 pulse, because changes in 1; pulse (Data “0”) are insignificant and degradation ferroelectric 2; and 14 pulses is
comparable. 23 pulse (NSS+) higher polarization value can be caused by recovery process after 2; and 25 pulses [14, 15].
It should be noted that effect of non-zero Data “0” current response detected on 2,4 pulse was reported previously and can
be attributed to ferroelectric contribution [10].

Therefore, the analysis of current responses used in calculating the polarization can be useful in understanding the
processes (imprint and ferroelectric contribution) taking place in the capacitor (Fig. 3). Changing dynamic of pulses
responsible for SS+ and NSS+ are similar: first, there are no significant evolution in current responses of “Data 0” pulses
(17 and 15), second, shifting maximum currents of “Data 1" pulses (2; and 23) to higher voltages during relaxation and
retention measurements (Fig. 3(a—d)). After 100 s delay, maxima of ferroelectric current responses for 21 and 23 pulses
shift to higher voltages on 0.5 and 0.3 V respectively in contrast to 1 s delay (Fig. S3) and could be associated with
imprint recovery for 23 pulse [14], however, this imprint does not lead to difference in polarization values (Fig. 2b).

Also, in both cases (21 and 23 pulses) increasing of backswitching effect detected during voltage fall after baking
(Fig. 3(a,c)). For OS+ pulses (14 and 24) evolution processes show significantly different dynamic in contrast to SS+ and
NSS+ pulses: shift current maxima of 14 pulse to lower voltages (Fig. 3(e)) and ferroelectric response detection in pulse
24 (Fig. 3(f)). In contrast to “Data 1” pulses for SS+ and NSS+ (2; and 23) there is no backswitching effect for “Data 1”
pulses for OS+ (14 pulse) after baking. In turn, backswitching effect detected in “Data 0 pulse of OS+ (pulse 24). Also,
it should be noted that for all pulses with backswitching effect (21, 23, 1) transient current after the pulse end is detected
and may influence on polarization calculation [11].

To evaluate influence of transient currents on polarization calculation three time intervals were used: “I1” — 3 us
(only voltage pulse without RC-delay), “I2” — 3.5 us (used in Fig. 2) and maximum “I3” — 4 us (Fig. 4).

Increasing of time interval leads to a decrease of calculated polarization values for all pulses. In the relaxation region,
calculated polarization for all Data “1” pulses decreases from ~33 pC/cm? for “I1” to ~31 uC/cm? for both “I2” and
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F1G. 3. Current responses of pulses from “Cap 17 and “Cap 2” sequences used for SS+ (a, b),
NSS+ (c,d), OS+ (e,f) calculation

“I3”. For all Data “0” pulses polarization decreases from ~2 pC/cm? for “I1” to ~0.8 ;C/cm? for both “I2” and “I3”
(Fig. 4 black and red curves). It is worth noting that Fig. 3(a) and Fig. 4(a) illustrate the reason for the lack of polarization
loss during the observed imprint. In case of 1 us delay most of the charge generated by the ferroelectric switching falls
within the medium voltage rising range (~ 1.9 V in Fig. S3, black curve). In contrast, for a delay of 100 seconds, the
same charge flows at higher voltages (~2.4 V Fig. S3, red curve) and on the flat part of the trapezoidal voltage pulse.

The changes in the integration interval are most pronounced when calculating the polarization after baking for pulses
with backswitching (21, 23, 24) For pulse 2; after 500 min baking polarization decrease from 19 pC/cm? (“117) to
12 ;LC/cm2 (“I3”) (Fig. 4a). For 24 pulse polarization decrease from 8 ;LC/(:m2 (“I1”) to 2.8 ;LC/cm2 (“I3”) (Fig. 44d).
Therefore, SS+ polarization value after 500 min baking is 17 uC/cm? in case of “I1” interval, 13 pClem? (“I2”) and
11.5 uClem? (“13”). OS+ polarization value after 500 min baking is 6 C/cm? in case of “I1” interval, 9.5 C/cm? (“12”)
and 10.5 pC/em? (“I3”). So, it shows practically equivalent polarization loss for SS+ and OS+ estimated by long pulse
interval. The trend for NSS+ is similar to SS+ with effect of partial recovery (not shown).

Interval influence on normalized polarization loss after baking shows in Fig. 5 (SS+ and OS+) and Fig.S4 (NSS+).
Maximum difference between states detected for I1 interval after 500 min backing: 56 %, 63 % and 21 % from initial
polarization for SS+, NSS+ and OS+ respectively. An increase in the integration interval leads to reducing SS+, NSS+ and
increasing OS+ values. The SS+ and OS+ normalized polarization values for I3 interval after 500 min backing practically
the same and equal to ~35 % from initial polarization. For NSS+ normalized polarization value for I3 interval is 45 %
after 500 min backing.

It can be seen that an increase in the integration interval leads to an increase in OS+ storage time. At longer integration
intervals, the levels of degradation of the SS+ and OS+ states become comparable (green lines in Fig. 5). The same level
of normalized OS+ losses (35 % Fig. 5) for the short interval (“I1”) it is achieved after ~ 140 minutes of exposure at
145 ° C, and for the “I3” interval only in 500 minutes.
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4. Conclusion

The results presented above show that the shift of the integration endpoint to longer times and the corresponding
extension of the integration interval from 3 to 4 s improve the OS+ retention time in ferroelectric TiN/HZO (10 nm)/TiN
capacitors from ~140 to 500 min at 145 °C. It is also shown that the coercive voltage shift, which is often cited as
an unambiguous precursor to read polarization degradation, may not lead to polarization loss in the case of trapezoidal
control pulses due to the charge flowing on the pulse shelf.
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ABSTRACT This study presents the design and theoretical analysis of a tunable biaxial hyperbolic metamaterial
(BHMM) constructed from a layered n-GaAs/AlGaAs heterostructure under an external magnetic field. The
objective is to optimize the tunability in order to control the dispersion shape for applications in the terahertz
(THz) frequency regime. The effective medium approximation (EMA) model is employed and demonstrates the
coexistence of two wave modes, namely, a closed ellipsoidal and an open hyperboloidal isofrequency surface.
The results reveal that the external magnetic field acts as a powerful tuning mechanism, enabling spectral
shifting of the dispersion and active switching between Type-l and Type-IlI hyperbolic regimes. In addition,
the conditions required to achieve extreme compression of the isofrequency surface (IFS), which is essential
for beam steering control, are analyzed. This compression occurs when one component of the permittivity
reaches extremely large values, leading to the formation of near-flat segments on the isofrequency surface.
KEYWORDS biaxial hyperbolic metamaterial, terahertz frequency regime, hyperboloidal isofrequency surface,
effective medium approximation
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1. Introduction

The rapid advancement of materials science and nanotechnology has led to the emergence of metamaterials — artifi-
cially engineered composite structures exhibiting extraordinary electromagnetic properties that are not found in naturally
occurring materials, such as negative refractive index and strongly anisotropic dispersion [1-8]. These materials serve as
a fundamental platform for the development of compact, multifunctional photonic and electromagnetic devices, and are
particularly significant for applications operating in the terahertz (THz) and infrared (IR) frequency regimes [9, 10].

Among anisotropic materials, hyperbolic metamaterials (HMMs) stand out due to their ability to exhibit strongly
anisotropic dispersion. HMMs are characterized by an effective dielectric permittivity tensor (€) with principal compo-
nents of opposite signs (¢ - g < 0). This hyperbolic property enables HMMs to support high-wavevector (k — o0)
modes, thereby overcoming the diffraction limit and significantly enhancing the photonic density of states (PDOS) [11,12].
HMMs have attracted considerable attention for a wide range of applications, including hyperlensing, perfect absorption,
and terahertz (THz) biosensing [13].

Most current studies have predominantly focused on uniaxial hyperbolic metamaterials (HMMs), for which ¢,, =
€yy 7 €22. Such media exhibit only two singular points (where the two dispersion surfaces intersect, i.e., optical topo-
logical transitions or ¢ — 0/00) along the symmetry axis, leading to iso-frequency surfaces with rotational symmetry
around the optical (Z) axis [14]. Although this symmetry simplifies theoretical analysis, it significantly restricts the
ability to manipulate wave propagation at arbitrary angles in three-dimensional space. Consequently, the flexibility in
controlling energy flow (beam steering) and the multifunctionality of devices remain limited. To extend the controlla-
bility of electromagnetic waves in full three-dimensional space, recent research has shifted toward biaxial hyperbolic
metamaterials, a class of media characterized by three distinct components of the effective dielectric permittivity tensor
(Exa 7 €yy 7 €22). This additional degree of freedom enables more flexible control of the energy flow with respect to the
azimuthal angle [15, 16]. These metamaterials can support up to four potential singular points and possess more complex
iso-frequency surfaces, thereby enabling multichannel device designs and improved polarization management, which are
essential for advanced telecommunication and sensing applications [17].

Semiconductor-dielectric layered structures subjected to an external magnetic field constitute an effective approach
for realizing biaxial hyperbolic metamaterials (BHMMs) and enabling magnetic-field tunability of their extreme disper-
sion characteristics [18]. Owing to their in-plane anisotropy, BHMM:s allow significantly enhanced control of electromag-
netic energy flow over a wide range of azimuthal angles. Kuznetsov E.V. and co-workers have optimized BHMM designs
to achieve highly accurate energy distribution [19]. In recent years, research on biaxial hyperbolic metamaterials has
progressed from proof-of-concept demonstrations toward performance optimization and enhanced tunability for practical
applications [20].

© Nguyen Pham Quynh Anh, 2026
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Research on semiconductor-based hyperbolic metamaterials highlights that while these structures offer unique optical
properties like infinite density of states, their performance depends heavily on the carrier concentration and layer thickness.
However, a significant discrepancy exists between nominal design parameters and as-grown structures due to physical
phenomena such as band bending and depletion effects at the interfaces. To accurately predict optical responses using
effective medium theory, these practical changes in material properties must be integrated into the design process for
optimized HMM applications [21]. Moreover, the synergistic coupling between the plasma response of heavily doped
semiconductors and the phononic resonances of the crystal lattice indicates that hybrid BHMMs can support multiple
dispersion regimes, including the biaxial hyperbolic regime, and offer substantially greater tunability than systems relying
on a single physical mechanism (e.g., purely plasmonic platforms). This hybrid strategy represents a promising pathway
for the development of multifunctional BHMM devices.

Although previous studies have confirmed the effectiveness of biaxial hyperbolic metamaterials (BHMMs) in con-
trolling energy flow and wave propagation direction, a significant research gap remains in the design of BHMM structures
that operate efficiently at room temperature while offering high integration capability. To address these challenges and
expand the application potential of BHMMs in terahertz (THz) telecommunications and sensing, this work focuses on
phase-transition phenomena in a novel n-GaAs/AlGaAs layered structure, an advanced material platform. The objective
is to identify optimal operating conditions, including external magnetic field strength and layer thickness ratios that enable
precise control over near-flat segments of the iso-frequency surface, thereby optimizing device performance for THz beam
steering and sensing applications.

2. Effective model for n-GaAs/AlGaAs-based biaxial hyperbolic metamaterial

We employ the effective medium approximation (EMA) to investigate a novel multilayer system composed of n-GaAs
(semiconductor) and AlGaAs (dielectric) layers. This material platform is deliberately chosen to enable room-temperature
operation and enhanced integration capability, in contrast to earlier foundational studies that relied primarily on n-InSb
and low-temperature operation. The EMA model is applied under the condition that the individual layer thicknesses are
much smaller than the operating wavelength (kd < 1). The effective dielectric permittivity tensor (¢€) of the structure is
determined by combining the Hall permittivity tensor of the semiconductor layer under an external magnetic field (applied
along the Y-axis) with the isotropic dielectric constant (¢4) of the dielectric layer. The alternating semiconductor (d;) and
dielectric (d2) stacking induces an intrinsic anisotropy along the stratification (Z) direction, resulting in e, # €. even
in the absence of an external magnetic field. Regarding magneto-optical anisotropy (Hall effect), the application of an
external magnetic field Hj along the Y-axis renders the permittivity tensor of the semiconductor layer non-diagonal and
non-symmetric, characteristic of a Hall-type tensor. However, within the effective medium approximation, this Hall tensor
effectively reduces to a diagonal but fully biaxially anisotropic tensor for the composite structure (€, 7 €yy 7 €22) [18]:

€re 0 0
0 &y 0], (D
0 0 e,
with the components €., €4y, €, €qual to [22]:
o w*a; — w?ag + as S w?(eody + ada) — wgso o cocad(wia; — w?as + az)
dw?(w? — wf; —w2)’ vy dw? ’ wiby — w2by + by ’

ay = d1€0+d2€d, as Z’LUJZLICLl +w§(d1€0+(l1), as Zdleowé, bl :alll, ll :d16d+d260,
by = w%{alll + ’LU?)@()S, S = (d2a1 + d1l1), by = dldge% (2(103 + WI?) + w;j) .
Here e is the lattice dielectric frequency; mes is the effective mass; wy = Hoe/megc is the cyclotron frequency; w,, is

the plasma frequency; w, = \/w% + wg is the hybrid resonance frequency.

Assuming the structure under consideration is non-absorbing (f = 0, p = 0), non-magnetic (E = Moﬁ ) and linearly

anisotropic (D = ¢éE. In the frequency domain, Maxwell’s equations for harmonic plane waves (E'Oei(g'ﬂ“t)) become
as follows:

. B L . L _ .
VxE:—%—t = kxE=wB = kxE=wB=wuH, 2)
. 9D - o - Lo .
VXH:E = tkxH=—iwD = kxH=-wD. 3)
From (2), we have:
. 1 /- 4
H:—(kxE). @)
wWhHo
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Substitute (4) into equation (3), one obtains:

- 1 /- = .
k x [ (F E)] — —wD, )
WHo
1 g - — — -
— [k x (k: x E) _ Elﬂ — —wD. (6)
WHo
Multiplying the both sides by wpo and setting k% = w? ey = w?/c?, one comes to the expression:
2
K2E — F x (k x E) — w?uoD = ——D = ke, ' D. 7
EpcC
Due to the relation D = 505E, we have:
K2E —F x (/2 x E) = k2E. (8)
Equation (8) in matrix form is as follows:
k> — k2 —kok, —kik, ez 0 0
det —kyky K2 —k2 —kk. | —k5| 0 g 0 =0. )
~k.ky  —kky K — K2 0 0 e

After performing a number of transformations, we obtain a normalized fourth-order equation for k:
k2e, koey kZe.

k? —k3e,  k?—kie, Kk?—kie,

From Eq. (10), we see that for a given wave propagation direction (with a fixed ratio k; : k,, : k), there are always

two possible values for the magnitude of the wave vector (k; and k), corresponding to two orthogonally polarized wave

modes in the biaxial medium:
—B+vB?2—-4AC
2A ’

=0. (10)

2 _
kiq =

(1)

with A = Z k?; B = kg Z kfsisj —k? Z g |;C = késmsyyszz. Here, mode 1 corresponds to the first wave
1=x,Y,2 i#£] %

surface, while mode 2 (k) corresponds to the second wave surface. The solutions k7 and k3 determine the shapes of the

two nested wave surfaces on the iso-frequency surface; both waves exhibit anomalous anisotropic behavior.

3. Dispersion analysis of the n-GaAs/AlGaAs-based biaxial hyperbolic metamaterial

Numerical calculations are performed for the semiconductor—dielectric multilayer structure n-GaAs/AlGaAs: meg =
0.067mo, €0 = 12.9, w,, = 5.3 x 10'* rad/s, g4 = 11.8.

Figure 1 illustrates the frequency dependence of the three components of the effective permittivity (€44, Eyy, €22)-
The €,, component (red dashed line), oriented along the direction of the external magnetic field B, exhibits the weakest
dispersion and remains positive throughout the entire investigated frequency range, indicating that it is only weakly
affected by hybrid resonances. In contrast, €, (black solid line) and ¢,, (blue dotted line) show complex frequency
dependences with multiple singularities, providing direct evidence of the BHMM characteristics. The ¢, component
exhibits poles where ¢;; — F00 and zeros where ¢;; = 0. For example, ¢,, reaches a pole at w ~ 5.6 X 1012 ¢! (the
hybrid resonance frequency) and a zero at w ~ 3.5 x 10'? s~ (the effective plasma frequency). The presence of multiple
poles and zeros in €., arises from the complexity of the analytical expressions and the interlayer coupling, reflecting
slow-wave modes characteristic of the layered structure.

The dispersion analysis of biaxial hyperbolic metamaterials (BHMMs) is carried out by means of examining the
relationship between the frequency (w) and the effective permittivity components (€, €y, €.-), identifying the frequency
regions where the sign of € changes, thereby distinguishing between elliptic and hyperbolic dispersion regimes. Fig. 1
shows that ¢, exhibits the weakest dispersion, whereas ¢, and ¢, display pronounced poles and zeros, indicating the
strong influence of the hybrid resonance frequency (w,) and the plasma frequency (wp).

The coexistence of two wave modes (closed and open surfaces) is a characteristic feature of BHMMSs. The shape
of the iso-frequency surface (IFS) in wave-vector space k is classified into two main types according to the sign of the
effective permittivity tensor: Type-I hyperbolic dispersion occurs when only one component in the set (€34, €yy, €22) 18
negative, whereas Type-II hyperbolic dispersion arises when two components of the permittivity tensor are negative. From
Fig. 1, the structure exhibits Type-I hyperbolic behavior in the frequency range 3.5 x 10'? s7! < w < 3.8 x 10'? 571,
with the permittivity components having the sign configuration (4, —, +). The corresponding iso-frequency surface is a
double-sheet hyperboloid, compressed in the XZ plane and extended along the Y axis (Fig. 2a). Similarly, in the frequency
range 4.9 x 10" s7! < w < 5.6 x 10 s—1, the structure shows a permittivity sign combination of (+, +, —), where
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FIG. 1. Spectral dependences of the real parts of effective permittivities €4, €4y, €., 0f metamaterials
made of semiconductor—dielectric multilayer structure n-GaAs/AlGaAs with dy = dy = 4 pm.

the iso-frequency surface is strongly compressed in the XY plane and extends infinitely along the Z axis (Fig. 2b). This
configuration is highly relevant for hyper-lensing applications and for controlling the photonic density of states (PDOS).
The Type-II hyperbolic region (single-sheet hyperboloid) corresponds to w < 3.0 x 10'2 s™! (Fig. 1). In this range, the
permittivity components exhibit the sign configuration (—, —, +), as both ¢, and ¢, take negative values, indicating
metallic behavior along the X and Y directions, while retaining dielectric behavior along the Z direction (Fig. 2c). This
region allows the propagation of evanescent waves.

The presence of multiple hyperbolic frequency regions indicates that the n-GaAs/AlGaAs BHMM supports mul-
timode operation. The three-dimensional IFS results confirm that, by tuning physical parameters such as the external
magnetic field (Hy) and the layer thickness ratio (d; /d2), the entire frequency spectrum can be shifted, enabling flexible
switching between different BHMM regimes (Type I and Type II). This high degree of tunability is crucial for optimizing
the IFS topology, particularly for achieving quasi-flat regions, which are essential for precise beam steering and active
THz sensing applications.

The search for near-flat regions on iso-frequency surfaces is a central objective in hyperbolic metamaterial research,
as it is directly related to the ability to achieve high-precision control of energy propagation direction, including beam
collimation and steering. Based on three-dimensional simulation results obtained from different configurations of €.,
€yy> and €, (Fig. 3), we analyze the physical conditions leading to the emergence of such near-flat regions. These regions,
characterized by vanishing curvature, occur when the IFS is extremely compressed along a confined axis. In the BHMM
model, this strong compression arises when the operating frequency w approaches a pole of the permittivity tensor, causing
the magnitude of one permittivity component €;; to diverge (£00). As shown in Fig. 3b, the (+, 4, —) configuration with
e = 8.318, 4.804, —814.889 provides an optimal condition for achieving near-flatness. Because ¢, attains a very
large negative magnitude — several orders of magnitude larger than £, and €., — this component imposes an extreme
compression of the IFS along the Z axis. Under such compression, the two-sheet hyperboloid IFS (Fig. 3b) is flattened
into a highly anisotropic structure that lies close to the XY plane. In this strongly confined regime, the dependence of
the dispersion relation on %, becomes negligible, and the IFS asymptotically approaches the form of two parallel planes
(k, ~ 0). This pronounced flattening constitutes a clear manifestation of near-flat regions, which are crucial for beam
steering applications. For the Type-I hyperboloid opened along the Y direction (Fig. 3a), the (+, —, +) configuration
produces a relatively slender geometry with large curvature along the hyperbolic branches, and therefore does not generate
sufficiently strong compression to induce surface flattening. In contrast, the single-sheet hyperboloid (Fig. 3c) with the
(—, —, +) configuration at frequencies close to the poles of ¢,,, and €, (e.g., ¢ = —147.812, —168.831, 24.659) develops
a bottleneck-like shape, where the hyperbolic branches are strongly stretched and become nearly flat. This near-flatness
emerges along the open hyperbolic branches when |e,| and |e,,, | reach extremely large values (|| ~ 148, |ey, | = 169).
As the IFS undergoes strong stretching, its curvature approaches zero. Fig. 3c clearly illustrates the formation of these
tilted planar segments, which are of particular interest for beam steering, since the group velocity vector () is always
normal to the IFS.

Figure 4 (a and b) illustrate the frequency dependence of €, and ¢, for three different values of the applied external
magnetic field Hy (9000 Oe, 7810 Oe, and 3000 Oe). In the considered model, the magnetic field H is applied along the
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FIG. 2. Iso-frequency surfaces in the wave-vector space for biaxial hyperbolic metamaterials made
of semiconductor—dielectric multilayer structure n-GaAs/AlGaAs with d; = dy = 4 pm: a) Biaxial
Hyperbolic IFS type I (e: 1.738; —0.885; 8.928); b) Biaxial Hyperbolic IFS type I (e: 9.779; 5.384;
—39.608); ¢) Biaxial Hyperbolic IFS dual mode (¢: —42; —50; 27)
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Hyperbolic IFS type I (¢: 8.318, 4.804, —814.889) (b), Biaxial Hyperbolic IFS dual mode (¢: —147.812,
—168.831, 24.659) (c) of the effective permittivity tensor components
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Y axis. For wave propagation (or electric-field polarization) parallel to the magnetic-field direction, the Hall effect, which
is responsible for magnetically induced anisotropy, does not contribute.
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FIG. 4. Spectral dependences of the real parts of effective permittivities €., (a), €4y (b) of metamate-
rials made of semiconductor—dielectric multilayer structure n-GaAs/AlGaAs (d; = do = 4 pm) under
the influence of an external magnetic field Hy

Nevertheless, both €., and ¢,,, exhibit pronounced shifts in their pole and zero frequencies as H is varied. Specifi-
cally, when Hy = 9000 Oe, the pole of e, appears at the frequency w = 5.8 x 10'? s71; as Hy is reduced to 7810 Oe,
this pole shifts toward lower frequencies. The magnetic-field dependence of ¢,, is more intricate, yet it also displays
similar pole—zero shifts, with particularly strong variations occurring around 4.5 — 5.5 x 10'2 s™!. This behavior can
be attributed to the fact that the cyclotron frequency is proportional to Hy. As Hj decreases, the cyclotron frequency
wgr 1is reduced, which in turn lowers the hybrid resonance frequency, leading to an overall redshift of the €, and €y,
spectra. Consequently, the magnetic-field-induced displacement of the pole and zero frequencies of €,, and €, enable
precise control over the positions of the hyperbolic and elliptic dispersion bands. At a fixed operating frequency (e.g.,
w = 5x 102 s71), the material can be switched between elliptic and hyperbolic dispersion regimes simply by tuning H.

This switching capability forms the foundation for active sensing devices and modulators. Another important impli-
cation is that tuning H( enables direct control over the geometric topology of the iso-frequency surfaces. The near-flat
regions on the IFS, which are essential for high-precision beam control, emerge when the operating frequency approaches
the hybrid resonance frequency (¢ — o0). By appropriately adjusting Hy, the pole frequency can be shifted to coincide
precisely with the desired operating frequency, thereby optimizing the degree of IFS flattening. This tunability allows
for the design of BHMM structures capable of efficient energy collimation and directional wave propagation in the THz
regime. Similar behavior is also observed when varying the layer thickness ratio from 0.5 — 2 (Fig. 5). As the rela-
tive thickness of the semiconductor layer increases with respect to the dielectric layer, the average electron concentration

within the effective medium is enhanced, leading to a modification of the effective plasma frequency (w;ff). The resulting

shift in w;ff induces a global redshift of the entire dispersion spectrum, further demonstrating the versatility of structural

and magnetic-field tuning for controlling BHMM dispersion characteristics.

4. Conclusion

This study confirms the feasibility and advantages of employing n-GaAs/AlGaAs layered structures under an external
magnetic field to implement biaxial hyperbolic metamaterials (BHMMs) operating in the THz frequency range. The
effective medium approximation (EMA) has been successfully applied, demonstrating that the proposed structure behaves
as a BHMM characterized by three distinct effective permittivity components (€, # €,y 7# €..). The analysis reveals that
the external magnetic field H, serves as a powerful tuning parameter, enabling active switching among different dispersion
regimes (elliptic, Type-I hyperbolic, and Type-II hyperbolic) at a fixed operating frequency through controlled shifts of
the pole and zero frequencies of ¢, and ¢,,,.. In addition, the layer thickness ratio d; /d, is identified as a key structural
design parameter for tailoring the degree of anisotropy and the extreme magnitude of the permittivity components, which
ultimately governs the IFS topology. The combined tuning of magnetic and structural parameters demonstrates the ability
to generate pronounced near-flat regions on the iso-frequency surfaces, particularly when one permittivity component
attains an extremely large magnitude (e.g., €,, = —815), thereby producing the strong compression required for beam-
steering applications. In conclusion, the use of n-GaAs together with its strong magnetically induced tunability establishes
this BHMM architecture as a promising platform for next-generation photonic devices, capable of precise manipulation
and steering of electromagnetic waves in the THz regime, with significant potential for high-speed communication systems
and active sensing applications.



Dispersion analysis and tunable magnetic properties of a biaxial hyperbolic metamaterial...

199

1004 (a) ——dq=8 um; dp=4 ym
= = dq=4 um; dy=4 ym
504 -+« dq=4 um; dp=8 um 0] gt — = -
O i i e O e 1 I S Tt ¥
/ Z ——d4=8 um; do=4 um
x -50-', / m>\ -100 e —d1=4 um: d2=4 um
“ rd - - - dq=4 um; dp=8 um
<100/
|
-150 -200 4
-200 . . . . ) . ‘ : : .
2 4 6 8 10 0 5 10 15 20
9 2
»,10%s” ©,10"s
6000 4
(© : ——d4=8 um; dp=4 um
5000 4 ' = = dq=4 um; d3=4 um
40004 [ -+ - dq=4 ym; dp=8 um
[
3000+ I
I
& 20001 I’:
1000 h
1]
0- =11 e
1]
-1000 . ———— , .
2 4 6 8 10

©,10"s”
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ABSTRACT The work considers the application of laser correlation spectroscopy to the investigation of dis-
persed systems for such a case, which can be regarded as a transitional to the multiple scattering regime. It
is shown that even a slight violation of the condition of single scattering by the increasing of concentration of
scattering centers can affect the result of particle size measurements. It should be taken into account when
studying colloids.
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1. Introduction

The laser correlation spectroscopy method (LCS), which is used in the study of various types of dispersed systems,
had been developed primarily for the case of single-scattering of probing radiation [1,2]. However, the task of investigation
of a structure with multiple scattering is also relevant, and LCS can be used here in one form or another, although artifacts
are observed that significantly affect the determination of sample characteristics. Despite the existence of a number of
works in the field, the theoretical understanding of such processes is still in progress.

This article discusses an important variant of LCS application: testing of the solutions at such particle concentrations
for which the single light scattering transforms into multiple one. The theoretical results are compared with the exper-
imental data obtained on polystyrene latex colloids, which serve as a model system for comprehension of the effects in
this boundary region.

2. Theoretical analysis of the autocorrelation function of multiple scattered light

When finding the particles size by the LCS method, the autocorrelation function G®)(7) = (I(t + 7)I(t)) of
the scattered light intensity I is measured. Subtracting the base line G*(oc) from it gives one the expression G(7) =
G (1) — G® (o). Further we will refer to it simply as the autocorrelation function (ACF) of the scattered light.

It has been shown that if light is scattered by a colloidal solution with particles of radius r, the ACF depends on 7
exponentially [1-3]:

G(1) = Aexp(—T'71), (D

where )
r— ke )

3mnr

Here, k is the Boltzmann constant, 7" is the temperature, 7 is the viscosity of the carrier medium, and ¢ is the length of the
wave vector of the scattered radiation; ¢ = (4wng/)\) sin(f/2), where ny is the refractive index of the medium, \ is the
wavelength of the incident radiation, and 6 is the scattering angle.

By determining I' from the exponential approximation (1) of the experimental data and using expression (2), one can
easily obtain the particle size in a monodisperse colloidal solution.

The ACF analysis can be performed in a more general form. Let us define the value of I as

~ 0InG(7)

I'= .
or 7=0

3)
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For an exponential ACF, formula (3) provides the same value for I' as earlier. It can be shown that in the case of a
polydisperse system, when the ACF is nonexponential, determination I" by expressions (3) and (2) gives the average value
of the particle size [3,4].

Let I'y be the value defined by the expression (3) for the ACF of light scattered at an angle of 90° in a dilute solution,
when the scattering can be considered as single one. As the concentration of particles c increases, the mean free path of
the photon [ will decrease, and the scattering becomes multiple. For this case, we denote the value of I" defined by (3) as
I, and represent it as I',;,, = NT'y, where NV is the multiplicity of scattering.

It has been demonstrated previously [5,6] that when a spherical cuvette of diameter d is used to place the sample, and
under the condition [ < d, the value of N can be calculated by the following formula:

d2
N =51 -RF®), S

where [1 is the average cosine of the angle of single scattering, and for F'(#), the expression was obtained:

F0) = §cos Q 1 —4cos—

5
2 2 /\/1+2y cosf)er) ©)

We would like to note that the integral in equation (5) can be expressed in terms of complete elliptic integrals of the
first and the second kind K (x) and E(z):

y*dy
\/1+2y cosf + y* ~ 3sin?

[(1 + cos)K (sing) -3+ cos@)E(sing) .

Note that
1 m
l=—=—, (6)
on  oc
where o is the cross-section of light scattering on a particle, n is the particle number concentration, m is the mass of the
particle, c is the mass concentration of particles.

Assuming 6 = 90° (herewith F' ~ 0.15), from (4)—(6), it is easy to obtain the following formula
~ s o C° _
I', =0.15d W(l —p)T. @)

From this expression, it is clear that if the particle concentration increases, the value of I',,, increases. Accordingly, this
will lead to a decrease in the average particle radius, determined by formula (2).

At relatively small particle concentrations ¢, when the photon mean free path is comparable with the size of the
scattering volume, expression (7) cannot be applied quantitatively. However, we assume that even in this case (i.e., in the
transition regime between single- and multiple-scattering), an apparent decrease in the average particle size will also be
observed for increasing c, since the probability of photon collisions with particles increases even with a slight increase in
concentration. This leads to a broadening of the scattering spectrum, a more rapid decay of the ACF near zero, a growth
of the value of I" found by formula (3), and ultimately to the specified effect.

3. Effect of scattering centers concentration on LCS results

To verify experimentally the above statements, the standard LCS method was used [1]. The source of optical radiation
was a He-Ne laser (A = 632.8 nm), which was focused onto a center of a cuvette containing the solution under study. The
cuvette had a rectangular cross-section with the size 10 x 10 mm (the results obtained with it, being qualitative, certainly
can be compared with the conclusions of the theory developed for a spherical cuvette). The light scattered by the sample
was transmitted to an optical fiber and, after passing through it, was recorded by a photodetector. The scattering angle
was 90°. The signal was fed to an analog-to-digital converter and then to a computer, where it was processed, resulting in
the ACF. A more detailed description of this setup can be found in articles [7, 8], which describe experiments performed
using the same approach as in this work.

Aqueous solutions containing polystyrene latex particles with a nominal radius of approximately 30 nm (this material
is commercially available) were taken as test substances. The measurements were performed at the following solid phase
concentrations: 0.1, 0.3, 1.0, 2.9, 8.2, and 41 mg/ml.

The calculations of I' corresponding to the expression (3) were performed as follows. The logarithm of the ACF was
approximated by a quadratic polynomial f(7) = A + Bt + C7? using sixty initial points of the ACF, and I" was taken
to be —B. This value is more stable to ACF measurement errors than that found by the derivative of its logarithm over
several points in the initial section of the linear approximation.

The concentration dependence of I" is shown in Fig. 1. It can be seen that, as it follows from expression (7), I'
increases monotonically with increasing of c.
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To estimate the photon mean free path [ and the scattering multiplicity, an experiment on the attenuation of light was
carried out, and the Bouguer—Lambert-Beer extinction law I; = Iy exp(—d/l) was used (I and I; are the intensities of
the incident and transmitted light through the cuvette, respectively).

For the concentration of 41 mg/ml, [ ~ 4 mm was obtained. In this case, at d = 10 mm, the value of N calculated
by formula (4) is close to 1 (here the average cosine was taken ji = 0.026, that was found by Mie scattering theory). The
calculated value of N means that for this and lower concentrations, the experiment was performed for the regime where
the transition to multiple scattering is just beginning, and expressions (4)—(7) can only be applied qualitatively.

Substituting of I', determined as above, into (2) yields the dependence of the nominal values of the particle radius on
the concentration, demonstrated in Fig. 2. It shows that the apparent value of R, measured by the LCS method, decreases
with an increase in c. Since there is no actual change in the particle size, this phenomenon can only be attributed to a
decrease in the photon mean free path and an increase in the scattering multiplicity of light in the colloidal solution. Note
that knowledge of this fact especially can be useful in synthesizing and studying media such as magnetic fluids [9], where
even a small deviation in particle size can lead to significant changes in macroscopic properties [10].
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F1G. 2. Dependence of the calculated average radius of particles on their concentration

4. Conclusion

It has been established that when investigating dispersed systems using laser correlation spectroscopy, it is necessary
to take into account the effect that, as the region of the multiple scattering of probing radiation approaches, the seeming
size of the particles begins to depend on their concentration. It has been experimentally shown that this feature can already
be observed even in regions where the scattering multiplicity only slightly differs from unity. This fact is important for
examination the characteristics of colloids with relatively high solid phase content.
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ABSTRACT The elastic properties and mechanical characteristics of Ti-Nbyy—Zrs based alloys were calculated
using the exact muffin-tin orbital method with the coherent potential approximation. Alloying by metals such as
Hf, Mg and their combination were considered, and their concentration did not exceed 5 at.%. It was shown
that addition of Hf and Mg leads to a decrease in Young’s modulus due to both size effect and electronic factor.
The calculated Young’'s modulus for the ternary Ti—-Nboy—Zrg alloy (70.1 GPa) is found in good agreement
with experimental one (70 GPa). The smallest value of Young’s modulus was calculated for the Ti—-Nbgs—
Zre—Hfs—Mg, 5 alloy, achieving 57 GPa. Further increase in Mg concentration leads to a negative C’ and
alloy destabilization. Additionally, alloying of the Ti—-Nboy—Zrg alloy results in a decrease in hardness, fracture
toughness, but brittleness index is increased.
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1. Introduction

Ti—-Nb based alloys are very promising materials for biomedical applications [1-7] because of their low Young’s
modulus (£) and biochemical compatibility with bone tissues. Our calculations of binary Ti—-Me alloys (Me =V, Nb,
Mo, Ta) demonstrated that near critical concentration of second component (5 — « transformation) all alloys have sharp
decrease of . However, prolonged contact of vanadium ions with biological tissues can provoke allergic reactions and
have a negative effect on the nervous system [6]. Molybdenum, although is not considered cytotoxic, has an extremely
detrimental effect on the rate of cell proliferation, mitochondrial activity and the volume of cells cultured on it [6].
So, the Ti—(Ta,Nb) based system can particularly suitable for orthopedic implants due to a reduced Young’s modulus.
Indeed, modern low-modulus alloys are mainly developed based on the Ti—Nb system with alloying elements such as
Zr/Hf, Ta and Sn [5-7]. These elements, like Ti, are characterized by high biocompatibility and are S-stabilizing or
neutral elements [6, 8]. Besides, the atomic radii of these elements exceed the size of the Ti atom that can also decrease
the Young’s modulus. At present, quantum mechanical methods allow one to calculate elastic moduli with sufficient
accuracy and in a reasonable time in comparison with experiments and do not require significant expenditures. In order
to estimate the elastic constants and moduli of disordered alloys several approaches are used. One of them is using the
supercell approach, in which the larger the supercell, the lower the possible concentration of the alloying element [9, 10].
A significant drawback of this approach is the dependence of the total energy on the configuration of impurity atoms,
although it is often neglected. Another approach is to use the so-called special quasirandom structures (SQS) [11].
In this case, supercells are generated to simulate a random distribution of atoms in terms of the correlation function,
minimizing calculation errors relative to real random structures. Further, the exact muffin-tin orbital method with the
coherent potential approximation (EMTO-CPA) [12] can be used also. This method is more suitable to structures with
chemical disorder, since it eliminates the issue of configuration altogether, and calculations are performed for a unit cell
containing a minimum number of atoms (one atom in the case of the S-phase). Nevertheless, studies using the EMTO-
CPA method remain relatively rare. In any case, the problem to verification of obtained results is common one for all
theoretical approaches. The latter is connected with a large scatter of experimental results, difference in the component
concentration, the absence of information about phase compositions, etc. Recently the -alloy with composition Ti—
Nbgo—Zrg (at.%) was detailed studied in the paper [13]. Both experimental and theoretical values of Young’s modulus are
presented in this study.

© Bakulin A.V., Kulkova S.E., 2026
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The aim of this work is to study the electronic structure and mechanical characteristics of ternary [3-Ti—Nbgo—Zrg
alloy and to compare with available data as well as to investigate the influence of Hf and Mg on the lowering Young’s
modulus.

2. Method

Calculations of the electronic structure of disordered ternary and many component Ti—-Nbos—Zrg based alloys were
performed using the exact MT-orbital method with the coherent potential approximation (EMTO-CPA) [12], which uti-
lizes a random distribution of alloy atoms. The Green’s function formalism and a 15x15x 15 k-point grid were used to
calculate the total energies of alloys. The convergence criterion for the total energy was 10~7 Ry.

The finite displacement method was used to estimate the elastic constants. It is known that in the harmonic approxi-
mation, the change in total energy during deformation can be written as follows:

6
%
AE (V. {e;}) = E(V,{&;}) — E (Vp, 0) = % > Cijeies, (1)
i,j=1

where E(V, ¢;) and E(Vj, 0) are the total energies of the deformed and equilibrium alloy cells with volumes V" and Vj,
respectively; ; is the strain; C;; are the elastic constants. The total energies of the alloys, calculated for three different
strains (isotropic, orthorhombic, and monoclinic), were used to estimate the bulk modulus (B) and the elastic constants
C’ and Cjy, respectively. The other two elastic constants were calculated using the following formulas:

Ci1=B +4C//3,
Cia = B —2C"/3.

2

Based on the elastic constants, the values of the shear and Young’s moduli were calculated within the Voigt—Reuss—
Hill approximation using standard formulas [14]:

1[2C"+3Cu 5C44C’

G=- ,
2 5 * 2C 44 + 3C7 3)
_ 9BG
3B+ G
For the Vickers hardness (Hy/) the following formula was used [15]:
E
Hv = {576 @

The choice of this expression is due to good agreement between the calculated value of 2.8 GPa for the Ti-Nby alloy
and the experimental values of 2.7 [16] and 2.8 GPa [17] for the Ti—-Nbs; 7 alloy.
The fracture toughness was calculated using the formula [18]:

Ko = (1+a)\/BGVY?, (5)

where Vj is the volume per atom, and « is the enhancement factor due to peculiarities of metallic bond compared to
covalent and ionic bonds.
Finally, the brittleness index M, which reflects the machinability of the materials, can be defined as the ratio of the
Vickers hardness to the fracture toughness [19]:
Hy

Mg = —.
dt KIC

(6)

3. Results and discussion

The calculated values of elastic constants and moduli for the binary alloys Ti—-Nbsg and Ti—Nbsys are given in the
Table 1. It is seen that the C’ constant of the Ti—Nbyq alloy has small negative value that indicates mechanical instability
of the 3-phase. Indeed, the critical concentration for the 5 — « transformation is equal to 22.5 at.% of Nb in accordance
with experimental data [20]. Further, the calculation of C’ for Ti—Nby; demonstrates the positive value of 2.48 GPa
that is in good agreement with estimation using C7; and Cpo constants obtained in the paper [9]. In this paper [9]
the elastic constants of -Ti—Nbys alloy were calculated using the PAW method with 16-atom supercell constructed by
SQS technique. It is seen from Table 1 that EMTO-CPA method overestimates Cy4 constant in comparison with results
in [9, 10]. In the paper [10], the elastic properties of Ti—Nb alloys were also obtained within the supercell approach, and
the electronic structure of the alloys was calculated using the augmented plane wave plus local orbital (APW+lo) method
implemented in the Wien2k software code [21]. In general, calculated C1; and C15 constants and elastic moduli are also
in good agreement with results obtained in earlier papers [9, 10]. Our value of the Young’s modulus is between the values
calculated in [9, 10]. However, it is lower than experimental value of 73.9 GPa obtained for Ti—Nbos alloy in [22] but
closer to experimental value of 64 GPa [23] for the Ti—-Nbyg alloy.
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TABLE 1. Lattice parameter (in A), elastic constants and moduli (in GPa) and Poisson’s ratio of Ti—
Nbys based alloys

Alloy a Ci Cio Cuy c’ B E G v
Ti—Nbgyg 3.338 | 125.0 128.1 593 | —1.58 | 127.1 44 .4 154 | 0.442
Ti—Nbas 3.342 | 1332 128.3 58.2 2.48 129.9 59.4 209 | 0424

Ti—Nbgs [9] — 140411 | 116+£13 | 34410 — 124413 | 63+13 | 22413 —

Ti—Nbys [10] — 137.6 121.9 322 7.84 127.2 52.7 18.4 —
Ti—Nbgs—Zrg 3363 | 1244 125.2 584 | —0.40 | 125.0 48.7 17.0 | 0.435
Ti—Nbgo—Zrg 3.304 | 157.7 150.4 65.7 3.6 152.9 78(;'113] 24.6 | 0.424
Ti—-Nbos—Zrg—Hf5 3329 | 1479 146.6 65.4 0.6 147.1 58.7 20.5 | 0.433
Ti—Nbgo—Zrg—-Mga 5 3.307 | 152.8 147.4 66.6 2.7 149.2 67.5 23.7 | 0.425
Ti—Nbgo—Zrg—Mgs 3.311 150.1 146.0 67.2 2.0 147.4 65.4 229 | 0426
Ti-Nboy—Zre—Hfs 5—-Mga 5 | 3.320 | 138.9 136.2 66.3 1.3 137.1 62.0 21.7 | 0.425
Ti-Nbos—Zrg—Hfs—Mgo s | 3.333 | 1445 144.3 65.9 0.1 144.4 57.0 199 |0.434
Ti—Nbgs—Zrs—Hfs-Mgs 3.325 | 142.8 143.0 66.7 -0.1 143.0 57.0 199 | 0434

The theoretical lattice parameter obtained within PBE approximation for exchange-correlation functional is slightly
higher than experimental value. In particular, the value of 3.304 A given in the experimental paper [13] for the alloy Ti—
Nbyo—Zrg is by 0.059 A lower than that obtained by EMTO—CPA method (Table 1). The calculation of the ternary alloy
with experimental lattice parameter leads to increase of both elastic constants and moduli. In particular, the theoretical
value of 70.1 GPa the alloy Ti—Nbgs—Zrg is in good agreement with experimental one of 70 GPa [13].

Let us turn attention to experiments [13]. Two states of material were considered in this paper: 30 min heating
at 600 °C to form the polygonized dislocation substructure (P state) with a subgrain size of ~100 — 300 nm and 30 min
heating at 750 °C to form the recrystallized structure (R state) with a grain size of ~10 pm. To measure the Young’s and
shear moduli torsional pendulum experiment and mechanical test were performed. More details can be found in [13]. The
value of £ = 110 £ 10 GPa obtained in the latter case is significant higher than that found by the torsional pendulum
experiment. It should be noted that the obtained value mentioned above is a static “engineering” apparent elastic modulus
which depends on the crystallographic texture and loading scheme and thus cannot be directly compared to its dynamical
“physical” equivalent determined using a torsional pendulum or numerical simulations. The Poisson’s ratio was also
measured in [13] and the values of v = 0.41 4+ 0.03 (P state) and v = 0.32 & 0.04 (R state) were obtained. Our value
(Table 1) is closer to one obtained in P state rather than in the R state.

The results of the atomistic simulations using molecular dynamic were also presented in the mentioned above pa-
per [13]. Since the presence of lattice defects do not consider in the theoretical calculations, the comparison was made
in the R state of the Ti—-Nbgo—Zrg alloy. The atomistic simulation of Young’s modulus allows one to obtain the value
of 7543 GPa within Voigt approach that is in good comparison with torsional pendulum experiment. However, it is
higher by ~55 GPa than that obtained within Reuss approach that leads to average value of ~48 GPa at the low temper-
atures ~50 °C. Besides, the values of elastic constants are significantly lower than those obtained in the present study.
Thus, we can conclude that the present EMTO-CPA study with use of the Hill approach [14] allows obtaining Young’s
modulus for ternary Ti—Nboo—Zrg alloy in good comparison with experiment. Therefore, we can consider the influence
of some alloying elements on further lowering of E' that is necessary for medical application of the Ti—-Nboy—Zrg based
alloys.

In our previous paper [24], the influence of alloying elements on the Young’s modulus was studied in the Ti-Mos—
Me, ternary alloys. We considered Zr, Hf, In, Sn, Mg, Mn, Ta as alloying elements with concentration changed from
1 to 5 at.%. Only Zr, Hf and Mg were shown as elements which can lower the elastic moduli. This lowering was
interpreted as a combined effect of size and electron factors. Therefore, in present paper we consider only Hf, Mg and
their combinations. It is seen from Table 1 that all alloying elements lead to increase in the lattice parameter. As a result,
alloying by 5 at.% of Mg or Hf causes a decrease in E with the most pronounced effect of Hf. In the case of alloying
by Hf, we observe the lowering of C’ up to 0.6 GPa. It is interesting that for the Ti—-Nbyy—Zrs—Hf5 alloy size effect is
most pronounced and both C” and Cy4 constants are lower in comparison with the ternary alloy. In the case of Mg, elastic
constant C’ decreases but, on the contrary, Cyy4 is increased. This trend is valid for the alloy with both Hf and Mg alloying
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elements if their concentrations are 2.5 at.%. The growth of Hf concentration up to 5 at.% alongside with Mg alloying
affects considerably C' constant, which lowers to 0.1 GPa. It should be noted that decrease in the concentration of Zr
(Table 1) leads to instability of S-phase.

In the paper [25], it was demonstrated that some features of densities of states (DOS) can be connected with changes
in C’ and Cyy4. In particular, the first DOS peak near the Fermi level (E ) reflects the changes in C’, whereas the second
peak shifted towards negative energy is connected with changes in Cy4. Authors of [25] insist that hybridization of Nb
with alloying elements and, as a consequence, increase of states in the second peak leads to stability of S-phase of the
alloy. In turn, a decrease in the constant C’ was associated by the authors [25] with a decrease in the states of s,p-metals
at energies from —1.5 to 0.5 eV. Thus, the inverse relationship between the constants Cy4 and C’ was explained by the
opposite change in the peak heights upon alloying with s,p-elements. However, in the work [25], the change in the states
under the DOS curves was estimated from the shape of the curves, and the division of the curves into two peaks was rather
arbitrary. From Table 1 one can see that in the alloy with Mg the constant C’ decreases, whereas Cy4 increases, but both
constants are decreased in case of Hf as was mentioned above. Furthermore, a decrease in the number of states at the
Fermi level indicates stabilization of the alloy and, consequently, an increase in C”.

Figure 1 shows the local DOS’s of the Ti—Nbyy—Zrg alloys with alloying metals Hf and Mg. It is seen that the changes
of the local DOS’s at the Fermi level, N(EF), are insignificant in case of these elements. However, the addition of Hf in
the alloy increases N (Er) more pronounced that s,p-element (lowest panel in Fig. 1). At the same time, the addition of
fourth component means the decrease of Ti concentration. Since Ti contributes to a number of states at the Fermi level
more than Hf or Mg, the alloying results in decrease of N (Er) shown in Fig. 2. This figure demonstrates difference of
total DOS of doped and undoped ternary alloys. It is seen that decrease in N (Er) is significantly lower in the case of
Hf. In general, states are decreased in the regions from —1.0 up to 0.5 eV and from —3.2 up to —1.7 eV, and they are
increased in the region from —1.7 up to —1.0 and below —3.0 eV.
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FI1G. 1. Density of states of the Ti—-Nbgy—Zrs—Mes alloy components (blue line) in comparison with
that of the Ti—-Nbyo—Zrg alloy (orange line and yellow color fill): Me is Hf (a) and Mg (b)
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It should further be pointed out that in the case of Hf, the e/a concentration remains unchanged, whereas it decreases
for the Mg doped alloy. It is seen from Table 1 that Hf, which is isoelectronic to Ti, causes a large decrease in E due
to primarily its size effect. In the case of Mg doped alloys, the size effect is less pronounced in comparison with Hf but
alongside with a decrease in the valence electron concentration, it contributes to a decrease in E as well.

The obtained results can be interpreted on the base of cluster-plus-glue-atom model, which was suggested in [26]
for alloys with XY3Ti;; composition, i.e. as approximately in our case. The basis of the structure is the cell (2x2x2)
with the bec Ti lattice. In the center of this cell, the Ti atom is replaced by an X element, and Y atoms are located in the
middles of the cube edges with vacancies at the vertices. In our case, Y atoms are Nb ones, whereas X atom is Mg or Hf.
A stronger bonding between X-Y atoms leads to a higher value of Cy4 in accordance with [25] and, as consequence, to
stabilization of S-phase and to increase in E. However, the distance between X-Y atoms is great (Y is atom in the third
coordination sphere in respect to X atom). So, their interaction can be indirect due to hybridization with Ti and Zr atoms.
We have shown in [27,28] that a weaker Y-Ti chemical bond leads to a lower value of F in the case of s,p-elements on
X site, whereas in the case of d-elements on X site, a weak bonding X-Ti correlates also with a low value of E. Since
Hf has larger atomic radius than Ti, its interatomic Hf-Ti bonds are weakening. In general, our simulations show that the
smallest Young’s modulus equaled to 57 GPa can be achieved for the Ti—-Nbyo—Zrg—Hf5—Mgo 5 alloy.

It should be noted that alloying of Ti—Nbos alloy by 6 at.% Zr results in a decrease in hardness, fracture toughness but
an increase in brittleness index (Table 2). Further addition of Hf and Mg in any combination enhances the changes in these
mechanical characteristics. At the same time, the effect of Hf is more pronounced. The decrease in Hy is explained by the
decrease in Young’s modulus due to an increase in the metallic contribution in chemical bonding, while K- decreases
due to a decrease in both factors in eq. (5). Since decrease in K¢ is larger than that in Hy, My, is increased. The
highest value of My, obtained for the Ti—-Nbgo—Zrg—Hf5—Mgs 5 alloy, remains very low (0.279 ,um_l/ 2) that indicates
high ductility of the alloys.

TABLE 2. Vickers hardness (Hy ), fracture toughness (K;¢) and brittleness index (My;) for the Ti—
Nbos based alloys

Alloy Hy,GPa | K;o, MPa-m®/? | My, yum~*/2
Ti—Nbas, 4.50 21.56 0.209
Ti—Nbgo—Zrg 4.45 18.05 0.246
Ti-Nbgy—Zrg—Hf 3.73 14.71 0.253
Ti-Nbgo—Zrg-Mgs 5 4.28 16.92 0.253
Ti-Nbgy—Zrg-Mgs 4.15 16.19 0.256
Ti-Nbgy—Zre—Hfy 5-Mgo 5 | 3.93 14.71 0.267
Ti-Nbgy—Zrg—Hf5—Mgs 5 3.62 12.96 0.279
Ti—Nbgy—Zrs—Hf5—Mgs 3.62 14.96 0.242

4. Conclusion

The elastic and mechanical properties of disordered titanium alloys Ti—-Nbss—Zrs—Me alloyed with Hf, Mg and their
combination were studied using the EMTO-CPA method. We demonstrate that the addition of Hf, which is isoelectronic
to Ti, reduces Young’s modulus by increasing the lattice parameter and weakening the chemical bonds. In the case of Mg,
both structural and electronic factors also contribute to a reduction in Young’s modulus. The smallest value of Young’s
modulus equaled to 57 GPa was calculated for the Ti—Nboo—Zrg—Hf5—Mgs 5 alloy. The decrease of Zr concentration and
increase of Mg one leads to instability of -phase of the alloy. The mechanical properties of the alloys, such as Vickers
hardness, fracture toughness and brittleness index, were also calculated using the elastic moduli. It was shown that the
hardness of the alloys decreases with the alloying by Hf and Mg, and effect of the former is more pronounced. Although
the brittleness index increases for all alloying elements, its highest value, obtained for Ti—Nbos—Zrg—Hf5-Mgs 5, is only
0.28 pm ™'/ indicating high ductility of the alloys.
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ABSTRACT A thermodynamic analysis of hydroxide transformations in the Mg; . Ni,(OH)5 — SiO5 — H5 O system
during the hydrothermal synthesis of nanotubular particles with a chrysotile structure has revealed the decisive
role of the dehydration of initial reagents and the subsequent re-formation of hydroxides during hydrothermal
treatment of reagents on the composition and morphological parameters of the target product. Depending
on the composition of the hydroxide reagent and the T-P conditions in the reaction zone, three regions have
been identified where the formation mechanism of nanotubular particles with a chrysotile structure changes
dramatically. This is the direct cause of the non-monotonic dependence of the Mg/Ni ratio and the dimensional
parameters of the (Mg;_.Ni,)3SioO5(OH), nanotubes on the Mg/Ni ratio in the initial hydroxide.
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1. Introduction

The hydrothermal formation of hydrosilicate nanotubes with a chrysotile structure, characterized by the general for-
mula Me3SioO5(OH)y, where Me is typically Mg, which can be partially or completely substituted by atoms such as
Fe, Co, Ni, etc., has revealed a number of significant differences compared to the formation of oxide and hydroxide
nanoparticles of other compositions and morphologies. For instance, while the hydrothermal synthesis of many simple
and complex oxides and hydroxides can yield nanoparticles with a relatively narrow size distribution [1-7], the scientific
literature reports no cases of forming hydrosilicate nanotubes with a narrow distribution in outer diameter, and especially
in length, during the early stages of phase formation. This is despite wide variations in the 7-P conditions of synthe-
sis [8—18], the use of different precursors [8§—11, 16-20], and hydrothermal media of various compositions [11,20-23].
Only after prolonged hydrothermal treatment do the outer diameters, inner diameters, and lengths of the nanotubes be-
come uniform [22,24-28]. Numerous additional questions arise when attempting to synthesize nanotubes of variable
composition, i.e., with partial substitution of cations in the octahedral and tetrahedral sublattices, as well as when sub-
stituting OH™ anions with F~ [20,29-42]. Even more questions are prompted by the experimentally observed effect of
non-uniform radial distribution of cations within the octahedral sublattice during the synthesis of variable-composition
nanotubes with the chrysotile structure [41—43]. Potentially, this effect could be explained by the energetic preference of
cations of different sizes for specific localization sites, depending on the radius of curvature of the cation sublattice within
the nanotube (Fig. 1) [41,43]. However, the influence of a kinetic factor on this cation distribution cannot be ruled out
either, as observed, for example, in the synthesis of variable-composition orthophosphates with the rhabdophane struc-
ture [44]. It is also possible that both of these factors contribute to this effect. A separate question concerns the reasons
for the diversity in the forms of nanotubular particles with the chrysotile structure, which is particularly pronounced in the
initial stages of synthesis [9,25,35,38,45,46]. Moreover, as shown in [38], the extent of this morphological heterogeneity
of nanotubes may also depend on the degree of ion substitution in (Mg —,Ni;)3Si2O5(OH),.

The analysis conducted in [11] shows that the formation mechanism can significantly influence the morphology of
nanotubes with a chrysotile structure. In this regard, study [47] analyzed the impact of using pre-synthesized hydroxides
of variable composition, (Mg; _,Ni, )(OH), [48], as reagents on the formation of (Mg;_,Ni,)3SioO5(OH)4 nanotubes.
However, several questions regarding the specific features of the formation of magnesium-nickel hydrosilicate nanotubes
with the chrysotile structure in this system remain unclear. This pertains, in particular, to the significant discrepancy
between the expected and actually observed differences in the morphological parameters of (Mgy_,Ni,)3SisO5(OH)4
nanotubes depending on their composition [47]. Interest in the issues surrounding the formation of nanotubes with the

© Almjasheva O.V., Kurguzkina M.E., Gusarov V.V., 2026



The role of dehydration-hydration in the formation of nanoparticles with a chrysotile structure ... 211

FI1G. 1. Schematic diagram of a frontal section of a nanotube with a chrysotile structure. The solid
circular lines represent the magnesium-nickel hydroxide layers; the dashed circular lines represent the
layers based on silicon dioxide. R = 0.5D and ¢y = 0.5d correspond to the outer radius and diameter,
and the inner radius and diameter of the nanotube, respectively; r denotes the radius of curvature of
the magnesium-nickel hydroxide layer of chrysotile, with r' < 72 representing the radii for which
i (rt) < xni(r?), where zn;(r ) is the fraction of nickel ions in the corresponding layers of the
compound (Mg; _,Ni,)3Si205(0OH)4 [41]

chrysotile structure is sustained not only by the prospects for their application in various fields [10,49-58] but also by the
significantly lower toxicity of synthetic chrysotile compared to its natural counterpart [58].

For these reasons, there is a need to continue both computational studies and a more detailed analysis of experimental
results in the field of understanding the specific features of the formation process of nanotubes with the chrysotile structure
under hydrothermal conditions, particularly when using a solid solution of composition Mg, . Ni,(OH)5 as one of the
reagents. This work is dedicated to this very issue.

2. Calculations

Calculations of phase relations in the (7-P) coordinates within the Mg; _, Ni, O-H5O system were performed by ana-
lyzing the dependence of the Gibbs energy change for the dehydration reaction of (Mg _,Ni,)(OH)5 under hydrothermal
conditions, leading to the formation of a Mg; _, Ni, O solid solution. The calculation was carried out neglecting the con-
tributions of the Gibbs energy of mixing of the hydroxides and oxides of variable composition to the Gibbs energy of
the dehydration process. Throughout the entire investigated range of temperature and pressure changes in the system, the
hydroxide and oxide phases of variable composition remain homogeneous under equilibrium conditions, i.e., they do not
decompose into two hydroxide or two oxide phases. This conclusion is based on available experimental data [48] and
the fact that the molar enthalpy of mixing during the formation of the Mg;_,Ni, O solid solution, according to [59, 60],
is either negative or AH,I,VL[ ~ 0. The calculations were performed using the IVTANTHERMO database and software
package [61].

3. Synthesis and analysis

The starting materials used in the synthesis of nanotubes with a chrysotile structure in the (Mg;_,Ni,;)O-SiOy—
H,O system were hydroxides of variable composition (Mg; —,Ni, )(OH)2, with a nominal composition varying within the
range (z = 0.1, ..., 0.9), and SiOs in the form of silica gel (GOST 3956-76, n = 0.73). The hydrothermal fluid contained
a solution of 5 wt.% NaOH in distilled water. The hydroxides (Mg;_,Ni,)(OH), with nominal values varying in the
interval (z = 0.1, ..., 0.9) were obtained by the reverse deposition method, as described in [48].

Hydrothermal treatment of the reagent mixture, calculated for the stoichiometry of (Mg;_,Ni,)3Si2O5(OH)4 for-
mation, was carried out in steel autoclaves. The temperature of the hydrothermal treatment was monitored based on the
furnace temperature data. Due to the thermal inertia (heating/cooling) of the thick-walled steel autoclave, the temperature
of the reaction zone differs significantly from the furnace temperature. To estimate the temperature in the reaction medium
during autoclave heating, a calibration curve (Fig. 2) was used, obtained by comparing the temperature in the furnace and
inside the autoclave. Using identical heating conditions and the same type of autoclaves in the experiment allows for
predicting the temperature in the reaction space based on the furnace temperature data for all experiments. The pressure
in the reaction medium was determined using Kennedy nomograms [62] based on data on the autoclave fill factor and the
temperature of the hydrothermal fluid.
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FI1G. 2. Relationship between the temperature values in the furnace (1) and in the autoclave (2), ac-
cording to the calibration experiment data

The hydrothermal treatment of the reagents, the post-hydrothermal operations with the resulting solid-phase products,
and the analysis of the obtained samples were carried out in accordance with the methods described in [10,47]. The di-
mensional parameters of the nanotubes were determined using data from transmission electron microscopy (JEM 2100-F
microscope, U = 200 kV (A = 0.025 A)) and scanning electron microscopy (Hitachi S-570). To obtain statistically reli-
able information, random samples containing about 100 nanotubes were used in all cases, from which the average values
of the outer diameter (D) and length (L) of the nanotubes were determined. The Mg/Ni ratios in the initial magnesium-
nickel hydroxides and in the nanotubes were determined by EDX analysis using an attachment (Bruker Quantax 20) to a
scanning electron microscope. The error in determining the Mg and Ni ratio was approximately 0.02 mole fraction.

4. Results and discussion

The results of thermodynamic calculations show that the initial mixed hydroxides (Mg;_;Ni,)(OH)2, under hy-
drothermal treatment conditions, can dehydrate depending on their composition and temperature to form Mg;_,Ni, O
oxides (Fig. 3 — boundary of regions I and (I, III)). The Mg/Ni ratio in the oxide solid solution, as can be concluded
from [48], will not change. This is primarily determined by the stability of Mg, _,Ni,O solid solutions across the entire
range of compositions down to very low temperatures, due to the fact that the molar enthalpy of mixing has negative
values or is close to zero [59,60]. Furthermore, the dehydration process can occur very quickly, as water escapes from the
hydroxide nanoparticles with a layered structure through the interlayer spaces without any significant diffusion hindrance.
This also contributes to preserving the Mg/Ni ratio in the oxide solid solution after dehydration of the (Mg; —, Ni,)(OH).
hydroxide.

A different situation arises during the hydration of Mg; _,Ni, O under hydrothermal conditions. Despite the assump-
tions made based on thermodynamic calculations that, upon hydration of Mg; _,Ni, O at the boundary of regions III and
IV (Fig. 3), the Mg/Ni ratios in the hydroxide and oxide solid solutions should remain unchanged, the hydration reac-
tion of Mg; . Ni, O, a compound with a framework structure (periclase), will proceed significantly more slowly. In this
case, on the surface of the Mg; _,Ni, O crystals, for kinetic reasons, hydroxide particles enriched in magnesium ions will
form first, since the driving force for the formation of such particles is significantly higher than the driving force for the
formation of hydroxides enriched in nickel ions (Fig. 3). Consequently, at a certain stage of the hydration process of
the Mg, Ni,O solid solution, it can be expected that the formation reaction of “secondary” hydroxides will proceed as
follows:

Mgi_;Ni O + HoO = (22 — ) /(22 — 21)Mg1_41Nip1 (OH)2 + (x — 1) /(22 — £1)Mg1—_22Niz2(OH)s, (D

where xo2 > x > ;. Moreover, the values of x; and x5 can vary depending on the temperature and duration of the
reaction (Fig. 3 and Fig. 4). In the limiting case, xo can equal unity. In this situation, the hydration of oxides enriched in
NiO will occur very slowly or not at all (region II, Fig. 3). Furthermore, the interaction of NiO with silicon dioxide under
hydrothermal conditions to form nickel hydrosilicate is known [11,48] to be so difficult that NiSiOsg is typically used as a
reagent instead of NiO to obtain nanotubular Ni3SioO5(OH)y4.

Given that, according to the calculations performed, throughout the entire range of 7-P conditions of hydrothermal
treatment, hydroxides Mg;_,Ni,.(OH), are stable for x <~ (0.55 £ 0.05), taking into account the kinetic factor, one
likely scenario is the hydration of the Mg;_,Ni, O solid solution at the boundary of regions III and IV (Fig. 3), leading
to the formation of “secondary” hydroxides via the reaction:

Mg Niy0+2(1 — 2)H,0 = 2(1 — 2)Mg~0.45Nig.55(OH)s + (22— ~ 1.1)NiO. )
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F1G. 3. Equilibrium phase state of reagent particles in the Mg; —,Ni, O-H5O system according to ther-
modynamic calculation data, depending on the Mg/Ni ratio, temperature, and pressure in the autoclave
(the pressure in the autoclave corresponding to each temperature was calculated using Kennedy nomo-
grams [62]): T — region of existence of (Mg;_,Ni;)(OH)s; II — region of formation of Mg;_,Ni,O
without further transformation into hydroxide; III — region of formation of Mg;_,Ni, O with subse-
quent transformation into (Mg; —,Ni, )(OH)5 upon changes in 7-P conditions in the hydrothermal fluid;
IV — region of formation of “secondary” hydroxide; V — temperature region in which the formation of
chrysotile is activated [14]

As follows from (1) and (2) and is illustrated in Fig. 4, in the region of “secondary” hydration — II’, for kinetic
reasons, the hydroxides present will contain a smaller amount of Ni** than the original oxide. These hydroxides will
be the first to interact with silicon dioxide to form nanotubes with a chrysotile structure. This conclusion is supported
by the data illustrated in Fig. 3, which shows that the hydration region IV overlaps with the 7-P region where chrysotile
formation is activated.

In addition to the hydroxides in region II’ (Fig. 4), one can expect to find nickel-enriched magnesium-nickel oxide
solid solutions, and in the limiting case, NiO, in accordance with equation (2). During hydrothermal treatment, the
components enriched in nickel oxide may either form outer layers on the surface of already formed nanotubes, initiate the
formation of nanotubes significantly enriched in nickel oxide compared to the initial Mg/Ni ratio, or remain as a dispersed
phase in the hydrothermal fluid due to their lower reactivity towards chrysotile formation [13]. In the latter case, they
would be removed during decantation and washing of the target product precipitate.

It should be noted that the conclusions drawn from the analysis described above, within the error limits of the exper-
iment and calculations, correlate well with the experimentally obtained data on the relationship between the composition
of the initial hydroxide nanoparticles Mg; _, Ni,(OH), and the composition of the resulting nanotubes with a chrysotile
structure (Mg, Ni,)3Si205(OH)4 obtained using them as reagents (Fig. 5). The relationships y(x) are qualitatively
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FIG. 4. Residence time of reagents in the form of hydroxide and oxide solid solutions during the hy-
drothermal synthesis of chrysotile for various compositions of initial hydroxides in the Mg; _, Ni;O-
Si0O2-H,0 system. I — region of stable existence of Mg;_,Ni,(OH)y; II — region of stable existence
of Mg, _,Ni,O; II’ — region of coexistence of “secondary” hydroxides and oxides in accordance with
reactions (1) and (2)
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divided into regions I, II, and III (Fig. 5). In terms of composition, region I (Fig. 5) corresponds to region I (Fig. 3 and
Fig. 4), region II (Fig. 5) corresponds to region III (Fig. 3) and region II’ (Fig. 4), and region III (Fig. 5) corresponds to
region II (Fig. 3 and Fig. 4).

The characteristic feature of the dependence y(x) in region II (Fig. 5) is explained by the fact that it is derived from
processes preceding the formation of (Mgq_,Ni,)3Si2O5(OH)y4 in this region: the decomposition of the hydroxide solid
solution with the formation of Mg; _, Ni,OH (region II — Fig. 3 and Fig. 4) and subsequent hydration (region III — Fig. 3
and region II’ — Fig. 4), with the composition of the resulting “secondary” hydroxides changing according to expressions
(1) and (2).

Some systematic difference in the Mg/Ni ratio between the initial reagents and the reaction products in regions I and
IIT (Fig. 5) may be associated both with the systematic error of EDX analysis in determining the elemental composition
of objects of different nature and with energetic reasons [41,43]. When brucite-like nanoplates of Mgy, Ni,(OH); roll
up during the formation of nanotubes with a chrysotile structure, for small values of the curvature radius — r (Fig. 1) of
the brucite layer, the incorporation of Mg?* ions into this layer is energetically preferable over Ni** ions [41,43].

y
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FIG. 5. Relationship between the composition of nanotubes (Mg _,Ni, )3Si2O5(OH)4 and the initial
hydroxides Mg;_,Ni,(OH)2

Another confirmation of the concluded role of Mg;_,Ni,(OH), dehydration and the formation of “secondary” hy-
droxides in the synthesis of magnesium-nickel nanotubes with a chrysotile structure is provided by the data on the dimen-
sional parameters of the resulting nanotubes, presented in (Fig. 6). These data unequivocally show the presence of three
types of characteristic dependencies of the average length (L) and outer diameter (D)) of nanotubes on their composition —
L, 11, III (Fig. 6), the boundaries of which correlate with the boundaries of the hydroxide—oxide—hydroxide transforma-
tions for Mg; _Ni,(OH), solid solutions of different compositions under the conditions of their hydrothermal treatment
during the experiment (Fig. 3, Fig. 4).

The sharp decrease in the size of nanotubes in region II (Fig. 6) compared to region I (Fig. 6) is explained by a
sharp decrease in the formation rate of compounds with the chrysotile structure. The decrease in the formation rate of
(Mg; _yNi,)3SizO5(OH)4 nanotubes for y > (~ 0.43) in region II (Fig. 6) may be related, firstly, to the fact that in
region II’ (Fig. 4) there is a significant proportion of oxides, which interact more slowly with SiOy under hydrothermal
conditions than hydroxides [14]. Another reason for the sharp decrease in the nanotube growth rate in region II (Fig. 6) is
the change in the Mg/Ni ratio during the formation of “secondary” hydroxides in accordance with equations (1) and (2)
in region II" (Fig. 4) and, as a consequence, a decrease in the amount of nickel-enriched hydroxide reagents necessary
for nanotube growth in region II (Fig. 6). The slow growth of nanotubes in region III (Fig. 6) is associated with the fact
that they are formed not from hydroxides possessing a brucite structure, similar to the structure of the magnesium-nickel
layer in chrysotile, but from Mg;_,Ni, O oxides — region II (Fig. 3 and Fig. 4). In this case, in the absence of a reagent
with a layered structure, the formation of chrysotile proceeds significantly more slowly [11-18]. It should be noted
that the results obtained in this work suggest that the change in the composition of (Mg; _,Ni,)3Si205(OH)4 nanotubes
along their radius (Fig. 1), with enrichment of their peripheral regions with the nickel-containing component, may be
associated not only with the energetic favorability of this state, as was shown in [41], but also with kinetic factors, at least
for region II (Fig. 5) of (Mgq_,Ni,)3Si205(OH)4 solid solutions, due to the specific composition of the “secondary”
hydroxides formed via reactions (1) and (2) in the region (IV — Fig. 3 and I’ — Fig. 4).
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5. Conclusion

It has been shown that during the hydrothermal synthesis of (Mg;_,Ni,)3SioO5(OH)4 nanotubes with a chrysotile
structure, their composition and dimensional parameters are determined not only by the composition and prehistory of
the initial reagents but also by the possibility of reagent transformation during changes in the 7-P conditions in the
reaction medium upon heating the autoclave. The thermodynamic analysis performed on the dehydration processes of
Mg, ,Ni, (OH), solid solutions and the subsequent hydration of the resulting oxide solid solutions made it possible
to explain a number of effects associated with the non-monotonic dependence of the nanotube dimensional parameters
and the Mg/Ni ratio in (Mg;_yNi,)3Si205(OH)4 on the Mg/Ni ratio in the initial Mg;_,Ni,(OH); hydroxides. The
obtained results have allowed for a broader perspective on the data, which were interpreted ambiguously in some studies,
concerning the influence of the composition and structure of reagents on the formation of nanotubes with a chrysotile
structure.
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ABSTRACT The paper presents the first comparative study of the microstructure and mechanical properties
of gadolinium zirconate ceramics produced by spark plasma sintering of powders obtained using hydroxide
precursors synthesized with and without mechanical activation. The initial precursor was prepared via reverse
coprecipitation of hydroxides. Mechanical activation of the precursor was performed in an AGO-2 planetary mill
at a centrifugal acceleration of 20 g for 30 min. X-ray phase analysis revealed that the resulting ceramics were
nanocrystalline. The ceramics produced from the mechanically activated precursor demonstrated superior
mechanical properties, including higher microhardness and Young’s modulus, compared to those produced
from the non-activated precursor.
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1. Introduction

REE zirconates are complex oxides in binary systems of the type LnyO3-MO; (where Ln represents rare-earth cations
and M denotes Group IVB metal cations: Ti, Zr, Hf). These compounds typically adopt the general formula LnoM5O7 and
most commonly crystallize in pyrochlore-type structures with varying degrees of disorder. The extent of structural disorder
depends on intrinsic factors — such as chemical composition, bonding nature, and the ratio of cationic radii (Ry,/Rz:) —
as well as extrinsic factors, including synthesis conditions [1,2]. In terms of its structural and chemical characteristics,
Gd2Zr,07 occupies a special position in the series of REE zirconates. The corresponding ratio of the radii of the REE
and zirconium cations (Rga/ Rz = 1.462) actually delimits two regions of stability: at Ry, /Rz > 1.46, the pyrochlore
structure (space group Fd3m) is stable, and, at Ry, /Rz < 1.46, the disordered fluorite structure (space group Fm3m)
becomes favorable [1,3,4]. At room temperature, GdyZr,O7 typically adopts the stable pyrochlore phase (P-GdyZr,07),
which transforms into a disordered fluorite modification (F-GdyZr207) at ~1550 °C. As the energy difference between
these phases is small, fluorite-like GdsZr,O~ can exist under standard conditions, which is facilitated by certain conditions
of its synthesis [5,6]. In this regard, REE zirconates, in particular GdyZr,O7, are interesting from the point of view of the
occurrence of a phase transition of the pyrochlore (order) — fluorite (disorder) type [1,2].

At the same time, REE zirconates with both crystal structures exhibit a broad spectrum of physical and chemical
properties, making them highly attractive for fundamental and applied research [7-10]. Their unique structural features
and exceptional characteristics render them promising candidates for applications in electro/photocatalysis, magnetism,
nuclear waste storage, thermal barrier coatings, sensors, catalysis, ionic conductors, oxygen monitoring, photoluminescent
host materials, and solid electrolytes in high-temperature fuel cells [11-21]. In particular, GdyZroO7 demonstrates high
thermal stability, chemical resistance, high thermal expansion coefficient (11.09-107% K~! [22]), a high melting point
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(2570 °C) [23], low thermal conductivity (1.5 — 2.0 W/(m-K) [5,24]), and high ionic conductivity (> 1 - 102 Sm/cm at
800 °C [25,26)).

In recent years, researchers have increasingly focused on enhancing the synthesis methods for nanoceramics based
on REE zirconates. These materials exhibit superior properties compared to microcrystalline ceramics, including higher
radiation resistance, lower thermal conductivity, and enhanced oxygen-ion conductivity [1,4, 14,27-36].

The properties and applicability of ceramics based on rare earth zirconates are directly influenced by the composi-
tion, size, shape, and morphology of their precursors, which can be synthesized through various methods [1,4,14,37,38].
Typically, precursors for rare earth zirconate nanoceramics — including GdsZr, O~ — are prepared using wet chemistry tech-
niques such as sol-gel synthesis, solvothermal, hydrothermal methods, and hydroxide coprecipitation [6,11,14,30,31,39—
41].

Another crucial step in ceramic production is selecting the consolidation method. Spark plasma sintering (SPS) has
emerged as a promising technique for compacting and consolidating various materials. During SPS, an electric current
passes through the tooling and the sample, rapidly heating them via the Joule effect. This allows the target processing
temperature to be achieved in minimal time. Additionally, the applied pressure significantly enhances densification. Thus,
SPS can consolidate powder system components at lower temperatures while suppressing excessive grain growth [42-44].
The key advantages of SPS technology include:

High densification with controllable porosity.

Elimination of pre-compaction or binders, simplifying the process.
Homogeneous sintering of both similar and dissimilar materials.
Rapid processing due to short cycle times.

Minimal grain growth, preserving the microstructure [45,46].

In this work, nanocrystalline Gd2Zro0O7 ceramics were synthesized by SPS using a dried powder of hydroxide pre-
cursor prepared through the coprecipitation of gadolinium and zirconium hydroxides. For the first time, the influence
of preliminary mechanical activation (MA) of the hydroxide precursor on the mechanical properties of the ceramics —
specifically, microhardness and Young’s modulus — was investigated.

2. Experimental

For the synthesis of the initial and MA-precursors of gadolinium zirconate, “chemically pure” gadolinium nitrate
Gd(NO3)3 - 6H20 (w(Gd20s3) = 40.48 %), zirconium oxychloride ZrOCls-8HsO (w(ZrOs) = 37.98 %) and ammonium
hydroxide NH,OH were used. The detailed synthesis method for the hydroxide precursor is described in the previously
published work [47]. After obtaining the precursor, it was dried at 110 °C for 12 hours. This precursor is hereafter referred
to as the initial precursor (IP).

The IP was subjected to mechanical activation. MA was performed in an AGO-2 centrifugal-planetary mill under am-
bient conditions. The process utilized zirconium dioxide—lined vials and 7 — 8 mm zirconium dioxide grinding balls [47].
The milling parameters were as follows: centrifugal acceleration — 20 g, duration — 30 min, and a ball-to-powder mass
ratio of 20:1. To ensure homogeneity, the mill was paused every 60 seconds, and the contents were manually mixed using
a spatula. The resulting mechanically activated precursor is hereafter denoted as MP. The IP and MP were not subjected
to additional heat treatment before SPS.

SPS was performed on a SPS Labox 1575 apparatus (SINTER LAND Inc., Japan) using graphite tooling at temper-
atures of 1300 and 1550 °C (measured by a pyrometer focused on a hole in the wall of the die). The heating rate was
~60 °/min, the applied pressure was 40 MPa. The samples were held for 5 min at the maximum temperature. Tablets with
a diameter of 10 mm and a thickness of 2.0 — 2.5 mm were prepared from powders derived from IP and MP. After SPS,
the samples were polished with sandpaper and ultrasonically cleaned in distilled water and alcohol to remove residual
graphite from the surface [44]. To completely remove graphite, the tablets were calcined at 1000 °C for 3 hours.

For X-ray diffraction analysis (XRD), a Rigaku Miniflex-600 diffractometer (CuK« radiation) was used. XRD pat-
terns were recorded at a rate of 2°(26) per min. The cubic Fm3m structure of gadolinium zirconate GdyZroO7 was reliably
identified in the diffraction patterns of the samples (PDF No. 04-006-1657). Full-profile analysis of the diffraction patterns
using the Rietveld method was performed using SmartLab Studio II software, included with the MiniFlex-600 diffrac-
tometer. All reflections were used for the calculation. The initial structural model for the calculations was based on
PDF card No. 04-006-1657, which closely matched the observed experimental profile. Angular correction (26 correction)
was performed using the external standard method, with silicon (NIST SRM 640) as the reference material. During full-
profile analysis, the background, scale factor, and lattice parameters were refined using the initial parameters provided
by the model. The peak profiles were fitted using a pseudo-Voigt function. Structural parameters — including atomic
coordinates, site occupancies, and thermal displacement factors — were not refined. The refinement procedure was carried
out sequentially as follows: background determination, refinement of the scale factor and lattice parameters, and finally,
refinement of the profile function parameters.
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The effective crystallite sizes for ceramics and the microstrains were calculated from the XRD data using Size-
Microstrain (SSP) graphical method [48,49]. In order to account for instrumental broadening, a Si (NIST SRM 640f)
reference sample was used.

IR spectra were recorded on a Nicolet 6700 FT-IR Fourier spectrometer in KBr tablets.

The mechanical properties of GdaZr,O7 ceramic samples prepared by SPS with and without preliminary MA of the
IP were studied by the contact method using a NanoSkan probe microscope-nanohardness tester (FSBI TISNCM, Russia).

The microstructure of the Gd2ZryO7 ceramic samples obtained from IP and MP was analyzed by scanning electron
microscopy (SEM) using a SEM LEO-1450 microscope. The images were processed by Scan Master program.

The density of the synthesized Gd2ZroO7 ceramics was determined using Archimedes’ method. Prior to density
measurements, all samples were annealed at 1000 °C for 3 hours to ensure the complete removal of residual graphite.

3. Results and discussion

Previous studies [47] demonstrated that both IP and MP, when heat-treated at 900 — 1200 °C, form disordered
metastable fluorite-like Gd2Zr,O7. The effective crystallite size increases with the calcination temperature, ranging from
10 to 48 nm for IP and from 17 to 56 nm for MP. Notably, the use of MA enables the synthesis of highly dispersed
Gd2Zr, 07 powders with a specific surface area 5 — 7 times greater than that of powders produced without MA. This
enhancement can be attributed to the improved homogeneity of MP and more uniform GdsZrO7 crystallization during
calcination [47].

Figure 1 presents the XRD patterns of the synthesized ceramics. All ceramic samples exhibit a disordered fluorite
structure (PDF No. 04-006-1657) and are nanocrystalline in nature. The effective crystallite sizes for ceramics obtained by
SPS IP and MP, as well as the microstrains and lattice parameters are given in Table 1. There was no significant deviation
in the crystal lattice parameters of the ceramics produced by SPS IP and MP relative to the theoretical value (PDF No. 04-
006-1657, Fd3m,a = b =c = 5.25 A). This indicates that the chemical composition of the produced ceramics is close to
Gd2Zry07 (Gd:Zr mole ratio of 1:1). As an example, Fig. 2 presents experimental (black dots), calculated (red curve) and
difference (blue curve) XRD patterns of GdeZroO7 ceramics synthesized by SPS at 1300 from MP. The small difference
between the calculated and experimental XRD patterns confirms the formation of ceramics with the Gd2ZrO7 structure.
To confirm the nanocrystalline structure of the obtained ceramics, further studies using transmission electron microscopy
(TEM) are required.
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F1G. 1. XRD patterns of GdyZr,O7 ceramics synthesized by SPS at 1300 and 1550 °C from IP and MP

As mentioned earlier, P-GdyZr,O~ transforms into F-GdyZryO7 at approximately 1550 °C. However, depending on
the synthesis method, the fluorite modification can be retained upon cooling. In such cases, an ordered pyrochlore phase
may form within the fluorite phase as nanodomains, and the corresponding peaks are not detectable in the XRD patterns.
According to the literature [50, 51], infrared spectroscopy is a highly sensitive method for identifying P-GdyZroO7 nan-
odomains within a F-GdyZr,O7 matrix. The FTIR spectra of the ceramics studied here (Fig. 3) lack the characteristic
pyrochlore absorption band at 510 cm ™!, which is associated with the GdyZr,O pyrochlore lattice. This absence indi-
cates that P-Gd»Zr,O7 nanodomains are not present and that no fluorite-to-pyrochlore structural transition has occurred.

The microhardness (H, GPa) of Gd2Zr,07 ceramics was determined using the comparative sclerometry method, in
which scratches are alternately applied to the test material and a reference standard of the known hardness [52]. A certified
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TABLE 1. Lattice parameters, crystallite sizes and microstrains of GdyZroO7 ceramics

Sample | SPS temperature, °C | Lattice parameter, A Crystallite size, nm | Microstrain, %
1P 1300 5.2454 70+6 0.07+0.01
MP 1300 5.2519 6445 0.07+0.01
1P 1550 5.2595 10348 0.05+0.01
MP 1550 5.2457 123+£10 0.03+0.01
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FIG. 2. Single-phase Rietveld refined XRD pattern of GdsZroO7 ceramics synthesized by SPS at
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FIG. 3. FTIR spectra of GdyZr,O7 ceramics synthesized by SPS at 1300 and 1550 °C from IP and MP
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fused quartz sample calibrated against the State Hardness Standard (SHS 31-2006) at the Federal State Unitary Enterprise
“Russian Metrological Institute of Technical Physics and Radio Engineering” (FSUE “VNIIFTRI”) served as the hardness
reference. Scratching of GdsZryO7 ceramics was performed at indenter loads of 5 — 20 mN using a Berkovich indenter — a
triangular diamond pyramid probe with a tip curvature radius of ~50 nm. The same probe was used to scan the scratched
surface. As an example, Fig. 4 shows the resulting scratch topography of the ceramics prepared from IP and MP by SPS
at 1300 °C.

10,21 e BUG1 e xc 380,98 nen 10,20 e B8 um x 191.25nm

(a) (b)

FIG. 4. Surface morphology of GdzZrO7 ceramics prepared from IP (a) and MP (b) by SPS at 1300 °C
after sclerometry

Since the forward motion of a Berkovich indenter at an acute angle during scratching resembles the extrusion of an
imprint in a Vickers test, the calculations were based on a model for Vickers pyramid indentation [52-54]. The hardness
of the material was determined using the following formula:

P
=k 6]

where P is the normal force with which the scratch was made, expressed in Newtons; b is the arithmetic mean of the
scratch width, expressed in meters and k is the indenter shape factor for a given scratch width. The indenter shape factor k&
was determined by scratching a reference material with the known hardness and calculating it using the following formula:
H,.-b?
= P 5

H=F-

k

2

where H.. is the hardness of the reference material.

To measure the absolute value of Young’s modulus (£, GPa) of ceramics, force spectroscopy was employed [53-55].
This technique involves bringing an oscillating indenter into contact with the sample surface, where it vibrates normal
to the surface with an amplitude of less than 10 nm and a frequency of ~12 kHz. A triangular diamond pyramid with
an apex angle of approximately 60° was used as the indenter needle featuring a tip curvature radius of ~100 nm. The
needle’s Young’s modulus (E) and Poisson’s ratio () were set to 1140 GPa and 0.07, respectively, in the calculations. As
the indenter interacts with the material, the frequency of the probe oscillations increases upon contact with the surface.
According to the Hertz model, the slope of the oscillation frequency versus penetration depth (approach curve) is propor-
tional to the elastic modulus of the material [53,54]. The elastic modulus was determined by comparing the slopes of the
approach curves for the sample and a reference material. For each sample, the Young’s modulus values were calculated
as the average of 16 independent measurements.

The relative density of all prepared ceramics exceeds 90 %, reaching near-theoretical values [1] after SPS at 1550 °C
(Table 2).

The data in Table 2 demonstrate that MA of the precursor enhances the mechanical properties of the gadolinium
zirconate ceramics. For both SPS temperatures (1300 and 1550 °C), the microhardness and Young’s modulus values of
ceramics derived from the MP are significantly higher than those of ceramics produced from IP. For comparison, Table 2
presents the literature data on the properties of GdyZro0O7 ceramics with a fluorite structure prepared via SPS [56] and
conventional solid-phase free sintering [57,58]. When consolidated by SPS, our precursor (MP) demonstrates advantages
over the gel-drying and combustion-derived precursor, yielding ceramics with higher microhardness and density. The
solid-phase method enables the production of ceramics with microhardness and Young’s modulus values close to those
obtained in our work. However, this method requires prolonged high-temperature calcination, which hinders the synthesis
of nanocrystalline samples (Table 2).

The trends in the microhardness and Young’s modulus for ceramics obtained by SPS of IP and MP can be explained
as follows.

Young’s modulus (elastic modulus) is a fundamental characteristic of a material, a measure of the interatomic bonding
forces. It describes elastic deformation, which is reversible. In ceramics, pores are the primary factor weakening the elastic



Effect of hydroxide precursor synthesis conditions on the properties of Gd2ZrsO~ spark plasma sintered ceramics 223

TABLE 2. Relative density (py.), microhardness (HV) and Young’s modulus (£) of F-GdsZr,O7 ce-
ramics prepared by different methods

Precursor Consolidation Prel, % | HV, GPa | E, GPa Ref.

Ip SPS: 1300 °C, 40 MPa, 5 95.9 6.2+£1.3 | 205£3 | This work

MP SPS: 1300 °C, 40 MPa, 5 91.3 | 153+2.3 | 261+9 | This work

IP SPS: 1550 °C, 40 MPa, 5 98.9 | 82414 | 27243 | This work

MP SPS: 1550 °C, 40 MPa, 5 99.0 9.24+1.1 | 298+£11 | This work
Drying ag‘fj ;;’fnb““io“ SPS: 1300 °C, 70 MPa, 5min | 97.4 | 88404 | — [56]
Mixture of oxides Solid-phase method: 1600 °C, 10 h | 98.4 10.9+£0.9 | 307+31 [57]
Mixture of oxides Solid-phase method: 1650 °C, 10h | 99.0 6.0+0.3 | 21445 [58]

modulus. They concentrate stress and do not contribute to the elastic stiffness of the material. As the sintering temperature
increases, porosity decreases, the material becomes denser, and Young’s modulus increases. As follows from Table 2, this
trend is observed for IP and MP.

Microhardness is sensitive to (1) defects (porosity, cracks) and (2) grain size. When the sintering temperature in-
creases, coalescence and grain growth occur. Fine grains create more boundaries, which act as obstacles to the movement
of dislocations and the development of plastic deformation under the indenter. Large grains facilitate this movement,
reducing microhardness. On the other hand, an increase in temperature is generally accompanied by an increase in den-
sity and the contact area between particles, leading to an increase in hardness. For IP, as the temperature increases, the
hardness increases, which likely indicates the predominant influence of the first factor (density/contact area). In the case
of MP, the situation is opposite, i.e., grain growth apparently plays the determining role.

Another notable feature of the data presented in Table 2 is that the relative density of the ceramics obtained at 1300 °C
from the MP is lower than that of ceramics from the IP. Interestingly, despite this lower density, the microhardness of the
ceramics prepared from MP is the highest. It was previously established that both hydroxide precursors (IP and MP)
interact with atmospheric carbon dioxide during synthesis, leading to the formation of carbonate groups. In the case of
MP, the decomposition of these carbonate groups with the release of CO4 occurs at higher temperatures compared to
IP [47]. We assume that this may be the reason for the reduced density of the MP-based ceramics sintered at 1300 °C.
SPS is characterized by very rapid heating (within a few minutes) with simultaneous pressure application. Sintering is
accompanied by the removal of volatile components — such as water and CO5 — from the particle surfaces and from the
pores within the sample under highly nonequilibrium conditions.

When the precursor is compacted, the closure of pores is inhibited by the pressure of gases trapped within them.
As the removal of carbon dioxide from the MP is more difficult than from the IP, this can lead to a higher degree of
closed porosity. However, when the SPS temperature is increased to 1550 °C, the negative factors that limit densification
at 1300 °C are overcome. As a result, both the IP and MP achieve high and nearly equal relative densities (98.9 %
and 99.0 %, respectively, as shown in Table 2). It is likely that the sample with a density of 91.3 % and maximum
microhardness was sintered under optimal conditions for suppressing grain growth. A higher density (98 — 99 %) is
achieved by increasing the sintering temperature, which inevitably leads to coalescence and grain growth. As previously
noted, larger grains reduce hardness, while smaller grains create more grain boundaries. These boundaries act as obstacles
to dislocation movement and hinder the development of plastic deformation beneath the indenter. A detailed clarification
of the reasons for the different influence of sintering temperature on the microhardness of ceramics based on IP and MP
requires additional research.

The microstructure of GdsZryO7 ceramic samples prepared by the SPS method with and without preliminary MA
of the IP was analyzed using SEM imaging. The images were processed using Scan Master program, designed for the
mathematical analysis of such micrographs. The program enables users to select objects within an image, analyze their
characteristics, and perform the statistical processing on the set of selected objects based on the chosen criteria. In this
case, parameter “Length” — defined as the maximum length among 18 projections of an object onto a plane — was selected
as the criterion for evaluating the size of the ceramic particles.

SEM images of the Gd2Zr,O7 ceramic material synthesized by SPS at 1300 °C using IP reveal a nearly pore-free
surface with no discernible grains (Fig. 5). SEM images of the Gd2Zr> O ceramic material synthesized by SPS at 1300 °C
using MP is shown in Fig. 6.

Increasing the SPS temperature to 1550 °C results in grain growth. The GdsZr, O ceramics synthesized from the IP
at this temperature exhibit well-faceted grains ranging from 0.2 to 3.0 ym in size (Fig. 7), with an average grain size of
0.4 pm (Fig. 8). Microcracks are observed along the grain boundaries, but the ceramics are nearly pore-free.
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The GdyZryO7 ceramic samples prepared from MP at 1550 °C exhibit at least two distinct morphological structures
(Fig. 9). These include regions composed of well-defined, faceted grains ranging from 0.1 to 1.5 xm in size and larger
areas (up to 8 — 10 pm in length) lacking a pronounced grain structure (Figs. 9 and 10).

The SEM image of the Gd2Zr,07 ceramic material synthesized by SPS at 1550 °C (IP, higher magnification, Fig. 11)
confirms a non-porous surface. The microstructure exhibits the features of brittle fracture, including a crystalline structure
and intergranular cleavage facets. In contrast, the MP-based sample at the same magnification (Fig. 12) shows pronounced
grain agglomeration. The intergranular boundaries are nearly invisible in the image, with the grains in close contact. The
surface of this sample is smoother and exhibits fewer visible defects compared to the IP-based sample (Fig. 11). Cleavage
predominantly occurs along intergranular contacts, while intragranular chips are extremely rare.

4. Conclusions

Nanocrystalline Gd2Zr,O7 ceramics were synthesized by SPS using the hydroxide precursor with and without MA.
The relative density of all the prepared ceramics is greater than 90 %. This value approaches the theoretical value after
SPS at 1550 °C. MA of the initial precursor led to an increase in the microhardness and Young’s modulus of the sintered
ceramics. So, the highest values were achieved for the ceramics derived from the MP: a microhardness of 15.3+2.3
GPa (at 1300 °C) and a Young’s modulus of 298+11 GPa (at 1550 °C). The comparison of the obtained results with the
literature data on F-GdyZr2O7 SPS-ceramics revealed that our MP precursor exhibits a higher efficiency in enhancing
the microhardness of the ceramics compared to the precursor derived from gel drying and combustion. While conven-
tional solid-phase synthesis of F-GdyZroO7 ceramics yields microhardness and Young’s modulus values similar to our
findings, this method requires prolonged high-temperature calcination, which prevents the formation of nanocrystalline
materials. Although the crystallite size has a minimal direct impact on microhardness and Young’s modulus, its control
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remains crucial for practical applications. For instance, in functional materials like thermal barrier coatings, the produc-
tion of nanocrystalline ceramics is highly important. This is because key physicochemical properties — such as thermal
conductivity and heat capacity — are directly influenced by the crystallite size of the resulting ceramic material.
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ABSTRACT A comparative study of the redox behaviour of nanocrystalline isostructural ACe»(POy)3 (A = NH,
K™, Rb™) double ceric phosphates was performed. It has been established that with respect to alkylperoxyl
radicals or hydrogen peroxide as reactive oxygen species, all the double ceric phosphates acted as antioxi-
dants or prooxidants, respectively. The antioxidant activity towards alkylperoxyl radicals was found to be the
higher for the phosphates containing potassium or rubidium. Notably, for KCe;(PO,)3 and RbCes(PO4)3 an
inverse dependence of catalytic activity on concentration in the reaction with H,O, was found, in contrast to
NH,Ces(POy)s. The redox behaviour of nanoscale cerium dioxide used for comparison was similar to that of
ammonium ceric phosphate, but significantly lower in absolute values. This was explained by the suppressive
effect of phosphate anions presented in the buffer solutions.
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1. Introduction

Inorganic phosphates comprise both natural and synthetic compounds. They exist in the form of minerals [1], con-
stitute the basis of mammalian bone tissue [2], and are utilized as luminophores [3], ceramics [4, 5], ionic conductors [6],
etc. Nowadays, over 200 structural types of inorganic phosphates are known [7]. This crystallochemical diversity arises
from a large number of cations that can bind with phosphate tetrahedra in different ways, as well as the ability to substitute
or incorporate other anions and molecules (such as HO) into the structure [8].

Several studies have been devoted to investigating the influence of cation composition on the functional properties of
isostructural compounds [9-13], including inorganic phosphates. In particular, Gautier et al. [14] demonstrated an increase
in the second harmonic generation response values for compounds with the composition A(VO3)2(PO,4)-3H20 (where A
=RbT, NH;L|r and K1). Zhen et al. [15] found the different thermal expansion behavior of isostructural AZro(POy)s, A
=Na', K*, Rb", Cs™. In a similar series, Sukhanov et al. [16] observed a decrease in catalytic activity for methanol
dehydration in the order NaZro(POy4)s >KZry(POy)s >CsZra(POy4)s >RbZra(PO,)s. Patkare et al. [17] evaluated the
adsorption capacity for uranyl ions from aqueous solutions for a series of isostructural double thorium phosphates, finding
the following trend: RbTho(POy4)3 <CsTha(PO4)s <KTha(POy)s.

Despite the extensive knowledge of compounds with the general formula AM.Y (PO,)3 (where A = Li—-Cs and M =
Ti, Zr, Hf or Th, U, Np, Pu), it has not been possible until recently to establish similar composition—structure—property
relationships for the M = Ce’"" series. This limitation existed due to a lack of information on even one complete structural
series of double ceric phosphates. Only in 2025 were the data on the synthesis of RbCes(PO,4)s [18] reported; this
compound turned out to be isostructural with two previously known analogues, NH,Ce2(PO,4)s [19] and KCes(POy4)3
[20].

© Kozlova T.O., Sozarukova M.M., Kozlov D.A., Sheichenko E.D., Bedarkova A.O., Vasilyeva D.N.,
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It is known that ceric compounds, primarily nanocrystalline CeOs, can act as efficient inorganic nanozymes [21-23].
At the same time, cerium(IV) phosphates, owing to their biocompatibility and expected stability in biological environ-
ments [24], are equally important to investigate with regard to their biological behavior. So, this study presents the first
comparative analysis of the radical-scavenging ability and redox activity of nanoscale isostructural ceric phosphates with
the composition ACeo(PO4)s (A = NH;, K*, Rb™).

2. Experimental Section

The following materials were used as received, without further purification: Ce(NOj3)2-6H2O (pure grade, Lanhit
Russia), potassium hydroxide (pure grade, Sigma Aldrich), rubidium hydroxide (pure grade, Novosibirsk Rare Metals
Plant, Russia), aqueous ammonia (25 wt.%, extra-pure grade, Khimmed Russia), phosphoric acid (85 wt.% aq, extra-pure
grade, Komponent-Reaktiv, Russia), isopropanol (extra-pure grade, Khimmed Russia), 2,2’-azobis(2-amidinopropane)
dihydrochloride (Sigma, #440914), luminol (Sigma, #123072), hydrogen peroxide (extra-pure grade, Khimmed Russia),
distilled water.

Previously, using NH,Ce2(PO,4)3 and KCes(POy4)3 [25], we developed a synthetic approach to obtain these com-
pounds in a nanoscale state. In the present study, we have accordingly adapted this method to synthesize RbCeéV(PO4)3.
First, nanocrystalline (4-5 nm) cerium dioxide (0.100 g) obtained by precipitation from Ce(NOj3)s aqueous solution was
dissolved in concentrated phosphoric acid (5 ml) at 80°C. The cooled solution was placed into an ultrasonic bath Bandelin
Sonorex Longlife RK 1050 for 30 min, and then mixed with 35 ml of 1 M KOH, NH,OH or RbOH aqueous solutions.
The obtained gels (~40 mL) were sonicated using Bandelin Sonopuls HD 3200 homogenizer equipped with titanium
horn (TT-13 titanium tip) operated at 20 kHz (amplitude 20%) for 1 h. The resulting suspensions were placed in 100 ml
Teflon autoclaves and treated under hydrothermal-microwave (HTMW) conditions at 180°C for 1 h. After cooling the
autoclaves, the precipitates were repeatedly washed using distilled water and dried at 60°C in air.

Powder X-ray diffraction (PXRD) patterns were acquired with a DX-2700BH (Haoyuan, China) diffractometer, us-
ing Cu K, 2 radiation in the 26 range of 5°-80° with 0.02° 26 steps and a counting time of no less than 1 s per step.
The full-profile analysis of diffraction patterns was performed using the Rietveld method realized in the MAUD soft-
ware (version 2.99) [26]. The diffraction peak profiles were fitted using a pseudo-Voigt function. The sizes of coherent
scattering domains (crystallite sizes) and particle anisotropy were estimated using the Lorentzian component of peak
broadening and the approach proposed by Popa [27]. For all samples, the crystallite sizes along the (001) direction and in
the perpendicular direction were calculated.

Scanning electron microscopy (SEM) images were obtained using an Amber GMH (Tescan, Czech Republic) mi-
croscope operated at an accelerating voltage of 5 kV using a secondary electron (Everhart-Thornley) detector. Energy-
dispersive X-ray spectroscopy (EDX) was performed using an Ultim Max 100 (Oxford Instruments, UK) detector at an
accelerating voltage of 20 kV. Particle size was determined from SEM data using Gwyddion software. To account for
anisotropy, the dimensions of each particle were measured in two perpendicular directions. The particle sizes were fitted
by a lognormal distribution function.

Analysis of double ceric phosphates redox behaviour in relation to alkylperoxyl radicals or hydrogen peroxide was
conducted by chemiluminescent method [28]. Nanocrystalline cerium dioxide powder which was used for the synthesis
of double ceric phosphates (see above) was analysed as a control. Directly before the measurements, suspensions of the
materials under study were prepared with a concentration of 0.01 M. For this purpose, the powders were dispersed in 5 ml
of deionized water and sonicated for 10 min.

Alkylperoxyl radicals were generated by the thermal decomposition of 2,2’-azobis(2-amidinopropane) dihydrochlo-
ride (AAPH). For this, 2.5 uM AAPH and 2.0 M luminol were added to a cuvette containing 100 mM phosphate buffer
solution (pH 7.4, 37°C). In experiments with HyO5, a reaction mixture of phosphate buffer (100 mM, pH 7.4), hydrogen
peroxide (10 mM) and luminol (50 pM) was used. The baseline chemiluminescence signal was monitored for 60-90 s.
Upon stabilization of the chemiluminescent signal, the aliquot of ceric phosphate or ceria aqueous dispersion was added.

Detection of the chemiluminescence signal was carried out using a DISoft (Russia) Lum-1200 instrument equipped
with 12 detection channels. The experiments were performed with three replicates for each sample. The results were
processed using PowerGraph software (version 3.3).

3. Results and discussion

The isostructural nature of the compounds obtained was confirmed by X-ray phase analysis (Fig. 1). The calculated
unit cell parameters for the synthesised double ceric phosphates are given in Table 1 and agree well with previously
reported data [18-20]. From the data presented in Table 1 it follows that an increase in the cation size (KT <N HZ <Rb™
[14, 29, 30]) results in the expansion of the volumes of the corresponding unit cells due to the increase in the a and b
parameter values. The crystallite sizes calculated in two crystallographic directions were found to be less than 100 nm
(Table 1), with the smallest value for the RbCes(PO,)3 phase, and the largest for the NH4Ceo(PO,4)3 phase. Scanning
electron microscopy images confirm particle anisotropy, and the particle sizes were found to be close to the XRD data
(Fig. 2). The chemical composition was confirmed by EDX analysis.
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F1G. 1. Powder X-ray diffraction patterns of the products of HTMW treatment of ceric phosphate
gels formed upon the addition of 1 M KOH (a), NH;OH (b) or RbOH (c) aqueous solutions to ceric
phosphate solutions. The corresponding Bragg peak positions for ACez(POy)3 (A = NH;, K*, Rb™)
are shown below

TABLE 1. Structural parameters and crystallite sizes for the products of HTMW treatment of ceric
phosphate gels formed upon the addition of 1 M KOH, NH,OH or RbOH to ceric phosphate solutions

Sample KCeP NCeP RbCeP

1 M KOH aqueous | 1 M NH,OH aqueous | 1 M RbOH aqueous

Precipitating agent

B = 102.292(3)°

B = 102.794(3)°

solution solution solution
Phase composition KCey(POy)3 NH4Ces(POy)3 RbCes(POy4)3
S.G. C2/c S.G. C2/c S.G. C2/c
a=17.3764(8) A | a=17.4749(7) A a=17.502(1) A
Lattice parameters | b = 6.7316(3) A b=6.7711(3) A b= 6.7804(6) A
c=7.9700(4) A c=17.9988(3) A c=17.9867(7) A

B = 102.847(5)°

Crystallite size,

nm

(D)oo1 =60+ 3
(D)110 =70+3

<D>001 =110+£5
(D)110 =78 + 2

(D)oo = 28 £ 2
(D)110 = 36 £ 3

The redox behaviour of the synthesized isostructural compounds was evaluated in model systems. Experiments were
based on monitoring the chemiluminescence intensity from the oxidation of luminol by alkylperoxyl radicals (ROOe) or
hydrogen peroxide decomposition products.

In the first assay, introducing the samples into a reaction solution resulted in a decrease in luminol-dependent chemi-
luminescence compared to the control (Fig. 3). The degree of chemiluminescence inhibition varied among the samples,
reflecting their different radical-scavenging capacities (Fig. 3a). Overall, the observed kinetic profiles are characteristic of
long-acting antioxidants that scavenge free radicals at a relatively low rate [31].

To quantitatively evaluate the radical-scavenging properties of the nanoscale NH;Ce2(POy4)3, KCe2(POy)3 and
RbCey(POy4)3 samples, the areas of the luminescence suppression region (Scr, a.u.) were calculated. This parameter
is proportional to the number of the scavenged radicals and reflects the antioxidant capacity of a material (Fig. 3b).The
KCey(POy4)s and RbCes(PO4)3 samples showed the most pronounced antioxidant activity against organic radicals com-
pared to the ammonium-containing analogue. This difference is likely attributable to the smaller particle size of the
potassium and rubidium ceric phosphates, which leads to a higher concentration of surface-active sites (e.g., Ce3*/Ce?™
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ratio, oxygen vacancies and hydroxyl groups) [32-35] available for interaction with the components of the studied mix-
ture, including free radicals. Nanocrystalline cerium dioxide (4-5 nm) demonstrated the weakest antioxidant effect, in
contrast to the ceric phosphate suspensions. Since chemiluminescence was recorded under physiologically relevant con-
ditions (100 mM PBS, pH 7.4), this result aligns with literature reports on the inhibitory effect of phosphate ions on CeO4
activity. Inorganic phosphates and phosphate-containing molecules, which are abundant in biological environments, are
known to adsorb onto the surface of ceria nanoparticles and significantly suppress their catalytic properties [36-38].

Fig. 4 shows chemiluminograms obtained by adding suspensions of double ceric phosphates or cerium dioxide to a
reaction mixture containing HoO> and luminol (pH 7.4, phosphate buffer solution).

30+ adding sample
2500
25 1300 um
1500 um
2000 800 uM —I—
204 - + {‘ +
S
S 15. 1500+ < _I_ —
. ©
%)
104 1000
5 500 4
0+ T T T e 0 T T T T
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a

FIG. 4. a) Chemiluminograms characterising prooxidant activity of the of CeOs, NH4Ceo(POy)s,
KCe2(POy4)3 and RbCey(PO4)s (800 uM); b) light sums (S) as a function of ceric samples concen-
trations

Upon addition of the studied samples, a sharp, exponentially decaying increase in luminol-dependent chemilumi-
nescence was observed (Fig. 4a). This luminescence burst, caused by the generation of reactive oxygen species (ROS),
indicates the prooxidant properties of the compounds, consistent with data reported for other ceria-based nanomateri-
als [39,40]. Notably, the samples exhibit two distinct types of chemiluminescence kinetics: CeOy and NH4Ceo(PO4)s
show a sharp exponential decay whereas RbCes(PO4)3 and KCeo (PO, )3 produce flatter curves. The flatter profiles for the
rubidium and potassium ceric phosphates likely result from their lower reaction rate with hydrogen peroxide compared to
CCOQ and NH4CCQ(PO4)3.

For the quantitative assessment of prooxidant properties, we used the integral area under the chemiluminescence
curve (S) over a selected 5-minute period. This value is proportional to the amount of ROS generated. The data in
Fig. 4b show a dose-dependent increase in chemiluminescence for CeO2 and NH4Ces(PO4)3 nanoparticles. In contrast,
the RbCey(POy4)3 and KCeo(PO,4)s samples exhibited a decrease in prooxidant activity with increasing suspensions con-
centration. This inverse relationship between prooxidant activity and nanoparticle concentration is unusual. The most
probable reasons for this behavior, found in isolated examples from the literature, include the aggregation of nanoparti-
cles, leading to a decrease in the number of available surface-active sites [41], or ROS scavenging at high concentrations
of compounds [42—44]. The first explanation is unlikely, as such a reversible concentration-dependent relationship was
not observed in experiments with alkylperoxyl radicals. Therefore, we hypothesize that for potassium and rubidium ceric
phosphates, an increase in concentration promotes the scavenging of reactive oxygen species, which competes with the
decomposition of HyOs.

Thus, using two model systems, we have demonstrated for the first time the difference in redox behavior between
NH,4Ce2(PO4)3 and its isostructural potassium or rubidium analogues. Although the precise reasons for their different
redox activities cannot yet be definitively established, they are likely related to the cation type (NH;L|r or K*,Rb™) [45,46].
Several studies have demonstrated differences in the physicochemical properties of isostructural compounds containing
ammonium or alkali metal cations. For instance, it was shown that NH4ZnsBO3Cls exhibits superior nonlinear optical
properties compared to its KZns BO3Cls or RbZnsBO3Cl, analogues, attributed to a higher interlayer binding energy [47].
In another study, Johnson [48] calculated the solubility of ammonium perrhenate (H4ReOy4) to be considerably greater
than that of the potassium and rubidium salts (0.274, 0.0410, and 0.037 mol/kg, respectively). It is also necessary to
pay attention to the different thermal behavior of NH4Cey(POy4)3 compared to KCeo(PO4)s and RbCey(POy)s. Thus,
during the thermolysis of NH4Ces(PO,4)s, only CePO,4 formation and NO release were observed, presumably due to the
oxidation of ammonia by redox active species, such as ceric cations [19]. In contrast, the thermolysis of the potassium and
rubidium analogues leads to the crystallization of monazite (CePQ,) alongside KPO3 [20] or RbPOj3 [18] polyphosphates,
respectively.
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The results obtained in this study indicate that nanocrystalline double ceric phosphates ACe»(PO,)3 (A = NH;, K+,
Rb™) exhibit dual concentration-dependent antioxidant/prooxidant behaviour. These findings provide a starting point
for further in-depth study of ceric phosphates redox activity, which could contribute to developing new approaches for
preventing and treating diseases associated with oxidative stress [49,50].

4. Conclusions

This study represents the first comparative analysis of the redox activity of isostructural double ceric phosphates,
containing a monovalent cation. Compounds with the general composition ACeéV(PO4)3 (A=NH], K", Rb") and par-
ticle sizes less than 100 nm were successfully synthesized under hydrothermal-microwave treatment. Chemiluminescence
analysis using two model test systems demonstrated that the nature of the second cation in the studied ceric phosphates
significantly influences their redox properties. Specifically, suppression of chemiluminescence induced by alkylperoxyl
radicals was found to be more pronounced for potassium and rubidium ceric phosphates than for their ammonium coun-
terpart. A qualitative difference in the behavior of the studied compounds was observed in the chemiluminescent reaction
of HoO5 catalytic decomposition. Thus, NH,Ce2(PO,4)3 demonstrated an increase in prooxidant activity with concentra-
tion growth, while KCey(PO4)3 and RbCes(PO4)3 showed an unusual inverse dose-response relationship. These results
highlight the important role of the cation composition in modulating the biochemical properties of cerium-containing
nanomaterials, expanding the potential for their use as controlled pro-/antioxidant agents.
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JByxdrepMuonnbie peméTounblie onepaTopsl Ipéaunrepa ¢ B3anMoaencTBusi-
MH MKy OJHKANIIMMHA U BTOPHIMH OJIMZKAWIIMMH y3J1aMH

Jlakaes C.H., AdayxakumoB C.X., XacanoB A.B.

M1 uccnemyem onepatopsl IlIpémunrepa H ), (K ), acconuupoBaHHbIe C ABYX(pepMIOHHOI CHCTEMO
Ha TPEXMepHoOii peméTke 7° npyu (PUKCMPOBAHHOM MOJTHOM KBasuumIyibce K € T°, rie dacTuipl
B3aMMO/ICHICTBYIOT ITOCPEICTBOM CBSI3€i C OJIVKAMIIIMMU ¥ BTOPBIME OJIMKANIIIMU y3J1aMH C KOHCTaH-
TaMH B3auMOZeHcTBHA \, 1 € R. [lnst ciaydast K = (0 ycraHoBieHo, uto oneparop H),(0) nomyckaer
NpUBEIEHHOE MHBAPMAHTHOE MOANPOCTPAHCTBO, OrPAaHWYEHHE Ha KOTOPOE 3aBUCHUT TOJILKO OT Ia-
pamerpa ;1 € R. IlokazaHo, 4TO p-TTapamMeTpUyecKas NpsaMasl COIEPKUT JBE KPUTHUECKHUE TOUKH,
COOTBETCTBYIOILIME HUKHEMY M BEpXHEMY IOpPOraM CHEKTpa; B KaXkJ0W U3 3TUX TOUYEK OIpeeUTE b
dpearonsma npuBeIEHHOTO oneparopa odparaeTcs B Hylb. Kakas u3 KpUTHUECKUX TOYEK pa3ou-
BAaeT MapaMeTPUIECKYIO MPsIMYI0 Ha /IBa OECKOHEUHBIX MHTEPBAJa, HA KOTOPBIX YKCJIO COOCTBEHHBIX
3HAYEHUI, PaCIOJIOKEHHBIX HUKE (COOTBETCTBEHHO, BBILLE) CYLIECTBEHHOIO CIIEKTPa, OCTAETCS [IOCTO-
SIHHBIM. B 3aBMCHMOCTH OT 3HaY€HUs MapaMeTpa /4 COOTBETCTBYIOLIMI PUBEAEHHBIN ONIEPaTOp UMEET
POBHO OJIHO TUCKPETHOE COOCTBEHHOE 3HAYEHHE, PACIIOJIOKEHHOEe MO0 HUKe HUKHEN MPaHuLIbl, 1100
BBIIIIE BEPXHEN IpaHuUIIbl CYIIECTBEHHOro criekTpa. Kpome Toro, nonydeHa HUkKHss OIIEHKa Ha YKCJIO
JINCKPETHBIX COOCTBEHHBIX 3Hauenuii oneparopa Hy,(K) nns cex K € T°.

KarodeBbie ciioBa: aByx(depMuOHHas cucTteMa; pemérounslii oneparop Ipénunrepa; nuckperHole
COOCTBEHHbIE 3HAUEHHUS; CYIIECTBEHHBII CIIEKTP; MPUBEEHHOE MHBAPUAHTHOE TIOAIIPOCTPAHCTRBO.

Caab6o nepunoanueckas Mepa u ¢ha30BbIil IePexXo/1: (-COCTOSTHUSA H P-agudecKast
moaesib Ilorrca Ha nepese Kauam nopsiaka k

TyxtabaeB A.M.

B nanHoi#i pabote mccienyoTcs c1ad0 NMEepUOANYECKUE p-aAndecKue KBa3UIMOOCOBCKHE MephI IS
mozenu IlotTca ¢ q cocrosHusamu Ha epese Kamu nopsnka k. Kpome Toro, npogeMoHCTpupoBaHo,
YTO J1J151 BCEX (, HE MEHBIINX 3, ¥ K, HE MEHBIINX 2, CYIIECTBYIOT TAKOE IIPOCTOE YUCJIO P U TapaMeTp,
KOTOpbIE rapaHTUPYIOT BOSHUKHOBEHHE (pa30BOro Nepexosa.

KuroueBble caoBa: p-aguueckue uucia; moaenb [loTTca; p-aamyeckast KBa3UrMOOCOBCKasi Mepa;
TPaHCJIALMOHHO-UHBApUAHTHbIE, IEPUOANYECKHe, c1ado neproandeckue Mepol I n66ca; ¢ha3oBblii me-
pexon.

Pe3yabTaThl aHam3a koedanui 1 qudypepeHnuaabHOro ypapHeHus BTOpo-
ro nopsiAka ¢ 3ana3jablIBaHUEeM M HECKOJILKAMH OTKJIOHAIIIMMUCA apryMeHTAa-
MU

Amnoapacy I1., Caktusesn P.

Hccnenyercs konebaTesbHOE MOBEIEHNE BCeX pelleHnit audepeHIaibHOro ypaBHEeHUsT BTOPOTO
HOpsAKa C 3ara3/IbIBaHUEM, UMEIOIIEr0 HECKOJILKO OTKJIOHSIOIINXCS apI'yMEHTOB U HEOTpULIATEIbHBIX
k03 dunreHToB. [lomyyeHsl HEKOTOpBIE JOCTaTOYHbIE YCTIOBUA Ui KoneOanuid. [IpuBeneH Takxke
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IIpUMep, WUIIOCTPUPYIOIIUA 3HAYMMOCTD HAIIIUX OCHOBHBIX PE3YJIbTATOB.

KaioueBrnle cioBa: BTOpOI71 NopAAOK; HEMOHOTOHHBIEC APryMCHTBI; YPABHEHUSA C 3alla31bIBAHHUCM;
KoJIe0aTeIbHOE peIeHne

3agaua Komu 11 ypaBHeHUs1 4eTBEPTOro MOpPsiIKa ¢ APOOHOH MPOU3BOIHOI B
cmbiciie KamyTo

Wprames b.1O.

B panHo#i crathe uccaenyercd 3agada Komm B OMyIUIOCKOCTY U1 HEOQHOPOAHOIO YPaBHEHUS YET-
BEPTOTro Mopsiika ¢ ApoOHO Mpou3BoHOI B cMbiciie KaryTo. EquHCTBEHHOCTD peleHnst HOKa3biBa-
eTcs ¢ MOMOILbIo NpeoOpa3oBanus Jlamaca. [Ipy nocTpoeHnn pelieHns CHavyaia HaxoAsATCs YacTHbIe
pelleHus, BIpaxkeHHble yepe3 (pyHKUMU Paiita. 3ateM ¢ MOMOLIBIO 9TUX YAaCTHBIX PEILEHUIA CTPOSAT-
csa ¢gyHkuuu ['puna. Pemenue ctpoutcs B IBHOM BUJE ¢ Ucnosb30BaHueM (pyHkuuu ['puna. Takxe
MOy YeH SIBHBII BUJL (DyHAaMEHTAIbHOTO PELIECHHUS.

KuroueBble cJI0Ba: ypaBHEHUE YETBEPTOro Nopsaka, 3aaava Komwu, npoussoanas Kanyto, pyHkuus
Paiita, acumnroruka, pyHIaMeHTaIbHOE pellieHUe, CYyIlIeCTBOBAHUE, € JUHCTBEHHOCTb.

Kpurnueckoe oTHomeHue Macc u (pa30Bblil Iepexo/i B TPEXYACTHYHBIX pelné-
TOYHBIX CHCTeMax: CPaBHeHNe 0030HHOT0 U (pepPMHOHHOIO CJIyYaeB

Aobnynnaes [.U., Sumnusazos A.U., Honrononos M.B.

Mbl u3ydaem TpéxdacTHuHble onepaTopsl IlIpéunrepa Ha 1ByMepHON peméTke Z> U MOKa3bIBAEM,
YTO KPUTUUECKOE OTHOLIEHUE Macc 7, ~ 2.75194 omnpenenser CyliecTBOBAHUE CBA3aHHOTO TpUMeEpPa
B (pepMuoHHOI 2+1 KOHUrypauuu (aBa TOXKAECTBEHHBIX (DEpMUOHA U TPeThs yacTula). [Tpu v < .
MMeeTcs TONOJIOrMYecKoe 3anpelenue (nogasienue [ayam) TpéxuyacTHUHOro CBA3aHHOIO COCTOSIHUS,
TOTZa Kak NpH 7y > 7. BO3HUKAET ABaXIbl BRIPOXKJECHHOE COOCTBEHHOE 3HAUECHHUE HUXKE CYIIECTBEH-
HOTO CMEKTPa ¢ ACUMITOTHKO# CUITLHOM cBszM 2 (7Y, A) = —A + eo(y) + O(A ™). B pamkax equHoro
MO/IX0/1a, OCHOBAHHOTO Ha NpuHUmMNe bupmana—IlIBuHrepa 1 acCUMOTOTMYECKOM aHAJIU3€ B PEKUME
CWJIBHOM CBSI3M, Mbl CPABHMBAEM 3TO MOBEIEHUE ¢ OO30HHBIM CJIy4aeM TPEX TOXKIECTBEHHBIX YACTHII,
I71e Ba CBSI3AHHBIX COCTOSIHUSI CYLIECTBYIOT HMXE CYIIECTBEHHOIO CHEKTpa M SHEPrusi OCHOBHOI'O
cocrosHuA yaosneTsopseT 5 (1) = —3pu + Cy + O(p ). BosHukaomuii (ha30BbIii Iepexo BTOPOro
pofa 1Mo OTHOIICHUIO MacC 7y BaKeH IS IUIAHUPOBAHUS SKCIIEPUMEHTOB 110 (pepMUOHHBIM TpUMEpam
B OINTMYECKUX PEIIETKaX U AJIs MOJAEIUPOBAHUS SKCUTOHHBIX KOMIUIEKCOB M Je(DEeKTHO-CBA3aHHBIX
COCTOSIHUH B IByMEPHbIX HAHOMaTepuaJlax, Ijieé KpUTUIECKOE 3HAUCHHUE 7Y, CIIy)KUT OPUEHTUPOM AJIs
HaOJTI0JaeMOCTH TPEXUACTUYHBIX CBS3AHHBIX COCTOSIHMI. MBI Takke HaMeyaeM MOIU(UIIMPOBAHHYIO
TPEXYACTUYHYIO PEIIETOUHYI0 MOJIENb C IBYMsI KOHKYPUPYIOIIUMH KaHaJaMH B3aUMOJENHCTBUS, IS
KoTopo#t aHan3 bupmana-IlIBuHrepa ecrecTBeHHBIM 00pa30M MPUBOIUT K crieHapmio Jlannay ca-
30BOrO Ilepexojia MepBoro poja B IMPOCTPAHCTBE TPUMEPHBIX CBSA3AHHBIX COCTOSHUA. B 0030HHOM
CJlydae Mbl JOKa3bIBa€M TEOPEMY O CUJIbHOM CBSI3H, ONUCHIBAIOIIYIO CYIIECTBOBAaHUE U ACUMITOTHUKY
TPUMEPHBIX CBA3AHHBIX COCTOSIHUIA, a B (DEPMHOHHOM 2+1 cilyyae yCTaHaBJIMBAaEM TEOPEMY O CIIEK-
TpaJbHOM (ha30BOM IEPEXOJE, KOTOpas AAET ABHOE KPUTUUECKOE OTHOLLIEHUE MACC 7., Pa3jeJisioiiee
TPUMEPHBIIA U OECTPUMEPHBII PEKVIMBI.

Koarodesbie cioBa: Tpéxdactuunslil oneparop llpéaunrepa, peliETOYHBIE CUCTEMBI, CBS3aHHBIE CO-
CTOsIHUSA, 0030HBI, (PEPMUOHBI, KPUTUYECKOE OTHOILIEHUE Macc, (ha30BblIii Iepexo], puHIMN bupmana—
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[[IBuHrepa.

KaK BHOBDb 3aCTaBUTDb XPAHUTH HHBEPCHOE COCTOAHUEC
Ky3bmunues [I.C., Koncrantunos B.C., Cusbix H.A., Xakumos P.P.

B Hacrosiuei cratbe nokazaHa BO3MOXKHOCTb YBEJIMUUTh BPEMS XPaHEHU I KHBEPCHOTO cOCTOsIHUA OS
¢ 140 go 500 mun nipu 145 °C B cerHeToaNeKTpUuecKux KoujaeHcaTopax Ha ocHoBe Hf 5Zry 502 (HZO)
MyTeM CJIBUra BIPABO KOHEYHON TOUKHM UHTETPUPOBAHUS TOKA. YUeT MePEXOAHbIX MPOLECCOB MEKTY
YOPABJISIIONTUMH UMITYJIbcaMu TiocJie oTxura B Tedenue 500 mun npu remrepatype 145 °C no3BosnsieT
MOBBICUTh COXpaHsieMOCTb cOoCcTOsTHUS OS ¢ 21 % 1o 35 % ot HayaabHOTO 3HaYeHUs. [IpoTMBONOIOX-
Hasl TeHJEeHIMs BhIBJIeHA JJIs1 coCcTOSHUM SS (cHmkenue ¢ 56 % 1o 35 %) u NSS (camxenue ¢ 63 %
10 45 %). Takxe MOKa3aHO, YTO HAJIMYKME CIBUTA HAIPSKEHUs, BBI3BAHHOTO 3(P(PeKTOM UMIPUHTA,
B HEKOTOPBIX CJIydasiX MOXET ¥ He TPUBOJUTH JIeTpafaliuy Mosspu3aiun oaarogapsi TOKY, KOTOPBIM
MPOTEKAET Ha MOJIKE MAKCUMAJIbHOTO HAMPSIKEHUs YIPABJISIONIEr0 UMITYJIbCa.

Karouessie caoBa: TiN/HZO/TiN, coxpaHseMOCTb, UMIIPUHT, CETHETOJIEKTPHUK.

JucnepCHOHHBIN AaHAJIN3 U PeryJnpyeMble MarHUTHbIE CBOIICTBA JIBYOCHOTO I'i-
nepooIMIecKOro MeTaMaTepraJsa Ha OCHOBe reTepocTpyKTyp n-GaAs/AlGaAs

Hryen ®am Kynnb AHb

B nanHOM McciiejoBaHUY MTPEICTaBIEHBI TPOSKTUPOBAHUE U TEOPETUUECKUI aHAIU3 TIEpeCTPanBaeMo-
'O IBYOCHOTO rurepodomaeckoro Mmeramarepuaia (B’ MM), MOCTpOeHHOT0 U3 CIIOMCTO reTepOCTPYK-
Typbl n-GaAs/AlGaAs non Bo3ieiicTBEM BHEILIHETO MAarHUTHOTO NOJA. L{esb coOCTOUT B onTUMU3au
MepeCcTpPanuBaeMOCTH JJis yrnpasiieHus1 (popMoil fucnepcuu B TeparepiioBom (TI') nuana3one 4acTor.
Hcnonb3yeTcst mopens npudamkerus ¢ dextusHoit cpeasl (I19C), neMoHCTpUpyIOIasi COCyIecTBO-
BaHUeE JIBYX BOJIHOBBIX MO/, @ IMEHHO 3aMKHYTOH SJIMIICOUIATTbHOM U OTKPHITOH TUTIepOOION1aTbHOM
M304YaCTOTHOM MOBEPXHOCTU. Pe3ynbTaThl MOKa3bIBAIOT, YTO BHEIIHEE MATHUTHOE MOJIE ACHCTBYET Kak
MOIIHBIA MEXAHU3M HACTPOWKH, MO3BOJISAIOIINANA OCYIIECTBIATh CHEKTPAIbHbBIA CABUT JUCIIEPCUM U
aKTUBHOE TMEepeKIoUeHne Mexay runepoonmueckumu pexnmamvu tuna [ u tumna I1. Kpome Toro, ana-
JM3UPYIOTCS YCIOBUs, HEOOXOIUMBIE ISl TOCTHKEHUs IKCTPEMAILHOTO CKATUsI U309aCTOTHOM TO-
BepxHOoCTH (U3I1), 4TO MMeeT BaKHOE 3HAYEHUE U1 YIPABJICHWS HAPABJICHUEM JIydd. JTO CKATHE
MIPOUCXOJUT, KOrJla OJHA U3 KOMIIOHEHT JAUSJIEKTPUIECKON MPOHUIIAEMOCTH JIOCTUTAeT Upe3Bbluaii-
HO OOJIBINIMX 3HAYCHUIT, YTO MPUBOAUT K OOPA30BAHUIO MOYTH IJIOCKMX CErMEHTOB Ha M30YaCTOTHOM
MOBEPXHOCTH.

KuroueBbie ¢J10Ba: IByXOCHBII TUIIEPOOIMUECKIIA MeTaMaTeprall, TepareplioBblil YaCTOTHBIN Jraria-
30H, THIepOOIONIaIbHAS N309aCTOTHASI IOBEPXHOCTD, MPUOIIKeHNe 3(PPEKTUBHON Cpebl.

JIazepHas KOppeJAIIOHHAS CIIEKTPOCKONUSI HAHOAUCIIEPCHBIX PACTBOPOB B 00-
JIACTH MepexoJa K MHOTOKPAaTHOMY PacCesTHHIO CBeTa

[TnemrakoB U.B., ConosbeB A.B., AnekceeB A.A., Podanos .A.

B pabote paccmaTpuBaeTcs NIpUMEHEHUE J1a3epHON KOPPEISLMOHHON CIIEKTPOCKOIUM K HUCCIIE0Ba-
HUIO AUCIIEPCHBIX CHUCTEM /Il TAKOTO CJyyasi, KOTOPbIi MOXKHO pacCMaTpuBaTh KaK MEPEXOAHbINA K
pekMMy MHOTOKpPaTHOro paccesiHus. IlokazaHo, 4To gake HE3HAUYUTEJIbHOE HapyLIeHUe YCJIOBUS OJ-
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HOKPATHOTO PACCESHMSA 3a CUET YBEJIMYEHU I KOHIEHTPALMU PACCEUBAIOIIMX EHTPOB MOXKET IIPUBECTH
K 3(pekTy, KOTOPBIi U3MEHUT Pe3yJIbTaT U3MEPEHHUs pa3Mepa YacTUll. DTO CJIeyeT YUUTHIBATh MPU
M3y4YEHUH KOJUIOUIOB.

KuaroueBrnle cioBa: JIa3€pHasd KOppeIAIHOHHAA CIEKTPOCKOIIUA, MHOTOKPATHOC CBETOPACCEAHUC,
HaHO4YaCTHUIIBI.

Vhnpyrue u MexaHH4ecKHe CBOMCTBA CILIaBoB Ha ocHoBe Ti—Nb—Zr
bakymun A.B., Kynekosa C.E.

VYrpyrue CBOWCTBA U MEXaHMYECKHME XapaKTePUCTHKH CILIaBOB Ha OCHOBE Ti—Nbgys—Zrg OblM pac-
CYMTAHbl METOJOM TOYHBIX Ma((UH-TUH OopOUTAIeil B NMPUOIMAKEHUHA KOT€PEHTHOTO MOTEHIMAIA.
PaccmatpuBanoch jerupoBaHie MeTaniaMu, Takumu Kak Hf, Mg u ux KoMOMHAIMsMH, P 3TOM
UX KOHIIEHTpalus He mpeBbimana 5 at.%. Beuto mokaszano, yro podasienvie Hf u Mg npuBoaut
noHmxeHnio Monynsi FOHra kak u3-3a pasmepHoro 3¢¢eKTa, Tak U U3-3a MEKTPOHHOTrO (hakTopa.
Paccunrannsiii Moy FOHra gis tpoitnoro crasa Ti—Nbgy—Zrg (70.1 I'Tla) xopomo cornacyercs ¢
skcriepuMeHTabHbIM 3HaueHueM (70 I'Tla). Haumensitiee 3HaueHre Moyt FOHra 6010 paccuutaHo
s ciaBa Ti—Nboo—Zrg—Hfs—Mgs 5, nocturas 57 I'Tla. [lanbHefiniee yBeJndeHre KOHIIEHTPAIIUU
Mg npuBOAMT K OTpUIaTeIbHOMY 3HaYeHuo *C’* u gecradmim3anuu cruiaBa. Kpome Toro, jgerupo-
BaHue cruiaBa Ti—Nbgo—Zrg MPUBOIUT K CHUKEHUIO TBEPAOCTH U TPEIIMHOCTOMKOCTH, HO MIPU STOM
MOBBIIAETCS MHIEKC XPYIKOCTH.

KaroudeBblie cjioBa: criiaBbl TUTaHA, yIPyrue MOJY/IM, MEXaHUYECKUe CBOMCTBA, ab-initio pacueTsl

Poab permaparanuu-ruaparanuia B (pOpMHUPOBaAaHUN HAHOYACTHII CO CTPYKTY-
poll XpH30TWJIA NMPH TUAPOTepPMAaILHON 00padoTke cucrem Mg, Ni, (OH),—
SIOQ—HQO(NaOH)

Ansmamesa O.B., Kypryskuna ML.E., I'ycapos B.B.

TepMmoanHamuyeckuii aHanu3 TpaHcgopmanuii ruapokcuioB B cucreme Mgy . Ni,.(OH),—-S105,—H50
MIPU TUJPOTEPMATILHOM CHHTE3€ HAaHOTYOY/ISIPHBIX YaCTHIL CO CTPYKTYPOI XpHU30THIA MTOKA3aJl pella-
IOIIYI0 POJIb TIPOIIECCOB MX IETUpaTaIllii U MOBTOPHOTO 0OpA30BaHUs TUAPOKCHUIIOB B X0/ TUAPO-
TepMaJIbHON 0OpabOTKM peareHTOB Ha COCTaB U MOP(OIOTMUECKUE MapaMeTphl LIEJEBOroO MPOLYKTa.
B 3aBucuMocTH OT cOocTaBa TMIPOKCHUIHOIO peareHTa u 1—P-yCJOBWil B peaklIMOHHON Cpelie 30He
BBIJIEJICHBI TPU O0JIACTH, B KOTOPHIX PE3KO U3MEHSETCS MeXaHU3M (hOPMHUPOBAHUST HAHOTYOY ISAPHBIX
YacTHUIl CO CTPYKTYPOW XpU30TUJIA, YTO U SIBJISETCS HENMOCPEACTBEHHON MPUYMHON HEMOHOTOHHOM
3aBucMMOCT Mg/Ni COOTHOIIIEHUS U pa3MEpHBIX MapaMeTpoB HaHOTPYOoK (Mg;-,Ni,)3SioO5(OH)4
oT Mg/Ni COOTHOILIEHUS B UCXOAHOM T'MIPOKCH/IE.

KuroueBble cioBa: TBEPIBIX PacTBOPHI, TMIPOKCU/IBI, OKCUABI, XPU30TWI, HAHOTPYOKH, TMIPOTEp-
MaJIbHbI{l CUHTE3, TEPMOJMHAMHUYECKUE PACUETHI

BumsiHue ycioBuil cuHTe3a nopomka Gd,Zr,O; Ha cBOICTBa KePaAMHKH HA €ro
OCHOBe, NI0JIyYeHHOI MeTO/10M JIeKTPONCKPOBOI0 CIIeKAHMS

Bunorpanos B.1O., [lyauna [1.B., EcukoB M.A., lllepouna O.5., Edppemos B.B., Kaniakuna A.M.
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B pabote BriepBble MPOBEACHO CPABHUTEIBHOE HCCIEIOBAHUE MUKPOCTPYKTYPhl M MEXaHHMUECKUX
CBOICTB KEepaMUKM LMPKOHATa TrafoJMHUS, TOTYyYEeHHOH METOJOM 3JEKTPOMCKPOBOIO CIEKaHUS U3
TUAPOKCUIHBIX TPEKYPCOPOB, CHHTE3UPOBAHHBIX O€3 U C UCIIONB30BaHIEM MeXaHOaK THBaIMu. Mcxon-
HBII TIPEKypcop OBUT MOMTyYeH METOIOM OOpPAaTHOTO COOCaKAEHHS TMIPOKCUAOB. MeXxaHOaK THBAIHS
(MA) npekypcopa npoBojuiachk B rmianetapHoit mesbHulle AI'O-2 npu nenTpodexHoM ¢aktope 20
g B TeyeHre 30 muH. C NOMOIIBIO pEHTTEHO(PA30BOr0 aHaIM3a MOKA3aHO, YTO KEPAMUKA ABJIAETCS
HAaHOKPUCTALIMYECKON. MexaHnueckue CBOMCTBA (MUKPOTBEPAOCTh U Moy b IOHra) kepamuku, mo-
JIy4YEHHOI Ha OCHOBE MEXaHOAKTUBHUPOBAHHOTO MIPEKYPCOpa, MPEBOCXOAAT aHAJIOTMYHbIE NTOKA3aTes N
KEpaMMKU Ha OCHOBE MCXOAHOTO NPEKypcopa.

KuroueBrble cioBa: HUPKOHAT ragoJMHuA, KEpaMrKa, MEXaHOAKTUBALIUA, IIPEKYPCOP, JIEKTPOUCKPO-
BO€ CIICKaAHHUE

Peiokc noBeieHHe HAHOPa3MePHLBIX ABOMHBIX opTodoccaTos nepusa(IV) cocra-
Ba ACe;(PO,); (A=NH;,K",Rb")

Ko3znosa T.O., Co3apykoBa M.M., Koznos JI.A., llefiuenko E./I., benappkoBa A.O., Bacuisesa [I.H.,
Bbapanunkos A.E., lIBanos B.K.

[TpoBeieHO CpaBHUTETLHOE UCCTIeIOBAaHUE OKUCTUTETbHO-BOCCTAHOBUTEIBLHOTO TIOBEICHU ST HAHOKPH-
CTaUTMYECKUX U30CTPYKTYPHBIX JBOAHBIX opTodpocdaTos nepusa(IV) cocraba ACey(PO,)3 (A =NH],
K™, Rb"). YcTaHOB/IEHO, UTO 110 OTHOMIEHHIO K AJKMJINIEPOKCHILHBIM PaJUKaIaM WU IEPOKCUY BO-
J0poJia B KauecTBe aKTUBHBIX (pOpM KUCIIOpoAa Bee ABoriHble ocdartsl nepusi(IV) nefictBoBanu kak
AQHTHOKCHU/IAHTHI WJT IPOOKCUAAHTHI, COOTBETCTBEHHO. AHTHOKCUAAHTHAS aKTUBHOCTD MO OTHOIIEHUIO
K aJIKAJIMEPOKCUIIBHBIM paJKaiaM OKa3aslach Bhille y ochaToB, COAepKaIINX KaTUid WU PyOUIuil.
[MpumeuatensHo, uto 111 KCey(PO4); 1 RbCey(PO,); Obita oOHapykeHa oOpaTHasi 3aBUCHMOCTD
KaTaJIMTUYECKON aKTMBHOCTU OT KOHIeHTpauu B peakuuu ¢ HoOo, B oTiimune ot NH,Ceo(POy)s.
OKHUCIUTETHO-BOCCTAHOBUTEILHOE MOBEIEHHEe HAHOPA3MEPHOT O JUOKCH/IA IIepHsl, UCTIOIb30BAHHOTO
IUIsl CpaBHEHM S, ObLIIO aHAJIOTMYHO TMoBeieHuio oprodocdara nepusa(IV)-aMMOHUsA, HO 3HAYUTETHHO
HIKE B aOCOMIOTHBIX 3HAUYEHUSX. DTO ObLJIO 00BSACHEHO MoaBAIUM 3 dekToM dochaT-aHMOHOB,
MPUCYTCTBYIOIIUX B Oy(hepHBIX pacTBOPaX.

KaroueBrnle cioBa: paduKaJI-IepeXBaTbIBAOIIAA CHOCO6HOCTB, ITPOOKCUAAHTHAA aKTUBHOCTb, XCMU-
JIIOMUHECHECHIU A, U3OCTPYKTYPHOCTD.
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