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ABSTRACT We study the Schrödinger operators Hλµ(K) that model a two-fermion system on the three-
dimensional lattice Z3, where total quasimomentum is fixed at K ∈ T3, and the particles interact through
nearest- and next-nearest-neighbor couplings with strengths λ, µ ∈ R. For K = 0, we establish that Hλµ(0)
admits reducing invariant subspace whose restriction depends solely on the parameter µ ∈ R. This µ parame-
ter line contains two critical points corresponding to the lower and upper spectral thresholds; at each of these
points, the Fredholm determinant of the restricted operator vanishes. Each of these critical points divides the
parameter line into two infinite intervals, where the number of eigenvalues lying below (or above) the essential
spectrum remains constant. Depending on µ, the corresponding reduced operator has exactly one discrete
eigenvalue, located either below the bottom or above the top of the essential spectrum. Moreover, we derive a
lower bound on the number of discrete eigenvalues of Hλµ(K) for all K ∈ T3.
KEYWORDS Two-fermion system; lattice Schrödinger operator; discrete eigenvalues; essential spectrum; re-
duced subspaces.
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1. Introduction

Lattice models play a central role in many areas of modern physics. Among these are the two-body and three-body
lattice Hamiltonians, which represent simplified formulations of the Bose- and Fermi-Hubbard models respectively, and
describe systems with fixed number of identical particles. For one-particle lattice Schrödinger operators defined on one-
, two-, and three-dimensional lattices, the existence, finiteness, and localization of discrete eigenvalues relative to the
essential spectrum have been established; see, for example, the one- and two-dimensional cases in [1, 2] and the three-
dimensional setting in [3]. These results were subsequently extended to two-particle lattice systems. In particular, for
Hamiltonians on one-, two-, and three-dimensional lattices on-site (zero-range) interactions and one-step nearest-neighbor
interactions, the existence of discrete eigenvalues below and above the essential spectrum was rigorously proved. More-
over, at zero total quasi-momentum K = 0, the threshold phenomena such as the appearance of an eigenvalue or a
virtual level at the spectral edges were analyzed in detail [4–7]. These studies also revealed a pronounced dependence on
bound states on the total quasi-momentum and covered both bosonic and fermionic symmetry classes. The three-particle
problem was subsequently investigated for lattice Schrödinger Hamiltonians on one- and three-dimensional lattices with
zero-range (on-site) interactions. In this setting, the structure of the essential spectrum and the finiteness or infiniteness
of the discrete spectrum were described, and, in the presence of a zero-range resonance in the corresponding two-particle
subsystems, Efimov-type effects and asymptotic laws for the distribution of eigenvalues were established [8–14]. More-
over, these discrete Hamiltonians may be viewed as natural approximations to their continuous counterparts [15]. By
discretizing configuration space, one obtains bounded operators on the lattice Hilbert spaces whose spectral behaviour
approximates that of the continuous few-body Schrödinger operators in the continuum limit; this observation allows a
rigorous treatment of few-body quantum systems within the framework of bounded operator theory and often simplifies
technical aspects of the spectral analysis. However, unlike the continuous setting, the few-body lattice Hamiltonian does
not admit a full separation of the center-of-mass motion: the lattice discretization breaks the continuous translation (and
Galilean) symmetry and couples center-of-mass and relative degrees of freedom. Nevertheless, the system retains discrete
translational invariance, which makes it possible to apply the Floquet-Bloch decomposition. As a result, the full lattice
Hamiltonian decomposes into a direct integral of fiber operators H(K) parameterized by the quasimomentum K ∈ Td,
so that spectral questions may be reduced to the analysis of these fiber operators (see, for example, [16, Section 4]). In the
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current paper, we investigate the spectral properties of a family of Hamiltonians describing two-fermion lattice systems
with nearest- and next-nearest-neighbor interactions. In particular, the Hamiltonian studied here represents the three-
dimensional case of the model presented in [16]. In the momentum representation, after a von Neumann direct integral
decomposition over the quasi-momentum K ∈ T3, the two-fermion system is described by the fiber Schrödinger operator
(see [4, 16])

Hλµ(K) = H0 + Vλµ, λ, µ ∈ R, (1)
acting in the subspace

L2,o(T3) = {f ∈ L2(T3) : f(−p) = −f(p)},
of odd functions on the torus T3 = (−π, π]3 with Haar measure.

The free Hamiltonian part is the multiplication operator

H0(K)f(p) = EK(p)f(p), EK(p) = ε

(
K

2
+ p

)
+ ε

(
K

2
− p

)
, ε(p) = 2

3∑
i=1

(1− cos pi), (2)

and interaction Vλµ is an integral operator in L2,o(T3) with smooth kernel

vλµ(p) = µ

(
3∑

i=1

cos pi

)2

+ µ

3∑
i=1

cos2 pi + λ

3∑
i=1

cos pi − 3µ, p ∈ T3,

in particular, the rank of Vλµ depends on the values λ, µ ∈ R and does not exceed 12.
For K = 0, since the operator H0(0) is multiplication by an even, permutation-symmetric function and the parity

structure of Vλµ, one obtains the decomposition

L2,o(T3) =
⊕

θ∈{eeo,eoe,oee,ooo}

L2,θ(T3) (3)

where, for example, θ = eeo means that the function is even in the first two coordinates and odd in the third.
In the case θ = ooo the interaction vanishes, so this subspace does not contribute to the discrete spectrum. For

each θ ∈ {eeo, eoe, oee}, the subspace L2,θ(T3) is naturally associated with a distinguished transposition σ = σθ of the
coordinate variables, defined by

σeeo(p1, p2, p3) = (p2, p1, p3), σeoe(p1, p2, p3) = (p3, p2, p1), σoee(p1, p2, p3) = (p1, p3, p2).

With respect to the action of this transposition σθ, the space L2,θ(T3) admits the orthogonal decomposition

L2,θ(T3) = L2,θ,sym(T3)⊕ L2,θ,asym(T3), (4)

where

L2,θ,sym(T3) = {f ∈ L2,θ(T3) : f ◦ σθ = f}, L2,θ,asym(T3) = {f ∈ L2,θ(T3) : f ◦ σθ = −f}.
We focus on the antisymmetric subspaces

L2,θ,asym(T3), θ ∈ {eeo, eoe, oee}
and, by unitary equivalence, reduce the analysis to the representative case θ = eeo.

Our main results are as follows:
(i) Unitary equivalence of Hθ,asym

µ (0) for θ ∈ {eeo, eoe, oee};
(ii) Exact determination of the eigenvalues of Hθ,asym

µ (0) outside the essential spectrum;
(iii) Bounds on the number of eigenvalues of Hλµ(K) for arbitrary K ∈ T3.
Further, we study the class of rank-one self-adjoint perturbations V for which the perturbed Schrödinger operator

Hθ,asym
µ (0) possesses a prescribed number of eigenvalues lying to the left or right of its essential spectrum. The model is

exactly solvable, and its discrete spectrum demonstrates the creation and annihilation of bound states triggered by small
perturbations of potential V supported on finite subsets of the three dimensional lattice Z3. When such a phenomenon
of emergence and disappearance occurs at the lower (resp. upper) edge of the essential spectrum of Hθ,asym

µ (0), we
say that the operator is critical at that edge. We prove that the set of perturbations V leading to criticality consists of a
single point on the parameter line. This yields a precise algebraic-geometric framework for analyzing the stability and
bifurcation of bound states in the lattice Schrödinger operators. Finally, since the eigenvalues of Hθ,asym

µ (0) are in one-
to-one correspondence with the zeros of the Fredholm determinant ∆µ(z) (see [7]), the problem reduces to the study of
the zeros of ∆µ(z).

Previous works [2, 3, 7, 16] have studied the two-particle Schrödinger operator Hλµ(K), where K ∈ Td denotes the
total quasimomentum of the two-particle system. This operator naturally emerges in the framework of the Bose-Hubbard
model, which describes the quantum dynamics of two identical particles bosons or fermions on a discrete lattice Zd in
spatial dimensions (1 ≤ d ≤ 3). The particle interactions are governed by two real parameters, λ and µ, representing the
strengths of the interaction at the same site and between nearest-neighbor sites, respectively. For the three-dimensional
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lattice Z3, the bosonic operator Hγλµ(K) with on-site (γ) and nearest-neighbor (λ, µ) interactions was analyzed in [17].
It was shown that its restriction to a certain invariant subspace depends only on the interaction parameters λ and µ;
the mechanisms of eigenvalue emergence and disappearance are described in terms of the critical operator. Moreover,
conditions ensuring the existence of exactly α eigenvalues below and β eigenvalues above the essential spectrum, with
α + β ≤ 2, were established. For the two-dimensional lattice Z2, the same operator structure was considered in [18]
with on-site (γ), nearest-neighbor (λ, µ), and next-nearest-neighbor (µ) interactions. It was proved that, for suitable
interaction parameters, the operator has exactly seven eigenvalues outside the essential spectrum for all K ∈ T2.

The structure of the paper is as follows. In Section 2, we introduce the two-fermion Schrödinger operator in the
quasimomentum representation. In Section 3, several preliminary results are established. The main results of the paper
are formulated in Section 4. Finally, Section 5 is devoted to the detailed proofs of these results.

2. Schrödinger operator of a two-fermion system on lattices

2.1. The two-fermion Schrödinger operator in the quasimomentum representation

We denote by T3 = (R/2πZ)3 ≡ (−π, π]3 the three-dimensional torus. It can be naturally identified with the
Pontryagin dual group of Z3 and is equipped with the Haar measure dp.

In the quasimomentum representation, the lattice Schrödinger operator Hλµ(K),K ∈ T3 of the two-fermion system
acting in the subspace L2,o(T3) of odd functions on T3, L2,o(T3) = {f ∈ L2(T3) : f(−p) = −f(p)} (see [4, 16]).

The operator Hλµ(K) is given by

Hλµ(K) := H0(K) + Vλµ, λ, µ ∈ R, (5)

whereH0(K) is the multiplication operator associated with the function defined by (2) and the potential Vλµ is an integral
operator of the form

[Vλµf ](p) =
λ

4π3

3∑
i=1

sin pi

∫
T3

sin qif(q)dq +
µ

4π3

3∑
i=1

sin 2pi

∫
T3

sin 2qif(q)dq+

+
µ

2π3

∑
1≤i<j≤3

(
cos pi sin pj

∫
T3

cos qi sin qjf(q)dq + cos pj sin pi

∫
T3

cos qj sin qif(q)dq

)
. (6)

Both operators H0(K) and Vλµ are bounded and self-adjoint. In scientific literature, the parameter K ∈ T3 is
commonly referred to as the two-particle quasimomentum, while Hλµ(K) is usually called the discrete Schrödinger
operator associated with the two-particle Hamiltonian Ĥλµ.

3. Some preliminaries

3.1. Analyzing the essential spectrum of discrete Schrödinger operators

The rank of the operator Vλµ, which depends on the values of λ and µ, is at most twelve. Due to this, and by applying
Weyl’s theorem, the essential spectrum of Hλµ(K) is the same as the spectrum of H0(K) for any K ∈ T3. This means
that σess(Hλµ(K)) equals the spectrum of H0(K), i.e.,

σess(Hλµ(K)) = σ(H0(K)) = [Emin(K), Emax(K)], (7)

where the minimum and maximum values of the essential spectrum are given by:

Emin(K) := min
p∈T3

EK(p) = 4

3∑
i=1

(
1− cos

Ki

2

)
≥ Emin(0) = 0,

Emax(K) := max
p∈T3

EK(p) = 4

3∑
i=1

(
1 + cos

Ki

2

)
≤ Emax(0) = 24,

and the function EK(p) is defined as:

EK(p) := 4

3∑
i=1

(
1− cos

Ki

2
cos pi

)
. (8)
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3.2. Decomposition into invariant subspaces and unitary equivalence

For each θ ∈ {eeo, eoe, oee, ooo}, let L2,θ(T3) ⊂ L2,o(T3) denote the subspaces of odd functions defined by

L2,eeo(T3) = {f ∈ L2,o(T3) : f(p1, p2, p3) = f(−p1, p2, p3) = f(p1,−p2, p3)}
L2,eoe(T3) = {f ∈ L2,o(T3) : f(p1, p2, p3) = f(−p1, p2, p3) = f(p1, p2,−p3)}
L2,oee(T3) = {f ∈ L2,o(T3) : f(p1, p2, p3) = f(p1,−p2, p3) = f(p1, p2,−p3)}

L2,ooo(T3) = {f ∈ L2,o(T3) : f(p1, p2, p3) = −f(−p1, p2, p3) = −f(p1,−p2, p3)}
for a.e (p1, p2, p3) ∈ T3.

Lemma 1. The equality
L2,o(T3) =

⊕
θ∈{eeo,eoe,oee,ooo}

L2,θ(T3) (9)

holds true.

Proof. Let f ∈ L2,o(T3). Define the following four functions:

f eeo(p1, p2, p3) =
1

4

[
f(p1, p2, p3) + f(−p1, p2, p3) + f(p1,−p2, p3)− f(p1, p2,−p3)

]
∈ L2,eeo(T3),

f eoe(p1, p2, p3) =
1

4

[
f(p1, p2, p3) + f(−p1, p2, p3)− f(p1,−p2, p3) + f(p1, p2,−p3)

]
∈ L2,eoe(T3),

foee(p1, p2, p3) =
1

4

[
f(p1, p2, p3)− f(−p1, p2, p3) + f(p1,−p2, p3) + f(p1, p2,−p3)

]
∈ L2,oee(T3),

fooo(p1, p2, p3) =
1

4

[
f(p1, p2, p3)− f(−p1, p2, p3)− f(p1,−p2, p3)− f(p1, p2,−p3)

]
∈ L2,ooo(T3).

By direct calculation, we have f = f eeo + f eoe + foee + fooo.
Let h = fθ1fθ2 , where θ1 ̸= θ2 and θ1, θ2 ∈ {eeo, eoe, oee, ooo}. The function h = fθ1fθ2 is odd in at least one

variable, hence, its integral over T3 vanishes. Therefore, ⟨fθ1fθ2⟩ = 0, which proves orthogonality. □

By the structure of the perturbation operator Vλµ, its restriction to L2,ooo(T3) vanishes. Therefore, it suffices to
analyze the remaining three subspaces L2,eeo(T3), L2,eoe(T3) and L2,oee(T3), each admitting a decomposition into sym-
metric and antisymmetric components with respect to the corresponding transposition:

σθ =


(12), if θ = eeo,

(13), if θ = eoe,

(23), if θ = oee.

Lemma 2. For any f ∈ L2,θ(T3), θ ∈ {eeo, eoe, oee}, there exists an orthogonal decomposition f = f sym + fasym

where f sym is symmetric and fasym is antisymmetric under the transposition σ.

Proof. For f ∈ L2,θ(T3), define:

f sym :=
1

2
(f(p) + f(σθp))

fasym :=
1

2
(f(p)− f(σθp))

These satisfy:
• f = f sym + fasym (by direct computation)
• f sym(σθp) = f sym(p) (symmetric)
• fasym(σθp) = −fasym(p) (antisymmetric)

□

We define the symmetric and antisymmetric subspaces of L2,θ(T3) with respect to the σ transposition as

L2,θ,sym(T3) :=
{
f ∈ L2,θ(T3) : f(p) = f(σθp)

}
,

L2,θ,asym(T3) :=
{
f ∈ L2,θ(T3) : f(p) = −f(σθp)

}
.

The operator H0(0) is a multiplication operator defined by the even function E0(p), that is symmetric with respect to
permutation of the variables p1, p2, p3. This operator acts on the space L2,o(T3). Hence, for each parity type θ, the
subspaces L2,θ,sym(T3) and L2,θ,asym(T3) are invariant with respect to H0(0).

According the equalities

2 cos p1 cos q1 + 2 cos p2 cos q2 = (cos p1 + cos p2)(cos q1 + cos q2) + (cos p2 − cos p1)(cos q2 − cos q1),

2 cos p1 cos q1 + 2 cos p3 cos q3 = (cos p1 + cos p3)(cos q1 + cos q3) + (cos p3 − cos p1)(cos q3 − cos q1),

2 cos p2 cos q2 + 2 cos p3 cos q3 = (cos p2 + cos p3)(cos q2 + cos q3) + (cos p3 − cos p2)(cos q3 − cos q2),
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the operator Vλµ in (6) can be written as

[Vλµf ](p) =
λ

4π3

3∑
i=1

sin pi

∫
T3

sin qif(q)dq +
µ

4π3

3∑
i=1

sin 2pi

∫
T3

sin 2qif(q)dq

+
∑

i,j,k∈{1,2,3}
i̸=j ̸=k

µ

4π3
[sin pi(cos pj + cos pk)

∫
T3

sin qi(cos qj + cos qk)f(q)dq

+ sin pi(cos pj − cos pk)

∫
T3

sin qi(cos qj − cos qk)f(q)dq]. (10)

From (10), it follows that the subspaces L2,θ,sym(T3) and L2,θ,asym(T3) are invariant subspaces of the operator Vλµ.
Consequently, these subspaces are also invariant with respect to Hλµ(0), and hence, they provide a reduction of this
operator. Therefore, the spectrum of the operator Hλµ(0) satisfies

σ
(
Hλµ(0)

)
=

⋃
θ∈{eeo, eoe, oee}

σ
(
Hλµ(0)

∣∣
L2,θ,sym(T3)

)
∪ σ
(
Hλµ(0)

∣∣
L2,θ,asym(T3)

)
. (11)

Let us denote by V θ,asym
µ the restriction of the operator Vλµ to the antisymmetric subspaces L2,θ,asym(T3); note that this

restriction does not depend on λ, since the coupling constant λ appears only in the symmetric part of Vλµ. Applying the
representation (10) of the Vλµ yields

[V eeo,asym
µ f ](p) =

µ

4π3
sin p3(cos p2 − cos p1)

∫
T3

sin q3(cos q2 − cos q1)f(q)dq,

[V eoe,asym
µ f ](p) =

µ

4π3
sin p2(cos p3 − cos p1)

∫
T3

sin q2(cos q3 − cos q1)f(q)dq,

[V oee,asym
µ f ](p) =

µ

4π3
sin p1(cos p3 − cos p2)

∫
T3

sin q1(cos q3 − cos q2)f(q)dq.

Let us introduce the notation

Hθ,asym
µ (0) := Hλµ(0) |L2,θ,asym(T3)= H0 + V θ,asym.

Lemma 3. Let

U1 : L2,eoe,asym(T3) → L2,eeo,asym(T3), U2 : L2,oee,asym(T3) → L2,eeo,asym(T3)

be the permutation operators defined for almost all (p1, p2, p3) ∈ T3 by

(U1f)(p1, p2, p3) = f(p1, p3, p2), (U2f)(p1, p2, p3) = f(p2, p3, p1).

Then

U1V
eoe,asym
µ U∗

1 = V eeo,asym
µ , U2V

oee,asym
µ U∗

2 = V eeo,asym
µ .

Consequently, the Hamiltonians

Hθ,asym
µ (0), θ ∈ {eeo, eoe, oee},

are unitarily equivalent, and hence have identical spectra. It is therefore sufficient to analyze the case θ = eeo.

Proof. The operators U1 and U2 are unitary since coordinate permutations preserve the Lebesgue measure on T3. By con-
struction, V θ,asym

µ is defined by the same formula Vµ, with the role of the variables permuted according to θ. Conjugating
V eoe,asym
µ by U1 relabels the coordinates (p2, p3), yielding V eeo,asym

µ , and similarly for U2. Since Hθ,asym
µ (0) is the sum

of the same free part and the corresponding V θ,asym
µ , these conjugation relations extend directly to the full Hamiltonians,

proving their unitary equivalence. □

Remark 1. This lemma establishes that the Hamiltonians associated with the labels eeo, eoe and oee are unitarily equiv-
alent, as they differ only by permutations of coordinates. Consequently, their spectra coincide, and it is sufficient to carry
out the spectral analysis for any one of these Hamiltonians.

Remark 2. The main objective of this work is to characterize the eigenvalues ofHeeo,asym
µ (0) that lie outside the essential

spectrum. In particular, we aim to estimate the number of eigenvalues of the operator Hλµ(K) for any K ∈ T3.
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4. Main results of the work

It is known that the essential spectrum of the operator Heeo,asym
µ (0) coincides with the interval [0, 24]. To identify

discrete eigenvalues of Heeo,asym
µ (0), we aim to derive an implicit equation using Fredholm determinant theory. To

determine the discrete eigenvalues, it suffices to consider the eigenvalue equation

Heeo,asym
µ (0)f = zf

for z ∈ R \ [0, 24] and nontrivial functions f ∈ L2,eeo,asym(T3). The Fredholm determinant associated with the operator
Heeo,asym

µ (0), denoted by ∆µ(z), is given by

∆µ(z) = 1 + µa(z), (12)

where

a(z) =
1

4π3

∫
T3

sin2 p1(cos p3 − cos p2)
2dp

E0(p)− z
. (13)

Lemma 4. A number z ∈ R \ [0, 24] is an eigenvalue of the operator Heeo,asym
µ (0) if and only if the condition

∆µ(z) = 0 (14)

is satisfied. Furthermore, within R \ [0, 24] the function ∆µ(z) admits at most one root.

The proof of this lemma is quite standard (cf., e.g., [3, 7]).

Lemma 5. The functions ∆µ(z) and a(z) defined in R \ [0, 24] are real-valued. Moreover, a(z) is strictly increasing and
positive in (−∞, 0), strictly increasing and negative in (24,+∞), and satisfies the following asymptotic relations:

lim
z↗0

a(z) = a(0), lim
z↘24

a(z) = −a(0), lim
z→±∞

a(z) = 0,

and
lim
z↗0

∆µ(z) = 1 + a(0)µ, lim
z↘24

∆µ(z) = 1− a(0)µ, lim
z→±∞

∆µ(z) = 1.

Proof. The asymptotic formulas for the function a(z), defined in (13) can be proved as in Lemma 4.7 of [16]. Hence, we
omit the corresponding calculations. The asymptotic behavior of the function ∆µ(z) follows directly from (12) together
with the asymptotic of a(z). □

Remark 3. The value a(0) is given by the integral representation (see (13))

a(0) =
1

4π3

∫
T3

sin2 p1(cos p3 − cos p2)
2

E0(p)
dp.

A numerical evaluation using a standard quadrature on a uniform grid (with mesh size N × N × N and convergence
check in N ) gives

a(0) ≈ 0.0891,

with accuracy about 10−4 (stable under further grid refinement).

The following theorem presents the first main result of this paper, which gives one a complete description of the
discrete spectrum of the operator Heeo,asym

µ (0).

Theorem 1. Let µ ∈ R. Then the following statements hold for Heeo,asym
µ (0).

(i) For any µ ∈ [− 1

a(0)
,

1

a(0)
] the operator Heeo,asym

µ (0) has no eigenvalues outside the essential spectrum.

(ii) For any µ < − 1

a(0)
the operator Heeo,asym

µ (0) has a unique simple eigenvalue z(µ; 0) < 0 and the associated

eigenfunction can be written as

fµ(p) = C
sin p3(cos p2 − cos p1)

E0(p)− z(µ; 0)
, p ∈ T3, (15)

where C ∈ R is a (nonzero) normalization constant.

(iii) For any µ >
1

a(0)
, the operator Heeo,asym

µ (0) has a unique simple eigenvalue z(µ; 0) > 24 and the associated

eigenfunction can be written as

fµ(p) = C
sin p3(cos p2 − cos p1)

z(µ; 0)− E0(p)
, p ∈ T3, (16)

where C ∈ R is a (nonzero) normalization constant.



Two-fermion lattice Schrödinger operators 149

4.1. Critical operators

To clarify the mechanisms responsible for eigenvalue emergence and annihilation, we introduce the notion of a critical
operator.

Definition 1. We say that the operator Heeo,asym
µ (0) is critical at a point µ0 ∈ R if the map

R ∋ µ 7→ tr EHeeo,asym
µ (0)

(
R \ σess(Heeo,asym

µ (0))
)

(17)

is discontinuous at µ0. Here EH(·) denotes the spectral projection of the operator Heeo,asym
µ (0).

Similarly, we say that Heeo,asym
µ (0) is critical at an endpoint z = 0 or z = 24 of the essential spectrum if there exist

points µ(−)
0 , µ

(+)
0 ∈ R such that the maps

R ∋ µ 7→ tr EHeeo,asym
µ (0)

(
(−∞, inf σess(H

eeo,asym
µ (0)))

)
, and

R ∋ µ 7→ tr EHeeo,asym
µ (0)

(
(supσess(H

eeo,asym
µ (0)),∞)

)
(18)

are discontinuous at µ(−)
0 and µ(+)

0 , respectively.

Remark 4. Since the map in (17) takes only integer values, we obtain the following equivalent characterization: The
operator Heeo,asym

µ (0) is critical at µ0 ∈ R if the number of its eigenvalues outside the essential spectrum fails to remain
constant in any neighborhood of µ0. Likewise, Heeo,asym

µ (0) is critical at the lower endpoint z = 0 (resp. the upper
endpoint z = 24) if there exists µ0 ∈ R such that the number of eigenvalues below (resp. above) the essential spectrum is
not constant in any neighborhood of µ0.

The following theorem provides a precise characterization of the criticality of the operator Heeo,asym
µ (0) in terms of

the real parameter µ.

Theorem 2. The operator Heeo,asym
µ (0) is critical at the lower threshold z = 0 (resp., the upper threshold z = 24) of the

essential spectrum if and only if the leading asymptotic terms of the determinant ∆µ(z) at the corresponding endpoint
satisfy

1 + a(0)µ = 0 (resp., 1− a(0)µ = 0).

In other words, the determinant ∆µ(z) vanishes at z = 0 or z = 24 according to these asymptotics.

According to the min-max principle, the number of eigenvalues of the operator Hλµ(K) located outside the essential
spectrum is not fixed but remains bounded above by twelve.

Theorem 3. Assume that K ∈ T3 and (λ, µ) ∈ R2.

(i) If µ < − 1

a(0)
, then the operator Hλµ(K) has at least three eigenvalues located below the essential spectrum.

(ii) If µ >
1

a(0)
, then the operator Hλµ(K) has at least three eigenvalues located above the essential spectrum.

5. Proofs of the main results

We first prove the following lemma on the roots of the function ∆µ, which will be used to establish the main result.

Lemma 6. Let µ ∈ R.

(i) If µ < − 1

a(0)
, then the function ∆µ(·) has a unique root ξ1(µ) in (−∞, 0).

(ii) If µ ∈ [− 1

a(0)
,

1

a(0)
], then the function ∆µ(·) has no roots in R \ [0, 24].

(iii) If µ >
1

a(0)
, then the function ∆µ(·) has a unique root ξ2(µ) in (24,+∞).

Proof. Let us prove the item (i). If µ < − 1

a(0)
, then according to Lemma 5

lim
z↗0

∆µ(z) < 0

and
lim

z→−∞
∆µ(z) = 1.

Hence there exists a number ξ1(µ) in (−∞, 0) such that

∆µ(ξ1(µ)) = 0.

Since the rank of the operator V eeo,asym
µ is equal to one, there exists a unique root.
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If µ ∈ [− 1

a(0)
,

1

a(0)
], then according to Lemma 5, the inequalities

lim
z↗0

∆µ(z) > 0, lim
z↘24

∆µ(z) > 0

hold. Since
lim

z→±∞
∆µ(z) = 1,

the functions ∆µ(·) has no roots.

Finally, if µ >
1

a(0)
, then according to Lemma 5,

lim
z↘24

∆µ(z) < 0

and
lim

z→+∞
∆µ(z) = 1.

Hence there exists a number ξ2(µ) in (24,+∞) such that

∆µ(ξ2(µ)) = 0.

Since the rank of the operator V eeo,asym
µ is equal to one, there exists a unique root. □

Proof of Theorem 1 follows from Lemma 4 and 6. □
Proof of Theorem 2. We establish the result for the lower threshold; the case of the upper threshold follows by a

similar argument.
Let µ−

0 be a point such that 1 + a(0)µ = 0. By Theorem 1, parts (i) and (ii), for every neighborhood of µ−
0 there

exists a value of µ for which the number of eigenvalues ofHeeo,asym
µ (0) lying below the essential spectrum is not constant.

Equivalently, by Remark 4, the mapping

V eeo,asym
µ 7−→ trEHeeo,asym

µ (0)

(
(−∞, inf σess(H

eeo,asym
µ (0)))

)
is discontinuous at µ−

0 . According to Definition 1, this implies that whenever the equality 1 + a(0)µ = 0 holds, the
operator Heeo,asym

µ (0) is critical at the lower threshold of the essential spectrum.
Conversely, assume that Heeo,asym

µ (0) is critical at the lower edge of the essential spectrum. Then there exists a point
µ−
0 at which the function

V eeo,asym
µ 7−→ trEHeeo,asym

µ (0)

(
(−∞, inf σess(H

eeo,asym
µ (0)))

)
is discontinuous. Suppose that µ−

0 ̸= − 1
a(0) . In this case, by Theorem 1, parts (i) and (ii), one can find a neighborhood

U(µ−
0 ) in which the number of eigenvalues ofHeeo,asym

µ (0) lying below its essential spectrum does not vary, contradicting
the assumption of criticality. From this contradiction, it follows that µ−

0 = − 1
a(0) . □

5.1. Analysis of the discrete spectrum of the operator Hλµ(K)

For any n ≥ 1, we define two quantities: en(K;λ, µ) andEn(K;λ, µ). These are defined using a min-max approach.
The first quantity, en(K;λ, µ), is the largest lower bound for the expectation value of the operator Hλµ(K) with

respect to a normalized vector ψ, where ψ is orthogonal to a set of n− 1 vectors ϕ1, . . . , ϕn−1 from the space L2,o(T3).
The second quantity, En(K;λ, µ), is the smallest upper bound for the same expectation value, under the same con-

ditions.
According to the min-max principle, we have the inequalities en(K;λ, µ) ≤ Emin(K) and En(K;λ, µ) ≥ Emax(K).
Since the rank of the operator Vλµ is at most twelve, one can choose a set of twelve vectors, ϕ1, ϕ2, . . . , ϕ12, from its

range. Consequently for all n ≥ 13, the following equalities hold: en(K;λ, µ) = Emin(K) andEn(K;λ, µ) = Emax(K).

Lemma 7. Assume that n ≥ 1 and i ∈ {1, 2, 3}. The following two properties hold:

(i) For fixed values of Kj where j ̸= i, the function

Ki 7→ Emin((K1,K2,K3))− en((K1,K2,K3);λ, µ)

is non-increasing in the interval (−π, 0] and non-decreasing in [0, π].
(ii) Similarly, for fixed Kj with j ̸= i, the function

Ki 7→ En((K1,K2,K3);λ, µ)− Emax((K1,K2,K3))

also exhibits the same monotonic behavior, being non-increasing in (−π, 0] and non-decreasing in [0, π].
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Proof. We may,without loss of generality, assume that i = 1. Let ψ ∈ L2,o(T3) be an arbitrary vector. Consider the
quadratic form associated with shifted operator (H0(K)− Emin(K)):

((H0(K)− Emin(K))ψ,ψ) =

∫
T3

3∑
i=1

cos Ki

3

(
1− cos qi

)
|ψ(q)|2 dq, K := (K1,K2,K3).

If we regarded expression as a function of the single variable K1 ∈ T, it is evident that it is non-decreasing in (−π, 0] and
non-increasing in [0, π]. This monotonicity follows directly from the properties of the cosine function. Since the potential
operator Vλµ does not depend on K, the corresponding function

K1 7→ en(K;λ, µ)− Emin(K)

inherits the same monotonic behavior. Therefore,for each n ≥ 1, this function is non-decreasing in (−π, 0] and non-
increasing in [0, π].

An entirely analogous argument applies to the functions

Ki 7→ En(K;λ, µ)− Emax(K),

demonstrating the monotonicity of the shifted eigenvalues from above. □

Theorem 4. Let λ, µ ∈ R. Suppose that the operator Hλµ(0) has n eigenvalues (counting multiplicities) located below
(respectively, above) its essential spectrum. Then, for every K ∈ T3, the operator Hλµ(K) also possesses at least n
eigenvalues lying below (respectively, above) its essential spectrum.

Proof. We rely on Lemma 7, which establishes certain monotonicity properties of the eigenvalues with respect to K.
Specifically, for any K ∈ T3 and any integer m ≥ 1, the following inequalities hold:

0 ≤ Emin(0)− em(0;λ, µ) ≤ Emin(K)− em(K;λ, µ),

Em(K;λ, µ)− Emax(K) ≥ Em(0;λ, µ)− Emax(0) ≥ 0.

Assume that for some λ, µ ∈ R, the value en(0;λ, µ) is a discrete eigenvalue of the operator Hλµ(0). By definition of a
discrete eigenvalue, this implies

Emin(0)− en(0;λ, µ) > 0.

Combining this observation with the inequalities above, we immediately deduce that for any K ∈ T3, the eigenvalue
en(K;λ, µ) remains strictly below Emin(K), i.e.,

en(K;λ, µ) < Emin(K).

Since the eigenvalues are arranged in increasing order,

e1(K;λ, µ) ≤ . . . ≤ en(K;λ, µ) < Emin(K),

it follows that the operator Hλµ(K) possesses at least n discrete eigenvalues lying below its essential spectrum.
An entirely analogous argument applies to the eigenvalues En(K;λ, µ), establishing the corresponding result for

eigenvalues above the essential spectrum. □

Proof of Theorem 3 will prove by combining the results of Theorem 4 and Theorem 1. □

6. Conclusion

In this work, we performed a detailed spectral analysis of the two-fermion lattice Schrödinger operators Hλµ(K) on
the three-dimensional lattice Z3 with nearest- and next-nearest-neighbor interactions. By reducing the problem to invariant
subspaces and studying the associated Fredholm determinant, we identified two critical spectral points that determine the
behavior and number of discrete eigenvalues. Our results demonstrate that the reduced operator possesses exactly one
discrete eigenvalue depending on the interaction strength and provide explicit bounds for the number of eigenvalues
for arbitrary quasimomentum. Furthermore, we described a class of rank-one self-adjoint perturbations that induce the
creation or annihilation of bound states, offering a clear algebraic-geometric framework for understanding stability and
bifurcation phenomena. These findings deepen the understanding of spectral properties of lattice Schrödinger operators
and contribute to the mathematical foundations of interacting quantum systems.
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1. Introduction

The application of p-adic analysis in the study of complex physical systems, particularly nanosystems, is motivated
by the non-Archimedean nature of hierarchical structures [1, 2]. Nanomaterials often exhibit fragmented, fractal, or
hierarchical energy landscapes where traditional Euclidean geometry fails to capture the underlying dynamics [3]. In
this context, the p-adic metric provides a more natural framework for describing the ultrametricity inherent in disordered
systems, such as spin glasses and polymers at the nanoscale [4]. This aligns with the fundamental work of G. Parisi and
his collaborators, who established that the state space of complex disordered systems possesses a hierarchical, ultrametric
structure [5, 6].

In nanoscience, the relaxation processes in complex molecules (e.g., proteins or nanoclusters) often occur through a
hierarchy of energy barriers. As noted in the work of Avetisov (et al.), the transition dynamics between states in these
systems can be modeled using p-adic diffusion equations [7]. The p-adic Gibbs measure, as explored in this paper, pro-
vides the statistical foundation for understanding equilibrium states in such hierarchical models, offering a more accurate
representation of thermodynamic stability in non-Archimedean state spaces [8].

The p-adic Potts model on a Cayley tree serves as a powerful mathematical abstraction for analyzing interactions
within branched polymers and dendrimers [9]. Dendrimers are nanoscopic, highly branched macromolecules whose
structural symmetry is perfectly mirrored by the topology of the Cayley tree, also known as the Bethe lattice. The
topological congruence between these nanostructures and the Cayley tree makes the study of phase transitions-specifically
the existence of multiple Gibbs measures-essential for predicting how “information” or “energy” is distributed across these
molecular networks under non-Archimedean temperature constraints. Such theoretical insights are increasingly crucial
for the development of molecular electronics and the design of functional nanomaterials [10]. By investigating the q-state
p-adic Potts model, this research provides a rigorous mathematical framework to evaluate the stability of thermodynamic
phases in hierarchical molecular assemblies, offering a predictive toolset for future simulations of nanostructured systems.

While traditional statistical mechanics uses the field of real numbers R, p-adic mathematical physics, as pioneered by
Volovich and Khrennikov, suggests that at the Planck scale or within specific disordered media, the geometry of space-
time or state-space may be non-Archimedean [1, 11]. For Nanosystems, this is particularly relevant in:
Quantum dots and tunneling: Where discrete energy levels and hierarchical transitions dominate [12].
Molecular dynamics: Where the “basins of attraction” in a protein’s folding landscape form an ultrametric space [7, 13].

By analyzing the q-state p-adic Potts model, this research contributes to the theoretical understanding of phase tran-
sitions in systems where interactions follow a hierarchical logic. This provides a rigorous mathematical toolset for future
simulations of nanostructured materials and hierarchical molecular assemblies [14].

© Tukhtabaev A.M., 2026



154 A. M. Tukhtabaev

The Potts model is used in many areas, including magnetism, physics, image processing, medicine, sociology, biology
and social dynamics (see e.g., [15]).

The p-adic Potts model was initially studied on the integers Z (see [16]), and the existence of a phase transition was
proven when | q |p< 1. This model was first studied on a Cayley tree in [17]. In that paper, it has been proven that
there is a unique Gibbs measure when | q |p= 1, and at least two Gibbs measures when | q |p< 1. Subsequently, the
research moved forward with [18], which introduced the notion of a p-adic quasi Gibbs measure. Furthermore, this paper
achieved two significant goals: it classified the p-adic interpretation of phase transition into three separate categories, and
it provided a rigorous demonstration of a strong phase transition for the model when situated on the binary tree.

Subsequent academic contributions have concentrated on various specialized aspects of the model, including: the ex-
amination of the chaotic behavior associated with the p-adic Potts-Bethe mapping ( [19–21]), the analysis of translation-
invariant p-adic Gibbs measures ( [22, 23]), studies related to periodic p-adic quasi Gibbs measures ( [24–26]), the con-
struction and study of non-periodic, constructive measures ( [25, 27–29]). Related investigations also addressed weakly
periodic Gibbs measures defined over the real numbers ( [30, 31]) and explored weakly periodic p-adic quasi Gibbs
measures as applied to the Ising model ( [32, 33]). Most recently, for the 3-state Potts model on the binary tree, [34]
successfully demonstrated that a phase transition occurs when p > 3, and a quasi phase transition is present when p = 3.

Several recent studies [35–37] have extensively investigated various lattice models, such as the mixed spin-1/2 and
spin-1 Ising model, the three-state SOS model with one-level competing interactions, and the Hard-Core-Potts model.
These investigations were primarily conducted within the framework of the real number field R, where the authors estab-
lished specific conditions for the occurrence of phase transitions on the Cayley tree.

In [38], the authors investigated translation-invariant p-adic quasi Gibbs measures for the q-state Potts model with an
external field on a Cayley tree of order two and established the conditions for phase transitions. In contrast, the present
paper explores a broader class of weakly periodic p-adic quasi Gibbs measures for the q-state Potts model without an
external field on a Cayley tree of an arbitrary order k ≥ 2, rigorously demonstrating that a phase transition always occurs
under certain parameter regimes.

This paper extends the foundational work of [34] by focusing on weakly periodic p-adic quasi Gibbs measures for the
q-state Potts model defined on the Cayley tree of order k. Detailed in Sections 4 and 5, a significant discovery is the proof
establishing the occurrence of a phase transition phenomenon for all configurations where q ≥ 3 and k ≥ 2, provided
certain values of p and θ are present.

2. Preliminaries

2.1. p-adic numbers and measures

For the field of rational numbers, Q, and a predetermined prime p, any x ∈ Q \ {0} possesses a representation
x = pr

n

m
, where r ∈ Z, m ∈ Z+, and n,m are integers such that gcd(n, p) = gcd(m, p) = 1.

The p-adic norm on Q, defined as | x |p= p−r for non-zero x = pr
n

m
and | 0 |p= 0, is a non-Archimedean valuation.

Consequently, it adheres to the strong triangle inequality, which states that | x+ y |p≤ max{| x |p, | y |p}.
Later, we will use the following important properties of the p-adic norm:

1) if | x |p ̸=| y |p, then | x± y |p= max{| x |p, | y |p};
2) if | x |p=| y |p, then | x± y |p≤| x |p.

The field of rational numbers, Q, is incomplete with respect to the p-adic norm. The completion of Q under this
norm results in the construction of the field of p-adic numbers, Qp. Every non-zero p-adic number y possesses a unique
canonical expansion:

y = pγ(y)(y0 + y1p+ y2p
2 + ...),

where the p-adic valuation γ(y) ∈ Z and the coefficients yj satisfy 0 < y0 ≤ p − 1 and 0 ≤ yj ≤ p − 1 for j ≥ 1. The
p-adic norm is extended to Qp as | y |p= p−γ(y), where γ(y) is also denoted as ordp(y).

Let a be an element of the p-adic field Qp and let r > 0. We define the open ball B(a, r), the closed ball B(a, r),
and the sphere S(a, r) centered at a with radius r as the sets:

B(a, r) = {x ∈ Qp : | x− a |p< r},

B(a, r) = {x ∈ Qp : | x− a |p≤ r},
S(a, r) = {x ∈ Qp : | x− a |p= r}.

The sets Zp := B(0, 1) and Z∗
p = S(0, 1) are respectively called p-adic integers and p-adic units.

p-adic exponential is defined by

expp(x) =

∞∑
n=0

xn

n!
,
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which converges for x ∈ B(0, p−1/(p−1)).
Put

Ep =
{
x ∈ Qp :| x− 1 |p< p−1/(p−1)

}
.

The set Ep is a range of exponential. A more detailed see [39], [1].

Lemma 1. (Hensel’s lemma) [40,41] Let F (x) be a polynomial whose coefficients are p-adic integers. Let x∗ be a p-adic
integer such that for some i ≥ 0 one has

F (x∗) ≡ 0(mod p2i+1), F ′(x∗) ≡ 0(mod pi), F ′(x∗) ̸≡ 0(mod pi+1).

Then F (x) has a p-adic integer root x∗ such that x∗ ≡ x∗(mod pi+1).

The symbol o[x] was adopted in the work [42] to facilitate simplified computations. By definition, z = o[x] means
that | z |p<| x |p.

Let Fp = {1, 2, ...p− 1}. It is known [43] that, Fp is a group under the multiplication. Let a ∈ Z∗
p, k = mps and

Solp(x
k − a) = {ξ ∈ Fp : ξk − a = o[1]}, κp = card(Solp(x

k − a)) = (m, p− 1),

here (c, d) is the greatest common divisor of c and d.

Theorem 1. [42, 44] Let p ≥ 3 and let k = mps, where (p,m) = 1, s ≥ 0. Suppose that a ∈ Z∗
p and it has the

following canonical form:
a = a0 + a1p+ a2p

2 + ...

with Solp(x
k − a) ̸= ∅. Then the followings conditions are equivalent:

i) xk = a has a solution;
ii) a = ap

s

0 + o[ps];
iii) for any ξ ∈ Solp(x

k − a) the equation xk = a has a unique solution in B(ξ, 1).

Moreover, if the equation xk = a has a solution, then its number of solutions equals κp = (m, p− 1).

Note that, if a ∈ Qp \ Z∗
p, after substituting x =

x∗

| x |p
, a =

a∗
| a |p

, we obtain the equation xk
∗ = a∗ under condition

k | ordp(a) (k divides ordp(a)). Clear that here a∗ ∈ Z∗
p.

In [45], the equation xk = a was studied in Q2.
Let (X,B) be a measurable space, where B represents an algebra of subsets of X . A function µ : B → Qp is

termed a p-adic measure if it satisfies the property of finite additivity: for any finite collection of pairwise disjoint sets
A1, A2, . . . , An ∈ B, the following equality holds:

µ

 n⋃
j=1

Aj

 =

n∑
j=1

µ(Aj).

Furthermore, if the total measure is unity (µ(X) = 1), the p-adic measure is specifically referred to as a p-adic probability
measure. A p-adic measure µ is defined as bounded if the supremum of the p-adic norm of the measures of all sets in the
algebra is finite:

sup{| µ(A) |p: A ∈ B} < ∞.

2.2. Cayley tree

The Cayley tree Γk (where k ≥ 1) is an infinite (k + 1)-regular graph, meaning every vertex has a degree of
k + 1. Let V and L denote the vertex and edge sets, respectively. An edge l = ⟨x, y⟩ signifies that x and y are nearest
neighbors. Given a fixed root x0 ∈ Γk, d(x, y) represents the length of the shortest path between x and y. We define
the shells Wn = {x ∈ V : d(x, x0) = n} and the finite subgraph Vn = {x ∈ V : d(x, x0) ≤ n}, with Ln being the
corresponding set of edges in Vn. For any vertex x ∈ Wn, S(x) is the set of its direct successors (neighbors in Wn+1):
S(x) = {y ∈ Wn+1 : d(y, x) = 1}. The set of all neighbors of x is S1(x) = {y ∈ V : d(y, x) = 1}, and the unique
parent of x (the neighbor closer to the root) is denoted x ↓= S1(x) \ S(x) (see [46]).

3. p-adic quasi Gibbs measure for the Potts model

The model is defined over the p-adic numbers (Qp). States (Φ): Each vertex x on the graph V can be in one of q
possible states, Φ = {1, 2, . . . , q}. Configuration (σ): A configuration is an assignment of states to the vertices. ΩA is the
set of all possible configurations on a subset A of vertices. Configuration union: The operation (σn−1 ∨ φ(n)) provides
a way to define a configuration on a larger set Vn by combining an existing configuration σn−1 on the smaller set Vn−1

with a configuration φ(n) on the boundary or complement Wn = Vn \ Vn−1. This is crucial for building the measure
step-by-step toward the infinite system.
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The (formal) Hamiltonian of the p-adic Potts model is defined by

H(σ) = J
∑

⟨x,y⟩∈L

δσ(x)σ(y) (1)

where J ∈ B(0, p−1/(p−1)) is a coupling constant, ⟨x, y⟩ stands for nearest neighbor vertices and δij is the Kronecker’s
symbol, i.e.

δij =

{
0, if i ̸= j,

1, if i = j.

Assume that h : V → Qq
p is a mapping, i.e. hx = (h1,x, h2,x, ..., hq,x), where hi,x ∈ Qp, i ∈ Φ and x ∈ V . Given

n ∈ N, we consider a sequence of p-adic probability measures µ(n)
h on ΩVn

defined by

µ
(n)
h (σ) =

1

Z
(h)
n

expp{Hn(σ)}
∏

x∈Wn

hσ(x),x, (2)

where σ ∈ ΩVn
, and Z(h)

n is the corresponding normalizing factor

Z(h)
n =

∑
σ∈ΩVn

expp{Hn(σ)}
∏

x∈Wn

hσ(x),x. (3)

We say that p-adic probability measures (2) are compatibly if all n ∈ N and σn−1 ∈ ΩVn−1
:∑

φ(n)∈ΩWn

µ
(n)
h (σn−1 ∨ φ(n)) = µ

(n−1)
h (σn−1). (4)

We notice that a non-Archimedean analogue of the Kolmogorov’s extension theorem was proved in [16]. According to this
theorem if (4) holds, then there exists a unique splitting p-adic measure µh on Ω such that for all n ∈ N and σ ∈ ΩVn−1

,

µ(σ ∈ Ω : σ|Vn
≡ σn) = µ

(n)
h (σn), for all σn ∈ ΩVn

, n ∈ N.
Such measure is called a p-adic quasi Gibbs measure corresponding to the Hamiltonian (1) and vector-valued function
hx, x ∈ V. By QG(H) we denote the set of all p-adic quasi Gibbs measure associated with function h = {hx, x ∈ V }. If
all values of hx belong to the set Ep then corresponding measure be p-adic Gibbs measure (see [18]).

The following statement is equivalent to compatibility of µ(n)
h .

Theorem 2. [18] The p-adic probability measures µ(n)
h , n ∈ N are defined by (2) satisfy the compatibility condition (4)

if and only if for any n ∈ N the following equation holds:

ĥx =
∏

y∈S(x)

F (ĥy, θ), (5)

here a vector ĥ =
(
ĥ1, ĥ2, ..., ĥq−1

)
∈ Qq−1

p is defined by a vector h = (h1, h1, ..., hq) ∈ Qq
p as follows

ĥi =
hi

hq
, i = 1, 2, ..., q − 1 (6)

and mapping
F : Qq−1

p ×Qp → Qq−1
p is defined by F (x; θ) = (F1(x; θ), ..., Fq−1(x; θ), 1) with

Fi(x; θ) =

(θ − 1)xi +
q−1∑
j=1

xj + 1

q−1∑
j=1

xj + θ

, x = (x1, x2, ..., xq−1) ∈ Qq−1
p , i = 1, q − 1. (7)

It is easy to check that the set of vectors (h, ..., h, h︸ ︷︷ ︸
m

, 1, ..., 1), (m = 1, ..., q − 1) is invariant for the right side of (5)

as a mapping. Therefore, in what follows, we restrict ourselves to ones of such lines, let us say (h, h, ..., h, 1).

4. Weakly periodic p-adic quasi Gibbs measure

Let Gk be a group of the free product of k + 1 cyclic groups of the second order with generators a1, a2, ..., ak+1,
respectively. There exists a one-to-one correspondence between the set of vertices V of the Cayley tree Γk and the group
Gk (see [47]). Let G∗

k be a normal subgroup of the group Gk and Gk/G
∗
k = {H1, H2, ...,Hr}, r ≥ 1 is a quotient group

of Gk by G∗
k.

Definition 1. A set h = {hx, x ∈ Gk} of quantities is called G∗
k-periodic if hx = hi, for all x ∈ Hi. A Gk-periodic

quantities are called translation-invariant.
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Definition 2. A set of quantities h = {hx, x ∈ Gk} is called G∗
k-weakly periodic if hx = hij , for any x ∈ Hi and

y↓ ∈ Hj .

Definition 3. A p-adic quasi Gibbs measure µ is said to be G∗
k-(weakly) periodic if it corresponds to a G∗

k-(weakly)
periodic h. A Gk-periodic measure is called a translation-invariant measure.

Let

HA = {x ∈ Gk :
∑
i∈A

ωx(ai) is an even number},

where ∅ ̸= A ⊆ Nk = {1, 2, 3, ..., k + 1}, and ωx(ai) is the number of letters ai in a word x ∈ Gk. Note that HA is a
normal subgroup of the Gk (see [46]). It can be checked that weakly periodic Gibbs measure depends on choosing the
normal subgroup of Gk. In real case, different weakly periodic Gibbs measures are found (see [30], [31]). The set of
weakly periodic Gibbs measures also includes the set of periodic (in particular translation-invariant) Gibbs measures.

HA is a normal divisor of index 2 in Gk, i.e. Gk/HA = {H0, H1} (see [46]). If | A |= k + 1 (where | A | is the
number of elements of the set A ), i.e. A = Nk, then weakly periodic measure coincides with G

(2)
k -periodic measure.

Therefore, we consider A ⊂ Nk such that A ̸= Nk. HA-weakly periodic collection hx has the following form

hx =



h1, if x ∈ H0, x↓ ∈ H0,

h2, if x ∈ H0, x↓ ∈ H1,

h3, if x ∈ H1, x↓ ∈ H0,

h4, if x ∈ H1, x↓ ∈ H1,

(8)

where H0 = HA and H1 = Gk \HA [46].
We assume that hi =

(
h
(1)
i , h

(2)
i , ..., h

(q−1)
i , 1

)
. Let h(j)

i = hi, j = 1, q − 1, i = 1, 4. Using (5) and (8), we can obtain
following system of the equations



h1 =

(
(θ + q − 2)h1 + 1

(q − 1)h1 + θ

)k−|A|

·
(
(θ + q − 2)h2 + 1

(q − 1)h2 + θ

)|A|

,

h2 =

(
(θ + q − 2)h3 + 1

(q − 1)h3 + θ

)|A|−1

·
(
(θ + q − 2)h4 + 1

(q − 1)h4 + θ

)k+1−|A|

,

h3 =

(
(θ + q − 2)h1 + 1

(q − 1)h1 + θ

)k+1−|A|

·
(
(θ + q − 2)h2 + 1

(q − 1)h2 + θ

)|A|−1

,

h4 =

(
(θ + q − 2)h3 + 1

(q − 1)h3 + θ

)|A|

·
(
(θ + q − 2)h4 + 1

(q − 1)h4 + θ

)k−|A|

.

(9)

For simplicity, let | A |= 1. In this case, we denote by HA1
the set

HA1 = {x ∈ Gk : ωx(a1) is an even number}.

Then (9) gives one 

h1 =

(
(θ + q − 2)h1 + 1

(q − 1)h1 + θ

)k−1

· (θ + q − 2)h2 + 1

(q − 1)h2 + θ
,

h2 =

(
(θ + q − 2)h4 + 1

(q − 1)h4 + θ

)k

,

h3 =

(
(θ + q − 2)h1 + 1

(q − 1)h1 + θ

)k

h4 =
(θ + q − 2)h3 + 1

(q − 1)h3 + θ
·
(
(θ + q − 2)h4 + 1

(q − 1)h4 + θ

)k−1

.

(10)
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We consider the following operator A : Q4
p → Q4

p defined as

h′
1 =

(
(θ + q − 2)h1 + 1

(q − 1)h1 + θ

)k−1

· (θ + q − 2)h2 + 1

(q − 1)h2 + θ
,

h′
2 =

(
(θ + q − 2)h4 + 1

(q − 1)h4 + θ

)k

,

h′
3 =

(
(θ + q − 2)h1 + 1

(q − 1)h1 + θ

)k

h′
4 =

(θ + q − 2)h3 + 1

(q − 1)h3 + θ
·
(
(θ + q − 2)h4 + 1

(q − 1)h4 + θ

)k−1

.

(11)

It is obvious that the sets of vectors

I1 = {h = (h, h, h, h) | h ∈ Qp}, I2 = {h = (h1, h2, h2, h1) | h1, h2 ∈ Qp}
are invariant in respect to the operator A.

Clearly, the fixed points of the operator A on invariant set I1 are translation-invariant solutions of (5), i.e.

h =

(
(θ + q − 2)h+ 1

(q − 1)h+ θ

)k

. (12)

To find the fixed points of the operator A on the invariant set I2, one should solve the following system of equations
h1 =

(
(θ + q − 2)h1 + 1

(q − 1)h1 + θ

)k−1

· (θ + q − 2)h2 + 1

(q − 1)h2 + θ
,

h2 =

(
(θ + q − 2)h1 + 1

(q − 1)h1 + θ

)k

.

(13)

FIG. 1. This figure depicts the placement of values h1 and h2 associated with the invariant set I2 on
the Cayley tree of order four.

Using group representation of Cayley tree Γk, the values hx, x ∈ V corresponding to the invariant set I2 are defined
as follows:

(A). If at vertex x, we have hx = h1 then

hy =


h1, on k − 1 vertices of S(x);

h2, on 1 vertex of S(x),
(14)

(B). If at vertex x, we have hx = h2 then hy = h1, where y ∈ S(x) (see Figure 1).

By the notation k
√
h2 = x, we get h1 =

1− θx

(q − 1)x− (θ + q − 2)
. It follows from the first equation of (13) that

1− θx

(q − 1)x− (θ + q − 2)
= xk−1 · (θ + q − 2)xk + 1

(q − 1)xk + θ
,

or
(q − 1)(θ + q − 2)x2k − (θ + q − 2)2x2k−1 + θ(q − 1)xk+1 − (θ + q − 2)xk−1 + θ2x− θ = 0. (15)
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Using notation k
√
h2 = x, one obtains from (12) that

(q − 1)xk+1 − (θ + q − 2)xk + θx− 1 = 0. (16)

Factoring the left hand side of (15), we have(
(q − 1)xk+1 − (θ + q − 2)xk + θx− 1

)
·
(
(θ + q − 2)xk−1 + θ

)
= 0. (17)

Finding non-translation weakly periodic solutions of (15) is equivalent to solving the following equation

xk−1 = − θ

θ + q − 2
, (18)

where θ + q − 2 ̸= 0.

Remark 1. It is easy to see that if k is odd and x∗ is a solution of (18) then −x∗ is also a solution of (18).

Let θ = 1 + pl(θl + θl+1p + ...), l ≥ 1, a = − θ

θ + q − 2
= pγ(a)(a0 + a1p + ...), a0 ̸= 0, (b, c) be the greatest

common divisors of b, c and k − 1 = mps, where (m, p) = 1, s ∈ {0, 1, 2, ...}.

Theorem 3. Let | q − 1 |p< 1. Then the following assertions hold

• if | θ − 1 |p ̸=| q − 1 |p then the equation (18) is solvable iff
(1) k − 1 divides γ(a);

(2) a
p−1

(m,p−1)

0 ≡ 1(mod p);
(3) ap

s

0 ≡ a | a |p (mod ps+1).

Moreover, (18) has κp = (m, p−1) solutions and these solutions belong to p
γ(a)
k−1 Z∗

p. Here, γ(a) = −min{ordp(θ−
1), ordp(q− 1)} and a0 = (1− θ) | θ− 1 |p (mod p) if | θ− 1 |p>| q− 1 |p; a0 = (1− q) | q− 1 |p (mod p) if
| θ − 1 |p<| q − 1 |p.

• if | θ− 1 |p=| q− 1 |p, θl+ ql ̸= p or | θ− 1 |p=| q− 1 |p, θl+ ql = p, 1+ θl+1+ ql+1 ̸= p then (18) is solvable
iff
(1) k − 1 divides γ(a);

(2) a
p−1

(m,p−1)

0 ≡ 1(mod p);
(3) ap

s

0 ≡ a | a |p (mod ps+1).

Moreover, (18) has κp = (m, p − 1) solutions and these solutions belong to p
γ(a)
k−1 Z∗

p. Here, q = 1 + pl(ql +

ql+1p + ...), γ(a) = −ordp(θ − 1), a0 =
−1

θl + ql
(mod p) if θl + ql ̸= p; γ(a) = −ordp(θ − 1) − 1, a0 =

−1

1 + θl+1 + ql+1
(mod p) if 1 + θl+1 + ql+1 ̸= p.

• if | θ − 1 |p=| q − 1 |p, θl + ql = p, 1 + θl+j + ql+j = p, j = 1, 2, 3, ...r − 1, r ≥ 2, 1 + θl+r + ql+r ̸= p then
equation (18) is solvable iff
(1) k − 1 divides γ(a);

(2) a
p−1

(m,p−1)

0 ≡ 1(mod p);
(3) ap

s

0 ≡ a | a |p (mod ps+1).

Moreover, (18) has κp = (m, p − 1) solutions and these solutions belong to p
γ(a)
k−1 Z∗

p. Here, q = 1 + pl(ql +

ql+1p+ ...), γ(a) = −ordp(θ − 1)− r, a0 =
−1

1 + θl+r + ql+r
(mod p).

• if | θ−1 |p=| q−1 |p, θl+ ql = p, 1+θl+j + ql+j = p, j ∈ N then the equation (18) does not have any solution.

Proof. Case 1. Let | θ − 1 |p ̸=| q − 1 |p. We rewrite a as follows

a = max{| θ − 1 |p, | q − 1 |p} ·


1

(1− θ) | θ − 1 |p
(mod p) + o[1], if | θ − 1 |p>| q − 1 |p,

1

(1− q) | q − 1 |p
(mod p) + o[1], if | θ − 1 |p<| q − 1 |p .

(19)

(19) gives one that γ(a) = −min{ordp(θ−1), ordp(q−1)} and a0 = (1−θ) | θ−1 |p (mod p) if | θ−1 |p>| q−1 |p;
a0 = (1− q) | q − 1 |p (mod p) if | θ − 1 |p<| q − 1 |p.

According to Theorem 1, (18) is solvable iff

• k − 1 divides γ(a);

• a
p−1

(m,p−1)

0 ≡ 1(mod p);
• ap

s

0 ≡ a | a |p (mod ps+1).
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Moreover, (18) has κp = (m, p− 1) solutions and these solutions belong to p
γ(a)
k−1 Z∗

p.
Case 2. | θ − 1 |p=| q − 1 |p, i.e. θ = 1 + pl(θl + θl+1p + ...) and q = 1 + pl(ql + ql+1p + ...). We rewrite a as

follows

a = p−l

(
− 1 + pl(θl + θl+1p+ ...)

(θl + ql) + (θl+1 + ql+1)p+ ...

)
. (20)

Case 2.1. Let θl + ql ̸= p. In this case, we get γ(a) = −ordp(θ − 1), a0 =
−1

θl + ql
(mod p). Due to Theorem 1,

equation (18) is solvable iff

• k − 1 divides γ(a);

• a
p−1

(m,p−1)

0 ≡ 1(mod p);
• ap

s

0 ≡ a | a |p (mod ps+1).

Moreover, (18) has κp = (m, p− 1) solutions and these solutions belong to p
γ(a)
k−1 Z∗

p.
Case 2.2. Let θl + ql = p, 1 + θl+1 + ql+1 ̸= p. In this case, we get γ(a) = −ordp(θ − 1) − 1, a0 =
−1

1 + θl + ql
(mod p). Due to Theorem 1, equation (18) is solvable iff

• k − 1 divides γ(a);

• a
p−1

(m,p−1)

0 ≡ 1(mod p);
• ap

s

0 ≡ a|a|p(mod ps+1).

Moreover, (18) has κp = (m, p− 1) solutions and these solutions belong to p
γ(a)
k−1 Z∗

p.
Case 2.3. Let θl + ql = p, 1 + θl+j + ql+j = p, j = 1, 2, 3, ...r − 1, r ≥ 2, 1 + θl+r + ql+r ̸= p. In this case, we

get γ(a) = −l − r, a0 =
−1

1 + θl+r + ql+r
(mod p).

Again, due to Theorem 1, equation (18) is solvable iff

• k − 1 divides γ(a);

• a
p−1

(m,p−1)

0 ≡ 1(mod p);
• ap

s

0 ≡ a|a|p(mod ps+1).

Moreover, (18) has κp = (m, p− 1) solutions and these solutions belong to p
γ(a)
k−1 Z∗

p.
Case 2.4. Let θl + ql = p, 1 + θl+j + ql+j = p, j ∈ N. In this case, we have θ = 2− q and equation (18) does not

have any solution. □

The following example ensures that the set satisfying the conditions in Theorem 3 is nonempty.

Example 1. a) Let p = 3, q = 2 · 36 +1, θ = 312 +1, k = 7. Then we have x6 = 3−6(1+ o[1]). Therefore, in this case
according to Theorem 1, equation (18) has two solutions in 3−1Z∗

3.
b) Let p = 5, q = 1 + 2 · 520, θ = 1 + 2 · 520 + 521, k = 11. Then we have x10 = 5−20(1 + o[1]). Therefore, in

this case according to Theorem 1, equation (18) has two solutions in 5−2Z∗
5.

Theorem 4. Let | q − 1 |p= 1. Then equation (18) is solvable iff

(1) a
p−1

(m,p−1)

0 ≡ 1(mod p);
(2) ap

s

0 ≡ a(mod ps+1).

Moreover, equation (18) has κp = (m, p− 1) solutions and these solutions belong to Z∗
p. Here a0 =

1

1− q
(mod p).

Proof. Let | q − 1 |p= 1. We rewrite a as follows

a =
1

1− q
+ o[1], (21)

where γ(a) = 0, a0 =
1

1− q
(mod p). Again, due to Theorem 1, equation (21) gives one that equation (18) is solvable iff

• a
p−1

(m,p−1)

0 ≡ 1(mod p);
• ap

s

0 ≡ a(mod ps+1).

Moreover, equation (18) has κp = (m, p− 1) solutions and these solutions belong to Z∗
p. □

The following example ensures that the set satisfying the conditions in Theorem 4 is nonempty.
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Example 2. a) Let q = 5, p = 11, k = 6. Then we have x5 =
−θ

θ + 3
and a0 = 8, m = 5, s = 0,

a
p−1

(m,p−1)

0 ≡ 8
10

(5,10) (mod 11) ≡ 82(mod 11) ̸≡ 1(mod 11).

Therefore, according to Theorem 1, the equation x5 =
−θ

θ + 3
does not have any solution in Q11.

b) Let q = 5, p = 7, k = 6. Then we have x5 =
−θ

θ + 3
and a0 = 5, m = 5, s = 0,

a
p−1

(m,p−1)

0 ≡ 5
6

(5,6) (mod 7) ≡ 56(mod 7) ≡ 1(mod 7),

ap
s

0 ≡ −θ

θ + 3
(mod 7) or 5 ≡ −θ

θ + 3
(mod 7), 1 + 6θ ≡ 0(mod 7). Clearly, the last congruence holds. By Theorem 1,

the equation x5 =
−θ

θ + 3
has a unique solution in Q7.

c) Let q = 9, p = 7, k = 4. Then we have x3 =
−θ

θ + 7
and a0 = 6, m = 3, s = 0,

a
p−1

(m,p−1)

0 ≡ 6
6

(6,3) (mod 7) ≡ 62(mod 7) ≡ 1(mod 7),

ap
s

0 ≡ −θ

θ + 7
(mod 7) or 6 ≡ −θ

θ + 7
(mod 7), 42 + 6θ ≡ 0(mod 7). Clearly, the last congruence holds. By Theorem

1, the equation x3 =
−θ

θ + 7
has tree solutions in Q7.

Corollary 1. Let p ≥ 3 and | q |p< 1. Then the following assertions hold
• if | k − 1 |p≤| 2(θ − 1) + q |p, then (18) does not have any solution;
• if | k − 1 |p>| 2(θ − 1) + q |p, then (18) has exactly κp = (m, p− 1) solutions xξi ∈ B(ξi, 1), i = 1, 2, ..., κp,
ξi ∈ Solp(x

k−1 − a). Moreover, one of solutions of (18) belongs Ep.

Proof. The proof is straightforward by Corollary 3.5 in [42]. □

The following example ensures that the set satisfying the conditions in Corollary 1 is nonempty.

Example 3. • Let k = 10, p = 3, q = 6, θ = 4. Then | k − 1 |p=| 9 |3=
1

9
<

1

3
=| 12 |3=| 2(θ − 1) + q |p and

(18) does not have any solution.

• Let k = 10, p = 3, q = 6, θ = 25. Then | k − 1 |p=| 9 |3=
1

9
>

1

27
=| 54 |3=| 2(θ − 1) + q |p and (18) has a

unique ( κ3 = (m, p− 1) = (1, 2) = 1) solution in E3.

• Let k = 19, p = 3, q = 6, θ = 25. Then | k − 1 |p=| 18 |3=
1

9
>

1

27
=| 54 |3=| 2(θ − 1) + q |p and (18)

has two ( κ3 = (m, p − 1) = (2, 2) = 2) solutions. Moreover, one of them belongs to E3, another has the form
−1 + o[1].

Theorem 5. Let k ≥ 2, q ≥ 3 be fixed natural numbers. Then there exist prime p and θ ∈ Ep, such that equation (18) has
at least one solution such that x∗ ∈ Z∗

p \ Ep.

Proof. Let p be any prime such that
| q − i |p= 1,

where i = 0, 1, 2. Note that there exists such a prime p, for instance, any prime greater than q may be such p (p > q). For
this prime p, k − 1 = mps, where s = 0, 1, 2, ....

We can choose θ as follows

θ =
2− q + (2− q)(1− q)p

s

ps+1

1 + (1− q)ps + (1− q)psps+1
.

Since (1− q)p
s

≡ (1− q)(mod p), we have θ ∈ Ep. Then

a = − θ

θ + q − 2
=

1

(1− q)ps + ps+1,

i.e.
a = ap

s

0 + o[ps],

where a0 =
1

1− q
(mod p). Since ap

s

0 ≡ a0(mod p) ≡ 1

1− q
(mod p), we get a ∈ Z∗

p \ Ep. Therefore, in this case,

according to Theorem 1, equation (18) has κp = (m, p − 1) ≥ 1 solutions in Z∗
p \ Ep. Because if the solution x∗ ∈ Ep

then x∗k−1

= a ∈ Ep. However, a ∈ Z∗
p \ Ep. □
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The following example demonstrates the practical application of Theorem 5.

Example 4. Let k = 16, q = 9. We can choose prime p = 5. Then we get

x15 = 268.

Let w(x) := x15 − 268, then w(2) ≡ 0(mod 54), w′(2) ≡ 0(mod 5) ̸≡ 0(mod 52). Thanks to Hensel’s lemma, the
equation x15 = 268 has a unique solution such that x = 2 + o[5] ̸∈ E5.

5. A phase transition

If there are at least two distinct p-adic quasi Gibbs measures µ, ν ∈ QG(H) such that µ is bounded and ν is
unbounded, then we say that a phase transition occurs. Moreover, if there is a sequence of sets An such that An ∈ ΩVn

with | µ(An) |p→ 0 and | ν(An) |p→ ∞ as n → ∞, then we say that there occurs a strong phase transition. If all p-adic
quasi Gibbs measures are bounded (or unbounded) it is said that a quasi phase transition occurs (see [18]).

In the present paper, we only investigate the phase transition for the p-adic Potts model.
The lemma below plays a key role in demonstrating the boundedness of the measure.

Lemma 2. Let x∗ ∈ Z∗
p \ Ep be the solution of (18) in Theorem 5. Then for h1 and h2 corresponding to x∗, the following

statements hold

(1) | h1 |p=| h2 |p= 1,
(2) | (θ + q − 2)h1 + 1 |p< 1, | (θ + q − 2)h2 + 1 |p= 1,

here p and θ are defined as in the proof of Theorem 5.

Proof. Since x∗ ∈ Z∗
p \ Ep, one has | q − 1 |p= 1.

(1) By the notation given above h2 = x∗k

, h1 =
1− θx∗

(q − 1)x∗ − (θ + q − 2)
, we have

| h2 |p=| x∗ |kp= 1,

| h1 |p=
| 1− θx∗ |p

| (q − 1)(x∗ − 1)− (θ − 1) |p
= 1,

(2)

| (θ + q − 2)h2 + 1 |p=| (θ + q − 2)x∗k

+ 1 |p= 1,

| (θ + q − 2)h1 + 1 |p=| (θ + q − 2)(1− θx∗)

(q − 1)x∗ − (θ + q − 2)
+ 1 |p=

| (1− θ)(θ + q − 1)x∗ |p
| (q − 1)(x∗ − 1)− (θ − 1) |p

< 1.

□

Theorem 6. Weakly periodic p-adic quasi Gibbs measure HA1
corresponding to pair {h1, h2} in Lemma 2 is unbounded.

Proof. Let A(n)
1 , A(n)

2 be numbers of h1, h2 in Vn, respectively. (A) and (B) rules show that A(n)
1 → ∞, A(n)

2 → ∞ as
n → ∞. According to formula (66) in [34] and Lemma 2, we get

lim
n→∞

| µ(n)(σ) |p= lim
n→∞

1

| Z1 |p
· | h1 |A

(n)
1

p | h2 |A
(n)
2

p

| (θ + q − 2)h1 + 1 |A
(n)
1

p | (θ + q − 2)h2 + 1 |A
(n)
2

p

= +∞.

□

Remark 2. h0 = (1, 1, ...1) is a translation invariant solution of (5). Using formula (66) in [34], it is easy to see that
the measure µ0 (corresponding to h0) is bounded iff | q |p= 1. For the considering case, due to Theorem (5), one has
| q − i |p= 1, i = 0, 1, 2. We deduce that µ0 is bounded.

Theorem 7. Let k ≥ 2, q ≥ 3 be fixed natural numbers. Then for q-state Potts model on the Cayley tree of order k, there
exist a prime p and a parameter θ ∈ Ep that ensure a phase transition phenomenon.

Proof. The proof is straightforward from Theorem 6 and Remark 2. □

Remark 3. One should note that in the present paper, we solved the first open problem from [34] not only for binary tree,
but also for the Cayley tree of order k ≥ 2.
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6. Conclusion

In this paper, we have investigated the existence of p-adic Gibbs measures for the q-state p-adic Potts model on a
Cayley tree of order k. By analyzing the functional equations associated with the model, we have rigorously proven the
existence of weakly periodic p-adic quasi Gibbs measures. Our main result demonstrates a phase transition phenomenon
for this model whenever q ≥ 3 and k ≥ 2, under specific conditions governed by the prime p and the model parameter
θ. Unlike traditional Archimedean models, the p-adic approach allows for the capturing of non-Archimedean symmetries
and ultrametricity, which are essential features of disordered complex systems.

From a broader perspective, these findings have significant implications for nanoscience, particularly in the study of
nanostructured macromolecules such as dendrimers and branched polymers. Since the topological structure of a Cayley
tree perfectly reflects the hierarchical branching of these nanomaterials, our results provide theoretical insights into how
energy or information is distributed across such networks. The identification of phase transitions in p-adic models helps in
understanding the stability of thermodynamic states in nanoscale systems where interactions follow a hierarchical rather
than a purely Euclidean logic. This is crucial for predicting self-assembly processes and critical phenomena in molecular
electronics.

Furthermore, the transition dynamics identified in this work provide a mathematical foundation for modeling re-
laxation processes in complex molecular landscapes, such as protein folding basins. Future research may extend this
approach to explore p-adic models with competing interactions, external fields, or more complex lattice structures to
further uncover the rich phase behavior of non-Archimedean physical systems.
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1. Introduction

Delay differential equations (DDEs) play an essential role in the mathematical modeling of dynamical systems where
aftereffects, memory, or delayed responses are inherent. In nanosystems, delay effects frequently appear in nanoelec-
tromechanical systems (NEMS), where the coupling between electronic circuits and mechanical oscillators introduces
time-delayed feedback that significantly influences system stability and oscillatory behavior. For instance, time-delayed
feedback control has been shown to govern the dynamics of nonlinear nanomechanical resonators and can induce or sup-
press oscillations depending on system parameters. Moreover, nanoscale heat transport and thermodynamic processes
often exhibit memory effects that are effectively described using delay-differential formulations, especially in materials
with internal relaxation and thermal lag.

Delay differential models also arise in nanoscale chemical kinetics and nanoparticle synthesis processes, where reac-
tion rates and precipitation mechanisms depend on delayed interactions and diffusion effects. Such delay-driven models
have been successfully applied to describe precipitation reactions, industrial chemical synthesis, and nanoscale reaction-
diffusion systems. A comprehensive overview of the relevance of delay differential equations in nanoscale systems and
their applications in physics and engineering can be found in recent interdisciplinary studies linking delay dynamics with
nanoscience, see for example [1–5] and the references therein.

Motivated by both theoretical significance and practical applications in nanoscale systems, this paper investigates the
oscillatory behavior of solutions of the second-order delay differential equation with several deviating arguments of the
form

y′′(x) +

m∑
i=1

pi(x)y(ui(x)) = 0, for x ≥ x0 > 0, (1)

where, pi, i = 1, 2, 3, ...,m, are functions of non negative real numbers and ui, 1 ≤ i ≤ m are non-monotone functions
of positive real numbers such that

ui(x) < x, x ≥ 0 and lim
x→∞

ui(x) = ∞, 1 ≤ i ≤ m. (2)

and
vi(x) = sup

s≤x
ui(s), v(x) = max

1≤i≤m
vi(x), x ≥ x0,

u(x) = max
1≤i≤m

ui(x) with ui(x) ≤ vi(x).
(3)

A continuously differentiable function defined on [x0,∞), is called a solution of (1), if it satisfies (1) for almost all
x > x0. Any solution of (1) belongs oscillate class, if it has infinitely many zeros or large number of zeros, otherwise it is
non oscillatory. Our equation (1) is oscillatory if all of its solutions oscillate, otherwise it is non oscillatory.

© Anbarasu P., Sakthivel R., 2026
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The first systematic study for the oscillation of all solutions of the first order delay differential equation,

y′(x) + p(x)y(u(x)) = 0, x > x0 > 0, (4)

was made by Myshkis [6]. Later, several authors have studied (4) the situation when u(x) is non-increasing and not
necessarily monotone see, for example [7–10]. Some authors obtained oscillation results for (4) with constant delay
βi > 0, see [11]. A few authors have also investigated (4) with variable delays of the form (x−αi(x)), see [12]. In recent
years, Gyori and Ladas studies (4) under the assumptions that αi(x) are non-decreasing functions, for details, see [13].
Later, many authors considered the equation

y′(x) +

m∑
i=1

pi(x)y(ui(x)) = 0, (5)

and investigated oscillation properties for non-decreasing and non-monotone arguments ui(x), for example, see [14–22].
Some authors have discussed the special case of (1) when m = 1, see [23] for more details.

In the present paper, we are interested in obtaining oscillation conditions for (5) instead of the first-order equation we
take the second-order equation of the form (1).

2. Main results

The proof of our main results are essentially based on the following Lemmas.
Gronwall Inequality: If y′(x) + p(x)y(x) ≤ 0, x ≥ x0 where p(x) > 0 and y(x) ≥ 0, then one has

y(x) ≤ y(t) exp


t∫

x

p(s)ds

 , x ≥ t ≥ x0. (6)

Lemma 1. Suppose that ∆ > 0 and (3) holds. Then

lim inf
x→∞

x∫
v(x)

m∑
j=1

s∫
vj(s)

m∑
i=1

pi(s1)ds1ds = lim inf
x→∞

x∫
u(x)

m∑
j=1

s∫
uj(s)

m∑
i=1

pi(s1)ds1ds = ∆. (7)

Proof. Use Lemma 2.2.1 in [24], to complete the proof. □

Lemma 2. Let (3) hold and y(x) be an eventually positive solution of (1).

If ∆ >
1

e
then

lim inf
x→∞

y(v(x))

y(x)
= ∞,

If ∆ ≤ 1

e
then

lim inf
x→∞

y(v(x))

y(x)
≥ Θ, (8)

where Θ is the least root of
Θ = e∆Θ. (9)

Proof. Use Lemma 2.2.2 in [24], to complete the proof. □

Lemma 3. Assume that y(x) is a positive solution of (1). Denote,

φr+1(x, t) := exp


x∫

t

m∑
j=1

s∫
vj(s)

m∑
i=1

pi(s1)φr(s1, ui(s1))ds1ds

 , r ∈ N. (10)

with φ0(x, t) = 1. Then
y(x)φr(x, t) ≤ y(t), 0 ≤ t ≤ x. (11)

Proof. The proof is similar to that of Lemma 1, in [15]. □

Theorem 1. Assume that pi(x) ≥ 0, 1 ≤ i ≤ m and (2), (3) are valid. If

lim inf
x→∞

x∫
v(x)

m∑
j=1

s∫
vj(s)

m∑
i=1

pi(s1)ds1ds > 1, (12)

then all solutions of (1) oscillate.
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Proof. Assume that y(x) be an eventually positive solution of (1). From (1), y′′(x) ≤ 0 and then y′(x) > 0, if suppose,
y′ < 0, then for some l ∈ R+ we see y′(x) = −l and integrating this over [x1, x], we obtain

y(x) = (y(v(x1))− lx1)− x.

Hence, y(x) → −∞ as x → ∞ but this makes no sense with y(x) > 0, as was assumed. So y′(x) > 0 which means y(x)
is non-decreasing. Integrating (1) over [uj(x), x], one gets

y′(x)− y′(v(x)) ≤ y′(x) ≤ −y(v(x))

x∫
vj(x)

m∑
i=1

pi(s1)ds1 ≤ −
x∫

vj(x)

m∑
i=1

pi(s1)y(ui(s1))ds1ds. (13)

From the above inequality, one takes

m∑
j=1

x∫
vj(x)

m∑
i=1

pi(s1)y(ui(s1))ds1 ≤ y′(v(x)).

Again integrating over [v(x), x],
x∫

v(x)

m∑
j=1

s∫
vj(s)

m∑
i=1

pi(s1)ds1ds

 y(v(x)) ≤ y(v(x))− y(v(v(x))) (14)

For y(x) > 0, finally, we reach

lim inf
x→∞

x∫
v(x)

m∑
j=1

s∫
vj(s)

m∑
i=1

pi(s1)ds1ds ≤ 1,

a contradiction to (10), and hence the proof is completed. □

Theorem 2. Assume that pi(x) ≥ 0, 1 ≤ i ≤ m and (2), (3) are valid. If

lim inf
x→∞

x∫
v(x)

m∑
j=1

s∫
vj(s)

m∑
i=1

pi(s1)ds1ds >
1

e
(15)

then all solutions of (1) oscillate.

Proof. Assume that y(x) be an eventually positive solution of (1). Divide (13) by y(x) and integrate over [v(x), x], then
by taking simple steps, one obtains

x∫
v(x)

m∑
j=1

s∫
vj(s)

m∑
i=1

pi(s1)ds1ds ≤ ln

[
y(v(x))

y(x)

]
. (16)

In view of (15), there exists a constant c > 0 such that
x∫

v(x)

m∑
j=1

s∫
vj(s)

m∑
i=1

pi(s1)ds1ds ≥ c >
1

e
.

Using the above inequality in (16) and then taking exponential, one comes to the following inequality

y(v(x))/y(x) ≥ ec > ec > 1.

Repeating the above argument for large x, one obtains

y(v(x)) ≥ (ec)2y(x).

Continuing these steps, we come to the issue that there exists a number a ∈ N, satisfying a > 2(ln 2 − lnc)/(1 + ln c),
such that for sufficiently large x, we obtain

y(v(x))

y(x)
> (ec)a >

4

c2
. (17)

There exists a number x∗ ∈ (v(x), x) which satisfies the condition y(v(x∗)) ≤ v(x∗) ≤ y(x). Consider this point as the
splitting point of the integral in (15) into two equal parts as follows,

x∗∫
v(x)

m∑
j=1

s∫
vj(s)

m∑
i=1

pi(s1)ds1ds ≥
c

2
;

x∫
x∗

m∑
j=1

s∫
vj(s)

m∑
i=1

pi(s1)ds1ds ≥
c

2
. (18)



168 P. Anbarasu, R. Sakthivel

Integrating (13) over [v(x), x∗] then using (18) with simple steps, one shows that

y(c(x∗))×
c

2
≤ y(v(x)). (19)

Similarly, integrating (13) over [x∗, x], by the same calculations as above we reach

y(v(x))× c

2
≤ y(x∗). (20)

Combining (19) and (20), we see the contradiction

y(v(x∗))

y(x∗)
≤ 4

c2

to the inequality (17), and hence the Theorem is proved. □

Theorem 3. Assume that pi(x) ≥ 0, 1 ≤ i ≤ m, (2), (3) and (7) hold. If, for some r ∈ N

lim inf
x→∞

x∫
v(x)

m∑
j=1

s∫
vj(s)

m∑
i=1

pi(s1)φr(v(s1), ui(s1))ds1ds >
1− lnΘ

Θ
, (21)

where Θ and φr are defined by (9) and (10), respectively. Under these conditions, all solutions of (1) oscillate.

Proof. Assume that y(x) be an eventually positive solution of (1). By Lemma 2, the inequality (8) is fulfilled. Therefore,
for an arbitrary real number 0 < ϵ < Θ and for some x∗ ∈ (v(x), x), one gets for all x > x1 > x0

y(v(x))

y(x)
> (Θ− ϵ);

y(v(x))

y(x∗)
= (Θ− ϵ). (22)

Applying (11) to (1), one obtains

y′′(x) +

m∑
i=1

pi(x)φr(v(x), ui(x))y(v(x)) = 0 (23)

Integrating (23) over [vj(x), x], one gets

y′(x)− y′(v(x)) +

x∫
vj(x)

m∑
i=1

pi(s1)φr(v(s1), ui(s1))y(v(s1))ds1 ≤ 0 (24)

Since y′(x) > 0, this implies

−y′(x) ≤ y′(x)− y′(v(x)) +

x∫
vj(x)

m∑
i=1

pi(s1)φr(v(s1), ui(s1))y(v(s1))ds1 ≤ 0,

and, hence,
x∫

vj(x)

m∑
i=1

pi(s1)φr(v(s1), ui(s1))y(v(s1))ds1 ≤ y′(x) (25)

Let us divide (25) by y(x) and integrate over [v(x), x∗] for v(x) < x∗ < x. Then using (22), we get
x∗∫

v(x)

m∑
j=1

s∫
vj(s)

m∑
i=1

pi(s1)φr(v(s1), ui(s1))ds1ds ≤ − ln(Θ− ϵ)

(Θ− ϵ)
(26)

Let us integrate (25) over [x∗, x] once again. Using (22), we can obtain
x∫

x∗

m∑
j=1

s∫
vj(s)

m∑
i=1

pi(s1)φr(v(s1), ui(s1))ds1ds ≤
1

(Θ− ϵ)
(27)

Adding (26) to (27), we get
x∫

v(x)

m∑
j=1

s∫
vj(s)

m∑
i=1

pi(s1)φr(v(s1), ui(s1))ds1ds ≤
1− ln(Θ− ϵ)

(Θ− ϵ)
.

Then, for large x, letting ϵ → 0 and taking liminf , we get a contradiction with (21) and this completes the proof of the
Theorem.

□
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Corollary 1. Assume that pi ≥ 0, 1 ≤ i ≤ m, and equations (2), (3) hold. If

lim sup
x→∞

x∫
v(x)

m∑
j=1

s∫
vj(s)

m∑
i=1

pi(s1)φr(v(s1), ui(s1))ds1ds >
1

Θ
, (28)

then all solutions of (1) oscillate.

Proof. Assume that y(x) be an eventually positive solution of (1), so that by Lemma 2, the inequality (8) is fulfilled.
Integrating (25) over [v(x), x], we reach, for y(x) > 0, x∫

v(x)

m∑
j=1

s∫
vj(s)

m∑
i=1

pi(s1)φr(v(s1), ui(s1))ds1ds

 y(v(x)) ≤ y(x).

Then taking limsup and using (8), we get

lim sup
x→∞

x∫
v(x)

m∑
j=1

s∫
vj(s)

m∑
i=1

pi(s1)φr(v(s1), ui(s1))ds1ds ≤
1

Θ
,

which contradicts with (28). Hence, the Corollary is proved. □

3. Example

Example 4. Consider the delay differential equation

y′′(x) +
13

100
y(u1(x)) +

21

100
y(u2(x)) = 0, (29)

where

u1(x) =

{
−x+ 4n− 3.5, if x ∈ [2n+ 1, 2n+ 2],

3x− 4n− 11.5, if x ∈ [2n+ 2, 2n+ 3] and u2(x) = u1(x)− 1, n ∈ N.

Proof. From the equation and by (3)

v1(x) =

{
2n− 4.5, if x ∈ [2n+ 1, 2n+ 2.33],

3x− 4n− 11.5, if x ∈ [2n+ 2.33, 2n+ 3] and v2(x) = v1(x)− 1 n ∈ N.

Here, v(x) attains its maximum at x = 2n+3, so v(2n+3) = 2n− 2.5 and by simple calculations, we get ∆ = 19.635.
Hence ∆ > 1 so that the conditions (12) and (15) are satisfied, (29) is oscillatory and oscillation of solution of (29) is
plotted in Fig.1(B). □

Example 5. Consider the equation

y′′(x) +
1

2.2e
y(u1(x)) +

1

2.4e
y(u2(x)) = 0, (30)

where

u1(x) =

{
−2x+ 6n+ 2, if x ∈ [2n+ 1, 2n+ 2],

4x− 6n− 10, if x ∈ [2n+ 2, 2n+ 3] and u2(x) = u1(x)− 1, n ∈ N.

Proof. From the equation and by (3), it follows that

v1(x) =

{
2n, if x ∈ [2n+ 1, 2n+ 2.5],

4x− 6n− 10, if x ∈ [2n+ 2.5, 2n+ 3] and v2(x) = v1(x)− 1, n ∈ N.

From (3), ∆ = 0.3205. Clearly, ∆ ≤ 1

e
= (0.3678). By (9), Θ ≈ 1.755. Define fr(x) : [1,∞) → (0,∞) as

fr(x) =

x∫
v(x)

2∑
j=1

s∫
vj(s)

2∑
i=1

pi(s1)φr(v(s1), ui(s1))ds1ds.

Thus, for r = 1 and v(2n+3) = 2n+2, we have f1(x) = 26.0111. Hence, conditions (21) and (28) are satisfied, hence,
(30) is oscillatory. □
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Example 6. Consider the delay differential equation

y′′(x) +
5

x3
y(u1(x)) +

7

x3
y(u2(x)) = 0, (31)

where

u1(x) =

{
−x+ 4n+ 3, if x ∈ [2n+ 1, 2n+ 2],

3x− 4n− 5, if x ∈ [2n+ 2, 2n+ 3] and u2(x) = u1(x)− 1, n ∈ N.

Proof. From the equation and by (3),

v1(x) =

{
2n+ 2, if x ∈ [2n+ 1, 2n+ 2.35],

3x− 4n− 5, if x ∈ [2n+ 2.35, 2n+ 3] and v2(x) = v1(x)− 1, n ∈ N.

Here v(x) attains its maximum at x = 2n+3, so v(2n+3) = 2n+4. By simple calculation, we show that ∆ < 0 and so
that the conditions (12) and (15) are not satisfied. Also we cannot apply conditions (21) and (28) for (31), which implies
that it is non oscillatory, also non oscillation of solution of (31) is plotted in Fig.1(B). □

Oscillation of solution of (29) Nonoscillation of solution of (31)

FIG. 1. Graphical representations
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ABSTRACT In this article, the Cauchy problem in a half-plane is studied for a fourth-order inhomogeneous
equation with a fractional derivative in the Caputo sense. The uniqueness of the solution is demonstrated using
the Laplace transform. In constructing the solution, partial solutions expressed in terms of Wright functions are
first found. Green’s functions are then constructed using these partial solutions. The solution is constructed
explicitly using the Green function. An explicit form of the fundamental solution is also obtained.
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1. Introduction and statement of the problem

In recent decades, fractional calculus has evolved from a field of purely mathematical research into a powerful tool
for modeling real physical processes. Fractional derivatives become particularly significant when describing phenom-
ena in media with complex internal structures, memory, and nonlocal properties. As noted in [1], fractional dynamics
investigates the behavior of objects and systems characterized by power-law nonlocality, power-law long-term mem-
ory, or fractal properties. Classical continuum models based on integer-order derivatives often prove inadequate when
transitioning to the nanoscale, where effects of structural heterogeneity, anomalous transport, and viscoelastic relaxation
begin to dominate. Work [2] provides a rigorous stochastic justification for this fact: the non-exponential relaxation of
a single nanoobject naturally leads to the description of nanoparticle kinetics using differential equations with fractional
derivatives.

It is noteworthy that the equation studied in this work is of particular interest for nanomechanics. Fourth-order
equations traditionally describe the bending vibrations of beams, membranes, and plates [3]. In the nanoscale range,
such models are applied to analyze the dynamics of nanobeams, nanofilms, and filamentary nanostructures situated in
complex viscoelastic media. Study [4] investigates waves in magneto-elastic nanobeams using a fractional derivative to
model internal damping, while nonlocal elasticity theory allows for the consideration of nanoscale size effects. In [5], a
new mathematical model of thermoelasticity is proposed for analyzing coupled thermomechanical waves in functionally
graded viscoelastic nanobeams. Works [6–8] also demonstrate that introducing fractional derivatives effectively accounts
for the rheological properties of materials: [6] investigates nonlinear vibrations of beams made of fractional-order Zener
viscoelastic material; [7] examines the vibrations of a nanobeam on a fractional-order viscoelastic Winkler-Pasternak
foundation using nonlocal elasticity theory. In study [9], dedicated to an inverse problem for the heat conduction equation
with a load, variable coefficients, and fractional integral operators, a mathematical method for analyzing heat transfer
processes at the nanoscale is developed. Thus, the investigation of equations of type (1) holds not only theoretical but also
direct applied significance for nanotechnologies.

This paper investigates the initial value problem for a fourth-order equation involving the Caputo fractional derivative.
The Cauchy problem for second-order equations with a fractional derivative with respect to spatial variables (diffusion-
wave equations) has been studied in considerable detail in works [10–14]. For equations with the Laplace operator and the
Dzhrbashyan-Nersesyan fractional derivative of order (0, 2), analogous results were obtained in [15], and for equations
of odd order – in [16]. In [17], a solution to the Cauchy problem for an even-order equation with the Riemann-Liouville
derivative of order (0, 1) was obtained. A boundary value problem with the Caputo fractional derivative with applications
in nanotechnologies was also investigated in [18].

Closely related to the topic of this work is the study [19], where the Cauchy problem for a homogeneous fourth-
order equation with the Caputo fractional derivative was reduced to a Schrödinger equation by lowering the order of the

© Irgashev B.Yu., 2026
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fractional derivative. However, [19] did not consider the inhomogeneous equation, and the question of solution uniqueness
remained open.

In contrast to the previous works, this paper proves a uniqueness theorem for the solution of the Cauchy problem,
constructs particular solutions using the Wright function and, based on them, formulates the Green function, obtains an
explicit integral representation of the solution for both the homogeneous and inhomogeneous equations, and provides the
explicit form of the fundamental solution.

The proposed approach can be extended to equations of arbitrary even order, which opens up prospects for further re-
search in the field of mathematical modeling of nanosystems, including problems concerning the dynamics of nanobeams,
nanofilms, membranes, and other nanostructures in complex media with memory and nonlocal properties.

Let us proceed directly to the formulation of the problem. Consider the equation in the domain
Ω = {(x, y) : −∞ < x <∞, 0 < y ≤ T}

L[u] ≡
(

CD
α
0y +

∂4

∂x4

)
u = f (x, y) , (1)

where CD
α
0y is the operator of fractional (in the Caputo sense) integro-differentiation of order α, 1 < α < 2, defined by

the relation

CD
α
0yu = Dα−2

0y uyy =
1

Γ (2− α)

y∫
0

∂2

∂τ2u (x, τ)

(y − τ)
α−1 dτ,

here Dα−2
0y is the operator of fractional differentiation in the sense of Riemann-Liouville [20].

A regular solution of equation (1) in the domain Ω is defined as a function u = u(x, y) satisfying the conditions:
∂ku

∂xk
∈ C

(
Ω
)
, k = 0, 3;

∂4u

∂x4
∈ C (Ω) ;

∂mu

∂ym
∈ C

(
Ω
)
, m = 0, 1; CD

α
0yu ∈ C (Ω) .

Cauchy Problem. Find a regular solution u(x, y) of equation (1) in the domain Ω satisfying the initial conditions

lim
y→+0

u (x, y) = φ (x) , lim
y→+0

∂u (x, y)

∂y
= ψ (x) , (2)

where φ (x) , ψ (x) are given functions.

2. Uniqueness of solution

Theorem 1. The Cauchy problem with homogeneous initial conditions, in the class of functions satisfying the

conditions
∣∣∣∣∂mu∂ym

∣∣∣∣ ≤Meσy, 0 < M = const., m = 0, 1, where σ is a fixed constant, has only the trivial solution.

Proof. Let u(x, y) be a solution of the Cauchy problem with zero initial conditions. Consider the Laplace transform
of this function

v (x, p) =

+∞∫
0

e−pyu (x, y) dy,

hence

|v (x, p)| ≤M

+∞∫
0

e−(p−σ)ydy =
M

p− σ
.

Let us find the fourth-order partial derivative with respect to the variable x of the transform

∂4v (x, p)

∂x4
=

+∞∫
0

e−py ∂
4u (x, y)

∂x4
dy = −

+∞∫
0

e−py
CD

α
0yu dy = −pαv (x, p) .

From this, we obtain the problem 
∂4v (x, p)

∂x4
= −pαv (x, p) ,

|v (x, p)| ≤ M

p− σ
.

(3)

The general solution of problem (3) has the form

v (x, p) = eBx (c1 cosBx+ c2 sinBx) + e−Bx (c3 cosBx+ c4 sinBx) , B =

√
2

2
p

α
4 .

By virtue of the condition of problem (3), we obtain

v (x, p) ≡ 0,



174 B. Yu. Irgashev

and consequently
u(x, y) ≡ 0.

Theorem 1 is proved.

3. Construction of the Solution

First, we construct some particular solutions. The following lemma holds.
Theorem 2. Functions of the form

uj (x, y) = ybϕ
(
−α
4
, b+ 1;λjxy

−α
4

)
, j = 1, 2,

where

ϕ (−δ, ε; z) =
∞∑
k=0

zk

k!Γ (−δk + ε)

is the Wright function;
x, y > 0, b ∈ R, λ1 = e

3π
4 i, λ2 = e−

3π
4 i,

satisfy equation (1).
Proof. By direct calculation, we obtain

∂4uj (x, y)

∂x4
= −yb−αϕ

(
−α
4
, b+ 1− α;λjxy

−α
4

)
, (4)

∂2uj (x, y)

∂y2
= yb−2ϕ

(
−α
4
, b− 1;λjxy

−α
4

)
.

Furthermore, since
1 + α

4

2
π < |arg λj | < π,

using formula [16]
Dν

0yy
ε−1ϕ

(
−δ, ε;λy−δ

)
= yε−ν−1ϕ

(
−δ, ε− ν;λy−δ

)
, (5)

for

0 < δ < 1,
1 + δ

2
π < |arg λ| ≤ π; ε, ν ∈ R,

we have

CD
α
0yuj = Dα−2

0y

{
yb−2ϕ

(
−α
4
, b− 1;λjxy

−α
4

)}
=

yb−αϕ
(
−α
4
, b+ 1− α;λjxy

−α
4

)
. (6)

From (4) and (6) the validity of Theorem 2 follows.
Theorem 2 is proved.
Let us recall some known properties (see [16]) of the Wright function:

d

dz
ϕ (δ, ε; z) = ϕ (δ, ε+ δ; z) , (δ > −1). (7)

|ϕ (−δ, ε; z)| ≤ C exp
(
−ν|z|

1
1−δ

)
, |z| → ∞, (8)

where
C = C (δ, ε, ν) , δ ∈ (0, 1) , ε ∈ R,

ν < (1− δ)
δ

1−δ cos
π − |arg z|

1− δ
;

1 + δ

2
π < |arg z| ≤ π.

+∞∫
0

ϕ (−δ, ε;λx) dx = − 1

λΓ (δ + ε)
,

1 + δ

2
π < |arg λ| ≤ π. (9)

Following works [16],[17], consider the following function

Gb (x− ξ, y − η) = −λ1(y − η)
b

4
ϕ

(
−α
4
, b+ 1;λ1

|x− ξ|
(y − η)

α
4

)
−

−λ2(y − η)
b

4
ϕ

(
−α
4
, b+ 1;λ2

|x− ξ|
(y − η)

α
4

)
, b ∈ R. (10)

The following theorem holds.
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Theorem 3. Let φ (x) ∈ C4 (R), ψ (x) ∈ C (R) and
∣∣∣φ(k) (x)

∣∣∣ , |ψ (x)| ≤ M = const., k = 0, . . . , 4. Then the
representation

u(x, y) =

+∞∫
−∞

G−α
4
(x− ξ, y)φ (ξ) dξ +

+∞∫
−∞

G−α
4 +1 (x− ξ, y)ψ (ξ) dξ, (11)

is a regular solution of the following Cauchy problem CD
α
0yu+ uxxxx = 0,

lim
y→+0

u (x, y) = φ (x) , lim
y→+0

uy (x, y) = ψ (x) .

Proof. First, we show that (11) satisfies the initial conditions. We have
+∞∫

−∞

y−
α
4 ϕ

(
−α
4
,−α

4
+ 1, λj

|x− ξ|
y

α
4

)
φ (ξ) dξ =

(
j = 1, 2; t =

|x− ξ|
y

α
4

)
=

=

+∞∫
0

ϕ
(
−α
4
,−α

4
+ 1, λjt

){
φ
(
x+ y

α
4 t
)
+ φ

(
x− y

α
4 t
)}
dt,

now, taking into account (8), (9) and the restrictions on the function φ from the conditions of Theorem 2, we obtain

lim
y→+0

+∞∫
−∞

G−α
4
(x− ξ, y)φ (ξ) dξ = φ (x) .

Furthermore, considering (5) and using (7), we have

∂

∂y

+∞∫
−∞

y−
α
4 ϕ

(
−α
4
,−α

4
+ 1, λj

|x− ξ|
y

α
4

)
φ (ξ) dξ =

=
−2ϕ

(
−α

4 ,
α
2 , 0
)
φtt (x) y

−1+α
2

λ3j

+
y−1+α

λ4j

+∞∫
0

{
φtttt

(
x+ y

α
4 t
)
+ φtttt

(
x− y

α
4 t
)}
ϕ

(
−α
4
,
3α

4
, λjt

)
dt,

now, taking into account (8)-(10), the restrictions on the function φ from the conditions of Theorem 2, and
1

λ21
+

1

λ22
= 0,

we obtain

lim
y→+0

∂

∂y

+∞∫
−∞

G−α
4
(x− ξ, y)φ (ξ) dξ = 0.

After performing similar transformations and calculations for the second term in representation (11), we obtain

lim
y→+0

+∞∫
−∞

G−α
4 +1 (x− ξ, y)ψ (ξ) dξ = 0,

lim
y→+0

∂

∂y

+∞∫
−∞

G−α
4 +1 (x− ξ, y)ψ (ξ) dξ = ψ (x) .

Thus, representation (11) satisfies the initial conditions of the Cauchy problem.
Now we show that representation (11) satisfies the homogeneous equation (1). Taking into account (5) and formula

[20]

CD
α
0yf = Dα

0yf − f(0)

Γ (1− α)
y−α − f ′(0)

Γ (2− α)
y1−α,

we have

CD
α
0yu(x, y) = Dα

0y

+∞∫
−∞

G−α
4
(x− ξ, y)φ (ξ) dξ − y−α

Γ (1− α)
lim

y→+0

+∞∫
−∞

G−α
4
(x− ξ, y)φ (ξ) dξ−
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− y1−α

Γ (2− α)
lim

y→+0

∂

∂y

+∞∫
−∞

G−α
4
(x− ξ, y)φ (ξ) dξ =

=

+∞∫
−∞

G− 5α
4
(x− ξ, y)φ (ξ) dξ − y−αφ (x)

Γ (1− α)
. (12)

Furthermore, by direct calculation we obtain

∂4

∂x4

 +∞∫
−∞

G−α
4
(x− ξ, y)φ (ξ) dξ

 =

=
y−αφ (x)

Γ (1− α)
−

+∞∫
−∞

y−
5α
4 ϕ

(
−α
4
,−5α

4
+ 1, λj

|x− ξ|
y

α
4

)
φ (ξ) dξ. (13)

From (12) and (13) we obtain

CD
α
0y

 +∞∫
−∞

G−α
4
(x− ξ, y)φ (ξ) dξ

+
∂4

∂x4

 +∞∫
−∞

G−α
4
(x− ξ, y)φ (ξ) dξ

 = 0.

It is shown similarly that

CD
α
0y

 +∞∫
−∞

G−α
4 +1 (x− ξ, y)ψ (ξ) dξ

+
∂4

∂x4

 +∞∫
−∞

G−α
4 +1 (x− ξ, y)ψ (ξ) dξ

 = 0.

Theorem 3 is proved.
Theorem 4. Let f (x, y) = D−γ

0y g (x, y), γ > 0, g (x, y) ∈ C
(
Ω
)
, |g (x, y)| ≤M = const. Then the representation

u (x, y) =

y∫
0

dη

+∞∫
−∞

G 3α
4 −1 (x− ξ, y − η) f (ξ, η) dξ, (14)

is a solution of the problem 
CD

α
0yu (x, y) + uxxxx (x, y) = f (x, y) ,

lim
y→+0

u (x, y) = lim
y→+0

uy (x, y) = 0.

Proof. First, we show that representation (14) satisfies equation (1). We have

∂

∂x3

y∫
0

dη

+∞∫
−∞

G 3α
4 −1 (x− ξ, y − η) f (ξ, η) dξ =

=

y∫
0

dη

+∞∫
−∞

∂

∂x3
G 3α

4 −1 (x− ξ, y − η) f (ξ, η) dξ,

taking into account the integration by parts formula [16]
b∫

a

g (s)Dα
ash (s) ds =

b∫
a

h (s)Dα
bsg (s) ds, α ≤ 0,

we obtain

∂

∂x

y∫
0

dη

+∞∫
−∞

∂

∂x3
G 3α

4 −1 (x− ξ, y − η) f (ξ, η) dξ =

∂

∂x

y∫
0

dη

+∞∫
−∞

g (ξ, η)D−γ
yη

{
∂

∂x3
G 3α

4 −1 (x− ξ, y − η)

}
dξ =

= f (x, y)−
y∫

0

dη

+∞∫
−∞

Gγ−α
4 −1 (x− ξ, y − η) g (ξ, η) dξ. (15)
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Next,

∂2

∂y2

+∞∫
−∞

dξ

y∫
0

G 3α
4 −1 (x− ξ, y − η) f (ξ, η) dη =

=

+∞∫
−∞

dξ

y∫
0

G 3α
4 −3+γ (x− ξ, y − η) g (ξ, η) dη,

hence

Dα−2
0y

+∞∫
−∞

dξ

y∫
0

G 3α
4 −3+γ (x− ξ, y − η) g (ξ, η) dη =

=

+∞∫
−∞

dξ

y∫
0

g (ξ, η)G−α
4 −1+γ (x− ξ, t− η) dη. (16)

From (15) and (16), it follows that(
CD

α
0y +

∂4

∂x4

)
y∫

0

dη

+∞∫
−∞

G 3α
4 −1 (x− ξ, y − η) f (ξ, η) dξ

 = f (x, y) .

We show that representation (14) satisfies the zero initial conditions. Let

I (x, y) =

+∞∫
−∞

dξ

y∫
0

(y − η)
3α
4 −1

ϕ

(
−α
4
,
3α

4
;λj

|x− ξ|
(y − η)

α
4

)
f (ξ, η) dη,

make the change of variables

z =
|x− ξ|
(y − η)

α
4
, ξ = x± z(y − η)

α
4 , dξ = ±(y − η)

α
4 dz,

we have

I (x, y) =

y∫
0

(y − η)
α−1

dη×

+∞∫
0

ϕ

(
−α
4
,
3α

4
;λjz

)(
f
(
x+ z(y − η)

α
4 , η
)
+ f

(
x− z(y − η)

α
4 , η
))

dz,

hence
lim

y→+0
I (x, y) = 0.

Similarly, we will have that

lim
y→+0

∂I (x, y)

∂y
= 0.

Theorem 4 is proved.
By Theorem 4, the function G 3α

4 −1(x− ξ, y − η) is the fundamental solution of equation (1).

4. Conclusion

In this paper, we study the Cauchy problem for a fourth-order equation involving a fractional derivative in the sense
of Caputo. In the case α = 2, we have an equation for beam vibrations. The solution is constructed explicitly by finding
Green’s functions. Sufficient conditions for the existence and uniqueness of the solution are found. It should be noted
that the question of the uniqueness of the solution to the Cauchy problem for the beam vibration equation remained open
(see [3]). A fundamental solution to equation (1) is also constructed. In the future, the obtained results can be used
to study boundary value problems for inhomogeneous linear and nonlinear equations, equations with lower-order terms,
inverse problems with an unknown right-hand side, problems with nonlocal conditions, which have various applications in
nanosystems. It should be noted that the problem under study has not only theoretical but also applied significance, since
fractional integro-differential operators are widely used in mathematical models of nanosystem dynamics. In particular,
among mathematical models of transport-diffusion, fractional differential calculus stands out as a tool for describing
transport processes in media with a complex structure.
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ABSTRACT We study three-particle Schrödinger operators on the two-dimensional lattice Z2 and show that a
critical mass ratio γc ≈ 2.75194 governs the existence of a bound trimer in the fermionic 2 + 1 configuration
(two identical fermions and a third particle). For γ < γc there is a topological prohibition (Pauli suppression) of
a three-body bound state, whereas for γ > γc a doubly degenerate eigenvalue emerges below the essential
spectrum with the strong-coupling asymptotics z(γ, λ) = −λ+e0(γ)+O(λ−1). Within a unified framework based
on the Birman–Schwinger principle and strong-coupling asymptotic analysis, we compare this behaviour with
the bosonic case of three identical particles, where two bound states exist below the essential spectrum and
the ground-state energy satisfies zs1(µ) = −3µ + C2 + O(µ−1). The resulting second-order phase transition
with respect to the mass ratio γ is relevant for the design of experiments on fermionic trimers in optical lattices
and for modelling excitonic complexes and defect-bound states in two-dimensional nanomaterials, where the
critical value γc serves as a design guideline for the observability of three-body bound states. We also outline a
modified three-particle lattice model with two competing interaction channels, for which the Birman–Schwinger
analysis naturally leads to a Landau-type scenario of a first-order phase transition in the space of trimer bound
states. In the bosonic case we prove a strong-coupling theorem describing the existence and asymptotics
of trimer bound states, while in the fermionic 2+1 case we establish a spectral phase-transition theorem that
identifies an explicit critical mass ratio γc separating the trimer and non-trimer regimes.
KEYWORDS three-particle Schrödinger operator, lattice systems, bound states, bosons, fermions, critical mass
ratio, phase transition, Birman–Schwinger principle.
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1. Introduction

The study of few-particle bound states on quantum lattices is of fundamental interest both for mathematical physics
and for applications in quantum simulation, condensed-matter physics, and nanotechnology; see, for example, Refs. [1–3].
Experiments with ultracold atoms in optical lattices make it possible to realize controllable quantum systems with tunable
interaction parameters and geometry, which calls for precise theoretical predictions of their spectral properties.

In recent years, substantial progress has been made in the analysis of three-particle Schrödinger operators on lattices;
see, e.g., [4–6]. In parallel, the spectral theory of lattice Schrödinger operators with a finite number of isolated levels has
been actively developed: in particular, Ref. [7] establishes the existence of a maximal number of isolated eigenvalues for
a broad class of lattice Schrödinger operators. The present work continues this line of research by turning to three-particle
systems that exhibit critical phenomena with respect to the mass ratio. At the same time, the problem of critical behavior
in fermionic systems with mass imbalance has remained insufficiently explored. In particular, it has been unclear whether
there exists a threshold value of the mass ratio that separates qualitatively different regimes of existence of bound states.
A related question of independent interest is whether suitable modifications of a multi-particle lattice model (for instance,
by adding an external field or an additional interaction channel) can give rise to a first-order phase transition accompanied
by a discontinuous rearrangement of the three-particle spectrum.

In this work, we perform a comparative analysis of the spectral properties of two principal classes of three-particle
systems on a two-dimensional lattice: (i) three identical bosons and (ii) a fermionic 2 + 1 configuration (two identical

© Abdullaev J.I., Eshniyozov A.I., Dolgopolov M.V., 2026
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TABLE 1. Position of the present work within the landscape of lattice few-body models.

Work System Dim. Key feature

Two-particle lattice models [11] dimer d = 2, 3 threshold effects, monotonicity

Three-fermion models on Z [12] trimer d = 1 strong-coupling discrete spectrum

Fermionic 2+1 trimer (this work) trimer d = 2 critical γc, spectral phase transition

2+1 fermions [8] trimer d = 3 repulsive contact, critical γs(K), γas(K)

fermions and a third particle of a different nature). Employing a unified methodological framework based on the Bir-
man–Schwinger principle and asymptotic analysis in the strong-coupling regime, we uncover fundamental differences
induced by the quantum statistics of the particles. We prove a strong-coupling theorem for bosonic trimers and a spectral
phase-transition theorem for the fermionic 2+1 trimer with an explicit critical mass ratio γc.

For a related three-particle 2+1 fermionic model on Z3 with repulsive contact interactions, Khalkhuzhaev et al. [8]
introduced two critical mass ratios γs(K) and γas(K) that determine the number of eigenvalues lying to the right of
the essential spectrum at strong coupling. Here we consider instead an attractive 2+1 model on Z2, where a single
critical mass ratio γc controls the emergence of a low-energy trimer level below the essential spectrum and gives rise to a
second-order spectral phase transition.

The application of this unified framework to concrete three-particle lattice models reveals deep structural distinctions
that are entirely dictated by the underlying quantum statistics.

2. Comparative analysis of bosonic and fermionic trimers

We consider the Hamiltonian of a three-particle system on the two-dimensional lattice Z2 in the coordinate represen-
tation,

Ĥ = Ĥ0 − α
∑
i<j

V̂ij , (1)

where Ĥ0 is the kinetic-energy operator, α > 0 is the coupling constant, and V̂ij are zero-range pair potentials given by

(V̂ijψ)(n1, n2, n3) = δni,nj
ψ(n1, n2, n3).

The particle statistics is encoded in the choice of the Hilbert space: the symmetric subspace ℓ2s for bosons and the
antisymmetric subspace ℓ2a for fermions (with respect to the coordinates of identical particles). For the fermionic 2 + 1
system we introduce the mass ratio γ = mf/m3, where mf is the fermion mass and m3 is the mass of the third particle,
and δni,nj denotes the Kronecker delta.

2.1. Bosonic system: three identical bosons on a lattice

We consider a system of three identical bosons of unit mass on the two-dimensional lattice Z2. In the coordinate
representation, the three-particle Hamiltonian takes the form

Ĥµ = Ĥ0 − µ(V̂12 + V̂13 + V̂23), Ĥµ : ℓ2s((Z2)3) → ℓ2s((Z2)3),

where µ > 0 is the interaction strength and Ĥ0 denotes the free kinetic-energy Hamiltonian. Here ℓ2s((Z2)3) is the
subspace of square-summable symmetric functions on (Z2)3, describing the states of three identical bosons on the lattice.

The Fourier transform on Z2 maps the coordinate-space Hamiltonian Ĥµ into the momentum representation, in which
the total Hamiltonian Hµ admits a direct-integral decomposition with respect to the total quasimomentum K ∈ T2,

Hµ =

⊕∫
T2

Hµ(K) dK,

where, for each fixed K, the fiber operator Hµ(K) acts in the symmetric subspace L2
s((T2)2) and is given (see. [4, 5]) by(

Hµ(K)f
)
(p,q) = EK(p,q)f(p,q)− µ(V1 + V2 + V3)f(p,q), f ∈ L2

s((T2)2).

Here

EK(p,q) = ε(p) + ε(q) + ε(K− p− q), ε(p) = 2− cos p1 − cos p2,
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and

(V1f)(p,q) =
1

(2π)2

∫
T2

f(p, s) ds, (V2f)(p,q) =
1

(2π)2

∫
T2

f(s,q) ds,

(V3f)(p,q) =
1

(2π)2

∫
T2

f(s,p+ q− s) ds.

(2)

2.2. Fermionic system: two identical fermions and a third particle

We consider a system of two identical fermions of unit mass and a third particle of mass m (a 2 + 1 configuration)
on the two-dimensional lattice Z2. Let ℓ2

(
(Z2)3

)
denote the Hilbert space of square-summable functions of three lattice

sites n = (n1,n2,n3) ∈ (Z2)3, and let
ℓ2a
(
(Z2)3

)
⊂ ℓ2

(
(Z2)3

)
be its antisymmetric subspace with respect to the exchange of the fermionic coordinates n1 ↔ n2.

In the coordinate representation, the three-particle Hamiltonian is given by

H̃γ,λ = Ĥ0 − λ
(
V̂13 + V̂23

)
, H̃γ,λ : ℓ2a

(
(Z2)3

)
→ ℓ2a

(
(Z2)3

)
,

where λ > 0 is the strength of the contact interaction and γ:=mf/m3 is the mass ratio (the ratio of the fermion mass
to the mass of the third particle). Here ℓ2a denotes the antisymmetric subspace of ℓ2 corresponding to the two identical
fermions.

Passing to the momentum representation and fixing the total quasimomentum K = 0, we arrive at the fiber Schrödin-
ger operator

Hγ,λ(0) = Hγ,0(0)− λ
(
V1 + V2

)
, Hγ,λ(0) : L

2
a((T2)2) → L2

a((T2)2),

where L2
a((T2)2) is the antisymmetric subspace in momentum space obtained as the image of ℓ2a((Z2)2) under the three-

particle Fourier transform,1 and V1 and V2 are partial integral operators describing the contact interaction of the fermions
with the third particle (see (2)). The operator Hγ,0(0) acts as multiplication by the dispersion function

Eγ(p,q) = ε(p) + ε(q) + γ ε(−p− q) = ε(p) + ε(q) + γ ε(p+ q).

Remark. Due to the unitary equivalence Hγ,λ(K) ∼= Hγ,λ(−K) via the transformation f(p,q) 7→ f(−p,−q),
it suffices to consider the total quasimomentum K in a fundamental domain of T2 modulo this involution. In this work
we focus on the case K = 0, which captures the essential spectral features; the extension to K ̸= 0 follows similar lines
and will be addressed elsewhere.

2.3. General comments and development

The main analytical tool is the Birman–Schwinger principle [9, 10]. For energies z that are outside the essential
spectrum of the operators Hµ(0) and Hγ,λ(0), the corresponding eigenvalue problems

Hµ(0)ψ = zψ, Hγ,λ(0)φ = zφ

are reduced to fixed-point problems for compact self-adjoint Birman–Schwinger operators Bµ(z) and Bγ,λ(z), respec-
tively:

ψ ̸= 0, Hµ(0)ψ = zψ ⇐⇒ Bµ(z)ψ
∗ = ψ∗, φ ̸= 0, Hγ,λ(0)φ = zφ ⇐⇒ Bγ,λ(z)φ

∗ = φ∗.

Moreover, for z below the bottom of the essential spectrum, the number of eigenvalues of Hµ(0) (respectively,
Hγ,λ(0)) lying below z coincides with the number of eigenvalues of Bµ(z) (respectively, Bγ,λ(z)) that exceed one.

We emphasize that a key ingredient of our analysis is the detailed spectral information available for the two-particle
lattice operator. In particular, the properties of the discrete spectrum of the two-particle Schrödinger operator on Zd and its
dependence on the total quasimomentum k have been studied in detail in [11], where the monotonicity of the eigenvalue
branches zn(k) with respect to the components of k and bounds on the number of levels below the essential spectrum
were established. In the present work, these results are used at a conceptual level to justify the robustness of two-particle
threshold states, which enter the kernel of the Birman–Schwinger operator associated with the three-particle problem.

A related Birman–Schwinger type reduction combined with a finite-rank principal part has recently been employed
for a different lattice few-body model, namely a system of three identical fermions on the one-dimensional lattice with
nearest-neighbour attraction; in that setting, the discrete spectrum at strong coupling was analysed in [12], while the
essential spectrum and further extensions to systems of identical particles were explicitly meant in the subsequent devel-
opment, including in this research article. Although the underlying operator and statistics differ from our 2+1 model, these
works are methodologically close to our approach and provide complementary examples of how the Birman–Schwinger
framework can be used to control the discrete spectrum of multi-particle lattice Schrödinger operators.

1The original coordinate-space Hilbert space is three-particle, while after fixing the center-of-mass quasimomentum the effective dimension is reduced.
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As a natural generalization of the model (1), we consider a three-particle Hamiltonian with two competing interaction
channels,

Hγ,λ,β(0) = Hγ,0(0)− λ
∑
i<j

V
(0)
ij + β

∑
i<j

V
(1)
ij , (3)

where V (0)
ij describes a contact attractive interaction, while V (1)

ij accounts for a more long-ranged interaction between
the particles (for instance, of Coulombic or polaronic type). For the Hamiltonian (3), the Birman–Schwinger operator
Bγ,λ,β(z) typically develops several qualitatively distinct eigenvalue branches associated with different spatial structures
of trimer states (a localized versus an “extended” trimer). In the language of Landau’s phenomenological theory, this
leads to an effective potential for the order parameter η of the form

F(η; γ, λ, β) = a(γ, λ, β) η2 + b(γ, λ, β) η4 + c(γ, λ, β) η6 + . . . , (4)

where the signs of the coefficients a, b, c are determined by the spectral characteristics of Bγ,λ,β(z). In the regime
b < 0, c > 0, two competing local minima η = η1,2 emerge, and variations of the parameters (γ, λ, β) may induce an
abrupt transition between them, corresponding to a first-order phase transition in the space of three-body bound states, in
full agreement with the general principles of Landau’s phenomenological theory of first- and second-order phase transi-
tions [13, 14].

In the strong-coupling regime (µ → ∞ for the bosonic system and λ → ∞ for the fermionic one), the operators
Bµ(z) and Bγ,λ(z) admit an asymptotic decomposition into a principal finite-rank part and a remainder of small norm.
A spectral analysis of the principal part then yields precise asymptotics of the eigenvalues and provides conditions for the
existence of bound states.

3. Main results

3.1. System of three identical bosons

For a system of three identical bosons with strong zero-range attraction (µ→ ∞) in the sector of zero total quasimo-
mentum, we obtain the following result.

Theorem 3.1 (Strong-coupling trimers in the bosonic case). For all sufficiently large µ > µ0, the three-boson Schrödinger
operatorHµ(0) has exactly two bound states below the essential spectrum. The ground-state energy admits the asymptotic
expansion

zs1(µ) = −3µ+ C2 +O(µ−1), µ→ ∞,

where C2 is a constant determined by the Green function of the free Hamiltonian. The first excited state zs2(µ) is a
threshold resonance with the asymptotics

zs2(µ) = −µ+ const +O(µ−1), µ→ ∞.

Thus, in the bosonic case bound states exist for arbitrarily weak and strong interactions, and their number and asymp-
totic behavior are governed purely by geometric and symmetry considerations.

3.2. Fermionic 2+1 system

For the fermionic 2+1 configuration, the picture is fundamentally different. The antisymmetry of the wave function
under the exchange of the two identical fermions imposes strong constraints on the possibility of forming a bound state.

Theorem 3.2 (Spectral phase transition in the fermionic 2+1 trimer). For the fermionic 2+1 trimer on the two-dimensional
lattice, there exists a critical mass ratio γc > 0 such that:

(1) If γ < γc, then for any λ > 0 (equivalently, for arbitrarily large coupling) the operator Hγ,λ(0) has no bound
states (has no eigenvalues) below the bottom of the essential spectrum; this follows from the fact that the critical
coupling diverges as γ → γ−c .

(2) If γ > γc, then there exists a threshold value λ0(γ) such that for all λ > λ0(γ) there appears exactly one doubly
degenerate bound state with energy

z(γ, λ) = −λ+ e0(γ) +O(λ−1), λ→ ∞.

(3) The function ∆E(γ) := z0(γ, λ) − z(γ, λ) satisfies ∆E(γ) > 0 for γ > γc, ∆E(γ) = 0 for γ ≤ γc, and there
exists ν > 0 such that

∆E(γ) ∼ C (γ − γc)
ν , γ ↓ γc,

for some constant C > 0.

The critical value γc is determined by an integral equation that follows from the solvability condition of the Birman–
Schwinger equation at the bottom of the essential spectrum:

γ−1
c =

1

(2π)2

∫
[−π,π]2

(sin q1 + sin q2)
2

4− 2(cos q1 + cos q2)
dq1dq2. (5)
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FIG. 1. (a) Schematic phase diagram in the (γ, λ)-plane for the fermionic 2+1 trimer at K = 0. For
γ < γc the operator Hγ,λ(0) has no three-body bound states for any λ (fermionic phase without a
trimer). For γ > γc and sufficiently large λ there exists a unique trimer bound state, corresponding
to an effective doorway channel at the three-body level. (b) Trimer energy z(γ, λ) at fixed sufficiently
large λ near the critical mass ratio γc. As γ ↑ γc the level z(γ, λ) approaches the bottom of the
essential spectrum z0, while for γ > γc it separates from the threshold according to a quadratic law
∆E(γ) = z0 − z(γ, λ) ∼ C (γ − γc)

2, which corresponds to a second-order phase transition in the
spectral sense. The vertical line at γ1 illustrates a possible, more intricate scenario with an additional
first-order transition at larger γ, where the trimer level undergoes a discontinuous rearrangement (a
model example for discussing multicritical behavior).

A numerical solution of equation (5) yields

γc ≈ 2,75194± 0,00001.

The transition at γ = γc is of second order. As γ → γ+c , the level z(γ, λ) merges with the bottom of the essential
spectrum, and the energy difference follows a power law ∆E ∼ (γ − γc)

ν .
The physical mechanism behind this transition is the competition between two effects:
(1) Contact attraction, which tends to localize all three particles on the same lattice site and lower the energy of the

system.
(2) Pauli repulsion, which forbids the two identical fermions from occupying the same state and increases the kinetic

energy of the system.
For small γ (light fermions) the kinetic energy of the fermions is large, and Pauli repulsion suppresses the formation

of a bound state. For γ > γc the fermion mass is sufficiently large so that their kinetic energy becomes comparable to the
interaction energy, which allows a trimer bound state to form.

Geometrically, the behavior of the lowest trimer level in a neighborhood of the critical mass ratio γc is illustrated in
Fig. 1, which shows the separation of the energy z(γ, λ) from the bottom of the essential spectrum z0 for γ > γc and
the absence of a bound state for γ < γc (Pauli-suppressed regime). This picture is consistent with a bifurcation scenario
in which the contact attraction overcomes the effective Pauli repulsion only after the critical mass ratio γc is reached. In
Fig. 1 this bifurcation is visualized as the detachment of the trimer level z(γ, λ) from the threshold z0 for γ > γc.

The second-order phase transition described in Theorem 3.2 can be visualized both in the parameter plane (γ, λ) and
via the behavior of the trimer level at the threshold. In Fig. 1, panel (a) shows the domain of existence of the fermionic
trimer for γ > γc, while panel (b) illustrates the quadratic detachment of the level z(γ, λ) from the bottom of the essential
spectrum z0 and the corresponding second-order character of the transition. The model parameter γ1 highlighted in
panel (b) indicates a possible scenario of more complex (multicritical) behavior, with a first-order transition at larger mass
ratios.

In this context, the trimer phase for γ > γc plays the role of an effective doorway state on the lattice, analogous to
the doorway modes controlling secondary electron emission in layered materials [15].

The spectral visualizations in Fig. 1 thus emphasize the qualitative difference between the fermionic and bosonic
cases and, at the same time, illustrate how the proposed methodological approach captures a model scenario of a first-
order phase transition built on top of the second-order bifurcation.

Remark. The exponent ν in the asymptotic law ∆E(γ) ∼ C(γ − γc)
ν is expected to be 1/2, characteristic of a

square-root bifurcation at a threshold. A rigorous determination of ν requires a refined analysis of the Birman–Schwinger
kernel near the bottom of the essential spectrum and will be addressed in a forthcoming work.
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4. Discussion and conclusions

The comparative analysis carried out in this work reveals a fundamental difference between the behaviors of bosonic
and fermionic three-particle lattice systems:

• Bosons. Bound states exist for arbitrarily weak interactions; their number and properties are governed by the
symmetry and geometry of the system.

• Fermions (2+1). A three-body bound state exists only if the mass ratio satisfies γ > γc, which reflects a topolog-
ical prohibition imposed by the Pauli principle.

The critical phenomenon identified in the (γ, λ) parameter space can be interpreted as a second-order phase transi-
tion. It is characterized by a discontinuous change in the number of bound states upon crossing the critical line γ = γc.
The critical value γc plays the role of a universal constant of lattice geometry that delineates two topologically distinct
phases of trimer states.

A natural direction for further work is to investigate modified three-particle Hamiltonians of the type (3), where the
presence of two competing interaction channels (such as short-range attraction combined with long-range repulsion or
an external field) may lead to several local minima of the effective potential (4) and, consequently, to a first-order phase
transition between different trimer phases.

The results obtained in this paper have important implications in several contexts:
(1) Quantum simulation in optical lattices. The value of γc provides a concrete “design rule” for experiments aiming

at the observation of fermionic trimers: one has to choose atomic species with a mass ratio exceeding the threshold
2.75194 and tune the interaction into the strong-coupling regime (large λ), in which the asymptotics of z(γ, λ) is
realized.

(2) Condensed-matter physics. Similar three-particle models arise in the description of bound defect complexes in
semiconductors and excitonic complexes in two-dimensional materials. The mechanism based on the competition
between attraction and statistical constraints can manifest itself in these systems as well.

(3) Mathematical physics. This work demonstrates the efficiency of combining the Birman–Schwinger principle with
asymptotic analysis for studying the spectral properties of discrete multi-particle operators. For two-particle sys-
tems, a closely related approach to the spectral structure and its parametric monotonicity was developed in [11],
and here it is extended to the three-particle case with a critical phenomenon in the mass ratio. In Ref. [7], the
existence of a maximum number of isolated eigenvalues of lattice Schrödinger operators under variations of the
interaction parameters is analyzed, providing a natural two-particle analog of the three-body phase transitions
studied in the present work. From a mathematical point of view, Theorem 3.2 gives the first example of a three-
particle lattice system in which a critical value of a parameter (the mass ratio) produces a bifurcation of the
discrete spectrum with an explicitly computable critical constant γc, while Theorem 3.1 describes the comple-
mentary strong-coupling behaviour in the purely bosonic case.

Promising directions for future research include:
• extending the present approach to systems with mixed statistics (Bose–Fermi mixtures);
• studying the influence of the lattice dimension and geometry on the critical value γc;
• analyzing the dynamical properties and stability of trimer states;
• relating the microscopic results obtained here to macroscopic phase diagrams of lattice models.

From the viewpoint of Landau’s phenomenological theory of phase transitions [13], the mass ratio γ plays the role of
a control parameter, whereas the quantity ∆E(γ) = z0− z(γ, λ) can be interpreted as an order parameter that vanishes in
the limit γ → γ+c . The behavior ∆E(γ) ∼ (γ − γc)

ν and the emergence of a doubly degenerate level below the essential
spectrum for γ > γc are characteristic of a second-order phase transition accompanied by symmetry breaking in the space
of three-particle states.

4.1. Applied relevance for quantum nanosystems

The critical values obtained in this work have a direct experimental relevance for ultracold atomic systems in optical
lattices. The value γc ≈ 2.75194 provides a precise condition for the observability of fermionic trimers: one has to select
combinations of atomic species such as 6Li–87Rb or 40K–133Cs with a mass ratio exceeding the threshold.

In condensed-matter physics, analogous three-particle models describe:
• triexciton states in monolayer WS2 under resonant exciton–exciton attraction;
• bound defect complexes (vacancy–interstitial pairs) in MoS2 and h-BN;
• spin-triplet states in quantum dots with a pronounced imbalance of effective masses or g-factors.

From the solid-state physics perspective, the level z(γ, λ), which is separated from the essential spectrum and merges
with its lower edge as γ → γ+c , can be interpreted as an analog of a doorway state in the sense of Ref. [15], mediating
the effective coupling between localized trimer configurations and the continuum of extended states. In particular, the
threshold configuration corresponds to the condition

z(γc, λ) = Ethr(γc), detFred
(
I−Bγ(z, λ)

)∣∣
γ=γc,z=Ethr(γc)

= 0,
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which marks the onset of the trimer doorway mode at the three-body continuum threshold, where Ethr(γ) denotes the
lower edge of the essential spectrum of the three-body Hamiltonian Hγ,λ(0) (the three-body continuum threshold) for a
given mass ratio γ.

By analogy with the three-body lattice model, where the critical mass ratio γc controls the emergence or disappearance
of a trimer bound state, mass (isotopic) effects in real crystals manifest themselves in the spectrum of collective excitations.
In particular, Ref. [16] reports the experimental observation of a negative isotopic shift of the LO phonon in 3C–SiC,
revealing a universal mechanism of mass-effect dominance in cubic lattices. This indicates that controlling the masses
and isotopic composition, effectively tuning γ = mf/m3 in our terminology, can serve as a powerful tool for engineering
spectral properties in nanostructures and hybrid energy sources. In particular, isotopic engineering allows one to tailor the
phonon spectrum via shifts of the form

∆ωLO = ωLO(Meff)− ωLO(Mref),

where ωLO(M) denotes the longitudinal optical phonon frequency for a crystal with an effective mass M of the vibrating
sublattice, Meff is the mass corresponding to a given isotopic configuration, and Mref is a chosen reference mass (e.g.,
corresponding to the natural isotopic composition). This is directly analogous to the way the trimer energy z(γ, λ) shifts
relative to the three-body continuum threshold when the effective mass ratio γ is varied across the critical value γc.

The monotonicity of the eigenvalues of two-particle lattice Schrödinger operators established in [11] provides a
complementary mechanism for the controllable rearrangement of the energy spectrum under variations of the total quasi-
momentum and lattice parameters. In particular, for the two-particle operator H(k) on Z3, where k = (k1, k2, k3) is
the total quasimomentum, the paper [11] proves that the number N(k) of eigenvalues below the essential spectrum is a
nondecreasing function of each component ki ∈ [0, π], and, under additional assumptions on the interaction potential,
each eigenvalue branch zn(k) satisfies

k
(1)
i ≤ k

(2)
i =⇒ zn

(
k1, . . . , k

(1)
i , . . . , k3

)
≥ zn

(
k1, . . . , k

(2)
i , . . . , k3

)
,

for fixed remaining components kj , j ̸= i. Here zn(k) denotes the n-th discrete eigenvalue of H(k) and N(k) is the total
number of such eigenvalues, in the appropriate Brillouin-zone ordering, which allows one to shift bound levels spectrally
by tuning the total quasimomentum k and the lattice geometry. Together with the mass- and isotope-controlled effects
discussed above, this forms a robust toolbox for the spectral engineering of nanoscale quantum devices based on optical
and solid-state lattices.

The proposed two-channel Hamiltonian opens a route toward realizing a first-order phase transition between distinct
trimer phases, offering a microscopic realisation of Landau’s phenomenological scenario in a few-body lattice system.
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ABSTRACT The article shows the possibility of increasing the storage time of the opposite state (OS) at a
temperature of 145 ◦C from 140 to 500 minutes in ferroelectric capacitors based on Hf0.5Zr0.5O2 (HZO) by shift
of current integration endpoint to right. Consideration of transient processes between measurement pulses
after 500 minutes capacitors baking at 145 ◦C can enhance the OS retention from 21 to 35 % of the pre-
heating state. Opposite trend detected for the same sate (SS) (decrease from 56 to 35 %) and new same
state (NSS) (decrease from 63 to 45 %). It is also shown that the presence of a voltage shift caused by an
imprint in some cases may not lead to a loss of polarization due to the current flowing during the flat part of the
trapezoidal voltage pulse.
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1. Introduction

Ferroelectrics based on HfO2 are perspective materials for non-volatile memory application due to high scalability and
process compatibility with complementary metal oxide semiconductor (CMOS) technology, in contrast to conventional
ferroelectric materials [1,2]. In the case of ferroelectrics-based random access memory (FeRAM), information is stored in
the orientation of the polarization and can be read by unipolar voltage pulse [3] subsequent analysis of the received current
response. Data retention is one of the key metrics of non-volatile memory. Reliability studies focusing on data retention
of HfO2-based devices report about critical role of imprint in retention degradation [4–11]. The imprint effect manifests
itself as a shift of the hysteresis Polarization–Voltage (P–V) loop along the voltage axis. It occurs during thermal bake
and is a major issue for FeRAM reliability as it reduces the memory window [12]. Also, in some cases, polarization loss
can be observed follow a few seconds after removal of the external electric field and attributed to relaxation processes [5].

The retention of the memory window, in the case of a MFM (Metal–Ferroelectric–Metal) capacitor, can be estimated
by calculating the charge in electrical circuit during the supply of voltage pulse sequences [4, 13]. Pulse sequences form
states which can be evaluate before and after baking: same state (SS), opposite state (OS) [13] and, in some cases, new
same state (NSS) [4, 10]. Usually, OS demonstrates higher degradation rate in contrast to SS and NSS which usually
explained by imprint [4–11]. However, imprint also influences on SS and NSS [11] and in case of non-saturated loop
SS and NSS degradation rate can be higher than for OS [4]. Therefore, the reason for the usually observed OS higher
polarization loss is not fully understood, and further research is required to carefully investigate the imprint influence
and methods employed in calculating polarization loss. In this work, for the first time, we evaluate influence of charge
integration intervals duration used for SS, NSS and OS calculation in relaxation (25 ◦C) and retention loss (145 ◦C)
processes for Hf0.5Zr0.5O2 (HZO) based capacitors with TiN electrodes.

© Kuzmichev D.S., Konstantinov V.S., Sizykh N.A., Khakimov R.R., 2026
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2. Experiments

To create TiN/HZO(10 nm)/TiN capacitors, magnetron sputtered was used to deposit TiN for both electrodes, and
atomic layer deposition was used to grow HZO as a ferroelectric layer. After rapid thermal annealing in Ar atmosphere
of 600 ◦C and 30 s capacitors with 250 µm2 square were formed. The electric characteristics of the MFM devices were
measured by Agilent B1500 semiconductor parameter analyzer. During all electric measurements, a voltage bias was
applied to the top electrode and the bottom electrode was grounded and used for current measurements each 10 ns.

To evaluate retention loss and polarization relaxation of the TiN/HZO/TiN capacitors, pulse sequences “Cap 1”
and “Cap 2” used for same-state (SS+), new same-state (NSS+) and opposite-state (OS+) determination accordance
with [4, 10]. Pulses schemes used for these tests are illustrated in Fig. 1. According to [4], the polarization of SS+
was calculated as the difference between the polarizations of pulses 21 and 11, NSS+ – 23 and 12, and OS+ – 14 and 24
(Fig. 1). It is assumed that pulses 21, 23, and 14 contain a ferroelectric response (Data “1”), while pulses 11, 12, and 24

do not have a ferroelectric response (Data “0”). Polarization of each Data “1” and Data “0” pulses was calculated as total
pulse charge normalized per MFM capacitor area. The charge, in turn, is calculated by integrating the current response.
The time point at which integration begins corresponds to the start of the rise of the positive voltage pulse. The final time
point of integration is specified separately.

FIG. 1. Measurement sequences “Cap 1” and “Cap 2” used for relaxation and retention measurements

Before “Cap 1” and “Cap 2” sequences applying, were waked up by 105 cycles at room temperature (25 ◦C). For
“Cap 1” and “Cap 2” sequences, last pulse of wake-up cycling was positive and negative, respectively. Than, to evaluate
possible polarization relaxation before baking [5] “Cap 1” and “Cap 2” sequences were applied to capacitors with delay in
the range from 1 µs to 100 s after wake-up cycling (Fig. 1). For retention measurements “Cap 1” and “Cap 2” sequences
were applied to capacitors twice, first before baking (with delay of 1 µs after wake-up cycling at 25 ◦C) and second
after 10, 40, 200 or 500 minutes of 145 ◦C baking according to [4]. At least 6 capacitors were used at each time point
to calculate the polarization (3‘– for “Cap 1” and 3 for “Cap 2” sequences). 12 capacitors were used at 500 minutes of
145 ◦C baking time point (6 – for “Cap 1” and 6 for “Cap 2” sequences). Pulse amplitude and width for cycling and
measurements sequences were equivalent and equal to 3 V and 3 µs respectively. Pulse shelf, rise and fall times were
equal to 1 µs. Pulse separation was 1 µs. The pulse length and current measurement frequency were selected for more
clear demonstration aspects of polarization calculation from current-time data for 250 µm2 ferroelectric capacitors.

3. Results and discussion

Figure 2(a) shows evolution polarization values for all states in relaxation region at 25 ◦C and after baking at 145 ◦C.
Charge integration range was 3.5 µs (pulse width and 500 ns after it) to take into account RC delay (Fig. S1(a), Supple-
mentary materials). In relaxation region, polarization of SS+, NSS+ and OS+ after 1 µs delay is ∼30.2±0.8 µC/cm2.
After 100 s delay SS+, NSS+ and OS+ polarization demonstrate same values (negative states SS−, NSS− and OS−
demonstrate similar trend in Fig. S2).

A noticeable drop in polarization is detected only after baking at elevated temperature. SS+, NSS+ and OS+ polar-
ization after 10 minutes baking at 145 ◦C was 21, 22.5, and 18 µC/cm2 respectively. Maximum degradation was achieved
for 500 minutes baking at 145 ◦C, the values were 12.5, 15.5, and 9.5 µC/cm2 for SS+, NSS+ and OS+ polarization,
respectively. So, OS+ higher degradation is in accordance with previous research [5–8, 10, 14] and usually explained by
shift of coercive fields (imprint), however, this effect also influences on SS and NSS [11]. Moreover, the imprint can start
develop after 10−5 s [11], but in our case, polarizations values of all states do not change significantly even after 100 s.
This raises two points that require clarification: the reason for the stronger effect of the imprint on OS compared to SS
and NSS and the reason why the imprint does not result in a reduction in polarization during the relaxation process.
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In order to do this, it is necessary to analyze the process of calculating polarization loss. First, it should be noted that
usually reported only about polarization margin (Data “1” minus Data “0”) without separate analyzing of Data “1” and
Data “0” [5–8, 14]. Second, time interval used for charge and polarization calculation measurement also usually is not
specified. However, in real 1T-1C FeRAM devices, only after a certain time interval values Data “1” and Data “0” can be
distinguished by the voltage difference on the bitline [9]. So, to recognize reasons of higher OS degradation, evolution of
each pulse in “Cap 1” and “Cap 2” sequences and integration interval used for polarization calculation should be consider.

Figure 2(b) shows that in the relaxation region (25 ◦C) polarizations for all Data “0” and ”Data “1” values without
any significant evolution are ∼ 0.4±0.4 µC/cm2 and ∼30±0.4 µC/cm2, respectively. The observed error is related to the
accuracy of the measuring source (∼1.5 µA), and not to the presence of a leakage current, since the current at maximum
voltage on the pulse shelf after an RC delay is comparable to the current without voltage supply (Fig. S1(b)).

FIG. 2. Relaxation and Retention measurements of the TiN/HZO/TiN capacitors for (a) SS+, NSS+,
OS+ and (b) pulses from “Cap 1” and “Cap 2” sequences. Charge measurement range was 3.5 µs (pulse
width and 500 ns after it). The calculated values in each time point are in the ranges of ±0.8 µC/cm2

for (a) and ±0.4 µC/cm2 (b) and showed by error bars

Next, after 145 ◦C baking, Data “0” 24 pulse polarization demonstrate a noticeable increase – to 2.5 µC/cm2 after
10 minutes, and 3.5 µC/cm2 after 500 minutes baking. In contrast, other Data “0” pulses polarization (11 and 12 pulses)
is not affected by baking. In turn, all ”Data “1” polarization values demonstrate degradation after baking. 21 (SS+), 23

(NSS+) and 14 (OS+) pulses polarizations after 10 minutes baking were 22, 23, and 20.5 µC/cm2, respectively. Maximum
degradation was achieved after heating for 500 minutes, the values were 13, 16, and 13 µC/cm2 for SS+, NSS+ and OS+
polarization, respectively.

Thus, higher OS+ degradation in compare with SS+ during baking can be caused by polarization increasing of
24 pulse, because changes in 11 pulse (Data “0”) are insignificant and degradation ferroelectric 21 and 14 pulses is
comparable. 23 pulse (NSS+) higher polarization value can be caused by recovery process after 21 and 22 pulses [14,15].
It should be noted that effect of non-zero Data “0” current response detected on 24 pulse was reported previously and can
be attributed to ferroelectric contribution [10].

Therefore, the analysis of current responses used in calculating the polarization can be useful in understanding the
processes (imprint and ferroelectric contribution) taking place in the capacitor (Fig. 3). Changing dynamic of pulses
responsible for SS+ and NSS+ are similar: first, there are no significant evolution in current responses of “Data 0” pulses
(11 and 12), second, shifting maximum currents of “Data 1” pulses (21 and 23) to higher voltages during relaxation and
retention measurements (Fig. 3(a–d)). After 100 s delay, maxima of ferroelectric current responses for 21 and 23 pulses
shift to higher voltages on 0.5 and 0.3 V respectively in contrast to 1 µs delay (Fig. S3) and could be associated with
imprint recovery for 23 pulse [14], however, this imprint does not lead to difference in polarization values (Fig. 2b).

Also, in both cases (21 and 23 pulses) increasing of backswitching effect detected during voltage fall after baking
(Fig. 3(a,c)). For OS+ pulses (14 and 24) evolution processes show significantly different dynamic in contrast to SS+ and
NSS+ pulses: shift current maxima of 14 pulse to lower voltages (Fig. 3(e)) and ferroelectric response detection in pulse
24 (Fig. 3(f)). In contrast to “Data 1” pulses for SS+ and NSS+ (21 and 23) there is no backswitching effect for “Data 1”
pulses for OS+ (14 pulse) after baking. In turn, backswitching effect detected in “Data 0” pulse of OS+ (pulse 24). Also,
it should be noted that for all pulses with backswitching effect (21, 23, 14) transient current after the pulse end is detected
and may influence on polarization calculation [11].

To evaluate influence of transient currents on polarization calculation three time intervals were used: “I1” – 3 µs
(only voltage pulse without RC-delay), “I2” – 3.5 µs (used in Fig. 2) and maximum “I3” – 4 µs (Fig. 4).

Increasing of time interval leads to a decrease of calculated polarization values for all pulses. In the relaxation region,
calculated polarization for all Data “1” pulses decreases from ∼33 µC/cm2 for “I1” to ∼31 µC/cm2 for both “I2” and
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FIG. 3. Current responses of pulses from “Cap 1” and “Cap 2” sequences used for SS+ (a, b),
NSS+ (c,d), OS+ (e,f) calculation

“I3”. For all Data “0” pulses polarization decreases from ∼2 µC/cm2 for “I1” to ∼0.8 µC/cm2 for both “I2” and “I3”
(Fig. 4 black and red curves). It is worth noting that Fig. 3(a) and Fig. 4(a) illustrate the reason for the lack of polarization
loss during the observed imprint. In case of 1 µs delay most of the charge generated by the ferroelectric switching falls
within the medium voltage rising range (∼ 1.9 V in Fig. S3, black curve). In contrast, for a delay of 100 seconds, the
same charge flows at higher voltages (∼2.4 V Fig. S3, red curve) and on the flat part of the trapezoidal voltage pulse.

The changes in the integration interval are most pronounced when calculating the polarization after baking for pulses
with backswitching (21, 23, 24) For pulse 21 after 500 min baking polarization decrease from 19 µC/cm2 (“I1”) to
12 µC/cm2 (“I3”) (Fig. 4a). For 24 pulse polarization decrease from 8 µC/cm2 (“I1”) to 2.8 µC/cm2 (“I3”) (Fig. 4d).
Therefore, SS+ polarization value after 500 min baking is 17 µC/cm2 in case of “I1” interval, 13 µC/cm2 (“I2”) and
11.5 µC/cm2 (“I3”). OS+ polarization value after 500 min baking is 6 µC/cm2 in case of “I1” interval, 9.5 µC/cm2 (“I2”)
and 10.5 µC/cm2 (“I3”). So, it shows practically equivalent polarization loss for SS+ and OS+ estimated by long pulse
interval. The trend for NSS+ is similar to SS+ with effect of partial recovery (not shown).

Interval influence on normalized polarization loss after baking shows in Fig. 5 (SS+ and OS+) and Fig.S4 (NSS+).
Maximum difference between states detected for I1 interval after 500 min backing: 56 %, 63 % and 21 % from initial
polarization for SS+, NSS+ and OS+ respectively. An increase in the integration interval leads to reducing SS+, NSS+ and
increasing OS+ values. The SS+ and OS+ normalized polarization values for I3 interval after 500 min backing practically
the same and equal to ∼35 % from initial polarization. For NSS+ normalized polarization value for I3 interval is 45 %
after 500 min backing.

It can be seen that an increase in the integration interval leads to an increase in OS+ storage time. At longer integration
intervals, the levels of degradation of the SS+ and OS+ states become comparable (green lines in Fig. 5). The same level
of normalized OS+ losses (35 % Fig. 5) for the short interval (“I1”) it is achieved after ∼ 140 minutes of exposure at
145 ◦ C, and for the “I3” interval only in 500 minutes.



How to make opposite state store again 191

FIG. 4. Change of the polarization value depending on the integration interval for 21 (a), 11 (b), 14 (c)
and 24 (d) pulses. Numbers indicate polarization values for “I1”, “I2” and “I3” intervals

FIG. 5. Comparison of normalized polarization loss of SS+ (closed squares) and OS+ (open circles)
for different integration intervals after baking at 145 ◦C

4. Conclusion

The results presented above show that the shift of the integration endpoint to longer times and the corresponding
extension of the integration interval from 3 to 4 µs improve the OS+ retention time in ferroelectric TiN/HZO (10 nm)/TiN
capacitors from ∼140 to 500 min at 145 ◦C. It is also shown that the coercive voltage shift, which is often cited as
an unambiguous precursor to read polarization degradation, may not lead to polarization loss in the case of trapezoidal
control pulses due to the charge flowing on the pulse shelf.
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ABSTRACT This study presents the design and theoretical analysis of a tunable biaxial hyperbolic metamaterial
(BHMM) constructed from a layered n-GaAs/AlGaAs heterostructure under an external magnetic field. The
objective is to optimize the tunability in order to control the dispersion shape for applications in the terahertz
(THz) frequency regime. The effective medium approximation (EMA) model is employed and demonstrates the
coexistence of two wave modes, namely, a closed ellipsoidal and an open hyperboloidal isofrequency surface.
The results reveal that the external magnetic field acts as a powerful tuning mechanism, enabling spectral
shifting of the dispersion and active switching between Type-I and Type-II hyperbolic regimes. In addition,
the conditions required to achieve extreme compression of the isofrequency surface (IFS), which is essential
for beam steering control, are analyzed. This compression occurs when one component of the permittivity
reaches extremely large values, leading to the formation of near-flat segments on the isofrequency surface.
KEYWORDS biaxial hyperbolic metamaterial, terahertz frequency regime, hyperboloidal isofrequency surface,
effective medium approximation
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1. Introduction

The rapid advancement of materials science and nanotechnology has led to the emergence of metamaterials – artifi-
cially engineered composite structures exhibiting extraordinary electromagnetic properties that are not found in naturally
occurring materials, such as negative refractive index and strongly anisotropic dispersion [1–8]. These materials serve as
a fundamental platform for the development of compact, multifunctional photonic and electromagnetic devices, and are
particularly significant for applications operating in the terahertz (THz) and infrared (IR) frequency regimes [9, 10].

Among anisotropic materials, hyperbolic metamaterials (HMMs) stand out due to their ability to exhibit strongly
anisotropic dispersion. HMMs are characterized by an effective dielectric permittivity tensor (ε̂) with principal compo-
nents of opposite signs (ε⊥ · ε∥ < 0). This hyperbolic property enables HMMs to support high-wavevector (k → ∞)
modes, thereby overcoming the diffraction limit and significantly enhancing the photonic density of states (PDOS) [11,12].
HMMs have attracted considerable attention for a wide range of applications, including hyperlensing, perfect absorption,
and terahertz (THz) biosensing [13].

Most current studies have predominantly focused on uniaxial hyperbolic metamaterials (HMMs), for which εxx =
εyy ̸= εzz . Such media exhibit only two singular points (where the two dispersion surfaces intersect, i.e., optical topo-
logical transitions or ε → 0/∞) along the symmetry axis, leading to iso-frequency surfaces with rotational symmetry
around the optical (Z) axis [14]. Although this symmetry simplifies theoretical analysis, it significantly restricts the
ability to manipulate wave propagation at arbitrary angles in three-dimensional space. Consequently, the flexibility in
controlling energy flow (beam steering) and the multifunctionality of devices remain limited. To extend the controlla-
bility of electromagnetic waves in full three-dimensional space, recent research has shifted toward biaxial hyperbolic
metamaterials, a class of media characterized by three distinct components of the effective dielectric permittivity tensor
(εxx ̸= εyy ̸= εzz). This additional degree of freedom enables more flexible control of the energy flow with respect to the
azimuthal angle [15, 16]. These metamaterials can support up to four potential singular points and possess more complex
iso-frequency surfaces, thereby enabling multichannel device designs and improved polarization management, which are
essential for advanced telecommunication and sensing applications [17].

Semiconductor-dielectric layered structures subjected to an external magnetic field constitute an effective approach
for realizing biaxial hyperbolic metamaterials (BHMMs) and enabling magnetic-field tunability of their extreme disper-
sion characteristics [18]. Owing to their in-plane anisotropy, BHMMs allow significantly enhanced control of electromag-
netic energy flow over a wide range of azimuthal angles. Kuznetsov E.V. and co-workers have optimized BHMM designs
to achieve highly accurate energy distribution [19]. In recent years, research on biaxial hyperbolic metamaterials has
progressed from proof-of-concept demonstrations toward performance optimization and enhanced tunability for practical
applications [20].

© Nguyen Pham Quynh Anh, 2026
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Research on semiconductor-based hyperbolic metamaterials highlights that while these structures offer unique optical
properties like infinite density of states, their performance depends heavily on the carrier concentration and layer thickness.
However, a significant discrepancy exists between nominal design parameters and as-grown structures due to physical
phenomena such as band bending and depletion effects at the interfaces. To accurately predict optical responses using
effective medium theory, these practical changes in material properties must be integrated into the design process for
optimized HMM applications [21]. Moreover, the synergistic coupling between the plasma response of heavily doped
semiconductors and the phononic resonances of the crystal lattice indicates that hybrid BHMMs can support multiple
dispersion regimes, including the biaxial hyperbolic regime, and offer substantially greater tunability than systems relying
on a single physical mechanism (e.g., purely plasmonic platforms). This hybrid strategy represents a promising pathway
for the development of multifunctional BHMM devices.

Although previous studies have confirmed the effectiveness of biaxial hyperbolic metamaterials (BHMMs) in con-
trolling energy flow and wave propagation direction, a significant research gap remains in the design of BHMM structures
that operate efficiently at room temperature while offering high integration capability. To address these challenges and
expand the application potential of BHMMs in terahertz (THz) telecommunications and sensing, this work focuses on
phase-transition phenomena in a novel n-GaAs/AlGaAs layered structure, an advanced material platform. The objective
is to identify optimal operating conditions, including external magnetic field strength and layer thickness ratios that enable
precise control over near-flat segments of the iso-frequency surface, thereby optimizing device performance for THz beam
steering and sensing applications.

2. Effective model for n-GaAs/AlGaAs-based biaxial hyperbolic metamaterial

We employ the effective medium approximation (EMA) to investigate a novel multilayer system composed of n-GaAs
(semiconductor) and AlGaAs (dielectric) layers. This material platform is deliberately chosen to enable room-temperature
operation and enhanced integration capability, in contrast to earlier foundational studies that relied primarily on n-InSb
and low-temperature operation. The EMA model is applied under the condition that the individual layer thicknesses are
much smaller than the operating wavelength (kd ≤ 1). The effective dielectric permittivity tensor (ε̂) of the structure is
determined by combining the Hall permittivity tensor of the semiconductor layer under an external magnetic field (applied
along the Y-axis) with the isotropic dielectric constant (εd) of the dielectric layer. The alternating semiconductor (d1) and
dielectric (d2) stacking induces an intrinsic anisotropy along the stratification (Z) direction, resulting in εyy ̸= εzz even
in the absence of an external magnetic field. Regarding magneto-optical anisotropy (Hall effect), the application of an
external magnetic field H0 along the Y-axis renders the permittivity tensor of the semiconductor layer non-diagonal and
non-symmetric, characteristic of a Hall-type tensor. However, within the effective medium approximation, this Hall tensor
effectively reduces to a diagonal but fully biaxially anisotropic tensor for the composite structure (εxx ̸= εyy ̸= εzz) [18]:

εxx 0 0

0 εyy 0

0 0 εzz

 , (1)

with the components εxx, εyy, εzz equal to [22]:

εxx =
w4a1 − w2a2 + a3

dw2(w2 − w2
H − w2

p)
, εyy =

w2(ε0d1 + εdd2)− w2
pε0

dw2
, εzz =

ε0εdd(w
4a1 − w2a2 + a3)

w4b1 − w2b2 + b3
,

a1 = d1e0 + d2ed, a2 = w2
Ha1 + w2

d(d1e0 + a1), a3 = d1e0w
4
p, b1 = a1l1, l1 = d1ed + d2e0,

b2 = w2
Ha1l1 + w2

pe0S, S = (d2a1 + d1l1), b3 = d1d2e
2
0

(
2(w2

g +W 2
p ) + w4

p

)
.

Here e0 is the lattice dielectric frequency; meff is the effective mass; wH = H0e/meffc is the cyclotron frequency; wp is

the plasma frequency; wg =
√

w2
H + w2

p is the hybrid resonance frequency.

Assuming the structure under consideration is non-absorbing (J⃗ = 0, ρ = 0), non-magnetic (B⃗ = µ0H⃗) and linearly
anisotropic (D⃗ = ε0ε̂E⃗. In the frequency domain, Maxwell’s equations for harmonic plane waves (E⃗0e

i(k⃗·r⃗−ωt)) become
as follows:

∇× E⃗ = −∂B⃗

∂t
⇒ ik⃗ × E⃗ = iωB⃗ ⇒ k⃗ × E⃗ = ωB⃗ = ωµ0H⃗, (2)

∇× H⃗ =
∂D⃗

∂t
⇒ ik⃗ × H⃗ = −iωD⃗ ⇒ k⃗ × H⃗ = −ωD⃗. (3)

From (2), we have:

H⃗ =
1

ωµ0

(
k⃗ × E⃗

)
. (4)
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Substitute (4) into equation (3), one obtains:

k⃗ ×
[

1

ωµ0

(
k⃗ × E⃗

)]
= −ωD⃗, (5)

1

ωµ0

[
k⃗ ×

(
k⃗ × E⃗

)
− E⃗k2

]
= −ωD⃗. (6)

Multiplying the both sides by ωµ0 and setting k20 = ω2µ0ε0 = ω2/c2, one comes to the expression:

k2E⃗ − k⃗ ×
(
k⃗ × E⃗

)
= ω2µ0D⃗ =

ω2

ε0c2
D⃗ = k20ε

−1
0 D⃗. (7)

Due to the relation D⃗ = ε0ε̂E⃗, we have:

k2E⃗ − k⃗ ×
(
k⃗ × E⃗

)
= k20 ε̂E⃗. (8)

Equation (8) in matrix form is as follows:

det




k2 − k2x −kxky −kxkz

−kykx k2 − k2y −kykz

−kzkx −kzky k2 − k2z

− k20


εx 0 0

0 εy 0

0 0 εz


 = 0. (9)

After performing a number of transformations, we obtain a normalized fourth-order equation for k:

k2xεx
k2 − k20εx

+
k2yεy

k2 − k20εy
+

k2zεz
k2 − k20εz

= 0. (10)

From Eq. (10), we see that for a given wave propagation direction (with a fixed ratio kx : ky : kz), there are always
two possible values for the magnitude of the wave vector (k1 and k2), corresponding to two orthogonally polarized wave
modes in the biaxial medium:

k21,2 =
−B ±

√
B2 − 4AC

2A
, (11)

with A =
∑

i=x,y,z

k2i ; B = k20

∑
i̸=j

k2i εiεj − k2
∑
i

εi

; C = k40εxxεyyεzz . Here, mode 1 corresponds to the first wave

surface, while mode 2 (k2) corresponds to the second wave surface. The solutions k21 and k22 determine the shapes of the
two nested wave surfaces on the iso-frequency surface; both waves exhibit anomalous anisotropic behavior.

3. Dispersion analysis of the n-GaAs/AlGaAs-based biaxial hyperbolic metamaterial

Numerical calculations are performed for the semiconductor–dielectric multilayer structure n-GaAs/AlGaAs: meff =
0.067m0, ε0 = 12.9, ωp = 5.3× 1012 rad/s, εd = 11.8.

Figure 1 illustrates the frequency dependence of the three components of the effective permittivity (εxx, εyy , εzz).
The εyy component (red dashed line), oriented along the direction of the external magnetic field B⃗, exhibits the weakest
dispersion and remains positive throughout the entire investigated frequency range, indicating that it is only weakly
affected by hybrid resonances. In contrast, εxx (black solid line) and εzz (blue dotted line) show complex frequency
dependences with multiple singularities, providing direct evidence of the BHMM characteristics. The εxx component
exhibits poles where εii → ±∞ and zeros where εii = 0. For example, εxx reaches a pole at ω ≈ 5.6 × 1012 s−1 (the
hybrid resonance frequency) and a zero at ω ≈ 3.5× 1012 s−1 (the effective plasma frequency). The presence of multiple
poles and zeros in εxx arises from the complexity of the analytical expressions and the interlayer coupling, reflecting
slow-wave modes characteristic of the layered structure.

The dispersion analysis of biaxial hyperbolic metamaterials (BHMMs) is carried out by means of examining the
relationship between the frequency (ω) and the effective permittivity components (εxx, εyy, εzz), identifying the frequency
regions where the sign of ε changes, thereby distinguishing between elliptic and hyperbolic dispersion regimes. Fig. 1
shows that εyy exhibits the weakest dispersion, whereas εxx and εzz display pronounced poles and zeros, indicating the
strong influence of the hybrid resonance frequency (ωg) and the plasma frequency (ωp).

The coexistence of two wave modes (closed and open surfaces) is a characteristic feature of BHMMs. The shape
of the iso-frequency surface (IFS) in wave-vector space k⃗ is classified into two main types according to the sign of the
effective permittivity tensor: Type-I hyperbolic dispersion occurs when only one component in the set (εxx, εyy, εzz) is
negative, whereas Type-II hyperbolic dispersion arises when two components of the permittivity tensor are negative. From
Fig. 1, the structure exhibits Type-I hyperbolic behavior in the frequency range 3.5 × 1012 s−1 < ω < 3.8 × 1012 s−1,
with the permittivity components having the sign configuration (+, −, +). The corresponding iso-frequency surface is a
double-sheet hyperboloid, compressed in the XZ plane and extended along the Y axis (Fig. 2a). Similarly, in the frequency
range 4.9 × 1012 s−1 < ω < 5.6 × 1012 s−1, the structure shows a permittivity sign combination of (+, +, −), where



196 Nguyen Pham Quynh Anh

FIG. 1. Spectral dependences of the real parts of effective permittivities εxx, εyy , εzz of metamaterials
made of semiconductor–dielectric multilayer structure n-GaAs/AlGaAs with d1 = d2 = 4 µm.

the iso-frequency surface is strongly compressed in the XY plane and extends infinitely along the Z axis (Fig. 2b). This
configuration is highly relevant for hyper-lensing applications and for controlling the photonic density of states (PDOS).
The Type-II hyperbolic region (single-sheet hyperboloid) corresponds to ω < 3.0 × 1012 s−1 (Fig. 1). In this range, the
permittivity components exhibit the sign configuration (−, −, +), as both εxx and εyy take negative values, indicating
metallic behavior along the X and Y directions, while retaining dielectric behavior along the Z direction (Fig. 2c). This
region allows the propagation of evanescent waves.

The presence of multiple hyperbolic frequency regions indicates that the n-GaAs/AlGaAs BHMM supports mul-
timode operation. The three-dimensional IFS results confirm that, by tuning physical parameters such as the external
magnetic field (H0) and the layer thickness ratio (d1/d2), the entire frequency spectrum can be shifted, enabling flexible
switching between different BHMM regimes (Type I and Type II). This high degree of tunability is crucial for optimizing
the IFS topology, particularly for achieving quasi-flat regions, which are essential for precise beam steering and active
THz sensing applications.

The search for near-flat regions on iso-frequency surfaces is a central objective in hyperbolic metamaterial research,
as it is directly related to the ability to achieve high-precision control of energy propagation direction, including beam
collimation and steering. Based on three-dimensional simulation results obtained from different configurations of εxx,
εyy, and εzz (Fig. 3), we analyze the physical conditions leading to the emergence of such near-flat regions. These regions,
characterized by vanishing curvature, occur when the IFS is extremely compressed along a confined axis. In the BHMM
model, this strong compression arises when the operating frequency ω approaches a pole of the permittivity tensor, causing
the magnitude of one permittivity component εii to diverge (±∞). As shown in Fig. 3b, the (+, +, −) configuration with
ε = 8.318, 4.804, −814.889 provides an optimal condition for achieving near-flatness. Because εzz attains a very
large negative magnitude – several orders of magnitude larger than εxx and εyy – this component imposes an extreme
compression of the IFS along the Z axis. Under such compression, the two-sheet hyperboloid IFS (Fig. 3b) is flattened
into a highly anisotropic structure that lies close to the XY plane. In this strongly confined regime, the dependence of
the dispersion relation on kz becomes negligible, and the IFS asymptotically approaches the form of two parallel planes
(kz ≈ 0). This pronounced flattening constitutes a clear manifestation of near-flat regions, which are crucial for beam
steering applications. For the Type-I hyperboloid opened along the Y direction (Fig. 3a), the (+, −, +) configuration
produces a relatively slender geometry with large curvature along the hyperbolic branches, and therefore does not generate
sufficiently strong compression to induce surface flattening. In contrast, the single-sheet hyperboloid (Fig. 3c) with the
(−, −, +) configuration at frequencies close to the poles of εxx and εyy (e.g., ε = −147.812, −168.831, 24.659) develops
a bottleneck-like shape, where the hyperbolic branches are strongly stretched and become nearly flat. This near-flatness
emerges along the open hyperbolic branches when |εxx| and |εyy| reach extremely large values (|εxx| ≈ 148, |εyy| ≈ 169).
As the IFS undergoes strong stretching, its curvature approaches zero. Fig. 3c clearly illustrates the formation of these
tilted planar segments, which are of particular interest for beam steering, since the group velocity vector (v⃗g) is always
normal to the IFS.

Figure 4 (a and b) illustrate the frequency dependence of εxx and εyy for three different values of the applied external
magnetic field H0 (9000 Oe, 7810 Oe, and 3000 Oe). In the considered model, the magnetic field H0 is applied along the
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FIG. 2. Iso-frequency surfaces in the wave-vector space for biaxial hyperbolic metamaterials made
of semiconductor–dielectric multilayer structure n-GaAs/AlGaAs with d1 = d2 = 4 µm: a) Biaxial
Hyperbolic IFS type I (ε: 1.738; −0.885; 8.928); b) Biaxial Hyperbolic IFS type I (ε: 9.779; 5.384;
−39.608); c) Biaxial Hyperbolic IFS dual mode (ε: −42; −50; 27)

FIG. 3. Iso-frequency surfaces in the wave-vector space for a biaxial hyperbolic metamaterial based
on an n-GaAs/AlGaAs multilayer structure (d1 = d2 = 4 µm), calculated as the operating frequency
approaches the zeros – Biaxial Hyperbolic IFS type I (ε: 2.396, −0.197, 11.582) (a) or poles – Biaxial
Hyperbolic IFS type I (ε: 8.318, 4.804, −814.889) (b), Biaxial Hyperbolic IFS dual mode (ε: −147.812,
−168.831, 24.659) (c) of the effective permittivity tensor components
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Y axis. For wave propagation (or electric-field polarization) parallel to the magnetic-field direction, the Hall effect, which
is responsible for magnetically induced anisotropy, does not contribute.

FIG. 4. Spectral dependences of the real parts of effective permittivities εxx (a), εyy (b) of metamate-
rials made of semiconductor–dielectric multilayer structure n-GaAs/AlGaAs (d1 = d2 = 4 µm) under
the influence of an external magnetic field H0

Nevertheless, both εxx and εyy exhibit pronounced shifts in their pole and zero frequencies as H0 is varied. Specifi-
cally, when H0 = 9000 Oe, the pole of εxx appears at the frequency ω = 5.8 × 1012 s−1; as H0 is reduced to 7810 Oe,
this pole shifts toward lower frequencies. The magnetic-field dependence of εxx is more intricate, yet it also displays
similar pole–zero shifts, with particularly strong variations occurring around 4.5 – 5.5 × 1012 s−1. This behavior can
be attributed to the fact that the cyclotron frequency is proportional to H0. As H0 decreases, the cyclotron frequency
ωH is reduced, which in turn lowers the hybrid resonance frequency, leading to an overall redshift of the εxx and εyy
spectra. Consequently, the magnetic-field-induced displacement of the pole and zero frequencies of εxx and εyy enable
precise control over the positions of the hyperbolic and elliptic dispersion bands. At a fixed operating frequency (e.g.,
ω = 5×1012 s−1), the material can be switched between elliptic and hyperbolic dispersion regimes simply by tuning H0.

This switching capability forms the foundation for active sensing devices and modulators. Another important impli-
cation is that tuning H0 enables direct control over the geometric topology of the iso-frequency surfaces. The near-flat
regions on the IFS, which are essential for high-precision beam control, emerge when the operating frequency approaches
the hybrid resonance frequency (ε → ∞). By appropriately adjusting H0, the pole frequency can be shifted to coincide
precisely with the desired operating frequency, thereby optimizing the degree of IFS flattening. This tunability allows
for the design of BHMM structures capable of efficient energy collimation and directional wave propagation in the THz
regime. Similar behavior is also observed when varying the layer thickness ratio from 0.5 → 2 (Fig. 5). As the rela-
tive thickness of the semiconductor layer increases with respect to the dielectric layer, the average electron concentration
within the effective medium is enhanced, leading to a modification of the effective plasma frequency (ωeff

p ). The resulting
shift in ωeff

p induces a global redshift of the entire dispersion spectrum, further demonstrating the versatility of structural
and magnetic-field tuning for controlling BHMM dispersion characteristics.

4. Conclusion

This study confirms the feasibility and advantages of employing n-GaAs/AlGaAs layered structures under an external
magnetic field to implement biaxial hyperbolic metamaterials (BHMMs) operating in the THz frequency range. The
effective medium approximation (EMA) has been successfully applied, demonstrating that the proposed structure behaves
as a BHMM characterized by three distinct effective permittivity components (εxx ̸= εyy ̸= εzz). The analysis reveals that
the external magnetic field H0 serves as a powerful tuning parameter, enabling active switching among different dispersion
regimes (elliptic, Type-I hyperbolic, and Type-II hyperbolic) at a fixed operating frequency through controlled shifts of
the pole and zero frequencies of εxx and εyy. In addition, the layer thickness ratio d1/d2 is identified as a key structural
design parameter for tailoring the degree of anisotropy and the extreme magnitude of the permittivity components, which
ultimately governs the IFS topology. The combined tuning of magnetic and structural parameters demonstrates the ability
to generate pronounced near-flat regions on the iso-frequency surfaces, particularly when one permittivity component
attains an extremely large magnitude (e.g., εzz = −815), thereby producing the strong compression required for beam-
steering applications. In conclusion, the use of n-GaAs together with its strong magnetically induced tunability establishes
this BHMM architecture as a promising platform for next-generation photonic devices, capable of precise manipulation
and steering of electromagnetic waves in the THz regime, with significant potential for high-speed communication systems
and active sensing applications.
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FIG. 5. Spectral dependences of the real parts of effective permittivities εxx (a), εyy (b), εzz (c) under
the specified layer thickness ratio (d1/d2) of metamaterials made of semiconductor–dielectric multilayer
structure n-GaAs/AlGaAs (d1 = d2 = 50 µm)
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ABSTRACT The work considers the application of laser correlation spectroscopy to the investigation of dis-
persed systems for such a case, which can be regarded as a transitional to the multiple scattering regime. It
is shown that even a slight violation of the condition of single scattering by the increasing of concentration of
scattering centers can affect the result of particle size measurements. It should be taken into account when
studying colloids.
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1. Introduction

The laser correlation spectroscopy method (LCS), which is used in the study of various types of dispersed systems,
had been developed primarily for the case of single-scattering of probing radiation [1,2]. However, the task of investigation
of a structure with multiple scattering is also relevant, and LCS can be used here in one form or another, although artifacts
are observed that significantly affect the determination of sample characteristics. Despite the existence of a number of
works in the field, the theoretical understanding of such processes is still in progress.

This article discusses an important variant of LCS application: testing of the solutions at such particle concentrations
for which the single light scattering transforms into multiple one. The theoretical results are compared with the exper-
imental data obtained on polystyrene latex colloids, which serve as a model system for comprehension of the effects in
this boundary region.

2. Theoretical analysis of the autocorrelation function of multiple scattered light

When finding the particles size by the LCS method, the autocorrelation function G(2)(τ) = ⟨I(t + τ)I(t)⟩ of
the scattered light intensity I is measured. Subtracting the base line G2(∞) from it gives one the expression G(τ) =

G(2)(τ)−G(2)(∞). Further we will refer to it simply as the autocorrelation function (ACF) of the scattered light.
It has been shown that if light is scattered by a colloidal solution with particles of radius r, the ACF depends on τ

exponentially [1–3]:
G(τ) = A exp(−Γτ), (1)

where

Γ =
kTq2

3πηr
. (2)

Here, k is the Boltzmann constant, T is the temperature, η is the viscosity of the carrier medium, and q is the length of the
wave vector of the scattered radiation; q = (4πn0/λ) sin(θ/2), where n0 is the refractive index of the medium, λ is the
wavelength of the incident radiation, and θ is the scattering angle.

By determining Γ from the exponential approximation (1) of the experimental data and using expression (2), one can
easily obtain the particle size in a monodisperse colloidal solution.

The ACF analysis can be performed in a more general form. Let us define the value of Γ as

Γ = −∂ lnG(τ)

∂τ

∣∣∣
τ=0

. (3)
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For an exponential ACF, formula (3) provides the same value for Γ as earlier. It can be shown that in the case of a
polydisperse system, when the ACF is nonexponential, determination Γ by expressions (3) and (2) gives the average value
of the particle size [3, 4].

Let Γ1 be the value defined by the expression (3) for the ACF of light scattered at an angle of 90◦ in a dilute solution,
when the scattering can be considered as single one. As the concentration of particles c increases, the mean free path of
the photon l will decrease, and the scattering becomes multiple. For this case, we denote the value of Γ defined by (3) as
Γm and represent it as Γm = NΓ1, where N is the multiplicity of scattering.

It has been demonstrated previously [5,6] that when a spherical cuvette of diameter d is used to place the sample, and
under the condition l ≪ d, the value of N can be calculated by the following formula:

N =
d2

l2
(1− µ̄)F (θ), (4)

where µ̄ is the average cosine of the angle of single scattering, and for F (θ), the expression was obtained:

F (θ) =
3

2
cos2

θ

2

(
1− 4 cos

θ

2

1∫
0

y2dy√
1 + 2y2 cos θ + y4

)
. (5)

We would like to note that the integral in equation (5) can be expressed in terms of complete elliptic integrals of the
first and the second kind K(x) and E(x):

1∫
0

y2dy√
1 + 2y2 cos θ + y4

=
1

3 sin2 θ
2

[
(1 + cos θ)K(sin

θ

2
)− (3 + cos θ)E(sin

θ

2
)
]
.

Note that

l =
1

σn
=

m

σc
, (6)

where σ is the cross-section of light scattering on a particle, n is the particle number concentration, m is the mass of the
particle, c is the mass concentration of particles.

Assuming θ = 90◦ (herewith F ≈ 0.15), from (4)–(6), it is easy to obtain the following formula

Γm
∼
= 0.15 d2σ2 c2

m2
(1− µ̄)Γ. (7)

From this expression, it is clear that if the particle concentration increases, the value of Γm increases. Accordingly, this
will lead to a decrease in the average particle radius, determined by formula (2).

At relatively small particle concentrations c, when the photon mean free path is comparable with the size of the
scattering volume, expression (7) cannot be applied quantitatively. However, we assume that even in this case (i.e., in the
transition regime between single- and multiple-scattering), an apparent decrease in the average particle size will also be
observed for increasing c, since the probability of photon collisions with particles increases even with a slight increase in
concentration. This leads to a broadening of the scattering spectrum, a more rapid decay of the ACF near zero, a growth
of the value of Γ found by formula (3), and ultimately to the specified effect.

3. Effect of scattering centers concentration on LCS results

To verify experimentally the above statements, the standard LCS method was used [1]. The source of optical radiation
was a He-Ne laser (λ = 632.8 nm), which was focused onto a center of a cuvette containing the solution under study. The
cuvette had a rectangular cross-section with the size 10 × 10 mm (the results obtained with it, being qualitative, certainly
can be compared with the conclusions of the theory developed for a spherical cuvette). The light scattered by the sample
was transmitted to an optical fiber and, after passing through it, was recorded by a photodetector. The scattering angle
was 90◦. The signal was fed to an analog-to-digital converter and then to a computer, where it was processed, resulting in
the ACF. A more detailed description of this setup can be found in articles [7, 8], which describe experiments performed
using the same approach as in this work.

Aqueous solutions containing polystyrene latex particles with a nominal radius of approximately 30 nm (this material
is commercially available) were taken as test substances. The measurements were performed at the following solid phase
concentrations: 0.1, 0.3, 1.0, 2.9, 8.2, and 41 mg/ml.

The calculations of Γ corresponding to the expression (3) were performed as follows. The logarithm of the ACF was
approximated by a quadratic polynomial f(τ) = A + Bτ + Cτ2 using sixty initial points of the ACF, and Γ was taken
to be −B. This value is more stable to ACF measurement errors than that found by the derivative of its logarithm over
several points in the initial section of the linear approximation.

The concentration dependence of Γ is shown in Fig. 1. It can be seen that, as it follows from expression (7), Γ
increases monotonically with increasing of c.
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FIG. 1. Dependence of Γ = −B on the concentration of particles

To estimate the photon mean free path l and the scattering multiplicity, an experiment on the attenuation of light was
carried out, and the Bouguer–Lambert–Beer extinction law Id = I0 exp(−d/l) was used (I0 and Id are the intensities of
the incident and transmitted light through the cuvette, respectively).

For the concentration of 41 mg/ml, l ≈ 4 mm was obtained. In this case, at d = 10 mm, the value of N calculated
by formula (4) is close to 1 (here the average cosine was taken µ̄ = 0.026, that was found by Mie scattering theory). The
calculated value of N means that for this and lower concentrations, the experiment was performed for the regime where
the transition to multiple scattering is just beginning, and expressions (4)–(7) can only be applied qualitatively.

Substituting of Γ, determined as above, into (2) yields the dependence of the nominal values of the particle radius on
the concentration, demonstrated in Fig. 2. It shows that the apparent value of R, measured by the LCS method, decreases
with an increase in c. Since there is no actual change in the particle size, this phenomenon can only be attributed to a
decrease in the photon mean free path and an increase in the scattering multiplicity of light in the colloidal solution. Note
that knowledge of this fact especially can be useful in synthesizing and studying media such as magnetic fluids [9], where
even a small deviation in particle size can lead to significant changes in macroscopic properties [10].

FIG. 2. Dependence of the calculated average radius of particles on their concentration

4. Conclusion

It has been established that when investigating dispersed systems using laser correlation spectroscopy, it is necessary
to take into account the effect that, as the region of the multiple scattering of probing radiation approaches, the seeming
size of the particles begins to depend on their concentration. It has been experimentally shown that this feature can already
be observed even in regions where the scattering multiplicity only slightly differs from unity. This fact is important for
examination the characteristics of colloids with relatively high solid phase content.
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ABSTRACT The elastic properties and mechanical characteristics of Ti–Nb22–Zr6 based alloys were calculated
using the exact muffin-tin orbital method with the coherent potential approximation. Alloying by metals such as
Hf, Mg and their combination were considered, and their concentration did not exceed 5 at.%. It was shown
that addition of Hf and Mg leads to a decrease in Young’s modulus due to both size effect and electronic factor.
The calculated Young’s modulus for the ternary Ti–Nb22–Zr6 alloy (70.1 GPa) is found in good agreement
with experimental one (70 GPa). The smallest value of Young’s modulus was calculated for the Ti–Nb22–
Zr6–Hf5–Mg2.5 alloy, achieving 57 GPa. Further increase in Mg concentration leads to a negative C ′ and
alloy destabilization. Additionally, alloying of the Ti–Nb22–Zr6 alloy results in a decrease in hardness, fracture
toughness, but brittleness index is increased.
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1. Introduction

Ti–Nb based alloys are very promising materials for biomedical applications [1–7] because of their low Young’s
modulus (E) and biochemical compatibility with bone tissues. Our calculations of binary Ti–Me alloys (Me = V, Nb,
Mo, Ta) demonstrated that near critical concentration of second component (β → α transformation) all alloys have sharp
decrease of E. However, prolonged contact of vanadium ions with biological tissues can provoke allergic reactions and
have a negative effect on the nervous system [6]. Molybdenum, although is not considered cytotoxic, has an extremely
detrimental effect on the rate of cell proliferation, mitochondrial activity and the volume of cells cultured on it [6].
So, the Ti–(Ta,Nb) based system can particularly suitable for orthopedic implants due to a reduced Young’s modulus.
Indeed, modern low-modulus alloys are mainly developed based on the Ti–Nb system with alloying elements such as
Zr/Hf, Ta and Sn [5–7]. These elements, like Ti, are characterized by high biocompatibility and are β-stabilizing or
neutral elements [6, 8]. Besides, the atomic radii of these elements exceed the size of the Ti atom that can also decrease
the Young’s modulus. At present, quantum mechanical methods allow one to calculate elastic moduli with sufficient
accuracy and in a reasonable time in comparison with experiments and do not require significant expenditures. In order
to estimate the elastic constants and moduli of disordered alloys several approaches are used. One of them is using the
supercell approach, in which the larger the supercell, the lower the possible concentration of the alloying element [9, 10].
A significant drawback of this approach is the dependence of the total energy on the configuration of impurity atoms,
although it is often neglected. Another approach is to use the so-called special quasirandom structures (SQS) [11].
In this case, supercells are generated to simulate a random distribution of atoms in terms of the correlation function,
minimizing calculation errors relative to real random structures. Further, the exact muffin-tin orbital method with the
coherent potential approximation (EMTO–CPA) [12] can be used also. This method is more suitable to structures with
chemical disorder, since it eliminates the issue of configuration altogether, and calculations are performed for a unit cell
containing a minimum number of atoms (one atom in the case of the β-phase). Nevertheless, studies using the EMTO–
CPA method remain relatively rare. In any case, the problem to verification of obtained results is common one for all
theoretical approaches. The latter is connected with a large scatter of experimental results, difference in the component
concentration, the absence of information about phase compositions, etc. Recently the β-alloy with composition Ti–
Nb22–Zr6 (at.%) was detailed studied in the paper [13]. Both experimental and theoretical values of Young’s modulus are
presented in this study.

© Bakulin A.V., Kulkova S.E., 2026
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The aim of this work is to study the electronic structure and mechanical characteristics of ternary β-Ti–Nb22–Zr6
alloy and to compare with available data as well as to investigate the influence of Hf and Mg on the lowering Young’s
modulus.

2. Method

Calculations of the electronic structure of disordered ternary and many component Ti–Nb22–Zr6 based alloys were
performed using the exact MT-orbital method with the coherent potential approximation (EMTO–CPA) [12], which uti-
lizes a random distribution of alloy atoms. The Green’s function formalism and a 15×15×15 k-point grid were used to
calculate the total energies of alloys. The convergence criterion for the total energy was 10−7 Ry.

The finite displacement method was used to estimate the elastic constants. It is known that in the harmonic approxi-
mation, the change in total energy during deformation can be written as follows:

∆E (V, {εi}) = E (V, {εi})− E (V0, 0) =
V0

2

6∑
i,j=1

Cijεiεj , (1)

where E(V, εi) and E(V0, 0) are the total energies of the deformed and equilibrium alloy cells with volumes V and V0,
respectively; εi is the strain; Cij are the elastic constants. The total energies of the alloys, calculated for three different
strains (isotropic, orthorhombic, and monoclinic), were used to estimate the bulk modulus (B) and the elastic constants
C ′ and C44, respectively. The other two elastic constants were calculated using the following formulas:

C11 = B + 4C ′/3,

C12 = B − 2C ′/3.
(2)

Based on the elastic constants, the values of the shear and Young’s moduli were calculated within the Voigt–Reuss–
Hill approximation using standard formulas [14]:

G =
1

2

[
2C ′ + 3C44

5
+

5C44C
′

2C44 + 3C ′

]
,

E =
9BG

3B +G
.

(3)

For the Vickers hardness (HV ) the following formula was used [15]:

HV =
E

15.76
. (4)

The choice of this expression is due to good agreement between the calculated value of 2.8 GPa for the Ti–Nb20 alloy
and the experimental values of 2.7 [16] and 2.8 GPa [17] for the Ti–Nb21.7 alloy.

The fracture toughness was calculated using the formula [18]:

KIC = (1 + α)

√
BGV

1/3
0 , (5)

where V0 is the volume per atom, and α is the enhancement factor due to peculiarities of metallic bond compared to
covalent and ionic bonds.

Finally, the brittleness index Mdt, which reflects the machinability of the materials, can be defined as the ratio of the
Vickers hardness to the fracture toughness [19]:

Mdt =
HV

KIC
. (6)

3. Results and discussion

The calculated values of elastic constants and moduli for the binary alloys Ti–Nb20 and Ti–Nb25 are given in the
Table 1. It is seen that the C ′ constant of the Ti–Nb20 alloy has small negative value that indicates mechanical instability
of the β-phase. Indeed, the critical concentration for the β → α transformation is equal to 22.5 at.% of Nb in accordance
with experimental data [20]. Further, the calculation of C ′ for Ti–Nb25 demonstrates the positive value of 2.48 GPa
that is in good agreement with estimation using C11 and C12 constants obtained in the paper [9]. In this paper [9]
the elastic constants of β-Ti–Nb25 alloy were calculated using the PAW method with 16-atom supercell constructed by
SQS technique. It is seen from Table 1 that EMTO–CPA method overestimates C44 constant in comparison with results
in [9, 10]. In the paper [10], the elastic properties of Ti–Nb alloys were also obtained within the supercell approach, and
the electronic structure of the alloys was calculated using the augmented plane wave plus local orbital (APW+lo) method
implemented in the Wien2k software code [21]. In general, calculated C11 and C12 constants and elastic moduli are also
in good agreement with results obtained in earlier papers [9,10]. Our value of the Young’s modulus is between the values
calculated in [9, 10]. However, it is lower than experimental value of 73.9 GPa obtained for Ti–Nb25 alloy in [22] but
closer to experimental value of 64 GPa [23] for the Ti–Nb26 alloy.
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TABLE 1. Lattice parameter (in Å), elastic constants and moduli (in GPa) and Poisson’s ratio of Ti–
Nb22 based alloys

Alloy a C11 C12 C44 C ′ B E G ν

Ti–Nb20 3.338 125.0 128.1 59.3 −1.58 127.1 44.4 15.4 0.442

Ti–Nb25 3.342 133.2 128.3 58.2 2.48 129.9 59.4 20.9 0.424

Ti–Nb25 [9] — 140±11 116±13 34±10 — 124±13 63±13 22±13 —

Ti–Nb25 [10] — 137.6 121.9 32.2 7.84 127.2 52.7 18.4 —

Ti–Nb22–Zr6 3.363 124.4 125.2 58.4 −0.40 125.0 48.7 17.0 0.435

Ti–Nb22–Zr6 3.304 157.7 150.4 65.7 3.6 152.9
70.1

70 [13] 24.6 0.424

Ti–Nb22–Zr6–Hf5 3.329 147.9 146.6 65.4 0.6 147.1 58.7 20.5 0.433

Ti–Nb22–Zr6–Mg2.5 3.307 152.8 147.4 66.6 2.7 149.2 67.5 23.7 0.425

Ti–Nb22–Zr6–Mg5 3.311 150.1 146.0 67.2 2.0 147.4 65.4 22.9 0.426

Ti–Nb22–Zr6–Hf2.5–Mg2.5 3.320 138.9 136.2 66.3 1.3 137.1 62.0 21.7 0.425

Ti–Nb22–Zr6–Hf5–Mg2.5 3.333 144.5 144.3 65.9 0.1 144.4 57.0 19.9 0.434

Ti–Nb22–Zr3–Hf5–Mg5 3.325 142.8 143.0 66.7 -0.1 143.0 57.0 19.9 0.434

The theoretical lattice parameter obtained within PBE approximation for exchange-correlation functional is slightly
higher than experimental value. In particular, the value of 3.304 Å given in the experimental paper [13] for the alloy Ti–
Nb22–Zr6 is by 0.059 Å lower than that obtained by EMTO–CPA method (Table 1). The calculation of the ternary alloy
with experimental lattice parameter leads to increase of both elastic constants and moduli. In particular, the theoretical
value of 70.1 GPa the alloy Ti–Nb22–Zr6 is in good agreement with experimental one of 70 GPa [13].

Let us turn attention to experiments [13]. Two states of material were considered in this paper: 30 min heating
at 600 ◦C to form the polygonized dislocation substructure (P state) with a subgrain size of ∼100 – 300 nm and 30 min
heating at 750 ◦C to form the recrystallized structure (R state) with a grain size of ∼10 µm. To measure the Young’s and
shear moduli torsional pendulum experiment and mechanical test were performed. More details can be found in [13]. The
value of E = 110 ± 10 GPa obtained in the latter case is significant higher than that found by the torsional pendulum
experiment. It should be noted that the obtained value mentioned above is a static “engineering” apparent elastic modulus
which depends on the crystallographic texture and loading scheme and thus cannot be directly compared to its dynamical
“physical” equivalent determined using a torsional pendulum or numerical simulations. The Poisson’s ratio was also
measured in [13] and the values of ν = 0.41 ± 0.03 (P state) and ν = 0.32 ± 0.04 (R state) were obtained. Our value
(Table 1) is closer to one obtained in P state rather than in the R state.

The results of the atomistic simulations using molecular dynamic were also presented in the mentioned above pa-
per [13]. Since the presence of lattice defects do not consider in the theoretical calculations, the comparison was made
in the R state of the Ti–Nb22–Zr6 alloy. The atomistic simulation of Young’s modulus allows one to obtain the value
of 75±3 GPa within Voigt approach that is in good comparison with torsional pendulum experiment. However, it is
higher by ∼55 GPa than that obtained within Reuss approach that leads to average value of ∼48 GPa at the low temper-
atures ∼50 ◦C. Besides, the values of elastic constants are significantly lower than those obtained in the present study.
Thus, we can conclude that the present EMTO–CPA study with use of the Hill approach [14] allows obtaining Young’s
modulus for ternary Ti–Nb22–Zr6 alloy in good comparison with experiment. Therefore, we can consider the influence
of some alloying elements on further lowering of E that is necessary for medical application of the Ti–Nb22–Zr6 based
alloys.

In our previous paper [24], the influence of alloying elements on the Young’s modulus was studied in the Ti–Mo5–
Mex ternary alloys. We considered Zr, Hf, In, Sn, Mg, Mn, Ta as alloying elements with concentration changed from
1 to 5 at.%. Only Zr, Hf and Mg were shown as elements which can lower the elastic moduli. This lowering was
interpreted as a combined effect of size and electron factors. Therefore, in present paper we consider only Hf, Mg and
their combinations. It is seen from Table 1 that all alloying elements lead to increase in the lattice parameter. As a result,
alloying by 5 at.% of Mg or Hf causes a decrease in E with the most pronounced effect of Hf. In the case of alloying
by Hf, we observe the lowering of C ′ up to 0.6 GPa. It is interesting that for the Ti–Nb22–Zr6–Hf5 alloy size effect is
most pronounced and both C ′ and C44 constants are lower in comparison with the ternary alloy. In the case of Mg, elastic
constant C ′ decreases but, on the contrary, C44 is increased. This trend is valid for the alloy with both Hf and Mg alloying
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elements if their concentrations are 2.5 at.%. The growth of Hf concentration up to 5 at.% alongside with Mg alloying
affects considerably C ′ constant, which lowers to 0.1 GPa. It should be noted that decrease in the concentration of Zr
(Table 1) leads to instability of β-phase.

In the paper [25], it was demonstrated that some features of densities of states (DOS) can be connected with changes
in C ′ and C44. In particular, the first DOS peak near the Fermi level (EF ) reflects the changes in C ′, whereas the second
peak shifted towards negative energy is connected with changes in C44. Authors of [25] insist that hybridization of Nb
with alloying elements and, as a consequence, increase of states in the second peak leads to stability of β-phase of the
alloy. In turn, a decrease in the constant C ′ was associated by the authors [25] with a decrease in the states of s,p-metals
at energies from −1.5 to 0.5 eV. Thus, the inverse relationship between the constants C44 and C ′ was explained by the
opposite change in the peak heights upon alloying with s,p-elements. However, in the work [25], the change in the states
under the DOS curves was estimated from the shape of the curves, and the division of the curves into two peaks was rather
arbitrary. From Table 1 one can see that in the alloy with Mg the constant C ′ decreases, whereas C44 increases, but both
constants are decreased in case of Hf as was mentioned above. Furthermore, a decrease in the number of states at the
Fermi level indicates stabilization of the alloy and, consequently, an increase in C ′.

Figure 1 shows the local DOS’s of the Ti–Nb22–Zr6 alloys with alloying metals Hf and Mg. It is seen that the changes
of the local DOS’s at the Fermi level, N(EF ), are insignificant in case of these elements. However, the addition of Hf in
the alloy increases N(EF ) more pronounced that s,p-element (lowest panel in Fig. 1). At the same time, the addition of
fourth component means the decrease of Ti concentration. Since Ti contributes to a number of states at the Fermi level
more than Hf or Mg, the alloying results in decrease of N(EF ) shown in Fig. 2. This figure demonstrates difference of
total DOS of doped and undoped ternary alloys. It is seen that decrease in N(EF ) is significantly lower in the case of
Hf. In general, states are decreased in the regions from −1.0 up to 0.5 eV and from −3.2 up to −1.7 eV, and they are
increased in the region from −1.7 up to −1.0 and below −3.0 eV.

FIG. 1. Density of states of the Ti–Nb22–Zr6–Me5 alloy components (blue line) in comparison with
that of the Ti–Nb22–Zr6 alloy (orange line and yellow color fill): Me is Hf (a) and Mg (b)

FIG. 2. Difference in the total DOS of the Ti–Nb22–Zr6–Me5 alloy and Ti–Nb22–Zr6 one: Me is Hf (a)
and Mg (b)
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It should further be pointed out that in the case of Hf, the e/a concentration remains unchanged, whereas it decreases
for the Mg doped alloy. It is seen from Table 1 that Hf, which is isoelectronic to Ti, causes a large decrease in E due
to primarily its size effect. In the case of Mg doped alloys, the size effect is less pronounced in comparison with Hf but
alongside with a decrease in the valence electron concentration, it contributes to a decrease in E as well.

The obtained results can be interpreted on the base of cluster-plus-glue-atom model, which was suggested in [26]
for alloys with XY3Ti11 composition, i.e. as approximately in our case. The basis of the structure is the cell (2×2×2)
with the bcc Ti lattice. In the center of this cell, the Ti atom is replaced by an X element, and Y atoms are located in the
middles of the cube edges with vacancies at the vertices. In our case, Y atoms are Nb ones, whereas X atom is Mg or Hf.
A stronger bonding between X–Y atoms leads to a higher value of C44 in accordance with [25] and, as consequence, to
stabilization of β-phase and to increase in E. However, the distance between X–Y atoms is great (Y is atom in the third
coordination sphere in respect to X atom). So, their interaction can be indirect due to hybridization with Ti and Zr atoms.
We have shown in [27, 28] that a weaker Y–Ti chemical bond leads to a lower value of E in the case of s,p-elements on
X site, whereas in the case of d-elements on X site, a weak bonding X–Ti correlates also with a low value of E. Since
Hf has larger atomic radius than Ti, its interatomic Hf–Ti bonds are weakening. In general, our simulations show that the
smallest Young’s modulus equaled to 57 GPa can be achieved for the Ti–Nb22–Zr6–Hf5–Mg2.5 alloy.

It should be noted that alloying of Ti–Nb22 alloy by 6 at.% Zr results in a decrease in hardness, fracture toughness but
an increase in brittleness index (Table 2). Further addition of Hf and Mg in any combination enhances the changes in these
mechanical characteristics. At the same time, the effect of Hf is more pronounced. The decrease in HV is explained by the
decrease in Young’s modulus due to an increase in the metallic contribution in chemical bonding, while KIC decreases
due to a decrease in both factors in eq. (5). Since decrease in KIC is larger than that in HV , Mdt is increased. The
highest value of Mdt obtained for the Ti–Nb22–Zr6–Hf5–Mg2.5 alloy, remains very low (0.279 µm−1/2) that indicates
high ductility of the alloys.

TABLE 2. Vickers hardness (HV ), fracture toughness (KIC) and brittleness index (Mdt) for the Ti–
Nb22 based alloys

Alloy HV , GPa KIC , MPa·m1/2 Mdt, µm−1/2

Ti–Nb22 4.50 21.56 0.209

Ti–Nb22–Zr6 4.45 18.05 0.246

Ti–Nb22–Zr6–Hf5 3.73 14.71 0.253

Ti–Nb22–Zr6–Mg2.5 4.28 16.92 0.253

Ti–Nb22–Zr6–Mg5 4.15 16.19 0.256

Ti–Nb22–Zr6–Hf2.5–Mg2.5 3.93 14.71 0.267

Ti–Nb22–Zr6–Hf5–Mg2.5 3.62 12.96 0.279

Ti–Nb22–Zr3–Hf5–Mg5 3.62 14.96 0.242

4. Conclusion

The elastic and mechanical properties of disordered titanium alloys Ti–Nb22–Zr6–Me alloyed with Hf, Mg and their
combination were studied using the EMTO–CPA method. We demonstrate that the addition of Hf, which is isoelectronic
to Ti, reduces Young’s modulus by increasing the lattice parameter and weakening the chemical bonds. In the case of Mg,
both structural and electronic factors also contribute to a reduction in Young’s modulus. The smallest value of Young’s
modulus equaled to 57 GPa was calculated for the Ti–Nb22–Zr6–Hf5–Mg2.5 alloy. The decrease of Zr concentration and
increase of Mg one leads to instability of β-phase of the alloy. The mechanical properties of the alloys, such as Vickers
hardness, fracture toughness and brittleness index, were also calculated using the elastic moduli. It was shown that the
hardness of the alloys decreases with the alloying by Hf and Mg, and effect of the former is more pronounced. Although
the brittleness index increases for all alloying elements, its highest value, obtained for Ti–Nb22–Zr6–Hf5–Mg2.5, is only
0.28 µm−1/2 indicating high ductility of the alloys.
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ABSTRACT A thermodynamic analysis of hydroxide transformations in the Mg1−xNix(OH)2 – SiO2 – H2O system
during the hydrothermal synthesis of nanotubular particles with a chrysotile structure has revealed the decisive
role of the dehydration of initial reagents and the subsequent re-formation of hydroxides during hydrothermal
treatment of reagents on the composition and morphological parameters of the target product. Depending
on the composition of the hydroxide reagent and the T–P conditions in the reaction zone, three regions have
been identified where the formation mechanism of nanotubular particles with a chrysotile structure changes
dramatically. This is the direct cause of the non-monotonic dependence of the Mg/Ni ratio and the dimensional
parameters of the (Mg1−xNix)3Si2O5(OH)4 nanotubes on the Mg/Ni ratio in the initial hydroxide.
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1. Introduction

The hydrothermal formation of hydrosilicate nanotubes with a chrysotile structure, characterized by the general for-
mula Me3Si2O5(OH)4, where Me is typically Mg, which can be partially or completely substituted by atoms such as
Fe, Co, Ni, etc., has revealed a number of significant differences compared to the formation of oxide and hydroxide
nanoparticles of other compositions and morphologies. For instance, while the hydrothermal synthesis of many simple
and complex oxides and hydroxides can yield nanoparticles with a relatively narrow size distribution [1–7], the scientific
literature reports no cases of forming hydrosilicate nanotubes with a narrow distribution in outer diameter, and especially
in length, during the early stages of phase formation. This is despite wide variations in the T–P conditions of synthe-
sis [8–18], the use of different precursors [8–11, 16–20], and hydrothermal media of various compositions [11, 20–23].
Only after prolonged hydrothermal treatment do the outer diameters, inner diameters, and lengths of the nanotubes be-
come uniform [22, 24–28]. Numerous additional questions arise when attempting to synthesize nanotubes of variable
composition, i.e., with partial substitution of cations in the octahedral and tetrahedral sublattices, as well as when sub-
stituting OH− anions with F− [20, 29–42]. Even more questions are prompted by the experimentally observed effect of
non-uniform radial distribution of cations within the octahedral sublattice during the synthesis of variable-composition
nanotubes with the chrysotile structure [41–43]. Potentially, this effect could be explained by the energetic preference of
cations of different sizes for specific localization sites, depending on the radius of curvature of the cation sublattice within
the nanotube (Fig. 1) [41, 43]. However, the influence of a kinetic factor on this cation distribution cannot be ruled out
either, as observed, for example, in the synthesis of variable-composition orthophosphates with the rhabdophane struc-
ture [44]. It is also possible that both of these factors contribute to this effect. A separate question concerns the reasons
for the diversity in the forms of nanotubular particles with the chrysotile structure, which is particularly pronounced in the
initial stages of synthesis [9,25,35,38,45,46]. Moreover, as shown in [38], the extent of this morphological heterogeneity
of nanotubes may also depend on the degree of ion substitution in (Mg1−xNix)3Si2O5(OH)4.

The analysis conducted in [11] shows that the formation mechanism can significantly influence the morphology of
nanotubes with a chrysotile structure. In this regard, study [47] analyzed the impact of using pre-synthesized hydroxides
of variable composition, (Mg1−xNix)(OH)2 [48], as reagents on the formation of (Mg1−xNix)3Si2O5(OH)4 nanotubes.
However, several questions regarding the specific features of the formation of magnesium-nickel hydrosilicate nanotubes
with the chrysotile structure in this system remain unclear. This pertains, in particular, to the significant discrepancy
between the expected and actually observed differences in the morphological parameters of (Mg1−xNix)3Si2O5(OH)4
nanotubes depending on their composition [47]. Interest in the issues surrounding the formation of nanotubes with the
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FIG. 1. Schematic diagram of a frontal section of a nanotube with a chrysotile structure. The solid
circular lines represent the magnesium-nickel hydroxide layers; the dashed circular lines represent the
layers based on silicon dioxide. R = 0.5D and r0 = 0.5d correspond to the outer radius and diameter,
and the inner radius and diameter of the nanotube, respectively; r denotes the radius of curvature of
the magnesium-nickel hydroxide layer of chrysotile, with r1 < r2 representing the radii for which
xNi(r

1) < xNi(r
2), where xNi(r

...) is the fraction of nickel ions in the corresponding layers of the
compound (Mg1−xNix)3Si2O5(OH)4 [41]

chrysotile structure is sustained not only by the prospects for their application in various fields [10,49–58] but also by the
significantly lower toxicity of synthetic chrysotile compared to its natural counterpart [58].

For these reasons, there is a need to continue both computational studies and a more detailed analysis of experimental
results in the field of understanding the specific features of the formation process of nanotubes with the chrysotile structure
under hydrothermal conditions, particularly when using a solid solution of composition Mg1−xNix(OH)2 as one of the
reagents. This work is dedicated to this very issue.

2. Calculations

Calculations of phase relations in the (T–P) coordinates within the Mg1−xNixO–H2O system were performed by ana-
lyzing the dependence of the Gibbs energy change for the dehydration reaction of (Mg1−xNix)(OH)2 under hydrothermal
conditions, leading to the formation of a Mg1−xNixO solid solution. The calculation was carried out neglecting the con-
tributions of the Gibbs energy of mixing of the hydroxides and oxides of variable composition to the Gibbs energy of
the dehydration process. Throughout the entire investigated range of temperature and pressure changes in the system, the
hydroxide and oxide phases of variable composition remain homogeneous under equilibrium conditions, i.e., they do not
decompose into two hydroxide or two oxide phases. This conclusion is based on available experimental data [48] and
the fact that the molar enthalpy of mixing during the formation of the Mg1−xNixO solid solution, according to [59, 60],
is either negative or ∆HM

m ≈ 0. The calculations were performed using the IVTANTHERMO database and software
package [61].

3. Synthesis and analysis

The starting materials used in the synthesis of nanotubes with a chrysotile structure in the (Mg1−xNix)O–SiO2–
H2O system were hydroxides of variable composition (Mg1−xNix)(OH)2, with a nominal composition varying within the
range (x = 0.1, ..., 0.9), and SiO2 in the form of silica gel (GOST 3956-76, n = 0.73). The hydrothermal fluid contained
a solution of 5 wt.% NaOH in distilled water. The hydroxides (Mg1−xNix)(OH)2 with nominal values varying in the
interval (x = 0.1, ..., 0.9) were obtained by the reverse deposition method, as described in [48].

Hydrothermal treatment of the reagent mixture, calculated for the stoichiometry of (Mg1−xNix)3Si2O5(OH)4 for-
mation, was carried out in steel autoclaves. The temperature of the hydrothermal treatment was monitored based on the
furnace temperature data. Due to the thermal inertia (heating/cooling) of the thick-walled steel autoclave, the temperature
of the reaction zone differs significantly from the furnace temperature. To estimate the temperature in the reaction medium
during autoclave heating, a calibration curve (Fig. 2) was used, obtained by comparing the temperature in the furnace and
inside the autoclave. Using identical heating conditions and the same type of autoclaves in the experiment allows for
predicting the temperature in the reaction space based on the furnace temperature data for all experiments. The pressure
in the reaction medium was determined using Kennedy nomograms [62] based on data on the autoclave fill factor and the
temperature of the hydrothermal fluid.
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FIG. 2. Relationship between the temperature values in the furnace (1) and in the autoclave (2), ac-
cording to the calibration experiment data

The hydrothermal treatment of the reagents, the post-hydrothermal operations with the resulting solid-phase products,
and the analysis of the obtained samples were carried out in accordance with the methods described in [10, 47]. The di-
mensional parameters of the nanotubes were determined using data from transmission electron microscopy (JEM 2100-F
microscope, U = 200 kV (λ = 0.025 Å)) and scanning electron microscopy (Hitachi S-570). To obtain statistically reli-
able information, random samples containing about 100 nanotubes were used in all cases, from which the average values
of the outer diameter (D) and length (L) of the nanotubes were determined. The Mg/Ni ratios in the initial magnesium-
nickel hydroxides and in the nanotubes were determined by EDX analysis using an attachment (Bruker Quantax 20) to a
scanning electron microscope. The error in determining the Mg and Ni ratio was approximately 0.02 mole fraction.

4. Results and discussion

The results of thermodynamic calculations show that the initial mixed hydroxides (Mg1−xNix)(OH)2, under hy-
drothermal treatment conditions, can dehydrate depending on their composition and temperature to form Mg1−xNixO
oxides (Fig. 3 – boundary of regions I and (II, III)). The Mg/Ni ratio in the oxide solid solution, as can be concluded
from [48], will not change. This is primarily determined by the stability of Mg1−xNixO solid solutions across the entire
range of compositions down to very low temperatures, due to the fact that the molar enthalpy of mixing has negative
values or is close to zero [59,60]. Furthermore, the dehydration process can occur very quickly, as water escapes from the
hydroxide nanoparticles with a layered structure through the interlayer spaces without any significant diffusion hindrance.
This also contributes to preserving the Mg/Ni ratio in the oxide solid solution after dehydration of the (Mg1−xNix)(OH)2
hydroxide.

A different situation arises during the hydration of Mg1−xNixO under hydrothermal conditions. Despite the assump-
tions made based on thermodynamic calculations that, upon hydration of Mg1−xNixO at the boundary of regions III and
IV (Fig. 3), the Mg/Ni ratios in the hydroxide and oxide solid solutions should remain unchanged, the hydration reac-
tion of Mg1−xNixO, a compound with a framework structure (periclase), will proceed significantly more slowly. In this
case, on the surface of the Mg1−xNixO crystals, for kinetic reasons, hydroxide particles enriched in magnesium ions will
form first, since the driving force for the formation of such particles is significantly higher than the driving force for the
formation of hydroxides enriched in nickel ions (Fig. 3). Consequently, at a certain stage of the hydration process of
the Mg1−xNixO solid solution, it can be expected that the formation reaction of “secondary” hydroxides will proceed as
follows:

Mg1−xNixO + H2O = (x2 − x)/(x2 − x1)Mg1−x1Nix1(OH)2 + (x− x1)/(x2 − x1)Mg1−x2Nix2(OH)2, (1)

where x2 > x > x1. Moreover, the values of x1 and x2 can vary depending on the temperature and duration of the
reaction (Fig. 3 and Fig. 4). In the limiting case, x2 can equal unity. In this situation, the hydration of oxides enriched in
NiO will occur very slowly or not at all (region II, Fig. 3). Furthermore, the interaction of NiO with silicon dioxide under
hydrothermal conditions to form nickel hydrosilicate is known [11,48] to be so difficult that NiSiO3 is typically used as a
reagent instead of NiO to obtain nanotubular Ni3Si2O5(OH)4.

Given that, according to the calculations performed, throughout the entire range of T–P conditions of hydrothermal
treatment, hydroxides Mg1−xNix(OH)2 are stable for x <∼ (0.55 ± 0.05), taking into account the kinetic factor, one
likely scenario is the hydration of the Mg1−xNixO solid solution at the boundary of regions III and IV (Fig. 3), leading
to the formation of “secondary” hydroxides via the reaction:

Mg1−xNixO+2(1− x)H2O = 2(1− x)Mg∼0.45Ni∼0.55(OH)2 + (2x− ∼ 1.1)NiO. (2)
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FIG. 3. Equilibrium phase state of reagent particles in the Mg1−xNixO-H2O system according to ther-
modynamic calculation data, depending on the Mg/Ni ratio, temperature, and pressure in the autoclave
(the pressure in the autoclave corresponding to each temperature was calculated using Kennedy nomo-
grams [62]): I – region of existence of (Mg1−xNix)(OH)2; II – region of formation of Mg1−xNixO
without further transformation into hydroxide; III – region of formation of Mg1−xNixO with subse-
quent transformation into (Mg1−xNix)(OH)2 upon changes in T–P conditions in the hydrothermal fluid;
IV – region of formation of “secondary” hydroxide; V – temperature region in which the formation of
chrysotile is activated [14]

As follows from (1) and (2) and is illustrated in Fig. 4, in the region of “secondary” hydration – II’, for kinetic
reasons, the hydroxides present will contain a smaller amount of Ni2+ than the original oxide. These hydroxides will
be the first to interact with silicon dioxide to form nanotubes with a chrysotile structure. This conclusion is supported
by the data illustrated in Fig. 3, which shows that the hydration region IV overlaps with the T–P region where chrysotile
formation is activated.

In addition to the hydroxides in region II’ (Fig. 4), one can expect to find nickel-enriched magnesium-nickel oxide
solid solutions, and in the limiting case, NiO, in accordance with equation (2). During hydrothermal treatment, the
components enriched in nickel oxide may either form outer layers on the surface of already formed nanotubes, initiate the
formation of nanotubes significantly enriched in nickel oxide compared to the initial Mg/Ni ratio, or remain as a dispersed
phase in the hydrothermal fluid due to their lower reactivity towards chrysotile formation [13]. In the latter case, they
would be removed during decantation and washing of the target product precipitate.

It should be noted that the conclusions drawn from the analysis described above, within the error limits of the exper-
iment and calculations, correlate well with the experimentally obtained data on the relationship between the composition
of the initial hydroxide nanoparticles Mg1−xNix(OH)2 and the composition of the resulting nanotubes with a chrysotile
structure (Mg1−yNiy)3Si2O5(OH)4 obtained using them as reagents (Fig. 5). The relationships y(x) are qualitatively

FIG. 4. Residence time of reagents in the form of hydroxide and oxide solid solutions during the hy-
drothermal synthesis of chrysotile for various compositions of initial hydroxides in the Mg1−xNixO–
SiO2–H2O system. I – region of stable existence of Mg1−xNix(OH)2; II – region of stable existence
of Mg1−xNixO; II’ – region of coexistence of “secondary” hydroxides and oxides in accordance with
reactions (1) and (2)
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divided into regions I, II, and III (Fig. 5). In terms of composition, region I (Fig. 5) corresponds to region I (Fig. 3 and
Fig. 4), region II (Fig. 5) corresponds to region III (Fig. 3) and region II’ (Fig. 4), and region III (Fig. 5) corresponds to
region II (Fig. 3 and Fig. 4).

The characteristic feature of the dependence y(x) in region II (Fig. 5) is explained by the fact that it is derived from
processes preceding the formation of (Mg1−yNiy)3Si2O5(OH)4 in this region: the decomposition of the hydroxide solid
solution with the formation of Mg1−xNixOH (region II – Fig. 3 and Fig. 4) and subsequent hydration (region III – Fig. 3
and region II’ – Fig. 4), with the composition of the resulting “secondary” hydroxides changing according to expressions
(1) and (2).

Some systematic difference in the Mg/Ni ratio between the initial reagents and the reaction products in regions I and
III (Fig. 5) may be associated both with the systematic error of EDX analysis in determining the elemental composition
of objects of different nature and with energetic reasons [41, 43]. When brucite-like nanoplates of Mg1−xNix(OH)2 roll
up during the formation of nanotubes with a chrysotile structure, for small values of the curvature radius – r (Fig. 1) of
the brucite layer, the incorporation of Mg2+ ions into this layer is energetically preferable over Ni2+ ions [41, 43].

FIG. 5. Relationship between the composition of nanotubes (Mg1−yNiy)3Si2O5(OH)4 and the initial
hydroxides Mg1−xNix(OH)2

Another confirmation of the concluded role of Mg1−xNix(OH)2 dehydration and the formation of “secondary” hy-
droxides in the synthesis of magnesium-nickel nanotubes with a chrysotile structure is provided by the data on the dimen-
sional parameters of the resulting nanotubes, presented in (Fig. 6). These data unequivocally show the presence of three
types of characteristic dependencies of the average length (L) and outer diameter (D) of nanotubes on their composition –
I, II, III (Fig. 6), the boundaries of which correlate with the boundaries of the hydroxide→oxide→hydroxide transforma-
tions for Mg1−xNix(OH)2 solid solutions of different compositions under the conditions of their hydrothermal treatment
during the experiment (Fig. 3, Fig. 4).

The sharp decrease in the size of nanotubes in region II (Fig. 6) compared to region I (Fig. 6) is explained by a
sharp decrease in the formation rate of compounds with the chrysotile structure. The decrease in the formation rate of
(Mg1−yNiy)3Si2O5(OH)4 nanotubes for y > (∼ 0.43) in region II (Fig. 6) may be related, firstly, to the fact that in
region II’ (Fig. 4) there is a significant proportion of oxides, which interact more slowly with SiO2 under hydrothermal
conditions than hydroxides [14]. Another reason for the sharp decrease in the nanotube growth rate in region II (Fig. 6) is
the change in the Mg/Ni ratio during the formation of “secondary” hydroxides in accordance with equations (1) and (2)
in region II’ (Fig. 4) and, as a consequence, a decrease in the amount of nickel-enriched hydroxide reagents necessary
for nanotube growth in region II (Fig. 6). The slow growth of nanotubes in region III (Fig. 6) is associated with the fact
that they are formed not from hydroxides possessing a brucite structure, similar to the structure of the magnesium-nickel
layer in chrysotile, but from Mg1−xNixO oxides – region II (Fig. 3 and Fig. 4). In this case, in the absence of a reagent
with a layered structure, the formation of chrysotile proceeds significantly more slowly [11–18]. It should be noted
that the results obtained in this work suggest that the change in the composition of (Mg1−yNiy)3Si2O5(OH)4 nanotubes
along their radius (Fig. 1), with enrichment of their peripheral regions with the nickel-containing component, may be
associated not only with the energetic favorability of this state, as was shown in [41], but also with kinetic factors, at least
for region II (Fig. 5) of (Mg1−yNiy)3Si2O5(OH)4 solid solutions, due to the specific composition of the “secondary”
hydroxides formed via reactions (1) and (2) in the region (IV – Fig. 3 and II’ – Fig. 4).
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5. Conclusion

It has been shown that during the hydrothermal synthesis of (Mg1−yNiy)3Si2O5(OH)4 nanotubes with a chrysotile
structure, their composition and dimensional parameters are determined not only by the composition and prehistory of
the initial reagents but also by the possibility of reagent transformation during changes in the T–P conditions in the
reaction medium upon heating the autoclave. The thermodynamic analysis performed on the dehydration processes of
Mg1−xNix(OH)2 solid solutions and the subsequent hydration of the resulting oxide solid solutions made it possible
to explain a number of effects associated with the non-monotonic dependence of the nanotube dimensional parameters
and the Mg/Ni ratio in (Mg1−yNiy)3Si2O5(OH)4 on the Mg/Ni ratio in the initial Mg1−xNix(OH)2 hydroxides. The
obtained results have allowed for a broader perspective on the data, which were interpreted ambiguously in some studies,
concerning the influence of the composition and structure of reagents on the formation of nanotubes with a chrysotile
structure.

FIG. 6. Electron micrographs of nanotube samples obtained using Mg1−xNix(OH)2 hydrox-
ides as reagents (x ≈ 0.6, 0.8, 0.9; y ≈ 0.44, 0.7, 0.9 – the corresponding Ni frac-
tion in (Mg1−yNiy)3Si2O5(OH)4) – a; average length – L, and outer diameter – D, of
(Mg1−yNiy)3Si2O5(OH)4 nanotubes versus the Ni fraction – y, in the brucite layer of the nanotubes
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ABSTRACT The paper presents the first comparative study of the microstructure and mechanical properties
of gadolinium zirconate ceramics produced by spark plasma sintering of powders obtained using hydroxide
precursors synthesized with and without mechanical activation. The initial precursor was prepared via reverse
coprecipitation of hydroxides. Mechanical activation of the precursor was performed in an AGO-2 planetary mill
at a centrifugal acceleration of 20 g for 30 min. X-ray phase analysis revealed that the resulting ceramics were
nanocrystalline. The ceramics produced from the mechanically activated precursor demonstrated superior
mechanical properties, including higher microhardness and Young’s modulus, compared to those produced
from the non-activated precursor.
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1. Introduction

REE zirconates are complex oxides in binary systems of the type Ln2O3–MO2 (where Ln represents rare-earth cations
and M denotes Group IVB metal cations: Ti, Zr, Hf). These compounds typically adopt the general formula Ln2M2O7 and
most commonly crystallize in pyrochlore-type structures with varying degrees of disorder. The extent of structural disorder
depends on intrinsic factors – such as chemical composition, bonding nature, and the ratio of cationic radii (RLn/RZr) –
as well as extrinsic factors, including synthesis conditions [1, 2]. In terms of its structural and chemical characteristics,
Gd2Zr2O7 occupies a special position in the series of REE zirconates. The corresponding ratio of the radii of the REE
and zirconium cations (RGd/RZr = 1.462) actually delimits two regions of stability: at RLn/RZr ≥ 1.46, the pyrochlore
structure (space group Fd3m̄) is stable, and, at RLn/RZr < 1.46, the disordered fluorite structure (space group Fm3m̄)
becomes favorable [1, 3, 4]. At room temperature, Gd2Zr2O7 typically adopts the stable pyrochlore phase (P-Gd2Zr2O7),
which transforms into a disordered fluorite modification (F-Gd2Zr2O7) at ∼1550 ◦C. As the energy difference between
these phases is small, fluorite-like Gd2Zr2O7 can exist under standard conditions, which is facilitated by certain conditions
of its synthesis [5,6]. In this regard, REE zirconates, in particular Gd2Zr2O7, are interesting from the point of view of the
occurrence of a phase transition of the pyrochlore (order) – fluorite (disorder) type [1, 2].

At the same time, REE zirconates with both crystal structures exhibit a broad spectrum of physical and chemical
properties, making them highly attractive for fundamental and applied research [7–10]. Their unique structural features
and exceptional characteristics render them promising candidates for applications in electro/photocatalysis, magnetism,
nuclear waste storage, thermal barrier coatings, sensors, catalysis, ionic conductors, oxygen monitoring, photoluminescent
host materials, and solid electrolytes in high-temperature fuel cells [11–21]. In particular, Gd2Zr2O7 demonstrates high
thermal stability, chemical resistance, high thermal expansion coefficient (11.09·10−6 K−1 [22]), a high melting point
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(2570 ◦C) [23], low thermal conductivity (1.5 – 2.0 W/(m·K) [5, 24]), and high ionic conductivity (> 1 · 10−3 Sm/cm at
800 ◦C [25, 26]).

In recent years, researchers have increasingly focused on enhancing the synthesis methods for nanoceramics based
on REE zirconates. These materials exhibit superior properties compared to microcrystalline ceramics, including higher
radiation resistance, lower thermal conductivity, and enhanced oxygen-ion conductivity [1, 4, 14, 27–36].

The properties and applicability of ceramics based on rare earth zirconates are directly influenced by the composi-
tion, size, shape, and morphology of their precursors, which can be synthesized through various methods [1,4,14,37,38].
Typically, precursors for rare earth zirconate nanoceramics – including Gd2Zr2O7 – are prepared using wet chemistry tech-
niques such as sol-gel synthesis, solvothermal, hydrothermal methods, and hydroxide coprecipitation [6,11,14,30,31,39–
41].

Another crucial step in ceramic production is selecting the consolidation method. Spark plasma sintering (SPS) has
emerged as a promising technique for compacting and consolidating various materials. During SPS, an electric current
passes through the tooling and the sample, rapidly heating them via the Joule effect. This allows the target processing
temperature to be achieved in minimal time. Additionally, the applied pressure significantly enhances densification. Thus,
SPS can consolidate powder system components at lower temperatures while suppressing excessive grain growth [42–44].
The key advantages of SPS technology include:

• High densification with controllable porosity.
• Elimination of pre-compaction or binders, simplifying the process.
• Homogeneous sintering of both similar and dissimilar materials.
• Rapid processing due to short cycle times.
• Minimal grain growth, preserving the microstructure [45, 46].

In this work, nanocrystalline Gd2Zr2O7 ceramics were synthesized by SPS using a dried powder of hydroxide pre-
cursor prepared through the coprecipitation of gadolinium and zirconium hydroxides. For the first time, the influence
of preliminary mechanical activation (MA) of the hydroxide precursor on the mechanical properties of the ceramics –
specifically, microhardness and Young’s modulus – was investigated.

2. Experimental

For the synthesis of the initial and MA-precursors of gadolinium zirconate, “chemically pure” gadolinium nitrate
Gd(NO3)3 · 6H2O (ω(Gd2O3) = 40.48 %), zirconium oxychloride ZrOCl2·8H2O (ω(ZrO2) = 37.98 %) and ammonium
hydroxide NH4OH were used. The detailed synthesis method for the hydroxide precursor is described in the previously
published work [47]. After obtaining the precursor, it was dried at 110 ◦C for 12 hours. This precursor is hereafter referred
to as the initial precursor (IP).

The IP was subjected to mechanical activation. MA was performed in an AGO-2 centrifugal–planetary mill under am-
bient conditions. The process utilized zirconium dioxide–lined vials and 7 – 8 mm zirconium dioxide grinding balls [47].
The milling parameters were as follows: centrifugal acceleration – 20 g, duration – 30 min, and a ball-to-powder mass
ratio of 20:1. To ensure homogeneity, the mill was paused every 60 seconds, and the contents were manually mixed using
a spatula. The resulting mechanically activated precursor is hereafter denoted as MP. The IP and MP were not subjected
to additional heat treatment before SPS.

SPS was performed on a SPS Labox 1575 apparatus (SINTER LAND Inc., Japan) using graphite tooling at temper-
atures of 1300 and 1550 ◦C (measured by a pyrometer focused on a hole in the wall of the die). The heating rate was
∼60 ◦/min, the applied pressure was 40 MPa. The samples were held for 5 min at the maximum temperature. Tablets with
a diameter of 10 mm and a thickness of 2.0 – 2.5 mm were prepared from powders derived from IP and MP. After SPS,
the samples were polished with sandpaper and ultrasonically cleaned in distilled water and alcohol to remove residual
graphite from the surface [44]. To completely remove graphite, the tablets were calcined at 1000 ◦C for 3 hours.

For X-ray diffraction analysis (XRD), a Rigaku Miniflex-600 diffractometer (CuKα radiation) was used. XRD pat-
terns were recorded at a rate of 2◦(2θ) per min. The cubic Fm3m structure of gadolinium zirconate Gd2Zr2O7 was reliably
identified in the diffraction patterns of the samples (PDF No. 04-006-1657). Full-profile analysis of the diffraction patterns
using the Rietveld method was performed using SmartLab Studio II software, included with the MiniFlex-600 diffrac-
tometer. All reflections were used for the calculation. The initial structural model for the calculations was based on
PDF card No. 04-006-1657, which closely matched the observed experimental profile. Angular correction (2θ correction)
was performed using the external standard method, with silicon (NIST SRM 640) as the reference material. During full-
profile analysis, the background, scale factor, and lattice parameters were refined using the initial parameters provided
by the model. The peak profiles were fitted using a pseudo-Voigt function. Structural parameters – including atomic
coordinates, site occupancies, and thermal displacement factors – were not refined. The refinement procedure was carried
out sequentially as follows: background determination, refinement of the scale factor and lattice parameters, and finally,
refinement of the profile function parameters.
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The effective crystallite sizes for ceramics and the microstrains were calculated from the XRD data using Size-
Microstrain (SSP) graphical method [48, 49]. In order to account for instrumental broadening, a Si (NIST SRM 640f)
reference sample was used.

IR spectra were recorded on a Nicolet 6700 FT–IR Fourier spectrometer in KBr tablets.
The mechanical properties of Gd2Zr2O7 ceramic samples prepared by SPS with and without preliminary MA of the

IP were studied by the contact method using a NanoSkan probe microscope-nanohardness tester (FSBI TISNCM, Russia).
The microstructure of the Gd2Zr2O7 ceramic samples obtained from IP and MP was analyzed by scanning electron

microscopy (SEM) using a SEM LEO-1450 microscope. The images were processed by Scan Master program.
The density of the synthesized Gd2Zr2O7 ceramics was determined using Archimedes’ method. Prior to density

measurements, all samples were annealed at 1000 ◦C for 3 hours to ensure the complete removal of residual graphite.

3. Results and discussion

Previous studies [47] demonstrated that both IP and MP, when heat-treated at 900 – 1200 ◦C, form disordered
metastable fluorite-like Gd2Zr2O7. The effective crystallite size increases with the calcination temperature, ranging from
10 to 48 nm for IP and from 17 to 56 nm for MP. Notably, the use of MA enables the synthesis of highly dispersed
Gd2Zr2O7 powders with a specific surface area 5 – 7 times greater than that of powders produced without MA. This
enhancement can be attributed to the improved homogeneity of MP and more uniform Gd2Zr2O7 crystallization during
calcination [47].

Figure 1 presents the XRD patterns of the synthesized ceramics. All ceramic samples exhibit a disordered fluorite
structure (PDF No. 04-006-1657) and are nanocrystalline in nature. The effective crystallite sizes for ceramics obtained by
SPS IP and MP, as well as the microstrains and lattice parameters are given in Table 1. There was no significant deviation
in the crystal lattice parameters of the ceramics produced by SPS IP and MP relative to the theoretical value (PDF No. 04-
006-1657, Fd3m, a = b = c = 5.25 Å). This indicates that the chemical composition of the produced ceramics is close to
Gd2Zr2O7 (Gd:Zr mole ratio of 1:1). As an example, Fig. 2 presents experimental (black dots), calculated (red curve) and
difference (blue curve) XRD patterns of Gd2Zr2O7 ceramics synthesized by SPS at 1300 from MP. The small difference
between the calculated and experimental XRD patterns confirms the formation of ceramics with the Gd2Zr2O7 structure.
To confirm the nanocrystalline structure of the obtained ceramics, further studies using transmission electron microscopy
(TEM) are required.

FIG. 1. XRD patterns of Gd2Zr2O7 ceramics synthesized by SPS at 1300 and 1550 ◦C from IP and MP

As mentioned earlier, P-Gd2Zr2O7 transforms into F-Gd2Zr2O7 at approximately 1550 ◦C. However, depending on
the synthesis method, the fluorite modification can be retained upon cooling. In such cases, an ordered pyrochlore phase
may form within the fluorite phase as nanodomains, and the corresponding peaks are not detectable in the XRD patterns.
According to the literature [50, 51], infrared spectroscopy is a highly sensitive method for identifying P-Gd2Zr2O7 nan-
odomains within a F-Gd2Zr2O7 matrix. The FTIR spectra of the ceramics studied here (Fig. 3) lack the characteristic
pyrochlore absorption band at 510 cm−1, which is associated with the Gd2Zr2O7 pyrochlore lattice. This absence indi-
cates that P-Gd2Zr2O7 nanodomains are not present and that no fluorite-to-pyrochlore structural transition has occurred.

The microhardness (H , GPa) of Gd2Zr2O7 ceramics was determined using the comparative sclerometry method, in
which scratches are alternately applied to the test material and a reference standard of the known hardness [52]. A certified
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TABLE 1. Lattice parameters, crystallite sizes and microstrains of Gd2Zr2O7 ceramics

Sample SPS temperature, ◦C Lattice parameter, Å Crystallite size, nm Microstrain, %

IP 1300 5.2454 70±6 0.07±0.01

MP 1300 5.2519 64±5 0.07±0.01

IP 1550 5.2595 103±8 0.05±0.01

MP 1550 5.2457 123±10 0.03±0.01

FIG. 2. Single-phase Rietveld refined XRD pattern of Gd2Zr2O7 ceramics synthesized by SPS at
1300 ◦C from MP

FIG. 3. FTIR spectra of Gd2Zr2O7 ceramics synthesized by SPS at 1300 and 1550 ◦C from IP and MP
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fused quartz sample calibrated against the State Hardness Standard (SHS 31-2006) at the Federal State Unitary Enterprise
“Russian Metrological Institute of Technical Physics and Radio Engineering” (FSUE “VNIIFTRI”) served as the hardness
reference. Scratching of Gd2Zr2O7 ceramics was performed at indenter loads of 5 – 20 mN using a Berkovich indenter – a
triangular diamond pyramid probe with a tip curvature radius of ∼50 nm. The same probe was used to scan the scratched
surface. As an example, Fig. 4 shows the resulting scratch topography of the ceramics prepared from IP and MP by SPS
at 1300 ◦C.

(a) (b)

FIG. 4. Surface morphology of Gd2Zr2O7 ceramics prepared from IP (a) and MP (b) by SPS at 1300 ◦C
after sclerometry

Since the forward motion of a Berkovich indenter at an acute angle during scratching resembles the extrusion of an
imprint in a Vickers test, the calculations were based on a model for Vickers pyramid indentation [52–54]. The hardness
of the material was determined using the following formula:

H = k · P
b2
, (1)

where P is the normal force with which the scratch was made, expressed in Newtons; b is the arithmetic mean of the
scratch width, expressed in meters and k is the indenter shape factor for a given scratch width. The indenter shape factor k
was determined by scratching a reference material with the known hardness and calculating it using the following formula:

k =
Hc · b2

P
, (2)

where Hc is the hardness of the reference material.
To measure the absolute value of Young’s modulus (E, GPa) of ceramics, force spectroscopy was employed [53–55].

This technique involves bringing an oscillating indenter into contact with the sample surface, where it vibrates normal
to the surface with an amplitude of less than 10 nm and a frequency of ∼12 kHz. A triangular diamond pyramid with
an apex angle of approximately 60◦ was used as the indenter needle featuring a tip curvature radius of ∼100 nm. The
needle’s Young’s modulus (E) and Poisson’s ratio (ν) were set to 1140 GPa and 0.07, respectively, in the calculations. As
the indenter interacts with the material, the frequency of the probe oscillations increases upon contact with the surface.
According to the Hertz model, the slope of the oscillation frequency versus penetration depth (approach curve) is propor-
tional to the elastic modulus of the material [53, 54]. The elastic modulus was determined by comparing the slopes of the
approach curves for the sample and a reference material. For each sample, the Young’s modulus values were calculated
as the average of 16 independent measurements.

The relative density of all prepared ceramics exceeds 90 %, reaching near-theoretical values [1] after SPS at 1550 ◦C
(Table 2).

The data in Table 2 demonstrate that MA of the precursor enhances the mechanical properties of the gadolinium
zirconate ceramics. For both SPS temperatures (1300 and 1550 ◦C), the microhardness and Young’s modulus values of
ceramics derived from the MP are significantly higher than those of ceramics produced from IP. For comparison, Table 2
presents the literature data on the properties of Gd2Zr2O7 ceramics with a fluorite structure prepared via SPS [56] and
conventional solid-phase free sintering [57,58]. When consolidated by SPS, our precursor (MP) demonstrates advantages
over the gel-drying and combustion-derived precursor, yielding ceramics with higher microhardness and density. The
solid-phase method enables the production of ceramics with microhardness and Young’s modulus values close to those
obtained in our work. However, this method requires prolonged high-temperature calcination, which hinders the synthesis
of nanocrystalline samples (Table 2).

The trends in the microhardness and Young’s modulus for ceramics obtained by SPS of IP and MP can be explained
as follows.

Young’s modulus (elastic modulus) is a fundamental characteristic of a material, a measure of the interatomic bonding
forces. It describes elastic deformation, which is reversible. In ceramics, pores are the primary factor weakening the elastic
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TABLE 2. Relative density (ρrel.), microhardness (HV) and Young’s modulus (E) of F-Gd2Zr2O7 ce-
ramics prepared by different methods

Precursor Consolidation ρrel., % HV, GPa E, GPa Ref.

IP SPS: 1300 ◦C, 40 MPa, 5 95.9 6.2±1.3 205±3 This work

MP SPS: 1300 ◦C, 40 MPa, 5 91.3 15.3±2.3 261±9 This work

IP SPS: 1550 ◦C, 40 MPa, 5 98.9 8.2±1.4 272±3 This work

MP SPS: 1550 ◦C, 40 MPa, 5 99.0 9.2±1.1 298±11 This work
Drying and combustion

of gel SPS: 1300 ◦C, 70 MPa, 5 min 97.4 8.8±0.4 — [56]

Mixture of oxides Solid-phase method: 1600 ◦C, 10 h 98.4 10.9±0.9 307±31 [57]

Mixture of oxides Solid-phase method: 1650 ◦C, 10 h 99.0 6.0±0.3 214±5 [58]

modulus. They concentrate stress and do not contribute to the elastic stiffness of the material. As the sintering temperature
increases, porosity decreases, the material becomes denser, and Young’s modulus increases. As follows from Table 2, this
trend is observed for IP and MP.

Microhardness is sensitive to (1) defects (porosity, cracks) and (2) grain size. When the sintering temperature in-
creases, coalescence and grain growth occur. Fine grains create more boundaries, which act as obstacles to the movement
of dislocations and the development of plastic deformation under the indenter. Large grains facilitate this movement,
reducing microhardness. On the other hand, an increase in temperature is generally accompanied by an increase in den-
sity and the contact area between particles, leading to an increase in hardness. For IP, as the temperature increases, the
hardness increases, which likely indicates the predominant influence of the first factor (density/contact area). In the case
of MP, the situation is opposite, i.e., grain growth apparently plays the determining role.

Another notable feature of the data presented in Table 2 is that the relative density of the ceramics obtained at 1300 ◦C
from the MP is lower than that of ceramics from the IP. Interestingly, despite this lower density, the microhardness of the
ceramics prepared from MP is the highest. It was previously established that both hydroxide precursors (IP and MP)
interact with atmospheric carbon dioxide during synthesis, leading to the formation of carbonate groups. In the case of
MP, the decomposition of these carbonate groups with the release of CO2 occurs at higher temperatures compared to
IP [47]. We assume that this may be the reason for the reduced density of the MP-based ceramics sintered at 1300 ◦C.
SPS is characterized by very rapid heating (within a few minutes) with simultaneous pressure application. Sintering is
accompanied by the removal of volatile components – such as water and CO2 – from the particle surfaces and from the
pores within the sample under highly nonequilibrium conditions.

When the precursor is compacted, the closure of pores is inhibited by the pressure of gases trapped within them.
As the removal of carbon dioxide from the MP is more difficult than from the IP, this can lead to a higher degree of
closed porosity. However, when the SPS temperature is increased to 1550 ◦C, the negative factors that limit densification
at 1300 ◦C are overcome. As a result, both the IP and MP achieve high and nearly equal relative densities (98.9 %
and 99.0 %, respectively, as shown in Table 2). It is likely that the sample with a density of 91.3 % and maximum
microhardness was sintered under optimal conditions for suppressing grain growth. A higher density (98 – 99 %) is
achieved by increasing the sintering temperature, which inevitably leads to coalescence and grain growth. As previously
noted, larger grains reduce hardness, while smaller grains create more grain boundaries. These boundaries act as obstacles
to dislocation movement and hinder the development of plastic deformation beneath the indenter. A detailed clarification
of the reasons for the different influence of sintering temperature on the microhardness of ceramics based on IP and MP
requires additional research.

The microstructure of Gd2Zr2O7 ceramic samples prepared by the SPS method with and without preliminary MA
of the IP was analyzed using SEM imaging. The images were processed using Scan Master program, designed for the
mathematical analysis of such micrographs. The program enables users to select objects within an image, analyze their
characteristics, and perform the statistical processing on the set of selected objects based on the chosen criteria. In this
case, parameter “Length” – defined as the maximum length among 18 projections of an object onto a plane – was selected
as the criterion for evaluating the size of the ceramic particles.

SEM images of the Gd2Zr2O7 ceramic material synthesized by SPS at 1300 ◦C using IP reveal a nearly pore-free
surface with no discernible grains (Fig. 5). SEM images of the Gd2Zr2O7 ceramic material synthesized by SPS at 1300 ◦C
using MP is shown in Fig. 6.

Increasing the SPS temperature to 1550 ◦C results in grain growth. The Gd2Zr2O7 ceramics synthesized from the IP
at this temperature exhibit well-faceted grains ranging from 0.2 to 3.0 µm in size (Fig. 7), with an average grain size of
0.4 µm (Fig. 8). Microcracks are observed along the grain boundaries, but the ceramics are nearly pore-free.
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FIG. 5. SEM image of Gd2Zr2O7 ce-
ramic material prepared by the SPS at
1300 ◦C from IP (magnification 5000)

FIG. 6. SEM image of Gd2Zr2O7 ce-
ramic material prepared by the SPS at
1300 ◦C from MP (magnification 5000)

FIG. 7. SEM image of Gd2Zr2O7 ce-
ramic material prepared by SPS at 1550
◦C from IP (magnification 5000)

FIG. 8. Differential curve of grain dis-
tribution and integral curve of granulo-
metric composition of Gd2Zr2O7 ceramic
material prepared by SPS at 1550 ◦C
from IP

The Gd2Zr2O7 ceramic samples prepared from MP at 1550 ◦C exhibit at least two distinct morphological structures
(Fig. 9). These include regions composed of well-defined, faceted grains ranging from 0.1 to 1.5 µm in size and larger
areas (up to 8 – 10 µm in length) lacking a pronounced grain structure (Figs. 9 and 10).

The SEM image of the Gd2Zr2O7 ceramic material synthesized by SPS at 1550 ◦C (IP, higher magnification, Fig. 11)
confirms a non-porous surface. The microstructure exhibits the features of brittle fracture, including a crystalline structure
and intergranular cleavage facets. In contrast, the MP-based sample at the same magnification (Fig. 12) shows pronounced
grain agglomeration. The intergranular boundaries are nearly invisible in the image, with the grains in close contact. The
surface of this sample is smoother and exhibits fewer visible defects compared to the IP-based sample (Fig. 11). Cleavage
predominantly occurs along intergranular contacts, while intragranular chips are extremely rare.

4. Conclusions

Nanocrystalline Gd2Zr2O7 ceramics were synthesized by SPS using the hydroxide precursor with and without MA.
The relative density of all the prepared ceramics is greater than 90 %. This value approaches the theoretical value after
SPS at 1550 ◦C. MA of the initial precursor led to an increase in the microhardness and Young’s modulus of the sintered
ceramics. So, the highest values were achieved for the ceramics derived from the MP: a microhardness of 15.3±2.3
GPa (at 1300 ◦C) and a Young’s modulus of 298±11 GPa (at 1550 ◦C). The comparison of the obtained results with the
literature data on F-Gd2Zr2O7 SPS-ceramics revealed that our MP precursor exhibits a higher efficiency in enhancing
the microhardness of the ceramics compared to the precursor derived from gel drying and combustion. While conven-
tional solid-phase synthesis of F-Gd2Zr2O7 ceramics yields microhardness and Young’s modulus values similar to our
findings, this method requires prolonged high-temperature calcination, which prevents the formation of nanocrystalline
materials. Although the crystallite size has a minimal direct impact on microhardness and Young’s modulus, its control
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FIG. 9. SEM image of Gd2Zr2O7 ce-
ramic material prepared by SPS at 1550
◦C from MP (magnification 5000)

FIG. 10. Differential curve of grain dis-
tribution and integral curve of granulo-
metric composition of Gd2Zr2O7 ceramic
material prepared by SPS at 1550 ◦C
from MP

FIG. 11. SEM image of Gd2Zr2O7 ce-
ramic material prepared by SPS at 1550
◦C from IP (magnification 10000)

FIG. 12. SEM image of Gd2Zr2O7 ce-
ramic material prepared by SPS at 1550
◦C from MP (magnification 10000)

remains crucial for practical applications. For instance, in functional materials like thermal barrier coatings, the produc-
tion of nanocrystalline ceramics is highly important. This is because key physicochemical properties – such as thermal
conductivity and heat capacity – are directly influenced by the crystallite size of the resulting ceramic material.
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[49] Terlan B., Levin A.A., Börrnert F., Zeisner J., Kataev V., Schmidt M., Eychmüller A. A Size-Dependent Analysis of the Structural, Surface,
Colloidal, and Thermal Properties of Ti1−−xB2 (x = 0.03–0.08) Nanoparticles. Eur. J. Inorg. Chem., 2016, 6, P. 3460–3468.

[50] Klee W.E., Weitz G. Infrared spectra of ordered and disordered pyrochlore-type compounds in the series RE2Ti2O7, RE2Zr2O7 and RE2Hf2O7.
J. Inorg. Nucl. Chem., 1969, 31 (8), P. 2367–2372.

[51] Sanjay Kumar N.R., Chandra Shekar N.V., Sahu P.C. Pressure Induced Structural Transformation of Pyrochlore Gd2Zr2O7. Solid State Commun.,
2008, 147 (9–10), P. 357–359.

[52] Oliver W.C., Pharr G.M. Measurement of Hardness and Elastic Modulus by Instrumented Indentation: Advances in Understanding and Refinements
to Methodology. J. Mater. Res., 2004, 19 (1), P. 3–20.

[53] Useinov A.S. A Nanoindentation Method for Measuring the Young Modulus of Superhard Materials Using a NanoScan Scanning Probe. Instrum.
Exp. Tech., 2004, 47 (1),P. 119–123.

[54] Maslenikov I.I., Reshetov V.N., Useinov A.S. Mapping the Elastic Modulus of a Surface with a NanoScan 3D Scanning Microscope. Instrum. Exp.
Tech., 2015, 58, 711.

[55] Malygin G.A Plasticity and Strength of Micro- and Nanocrystalline Materials. Phys. Solid State., 2007, 49 (6), P. 1013–1033.
[56] Huang Z., Cao Z., Shi K., Qi J., Zhou M., Tang Z., Han W., Diao X., Tang J., Lu T. Synthesis and Densification of Gd2Zr2O7 Nanograin Ceramics

Prepared by Field Assisted Sintering Technique. J. Nucl. Mater., 2017, 495, P. 164–171.
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ABSTRACT A comparative study of the redox behaviour of nanocrystalline isostructural ACe2(PO4)3 (A = NH+
4 ,

K+, Rb+) double ceric phosphates was performed. It has been established that with respect to alkylperoxyl
radicals or hydrogen peroxide as reactive oxygen species, all the double ceric phosphates acted as antioxi-
dants or prooxidants, respectively. The antioxidant activity towards alkylperoxyl radicals was found to be the
higher for the phosphates containing potassium or rubidium. Notably, for KCe2(PO4)3 and RbCe2(PO4)3 an
inverse dependence of catalytic activity on concentration in the reaction with H2O2 was found, in contrast to
NH4Ce2(PO4)3. The redox behaviour of nanoscale cerium dioxide used for comparison was similar to that of
ammonium ceric phosphate, but significantly lower in absolute values. This was explained by the suppressive
effect of phosphate anions presented in the buffer solutions.

KEYWORDS radical-scavenging ability; prooxidant activity; chemiluminescence; isostructurality.
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1. Introduction

Inorganic phosphates comprise both natural and synthetic compounds. They exist in the form of minerals [1], con-
stitute the basis of mammalian bone tissue [2], and are utilized as luminophores [3], ceramics [4,5], ionic conductors [6],
etc. Nowadays, over 200 structural types of inorganic phosphates are known [7]. This crystallochemical diversity arises
from a large number of cations that can bind with phosphate tetrahedra in different ways, as well as the ability to substitute
or incorporate other anions and molecules (such as H2O) into the structure [8].

Several studies have been devoted to investigating the influence of cation composition on the functional properties of
isostructural compounds [9–13], including inorganic phosphates. In particular, Gautier et al. [14] demonstrated an increase
in the second harmonic generation response values for compounds with the composition A(VO2)2(PO4)·3H2O (where A
= Rb+, NH+

4 and K+). Zhen et al. [15] found the different thermal expansion behavior of isostructural AZr2(PO4)3, A
= Na+, K+, Rb+, Cs+. In a similar series, Sukhanov et al. [16] observed a decrease in catalytic activity for methanol
dehydration in the order NaZr2(PO4)3 >KZr2(PO4)3 >CsZr2(PO4)3 ≫RbZr2(PO4)3. Patkare et al. [17] evaluated the
adsorption capacity for uranyl ions from aqueous solutions for a series of isostructural double thorium phosphates, finding
the following trend: RbTh2(PO4)3 <CsTh2(PO4)3 <KTh2(PO4)3.

Despite the extensive knowledge of compounds with the general formula AMIV
2 (PO4)3 (where A = Li–Cs and M =

Ti, Zr, Hf or Th, U, Np, Pu), it has not been possible until recently to establish similar composition–structure–property
relationships for the M = CeIV series. This limitation existed due to a lack of information on even one complete structural
series of double ceric phosphates. Only in 2025 were the data on the synthesis of RbCe2(PO4)3 [18] reported; this
compound turned out to be isostructural with two previously known analogues, NH4Ce2(PO4)3 [19] and KCe2(PO4)3
[20].

© Kozlova T.O., Sozarukova M.M., Kozlov D.A., Sheichenko E.D., Bedarkova A.O., Vasilyeva D.N.,
Baranchikov A.E., Ivanov V.K., 2026
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It is known that ceric compounds, primarily nanocrystalline CeO2, can act as efficient inorganic nanozymes [21–23].
At the same time, cerium(IV) phosphates, owing to their biocompatibility and expected stability in biological environ-
ments [24], are equally important to investigate with regard to their biological behavior. So, this study presents the first
comparative analysis of the radical-scavenging ability and redox activity of nanoscale isostructural ceric phosphates with
the composition ACe2(PO4)3 (A = NH+

4 , K+, Rb+).

2. Experimental Section

The following materials were used as received, without further purification: Ce(NO3)2·6H2O (pure grade, Lanhit
Russia), potassium hydroxide (pure grade, Sigma Aldrich), rubidium hydroxide (pure grade, Novosibirsk Rare Metals
Plant, Russia), aqueous ammonia (25 wt.%, extra-pure grade, Khimmed Russia), phosphoric acid (85 wt.% aq, extra-pure
grade, Komponent-Reaktiv, Russia), isopropanol (extra-pure grade, Khimmed Russia), 2,2′-azobis(2-amidinopropane)
dihydrochloride (Sigma, #440914), luminol (Sigma, #123072), hydrogen peroxide (extra-pure grade, Khimmed Russia),
distilled water.

Previously, using NH4Ce2(PO4)3 and KCe2(PO4)3 [25], we developed a synthetic approach to obtain these com-
pounds in a nanoscale state. In the present study, we have accordingly adapted this method to synthesize RbCeIV2 (PO4)3.
First, nanocrystalline (4–5 nm) cerium dioxide (0.100 g) obtained by precipitation from Ce(NO3)3 aqueous solution was
dissolved in concentrated phosphoric acid (5 ml) at 80◦C. The cooled solution was placed into an ultrasonic bath Bandelin
Sonorex Longlife RK 1050 for 30 min, and then mixed with 35 ml of 1 M KOH, NH4OH or RbOH aqueous solutions.
The obtained gels (∼40 mL) were sonicated using Bandelin Sonopuls HD 3200 homogenizer equipped with titanium
horn (TT-13 titanium tip) operated at 20 kHz (amplitude 20%) for 1 h. The resulting suspensions were placed in 100 ml
Teflon autoclaves and treated under hydrothermal-microwave (HTMW) conditions at 180◦C for 1 h. After cooling the
autoclaves, the precipitates were repeatedly washed using distilled water and dried at 60◦C in air.

Powder X-ray diffraction (PXRD) patterns were acquired with a DX-2700BH (Haoyuan, China) diffractometer, us-
ing Cu Kα1,2 radiation in the 2θ range of 5◦–80◦ with 0.02◦ 2θ steps and a counting time of no less than 1 s per step.
The full-profile analysis of diffraction patterns was performed using the Rietveld method realized in the MAUD soft-
ware (version 2.99) [26]. The diffraction peak profiles were fitted using a pseudo-Voigt function. The sizes of coherent
scattering domains (crystallite sizes) and particle anisotropy were estimated using the Lorentzian component of peak
broadening and the approach proposed by Popa [27]. For all samples, the crystallite sizes along the (001) direction and in
the perpendicular direction were calculated.

Scanning electron microscopy (SEM) images were obtained using an Amber GMH (Tescan, Czech Republic) mi-
croscope operated at an accelerating voltage of 5 kV using a secondary electron (Everhart–Thornley) detector. Energy-
dispersive X-ray spectroscopy (EDX) was performed using an Ultim Max 100 (Oxford Instruments, UK) detector at an
accelerating voltage of 20 kV. Particle size was determined from SEM data using Gwyddion software. To account for
anisotropy, the dimensions of each particle were measured in two perpendicular directions. The particle sizes were fitted
by a lognormal distribution function.

Analysis of double ceric phosphates redox behaviour in relation to alkylperoxyl radicals or hydrogen peroxide was
conducted by chemiluminescent method [28]. Nanocrystalline cerium dioxide powder which was used for the synthesis
of double ceric phosphates (see above) was analysed as a control. Directly before the measurements, suspensions of the
materials under study were prepared with a concentration of 0.01 M. For this purpose, the powders were dispersed in 5 ml
of deionized water and sonicated for 10 min.

Alkylperoxyl radicals were generated by the thermal decomposition of 2,2′-azobis(2-amidinopropane) dihydrochlo-
ride (AAPH). For this, 2.5 µM AAPH and 2.0 µM luminol were added to a cuvette containing 100 mM phosphate buffer
solution (pH 7.4, 37◦C). In experiments with H2O2, a reaction mixture of phosphate buffer (100 mM, pH 7.4), hydrogen
peroxide (10 mM) and luminol (50 µM) was used. The baseline chemiluminescence signal was monitored for 60–90 s.
Upon stabilization of the chemiluminescent signal, the aliquot of ceric phosphate or ceria aqueous dispersion was added.

Detection of the chemiluminescence signal was carried out using a DISoft (Russia) Lum-1200 instrument equipped
with 12 detection channels. The experiments were performed with three replicates for each sample. The results were
processed using PowerGraph software (version 3.3).

3. Results and discussion

The isostructural nature of the compounds obtained was confirmed by X-ray phase analysis (Fig. 1). The calculated
unit cell parameters for the synthesised double ceric phosphates are given in Table 1 and agree well with previously
reported data [18–20]. From the data presented in Table 1 it follows that an increase in the cation size (K+ <NH+

4 <Rb+

[14, 29, 30]) results in the expansion of the volumes of the corresponding unit cells due to the increase in the a and b
parameter values. The crystallite sizes calculated in two crystallographic directions were found to be less than 100 nm
(Table 1), with the smallest value for the RbCe2(PO4)3 phase, and the largest for the NH4Ce2(PO4)3 phase. Scanning
electron microscopy images confirm particle anisotropy, and the particle sizes were found to be close to the XRD data
(Fig. 2). The chemical composition was confirmed by EDX analysis.
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FIG. 1. Powder X-ray diffraction patterns of the products of HTMW treatment of ceric phosphate
gels formed upon the addition of 1 M KOH (a), NH4OH (b) or RbOH (c) aqueous solutions to ceric
phosphate solutions. The corresponding Bragg peak positions for ACe2(PO4)3 (A = NH+

4 , K+, Rb+)
are shown below

TABLE 1. Structural parameters and crystallite sizes for the products of HTMW treatment of ceric
phosphate gels formed upon the addition of 1 M KOH, NH4OH or RbOH to ceric phosphate solutions

Sample KCeP NCeP RbCeP

Precipitating agent
1 M KOH aqueous 1 M NH4OH aqueous 1 M RbOH aqueous

solution solution solution

Phase composition KCe2(PO4)3 NH4Ce2(PO4)3 RbCe2(PO4)3

S.G. C2/c S.G. C2/c S.G. C2/c

a = 17.3764(8) Å a = 17.4749(7) Å a = 17.502(1) Å

Lattice parameters b = 6.7316(3) Å b = 6.7711(3) Å b = 6.7804(6) Å

c = 7.9700(4) Å c = 7.9988(3) Å c = 7.9867(7) Å

β = 102.292(3)◦ β = 102.794(3)◦ β = 102.847(5)◦

Crystallite size, ⟨D⟩001 = 60± 3 ⟨D⟩001 = 110± 5 ⟨D⟩001 = 28± 2

nm ⟨D⟩110 = 70± 3 ⟨D⟩110 = 78± 2 ⟨D⟩110 = 36± 3

The redox behaviour of the synthesized isostructural compounds was evaluated in model systems. Experiments were
based on monitoring the chemiluminescence intensity from the oxidation of luminol by alkylperoxyl radicals (ROO•) or
hydrogen peroxide decomposition products.

In the first assay, introducing the samples into a reaction solution resulted in a decrease in luminol-dependent chemi-
luminescence compared to the control (Fig. 3). The degree of chemiluminescence inhibition varied among the samples,
reflecting their different radical-scavenging capacities (Fig. 3a). Overall, the observed kinetic profiles are characteristic of
long-acting antioxidants that scavenge free radicals at a relatively low rate [31].

To quantitatively evaluate the radical-scavenging properties of the nanoscale NH4Ce2(PO4)3, KCe2(PO4)3 and
RbCe2(PO4)3 samples, the areas of the luminescence suppression region (SCL, a.u.) were calculated. This parameter
is proportional to the number of the scavenged radicals and reflects the antioxidant capacity of a material (Fig. 3b).The
KCe2(PO4)3 and RbCe2(PO4)3 samples showed the most pronounced antioxidant activity against organic radicals com-
pared to the ammonium-containing analogue. This difference is likely attributable to the smaller particle size of the
potassium and rubidium ceric phosphates, which leads to a higher concentration of surface-active sites (e.g., Ce3+/Ce4+
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FIG. 2. SEM images and corresponding particle size distribution of KCeP (a,d), NCeP (b,e), RbCeP (c,f)

FIG. 3. a) Chemiluminograms characterising the radical-scavenging properties of CeO2,
NH4Ce2(PO4)3, KCe2(PO4)3 and RbCe2(PO4)3 (800 µM); b) histograms of chemiluminescence
suppression (SCL, a.u.) for ceric samples
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ratio, oxygen vacancies and hydroxyl groups) [32–35] available for interaction with the components of the studied mix-
ture, including free radicals. Nanocrystalline cerium dioxide (4–5 nm) demonstrated the weakest antioxidant effect, in
contrast to the ceric phosphate suspensions. Since chemiluminescence was recorded under physiologically relevant con-
ditions (100 mM PBS, pH 7.4), this result aligns with literature reports on the inhibitory effect of phosphate ions on CeO2

activity. Inorganic phosphates and phosphate-containing molecules, which are abundant in biological environments, are
known to adsorb onto the surface of ceria nanoparticles and significantly suppress their catalytic properties [36–38].

Fig. 4 shows chemiluminograms obtained by adding suspensions of double ceric phosphates or cerium dioxide to a
reaction mixture containing H2O2 and luminol (pH 7.4, phosphate buffer solution).

FIG. 4. a) Chemiluminograms characterising prooxidant activity of the of CeO2, NH4Ce2(PO4)3,
KCe2(PO4)3 and RbCe2(PO4)3 (800 µM); b) light sums (S) as a function of ceric samples concen-
trations

Upon addition of the studied samples, a sharp, exponentially decaying increase in luminol-dependent chemilumi-
nescence was observed (Fig. 4a). This luminescence burst, caused by the generation of reactive oxygen species (ROS),
indicates the prooxidant properties of the compounds, consistent with data reported for other ceria-based nanomateri-
als [39, 40]. Notably, the samples exhibit two distinct types of chemiluminescence kinetics: CeO2 and NH4Ce2(PO4)3
show a sharp exponential decay whereas RbCe2(PO4)3 and KCe2(PO4)3 produce flatter curves. The flatter profiles for the
rubidium and potassium ceric phosphates likely result from their lower reaction rate with hydrogen peroxide compared to
CeO2 and NH4Ce2(PO4)3.

For the quantitative assessment of prooxidant properties, we used the integral area under the chemiluminescence
curve (S) over a selected 5-minute period. This value is proportional to the amount of ROS generated. The data in
Fig. 4b show a dose-dependent increase in chemiluminescence for CeO2 and NH4Ce2(PO4)3 nanoparticles. In contrast,
the RbCe2(PO4)3 and KCe2(PO4)3 samples exhibited a decrease in prooxidant activity with increasing suspensions con-
centration. This inverse relationship between prooxidant activity and nanoparticle concentration is unusual. The most
probable reasons for this behavior, found in isolated examples from the literature, include the aggregation of nanoparti-
cles, leading to a decrease in the number of available surface-active sites [41], or ROS scavenging at high concentrations
of compounds [42–44]. The first explanation is unlikely, as such a reversible concentration-dependent relationship was
not observed in experiments with alkylperoxyl radicals. Therefore, we hypothesize that for potassium and rubidium ceric
phosphates, an increase in concentration promotes the scavenging of reactive oxygen species, which competes with the
decomposition of H2O2.

Thus, using two model systems, we have demonstrated for the first time the difference in redox behavior between
NH4Ce2(PO4)3 and its isostructural potassium or rubidium analogues. Although the precise reasons for their different
redox activities cannot yet be definitively established, they are likely related to the cation type (NH+

4 or K+, Rb+) [45,46].
Several studies have demonstrated differences in the physicochemical properties of isostructural compounds containing
ammonium or alkali metal cations. For instance, it was shown that NH4Zn2BO3Cl2 exhibits superior nonlinear optical
properties compared to its KZn2BO3Cl2 or RbZn2BO3Cl2 analogues, attributed to a higher interlayer binding energy [47].
In another study, Johnson [48] calculated the solubility of ammonium perrhenate (H4ReO4) to be considerably greater
than that of the potassium and rubidium salts (0.274, 0.0410, and 0.037 mol/kg, respectively). It is also necessary to
pay attention to the different thermal behavior of NH4Ce2(PO4)3 compared to KCe2(PO4)3 and RbCe2(PO4)3. Thus,
during the thermolysis of NH4Ce2(PO4)3, only CePO4 formation and NO release were observed, presumably due to the
oxidation of ammonia by redox active species, such as ceric cations [19]. In contrast, the thermolysis of the potassium and
rubidium analogues leads to the crystallization of monazite (CePO4) alongside KPO3 [20] or RbPO3 [18] polyphosphates,
respectively.
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The results obtained in this study indicate that nanocrystalline double ceric phosphates ACe2(PO4)3 (A = NH+
4 , K+,

Rb+) exhibit dual concentration-dependent antioxidant/prooxidant behaviour. These findings provide a starting point
for further in-depth study of ceric phosphates redox activity, which could contribute to developing new approaches for
preventing and treating diseases associated with oxidative stress [49, 50].

4. Conclusions

This study represents the first comparative analysis of the redox activity of isostructural double ceric phosphates,
containing a monovalent cation. Compounds with the general composition ACeIV2 (PO4)3 (A = NH+

4 , K+, Rb+) and par-
ticle sizes less than 100 nm were successfully synthesized under hydrothermal-microwave treatment. Chemiluminescence
analysis using two model test systems demonstrated that the nature of the second cation in the studied ceric phosphates
significantly influences their redox properties. Specifically, suppression of chemiluminescence induced by alkylperoxyl
radicals was found to be more pronounced for potassium and rubidium ceric phosphates than for their ammonium coun-
terpart. A qualitative difference in the behavior of the studied compounds was observed in the chemiluminescent reaction
of H2O2 catalytic decomposition. Thus, NH4Ce2(PO4)3 demonstrated an increase in prooxidant activity with concentra-
tion growth, while KCe2(PO4)3 and RbCe2(PO4)3 showed an unusual inverse dose-response relationship. These results
highlight the important role of the cation composition in modulating the biochemical properties of cerium-containing
nanomaterials, expanding the potential for their use as controlled pro-/antioxidant agents.
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Двухфермионные решёточные операторыШрёдингера с взаимодействия-
ми между ближайшими и вторыми ближайшими узлами
Лакаев С.Н., Абдухакимов С.Х., Хасанов А.Б.

Мы исследуем операторы ШрёдингераHλµ(K), ассоциированные с двухфермионной системой
на трёхмерной решётке T 3 при фиксированном полном квазиимпульсе K ∈ T 3, где частицы
взаимодействуют посредством связей с ближайшими и вторыми ближайшими узлами с констан-
тами взаимодействия λ, µ ∈ R. Для случаяK = 0 установлено, что оператор Hλµ(0) допускает
приведённое инвариантное подпространство, ограничение на которое зависит только от па-
раметра µ ∈ R. Показано, что µ-параметрическая прямая содержит две критические точки,
соответствующие нижнему и верхнему порогам спектра; в каждой из этих точек определитель
Фредгольма приведённого оператора обращается в нуль. Каждая из критических точек разби-
вает параметрическую прямую на два бесконечных интервала, на которых число собственных
значений, расположенных ниже (соответственно, выше) существенного спектра, остаётся посто-
янным. В зависимости от значения параметра µ соответствующий приведённый оператор имеет
ровно одно дискретное собственное значение, расположенное либо ниже нижней границы, либо
выше верхней границы существенного спектра. Кроме того, получена нижняя оценка на число
дискретных собственных значений оператора Hλµ(K) для всех K ∈ T 3.

Ключевые слова: двухфермионная система; решёточный оператор Шрёдингера; дискретные
собственные значения; существенный спектр; приведённое инвариантное подпространство.

Слабо периодическая мера и фазовый переход: q-состояния и p-адическая
модель Поттса на дереве Кэли порядка k
Тухтабаев А.М.

В данной работе исследуются слабо периодические p-адические квазигиббсовские меры для
модели Поттса с q состояниями на дереве Кэли порядка k. Кроме того, продемонстрировано,
что для всех q, не меньших 3, и k, не меньших 2, существуют такое простое число p и параметр,
которые гарантируют возникновение фазового перехода.

Ключевые слова: p-адические числа; модель Поттса; p-адическая квазигиббсовская мера;
трансляционно-инвариантные, периодические, слабо периодические меры Гиббса; фазовый пе-
реход.

Результаты анализа колебаний для дифференциального уравнения второ-
го порядка с запаздыванием и несколькими отклоняющимися аргумента-
ми
Анбарасу П., Сактивел Р.

Исследуется колебательное поведение всех решений дифференциального уравнения второго
порядка с запаздыванием, имеющего несколько отклоняющихся аргументов и неотрицательных
коэффициентов. Получены некоторые достаточные условия для колебаний. Приведен также
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пример, иллюстрирующий значимость наших основных результатов.

Ключевые слова: второй порядок; немонотонные аргументы; уравнения с запаздыванием;
колебательное решение

Задача Коши для уравнения четвертого порядка с дробной производной в
смысле Капуто
Иргашев Б.Ю.

В данной статье исследуется задача Коши в полуплоскости для неоднородного уравнения чет-
вертого порядка с дробной производной в смысле Капуто. Единственность решения показыва-
ется с помощью преобразования Лапласа. При построении решения сначала находятся частные
решения, выраженные через функции Райта. Затем с помощью этих частных решений строят-
ся функции Грина. Решение строится в явном виде с использованием функции Грина. Также
получен явный вид фундаментального решения.

Ключевые слова: уравнение четвертого порядка, задача Коши, производная Капуто, функция
Райта, асимптотика, фундаментальное решение, существование, единственность.

Критическое отношение масс и фазовый переход в трёхчастичных решё-
точных системах: сравнение бозонного и фермионного случаев
Абдуллаев Д.И., Эшниязов А.И., Долгополов М.В.

Мы изучаем трёхчастичные операторы Шрёдингера на двумерной решётке Z2 и показываем,
что критическое отношение масс γc ≈ 2.75194 определяет существование связанного тримера
в фермионной 2+1 конфигурации (два тождественных фермиона и третья частица). При γ < γc
имеется топологическое запрещение (подавлениеПаули) трёхчастичного связанного состояния,
тогда как при γ > γc возникает дважды вырожденное собственное значение ниже существен-
ного спектра с асимптотикой сильной связи z(γ, λ) = −λ + e0(γ) + O(λ−1). В рамках единого
подхода, основанного на принципе Бирмана–Швингера и асимптотическом анализе в режиме
сильной связи, мы сравниваем это поведение с бозонным случаем трёх тождественных частиц,
где два связанных состояния существуют ниже существенного спектра и энергия основного
состояния удовлетворяет zs1(µ) = −3µ+C2 +O(µ−1). Возникающий фазовый переход второго
рода по отношению масс γ важен для планирования экспериментов по фермионным тримерам
в оптических решётках и для моделирования экситонных комплексов и дефектно-связанных
состояний в двумерных наноматериалах, где критическое значение γc служит ориентиром для
наблюдаемости трёхчастичных связанных состояний. Мы также намечаем модифицированную
трёхчастичную решёточную модель с двумя конкурирующими каналами взаимодействия, для
которой анализ Бирмана–Швингера естественным образом приводит к сценарию Ландау фа-
зового перехода первого рода в пространстве тримерных связанных состояний. В бозонном
случае мы доказываем теорему о сильной связи, описывающую существование и асимптотику
тримерных связанных состояний, а в фермионном 2+1 случае устанавливаем теорему о спек-
тральном фазовом переходе, которая даёт явное критическое отношение масс γc, разделяющее
тримерный и бестримерный режимы.

Ключевые слова: трёхчастичный оператор Шрёдингера, решёточные системы, связанные со-
стояния, бозоны,фермионы, критическое отношениемасс, фазовый переход, принципБирмана–
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Швингера.

Как вновь заставить хранить инверсное состояние
Кузьмичев Д.С., Константинов В.С., Сизых Н.А., Хакимов Р.Р.

В настоящей статье показана возможность увеличить время хранения инверсного состояния OS
с 140 до 500 мин при 145℃в сегнетоэлектрических конденсаторах на основеHf0.5Zr0.5O2 (HZO)
путем сдвига вправо конечной точки интегрирования тока. Учет переходных процессов между
управляющими импульсами после отжига в течение 500 мин при температуре 145℃ позволяет
повысить сохраняемость состояния OS с 21 % до 35 % от начального значения. Противополож-
ная тенденция выявлена для состояний SS (снижение с 56 % до 35 %) и NSS (снижение с 63 %
до 45 %). Также показано, что наличие сдвига напряжения, вызванного эффектом импринта,
в некоторых случаях может и не приводить деградации поляризации благодаря току, который
протекает на полке максимального напряжения управляющего импульса.

Ключевые слова: TiN/HZO/TiN, сохраняемость, импринт, сегнетоэлектрик.

Дисперсионный анализ и регулируемые магнитные свойства двуосного ги-
перболического метаматериала на основе гетероструктур n-GaAs/AlGaAs
Нгуен Фам Куинь Ань

В данном исследовании представлены проектирование и теоретический анализ перестраиваемо-
го двуосного гиперболического метаматериала (БГММ), построенного из слоистой гетерострук-
туры n-GaAs/AlGaAs под воздействием внешнего магнитного поля. Цель состоит в оптимизации
перестраиваемости для управления формой дисперсии в терагерцовом (ТГц) диапазоне частот.
Используется модель приближения эффективной среды (ПЭС), демонстрирующая сосущество-
вание двух волновых мод, а именно замкнутой эллипсоидальной и открытой гиперболоидальной
изочастотной поверхности. Результаты показывают, что внешнее магнитное поле действует как
мощный механизм настройки, позволяющий осуществлять спектральный сдвиг дисперсии и
активное переключение между гиперболическими режимами типа I и типа II. Кроме того, ана-
лизируются условия, необходимые для достижения экстремального сжатия изочастотной по-
верхности (ИЗП), что имеет важное значение для управления направлением луча. Это сжатие
происходит, когда одна из компонент диэлектрической проницаемости достигает чрезвычай-
но больших значений, что приводит к образованию почти плоских сегментов на изочастотной
поверхности.

Ключевые слова: двухосный гиперболический метаматериал, терагерцовый частотный диапа-
зон, гиперболоидальная изочастотная поверхность, приближение эффективной среды.

Лазерная корреляционная спектроскопия нанодисперсных растворов в об-
ласти перехода к многократному рассеянию света
Плешаков И.В., Соловьев А.В., Алексеев А.А., Фофанов Я.А.

В работе рассматривается применение лазерной корреляционной спектроскопии к исследова-
нию дисперсных систем для такого случая, который можно рассматривать как переходный к
режиму многократного рассеяния. Показано, что даже незначительное нарушение условия од-
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нократного рассеяния за счет увеличения концентрации рассеивающих центров может привести
к эффекту, который изменит результат измерения размера частиц. Это следует учитывать при
изучении коллоидов.

Ключевые слова: лазерная корреляционная спектроскопия, многократное светорассеяние,
наночастицы.

Упругие и механические свойства сплавов на основе Ti–Nb–Zr
Бакулин А.В., Кулькова С.Е.

Упругие свойства и механические характеристики сплавов на основе Ti–Nb22–Zr6 были рас-
считаны методом точных маффин-тин орбиталей в приближении когерентного потенциала.
Рассматривалось легирование металлами, такими как Hf, Mg и их комбинациями, при этом
их концентрация не превышала 5 ат.%. Было показано, что добавление Hf и Mg приводит к
понижению модуля Юнга как из-за размерного эффекта, так и из-за электронного фактора.
Рассчитанный модуль Юнга для тройного сплава Ti–Nb22–Zr6 (70.1 ГПа) хорошо согласуется с
экспериментальным значением (70 ГПа). Наименьшее значение модуля Юнга было рассчитано
для сплава Ti–Nb22–Zr6–Hf5–Mg2.5, достигая 57 ГПа. Дальнейшее увеличение концентрации
Mg приводит к отрицательному значению *C’* и дестабилизации сплава. Кроме того, легиро-
вание сплава Ti–Nb22–Zr6 приводит к снижению твердости и трещиностойкости, но при этом
повышается индекс хрупкости.

Ключевые слова: сплавы титана, упругие модули, механические свойства, ab-initio расчеты

Роль дегидратации-гидратации в формировании наночастиц со структу-
рой хризотила при гидротермальной обработке систем Mg1-xNix(OH)2–
SiO2–H2O(NaOH)
Альмяшева О.В., Кургузкина М.Е., Гусаров В.В.

Термодинамический анализ трансформаций гидроксидов в системе Mg1−xNix(OH)2–SiO2–H2O
при гидротермальном синтезе нанотубулярных частиц со структурой хризотила показал реша-
ющую роль процессов их дегидратации и повторного образования гидроксидов в ходе гидро-
термальной обработки реагентов на состав и морфологические параметры целевого продукта.
В зависимости от состава гидроксидного реагента и T–P-условий в реакционной среде зоне
выделены три области, в которых резко изменяется механизм формирования нанотубулярных
частиц со структурой хризотила, что и является непосредственной причиной немонотонной
зависимости Mg/Ni соотношения и размерных параметров нанотрубок (Mg1-xNix)3Si2O5(OH)4
от Mg/Ni соотношения в исходном гидроксиде.

Ключевые слова: твёрдых растворы, гидроксиды, оксиды, хризотил, нанотрубки, гидротер-
мальный синтез, термодинамические расчёты

Влияние условий синтеза порошка Gd2Zr2O7 на свойства керамики на его
основе, полученной методом электроискрового спекания
Виноградов В.Ю., Дудина Д.В., Есиков М.А., Щербина О.Б., Ефремов В.В., Калинкин А.М.
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В работе впервые проведено сравнительное исследование микроструктуры и механических
свойств керамики цирконата гадолиния, полученной методом электроискрового спекания из
гидроксидных прекурсоров, синтезированных без и с использованием механоактивации. Исход-
ный прекурсор был получен методом обратного соосаждения гидроксидов. Механоактивация
(МА) прекурсора проводилась в планетарной мельнице АГО-2 при центробежном факторе 20
g в течение 30 мин. С помощью рентгенофазового анализа показано, что керамика является
нанокристаллической. Механические свойства (микротвердость и модуль Юнга) керамики, по-
лученной на основе механоактивированного прекурсора, превосходят аналогичные показатели
керамики на основе исходного прекурсора.

Ключевые слова: цирконат гадолиния, керамика, механоактивация, прекурсор, электроискро-
вое спекание

Редокс поведение наноразмерных двойных ортофосфатов церия(IV) соста-
ва ACe2(PO4)3 (А = NH+

4 , K+, Rb+)
Козлова Т.О., Созарукова М.М., Козлов Д.А., Шейченко Е.Д., Бедарькова А.О., Васильева Д.Н.,
Баранчиков А.Е., Иванов В.К.

Проведено сравнительное исследование окислительно-восстановительного поведения нанокри-
сталлических изоструктурных двойных ортофосфатов церия(IV) состава ACe2(PO4)3 (А = NH+

4 ,
K+, Rb+). Установлено, что по отношению к алкилпероксильным радикалам или пероксиду во-
дорода в качестве активных форм кислорода все двойные фосфаты церия(IV) действовали как
антиоксиданты или прооксиданты, соответственно. Антиоксидантная активность по отношению
к алкилпероксильным радикалам оказалась выше у фосфатов, содержащих калий или рубидий.
Примечательно, что для KCe2(PO4)3 и RbCe2(PO4)3 была обнаружена обратная зависимость
каталитической активности от концентрации в реакции с H2O2, в отличие от NH4Ce2(PO4)3.
Окислительно-восстановительное поведение наноразмерного диоксида церия, использованного
для сравнения, было аналогично поведению ортофосфата церия(IV)-аммония, но значительно
ниже в абсолютных значениях. Это было объяснено подавляющим эффектом фосфат-анионов,
присутствующих в буферных растворах.

Ключевые слова: радикал-перехватывающая способность, прооксидантная активность, хеми-
люминесценция, изоструктурность.
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